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Abstra
t

For a pair of integers 1 � 
 < r, the 
-
hromati
 number of an r-uniform hypergraph H =

(V;E) is the minimal k, for whi
h there exists a partition of V into subsets T

1

; : : : ; T

k

su
h that

je \ T

i

j � 
 for every e 2 E. In this paper we determine the asymptoti
 behavior of the 
-


hromati
 number of the random r-uniform hypergraph H

r

(n; p) for all possible values of 
 and

for all values of p down to p = �(n

�r+1

).

1 Introdu
tion

A hypergraph H is an ordered pair H = (V;E) , where V is a �nite set (the vertex set), and E is a

family of distin
t subsets of V (the edge set). A hypergraph H = (V;E) is r-uniform if all edges of

H are of size r. In this paper we 
onsider only r-uniform hypergraphs. Our terminology follows that

of [3℄.

A random r-uniform hypergraph H

r

(n; p) is an r-uniform hypergraph on n labeled verti
es

V = [n℄ = f1; : : : ; ng, in whi
h every subset e � V of size jej = r is 
hosen to be an edge of H

randomly and independently with probability p, where p may depend on n. Thus, for r = 2 this

model redu
es to the well known and thoroughly studied model G(n; p) of random graphs. The

reader is referred to the paper of Karo�nski and  Lu
zak [6℄ for additional information and survey of

the state of the art in random hypergraphs. In this paper we study some asymptoti
 properties of

H

r

(n; p), that is, we think of n as tending to in�nity while r is kept �xed.

One of the most interesting parameters of a random hypergraph is its 
hromati
 number. A
tually,

a family of 
hromati
 numbers 
an be de�ned as the reader will immediately see from the de�nitions

below. For an integer 1 � 
 � r � 1, a 
-independent set in a hypergraph H = (V;E) is a subset

V

0

� V su
h that je \ V

0

j � 
 for every e 2 E. The 
-independen
e number �




(H) of H is

�
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the maximal size of a 
-independent set. A 
-
oloring of H is a partition of the vertex set of H

into 
-independent sets (
olors). The 
-
hromati
 number �




(H) of H is the minimal number of


olors in a 
-
oloring of H . In parti
ular, for 
 = r � 1 we require that every edge of H is not

mono
hromati
, the 
orresponding 
hromati
 number is usually 
alled the weak 
hromati
 number

of H . In another extreme 
ase 
 = 1 the verti
es of every edge of H should be 
olored by distin
t


olors, the 
orresponding 
hromati
 number is 
alled the strong 
hromati
 number of H . The notions

of weak and strong 
hromati
 numbers have been used in parti
ular in [11℄

This paper is devoted to the investigation of the asymptoti
 behavior of the 
hromati
 numbers

of a random hypergraph. For the 
ase of random graphs (r = 2), this problem has been studied

intensively during the last twenty years and �nally has been 
ompletely solved by Bollob�as [4℄ for the


ase of dense graphs and by  Lu
zak [7℄ for all remaining values of probability. The key ingredient of

both proofs was the use of martingales. However, for every r � 3 and for every value of 
 the situation

was far from being 
lear. Only partial results have been known so far. S
hmidt, Shamir and Upfal

in [11℄ 
onsidered the weak 
hromati
 number and obtained lower and upper bounds whi
h di�er by

a fa
tor of two. S
hmidt [10℄ treated the 
ase of a general 
 and got lower and upper bounds whose

ratio is bounded by an absolute 
onstant, thus establishing the asymptoti
 order of magnitude of the


-
hromati
 number. Finally, Shamir [12℄, again using martingale te
hniques, found the asymptoti


value of the 
-
hromati
 number for the dense 
ase (that is, when (n

r�1

p)

1=


� n

1��

for some �xed

� > 0). For other values of p the problem remains unsolved. Moreover, even the asymptoti
 behavior

of the 
-independen
e number was not known for these values of p. More details 
an be found in [6℄.

The main result of this paper is the following theorem.

Theorem 1 For every 1 � 
 � r� 1 there exists a 
onstant d

0

su
h su
h that if d

(
)

= d

(
)

(n; p) =




�

r�1




��

n�1

r�1

�

p � d

0

and d

(
)

= o(n




), then almost surely

1

 

d

(
)

(
 + 1) logd

(
)

!

