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Abstra
t

It is proven that for k � 4 and n > k every k-
olor-
riti
al graph on n verti
es has at least

�

k�1

2

+

k�3

2(k

2

�2k�1)

�

n edges, thus improving a result of Gallai from 1963.

A graph G is k-
olor-
riti
al (or simply k-
riti
al) if �(G) = k but �(G

0

) < k for every proper

subgraph G

0

of G, where �(G) denotes the 
hromati
 number of G. (See, e.g., [2℄ for a detailed

a

ount of graph 
oloring problems). Consider the following problem: given k and n, what is the

minimal number of edges in a k-
riti
al graph on n verti
es? It is easy to see that every vertex of a

k-
riti
al graph G has degree at least k � 1, implying jE(G)j �

k�1

2

jV (G)j. Gallai [1℄ improved this

trivial bound to jE(G)j �

�

k�1

2

+

k�3

2(k

2

�3)

�

jV (G)j for every k-
riti
al graph G (where k � 4), whi
h is

not a 
lique K

k

on k verti
es. In this note we strengthen Gallai's result by showing

Theorem 1 Suppose k � 4, and let G = (V;E) be a k-
riti
al graph on more than k verti
es. Then

jE(G)j �

�

k � 1

2

+

k � 3

2(k

2

� 2k � 1)

�

jV (G)j :

In the �rst non-trivial 
ase k = 4 we get jE(G)j �

11

7

jV (G)j, 
ompared to the estimate jE(G)j �

20

13

jV (G)j of Gallai.

Let us introdu
e some de�nitions and notation (we follow the terminology of [4℄). If G = (V;E) is

a k-
riti
al graph, then the low-vertex subgraph of G, denoted by L(G), is the subgraph of G, indu
ed

by all verti
es of degree k � 1. The high-vertex subgraph of G, whi
h we denote by H(G), is the

subgraph of G indu
ed by all verti
es of degree at least k in G. Brooks' theorem implies that if k � 4

and G 6= K

k

, then H(G) 6= ;. A maximal by in
lusion 
onne
ted subgraph B of a graph G su
h that

every two edges of B are 
ontained in a 
y
le of G is 
alled a blo
k of G. A 
onne
ted graph all of

whose blo
ks are either 
omplete graphs or odd 
y
les is 
alled a Gallai tree, a Gallai forest is a graph

all of whose 
onne
ted 
omponents are Gallai trees. A k-Gallai forest (tree) is a Gallai forest (tree),

in whi
h all verti
es have degree at most k � 1.
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Our proof utilizes results of Gallai [1℄ and Stiebitz [5℄, des
ribing the stru
ture of 
olor-
riti
al

graphs. Gallai proved the following fundamental result.

Lemma 1 ([1℄, Satz E.1) If G is a k-
riti
al graph then its low-vertex subgraph L(G) is a k-Gallai

forest (possibly empty).

Using indu
tion on the number of verti
es, it follows from the above statement that

Lemma 2 ([1℄, Lemma 4.5) Let k � 4. Let G = (V;E) 6= K

k

be a k-Gallai forest. Then

jE(G)j �

�

k � 2

2

+

1

k � 1

�

jV (G)j � 1 : (1)

The se
ond ingredient of our proof is the following result of Stiebitz.

Lemma 3 ([5℄) Let G be a k-
riti
al graph. Then the number of 
onne
ted 
omponents of its high-

vertex subgraph H(G) does not ex
eed the number of 
onne
ted 
omponents of its low-vertex subgraph

L(G).

Proof of Theorem 1. Let L(G) and H(G) be the low-vertex and the high-vertex subgraphs of G,

respe
tively. Denote n

L

= jV (L(G))j, n

H

= jV (H(G))j, n = jV (G)j = n

L

+ n

H

. By Brooks' theorem

n

H

> 0.

Let r be the number of 
onne
ted 
omponents of H(G), then trivially

jE(H(G))j � n

H

� r : (2)

Also, by Lemma 3, the number of 
onne
ted 
omponents of L(G) is at least r. Now the 
ru
ial

observation is that ea
h 
onne
ted 
omponent of L(G) is itself a k-Gallai tree, therefore the estimate

(1) is valid for it too. We infer that

jE(L(G))j �

�

k � 2

2

+

1

k � 1

�

n

L

� r : (3)

Indeed, if G

1

= (V

1

; E

1

); : : : ; G

r

0

= (V

r

0

; E

r

0

) are the 
onne
ted 
omponents of L(G

0

), where r

0

� r,

then by Lemma 1

jE

i

j �

�

k � 2

2

+

1

k � 1

�

jV

i

j � 1 ; i = 1; : : : ; r

0

:

Summing the above inequalities over 1 � i � r

0

, we get (3).

Using (2) and (3), the number of edges of G 
an be bounded from below as follows:

jE(G)j =

X

v2V (L(G))

d(v)� jE(L(G))j+ jE(H(G))j

� (k � 1)n

L

�

�

k � 2

2

+

1

k � 1

�

n

L

+ r + n

H

� r

= n+

k

2

� 3k

2(k� 1)

n

L

: (4)
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On the other hand, it follows from the de�nition of L(G) and H(G) that

jE(G)j =

1

2

X

v2V (G)

d(v) =

1

2

0

�

X

v2V (L(G))

d(v) +

X

v2V (H(G))

d(v)

1

A

�

1

2

((k � 1)n

L

+ kn

H

) =

k

2

n�

1

2

n

L

: (5)

Multiplying (5) by (k

2

� 3k)=(k� 1) and summing with (4) we get

 

1 +

k

2

� 3k

k � 1

!

jE(G)j �

 

1 +

k

2

k

2

� 3k

k � 1

!

n ;

or

jE(G)j �

�

k � 1

2

+

k � 3

2(k

2

� 2k � 1)

�

n ;

as 
laimed. 2

A more detailed treatment of the problem, 
ontaining lower and upper bounds on the minimal

number of edges in a k-
riti
al graph on n verti
es with additional restri
tions imposed, and some

appli
ations of these bounds to Ramsey-type problems and problems on random graphs, will appear

in a forth
oming paper [3℄.
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