1




� �




(H

r

(n; p)) �

 

d

(
)

(
 + 1) logd

(
)

�

1 +

1

log

0:1

d

(
)

�

!

1




:

This statement 
ombined with the result of Shamir solves the problem 
ompletely. Note that for

r = 2 the above theorem essentially 
oin
ides with the theorem of  Lu
zak [7℄. It is worth mentioning

here that we do not make any attempt to optimize an error term in the upper bound for �




(H

r

(n; p)).

Theorem 1 implies immediately (the diÆ
ult half of) the following 
orollary about the asymptoti


value of the 
-independen
e number of H

r

(n; p).

Corollary 1 For every 1 � 
 � r � 1 there exists a 
onstant d

0

su
h that if d

(
)

= d

(
)

(n; p) =




�

r�1




��

n�1

r�1

�

p � d

0

and d

(
)

= o(n




), then a.s.

n

 

d

(
)

(
 + 1) logd

(
)

�

1 +

1

log

0:1

d

(
)

�

!

�

1




� �




(H

r

(n; p)) � n

 

d

(
)

(
 + 1) logd

(
)

!

�

1




:

1

An event E

n

holds almost surely (a.s.) in H

r

(n; p) if the probability of E

n

tends to 1 as n tends to in�nity.
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The rest of the paper is organized as follows. The main idea of the proof is des
ribed brie
y in

Se
tion 2. This se
tion presents most of the 
ru
ial ingredients of the proof, whereas the somewhat


ompli
ated details are postponed to the subsequent se
tions. In Se
tion 3 we state an upper bound

for the 
-independen
e number of H

r

(n; p). In Se
tion 4 we prove a te
hni
al lemma bounding the


-
hromati
 number of the subhypergraphs of H

r

(n; p) spanned by relatively small subsets of V . It

turns out that establishing the asymptoti
 value of the weak 
hromati
 number (
 = r � 1) plays a

key role in dealing with the other values of 
. We treat the weak 
hromati
 number in Se
tion 5,

following mainly the proof of  Lu
zak. Finally, in Se
tion 6 we prove Theorem 1 for 
 < r � 1.

Based on the results of Shamir [12℄ and  Lu
zak [7℄, we may assume that r � 3 and that

(n

r�1

p)

1=


� n

1��

for some � > 0. Throughout the paper, we omit o

asionally the 
oor and


eiling signs for the sake of 
onvenien
e. All logarithms are natural.

We use the following notation.

H

i

U

= fe \ U : e 2 E(H); je\ U j = ig ;

H

�i

U

=

[

j�i

H

i

U

;

d

(
)

= 


 

r � 1




! 

n� 1

r � 1

!

p ;

d = d(n; p; r) = (r� 1)

 

n � 1

r � 1

!

p ;

d

�

= n

r�1

p :

2 The main idea

In this se
tion we des
ribe brie
y the 
ore idea of the proof. We omit all te
hni
alities and 
al
ula-

tions, postponing them to the next se
tions.

First, it is quite easy to get a lower bound for the 
-
hromati
 number by upper bounding the


-independen
e number. This in turn 
an be done by a straightforward �rst moment argument.

Therefore, most of our e�orts will be devoted to proving an upper bound.

It turns out that the weak 
hromati
 number, that is, the 
ase 
 = r� 1 is mu
h more tra
table

than the 
-
hromati
 number for other values of 
. The main reason of this phenomenon originates

from the fa
t, that the weak 
hromati
 number is vertex Lips
hitz (see, e.g., [2℄, Ch. 7, for relevant

de�nitions and dis
ussion). This means that if two hypergraphs H;H

0

with the same vertex set di�er

only in the edges 
ontaining some parti
ular vertex v, then their weak 
hromati
 numbers di�er by

at most one. This makes the situation in this 
ase very similar to that in the random graph G(n; p),

thus enabling the use of martingales and the appli
ation of the main ideas of the proof of  Lu
zak [7℄.

However, for every 
 < r� 1 the 
orresponding 
hromati
 number 
eases to be vertex Lips
hitz.

Therefore, we need to develop a di�erent approa
h to ta
kle this 
ase. Fortunately, one 
an use the

3



upper bound for the weak 
hromati
 number to 
ope with this task. We illustrate this by presenting

an outline of the proof for the 
ase r = 3, 
 = 1, that is, for the strong 
hromati
 number of a

3-uniform random hypergraph. For this 
ase d = d(n; p; 3) � n

2

p and we need to show that the

strong 
hromati
 number of H

3

(n; p) is (1 + o(1))d=2 logd.

Let s = log

4

(n

2

p). We �x a partition of the vertex set V into s parts V

1

; : : : ; V

s

of equal size

jV

i

j = n=s = n

0

. Let H

i

= H

�2

V

i

. For every 1 � i � s we �nd a strong 
oloring of H

i

, using pairwise

disjoint sets of 
olors for di�erent values of i.

Consider the hypergraph H

i

for some i. It is important to note that most of the edges of H

i

will

be of size 2. These edges determine the asymptoti
 behavior of �

1

(H

i

).

For j = 2; 3 we denote H

i;j

= H

j

V

i

. A 
ru
ial observation in the whole proof is that for every

subset e � V

i

of size jej = j the probability of the event "e is an edge of H

i;j

" is exa
tly p

j

=

1� (1� p)

(

n�n

0

3�j

)

� p

�

n�n

0

3�j

�

. Moreover, all these events are 
ompletely independent. Therefore, ea
h

of the subhypergraphs H

i;j


an be treated as a random hypergraph H

j

(n

0

; p

j

).

Consider �rst the hypergraph H

i;2

. As explained above, this hypergraph is a
tually a random

graph G(n

0

; p

2

). Therefore it 
an be 
olored a.s. by (1 + o(1))n

0

p

2

=2 log(n

0

p

2

) 
olors. (For a

general 
, at this stage we �nd a 
-
oloring of H

i;
+1

whi
h is by de�nition a weak 
oloring of

this (
 + 1)-uniform subhypergraph.) Fix one su
h 
oloring, by Lemma 3.1 all 
olor 
lasses are

of size at most, say, 4 log(n

0

p

2

)=p

2

. Now we expose the edges of H

i;3

. We 
all an edge e 2 H

i;3

bad if it has at least two verti
es of the same 
olor. Denote by X

i

the number of bad edges. A


al
ulation of the expe
tation of X

i

gives that EX

i

� 
n

0

= log

3

(n

0

p

2

) for some absolute 
onstant


 > 0. Sin
e X

i

is distributed binomially, we get that with high probability X

i

� 2
n

0

= log

3

(n

0

p

2

).

Now we delete from H

i

the union of all bad edges. Combining the 
olorings of all hypergraphs

H

i

without the bad edges, we obtain a strong 
oloring of all but at most s(6
n

0

= log

3

(n

0

p

2

)) =

(1 + o(1))6
n= log

3

(n

2

p) verti
es in (1 + o(1))s(n

0

p

2

=2 log(n

0

p

2

)) = (1 + o(1))n

2

p=2 log(n

2

p) 
olors.

The remaining (1+o(1))6
n= log

3

(n

2

p) verti
es 
an be 
olored by a mu
h smaller number of additional


olors using a simple greedy-type algorithm based on the degrees. Thus the total number of 
olors is

(1 + o(1))

n

2

p

2 log(n

2

p)

= (1 + o(1))

d

2 logd

:

This �nishes our argument.

3 Bounding the 
-independen
e number

In this se
tion we state an upper bound on the 
-independen
e number of H

r

(n; p). This bound is

easily obtained by 
omputing the �rst moment of an appropriate random variable. We 
ite it from

Lemma 6.3 of [10℄.
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Lemma 3.1 With probability 1 � O(1=n

4

) the 
-independen
e number of H

r

(n; p) satis�es the fol-

lowing inequality:

�




(H

r

(n; p)) � n

 

d

(
)

(
 + 1) logd

(
)

!

�

1




:

It is obvious that �




(H) � jV (H)j=�




(H) for every hypergraph H = (V;E). Hen
e we get

immediately the following lower bound on �




(H

r

(n; p)).

Corollary 3.2 With probability 1 � O(1=n

4

) the 
-
hromati
 number of H

r

(n; p) is bounded from

below as follows:

�




(H

r

(n; p)) �

 

d

(
)

(
 + 1) logd

(
)

!

1




:

4 Coloring small subsets

In this te
hni
al se
tion we bound from above the 
-
hromati
 number of all subhypergraphs of

H

r

(n; p), spanned by subsets of V of relatively small size.

Lemma 4.1 Let d

�

= n

r�1

p and let 1 � 
 � r� 1. For every �xed 
 > 0 with probability 1� o(1=n)

in H

r

(n; p) the following holds: for every subset U � V of size jU j � 
n= log

3

d

�

the subhypergraph

H

�
+1

U

is 
-
olorable by at most (d

�

= log

2
�0:7

d

�

)

1=



olors.

The lemma will follow easily from a sequen
e of 
laims.

Claim 4.2 For every �xed 
 > 0 with probability 1 � o(1=n

2

) in H

r

(n; p) the following holds: for

every integer s � 
n= log

3

d

�

and every subset U � V of size jU j = s the subhypergraph H

�
+1

U

has

less than rsd

�

= log

3
�0:5

d

�

edges.

Proof. For every �xed set U of size jU j = s and every subset e � U of size jej = i, where 
 + 1 �

i � r, the probability that e is an edge of H

�
+1

U

is 1�(1�p)

(

n�s

r�i

)

� n

r�i

p. Moreover, all su
h events

"e is an edge of H

�
+1

U

" are mutually independent. Also, if H

�
+1

U

has at least rsd

�

= log

3
�0:5

d

�

edges, then some of the subhypergraphs H

i

U

, 
 + 1 � i � r, has at least sd

�

= log

3
�0:5

d

�

edges.

Therefore, the probability of the existen
e of a set U violating the 
laim 
an be bounded from above

by:

X

s�


n

log

3

d

�

 

n

s

!

r

X

i=
+1

 

�

s

i

�

sd

�

log

3
�0:5

d

�

!

(n

r�i

p)

sd

�

log

3
�0:5

d

�

�

X

s�


n

log

3

d

�

 

n

s

!

r

X

i=
+1

"

O(1)s

i�1

log

3
�0:5

d

�

d

�

n

r�i

p

#

sd

�

log

3
�0:5

d

�

5



�

X

s�


n

log

3

d

�

2

6

4

O(1)

n

s

 

O(1)s




n

r�
�1

p log

3
�0:5

d

�

d

�

!

d

�

log

3
�0:5

d

�

3

7

5

s

�

X

s�


n

log

3

d

�

2

4

O(1)

�

s

n

�


�

log

3
�0:5

d

�

d

�

log

3
�0:5

d

�

3

5

sd

�

log

3
�0:5

d

�

:

Denote the s-th summand of the above sum by a

s

. Then, if s �

p

n, we have

a

s

�

2

4

O(1)

�




log

3

d

�

�


�

log

3
�0:5

d

�

d

�

log

3
�0:5

d

�

3

5

p

n

= o

�

1

n

3

�

;

while if s �

p

n, we have

a

s

�

 

log

3
�0:5

d

�

n

1=3

!

d

�

log

3
�0:5

d

�

= o

�

1

n

3

�

;

thus establishing the 
laim. 2

Claim 4.3 With probability 1 � o(1=n) in H

r

(n; p) the following holds: for every integer s � n=d

�

and every subset W � V of size jW j = s the subhypergraph H

�
+1

W

has less than rs logd

�

edges.

Proof. Using arguments similar to those of the proof of Claim 4.2, we 
an estimate from above

the probability of the existen
e of a set W violating the 
laim by:

X

s�

n

d

�

 

n

s

!

r

X

i=
+1

 

�

s

i

�

s logd

�

!

(n

r�i

p)

s logd

�

�

X

s�

n

d

�

 

n

s

!

r

X

i=
+1

 

O(1)s

i�1

n

r�i

p

logd

�

!

s log d

�

�

X

s�

n

d

�

 

O(1)

�

s

n

�


�

1

log d

�

d

�

logd

�

!

s logd

�

:

Denote the s-th summand of the above sum by b

s

. Then, if s � n

�=2

, where � > 0 is a �xed


onstant de�ned in the introdu
tion and satisfying (d

�

)

1=


� n

1��

, we 
an estimate b

s

from above as

follows:

b

s

�

0

�

O(1)

d

�

�
+1+

1

log d

�

logd

�

1

A

s log d

�

�

�

O(1)

logd

�

�

s

= o

�

1

n

2

�

;

6



and if s � n

�=2

, relying on our assumption that d

�

� n

(1��)


, we get:

b

s

�

0

�

O(1)n

(

�1+

�

2

)

�


�

1

log d

�

�

d

�

logd

�

1

A

logd

�

�

 

O(1)n

�
+

2�

3


+(1��)


logd

�

!

logd

�

= o

�

1

n

2

�

: 2

Claim 4.4 For any �xed 
 > 0 with probability 1 � o(1=n

2

) in H

r

(n; p) the following holds. For

every subset U � V of size jU j = s �


n

log

3

d

�


onsider the subhypergraph H

�
+1

U

. Then there exists a


-
oloring of all but at most

s

log

0:1

d

�

verti
es of H

�
+1

U

in at most

�

�

4r

3

d

�

log

3
�0:6

d

�

�

1




�


olors.

Proof. This 
laim follows deterministi
ally from the assertion of Claim 4.2.

Fix a subset U � V of size jU j = s �


n

log

3

d

�

and 
onsider the subhypergraph H(U) = H

�
+1

U

.

Denote

M =

2

6

6

6

 

4r

3

d

�

log

3
�0:6

d

�

!

1




3

7

7

7

:

A

ording to Claim 4.2, with probability 1 � o(1=n

2

) the number of verti
es of degree more than

r

2

d

�

= log

3
�0:6

d

�

in H(U) is at most

�

rsd

�

log

3
�0:5

d

�

r

�.

r

2

d

�

log

3
�0:6

d

�

= s= log

0:1

d

�

. Let U

0

be the set

of all verti
es of degree at most r

2

d

�

= log

3
�0:6

d

�

in H(U). Then jU n U

0

j � s= log

0:1

d

�

. Let

H(U

0

) = H

�
+1

U

0

. We will prove that the H(U

0

) is 
-
olorable by at most M 
olors. Every edge of

H(U

0

) interse
ts at most r � r

2

d

�

= log

3
�0:6

d

�

= r

3

d

�

= log

3
�0:6

d

�

� M




=4 other edges of H(U

0

).

Now 
onsider a random 
oloring of the verti
es of U

0

in 
olors 1; : : : ;M , obtained by assigning to ea
h

vertex v 2 U

0


olor i independently and with probability 1=M , where 1 � i �M . For e 2 E(H(U

0

))

denote by A

e

the event "e is mono
hromati
". Then the probability of A

e

is (1=M)

jej�1

� (1=M)




.

Also, the event A

e

is mutually independent of all other events A

e

0

, but those for whi
h e \ e

0

6= ;.

The number of su
h events is at most M




=4. Then, applying the symmetri
 version of the Lov�asz

Lo
al Lemma (see, e.g., [2℄, Ch. 5), we get: P [

V

e2E(H(U

0

))

A

e

℄ > 0, thus ensuring the existen
e of a

desired 
oloring. 2

Claim 4.5 With probability 1 � o(1=n) in H

r

(n; p) the following holds: for every integer s � n=d

�

and every subset W � V of size jW j = s the subhypergraph H

�
+1

W

is 
-
olorable by at most 2r log d

�


olors.

Proof. This 
laim follows deterministi
ally from the assertion of Claim 4.3. Re
all that a graph

G is 
alled d-degenerate if every subgraph of it 
ontains a vertex of degree at most d. It is very easy

to see that a d-degenerate graph G is (d + 1)-
olorable.

Fix a subset W � V of size jW j = s � n=d

�

. Clearly it is enough to prove that the strong


hromati
 number of H

�
+1

W

is at most 2r logd

�

. De�ne an auxiliary graph G with vertex set W and

7



two verti
es u; v 2 W being 
onne
ted by an edge if and only if there exists an edge e 2 E(H) su
h

that u; v 2 e. Then it is easy to see that the 
hromati
 number of G is equal to the strong 
hromati


number of H

�
+1

W

. By Claim 4.3 with 
 = 1, every subset W

0

� W of size jW

0

j = s

0

� s spans

less than rs

0

log d

�

edges in G, and therefore the indu
ed subgraph G[W

0

℄ has a vertex of degree less

than 2r logd

�

. This implies that G is (2r logd

�

� 1)-degenerate and thus 
an be 
olored by 2r log d

�


olors, yielding the desired result. 2

Proof of Lemma 4.1. For a �xed subset U , �rst apply Claim 4.4 re
ursively, starting with U ,

ea
h time using at most d(4r

3

d

�

= log

3
�0:6

d

�

)

1=


e fresh 
olors and de
reasing the size of the 
urrent

subset by a fa
tor of log

0:1

d

�

. Then, after at most log(sd

�

=n) iterations, we get a subset W of U of

size at most n=d

�

, to whi
h we apply Claim 4.5. The total number of 
olors used is at most

2

6

6

6

 

4r

3

d

�

log

3
�0:6

d

�

!

1




3

7

7

7

log

�

sd

�

n

�

+ 2r log d

�

�

�

d

�

log

2
�0:7

d

�

�

1




: 2

5 The weak 
hromati
 number

In this se
tion we establish the asymptoti
 behavior of the weak 
hromati
 number of H

r

(n; p). Our

argument is essentially an adaptation of the proof of  Lu
zak [7℄, with some 
hanges in
orporated.

Theorem 5.1 There exists a 
onstant d

0

su
h that if d = d(n; p; r) = (r � 1)

�

n�1

r�1

�

p > d

0

and

d = o(n

r�1

) then, with probability 1� o(1=n)

�

d

r logd

�

1

r�1

� �

r�1

(H

r

(n; p)) �

�

d

r logd

�

1 +

28r log logd

log d

��

1

r�1

:

The lower bound follows immediately from Corollary 3.2. Thus it is enough to show only the

se
ond inequality.

Lemma 5.2 Let k = n(

r(logd�3 log log d)

d

)

1

r�1

. There exists a 
onstant d

0

su
h that whenever d > d

0

and d = o(n

r�1

), then with probability at least 1 � n

�3

, H

r

(n; p) 
ontains a subset with at least

n log

�5

d verti
es whi
h 
an be properly 
olored using at most n log

�5

d=k 
olors.

Proof. To prove the lemma we use Talagrand's inequality as suggested by the referee. First we

will des
ribe an adaptation of Talagrand's inequality, 
onvenient for 
ombinatorial appli
ations, as

presented by Spen
er in [14℄. Let 
 =

Q

n

i=1




i

be a produ
t probability spa
e and let h : 
 ! R be

a real-valued random variable. We 
all h Lips
hitz if jh(x)� h(y)j � 1 for all x; y 2 
 whi
h di�er

in only one 
oordinate. For a �xed fun
tion f : N ! N we say that h is f -
erti�able if whenever

h(x) � s for some x 2 
 there is a set of at most f(s) indi
es I � f1; : : : ; ng that 
ertify h(x) � s

8



in the sense that h(y) � s for all y 2 
 that agree with x on I . Let m be a median of the random

variable h(x). Then as shown in [14℄, Talagrand's inequality implies

Pr(jh(x)�mj � t) � 2 exp(�t

2

=4f(m)): (1)

Now 
onsider the probability spa
e H

r

(n; p) as a produ
t spa
e, where ea
h 


i


orresponds to

the r-tuples of f1; : : : ; ng 
ontaining vertex i and 
ontained in f1; : : : ; ig. Let X be the size of

the largest n log

�5

d=k-
olorable subset of H

r

(n; p) and let X

�

be a random variable de�ned by

X

�

= min(5n log

�5

d;X). Then by the de�nition X

�

is Lips
hitz and always bounded from above by

5n log

�5

d. Therefore it is also 5n log

�5

d-
erti�able, sin
e it is enough to expose the edges from at

most 5n log

�5

d verti
es to 
ertify the value of X

�

. Denote by m(X

�

) the median of X

�

, obviously

m(X

�

) � 5n log

�5

d. Then inequality (1) with t = n=2 log

6:1

d will imply that

Pr

�

jX

�

�m(X

�

)j >

n

2 log

6:1

d

�

� 2 exp

�

�

n

80 log

7:2

d

�

(2)

Thus to prove Lemma 5.2, it is enough to show that the probability that H

r

(n; p) 
ontains a

n log

�5

d=k-
olorable subset with more than n(log

�5

d + log

�6:1

d) elements is greater than

2 exp(�n=80 log

7:2

d). Indeed, in this 
ase, by inequality (2) we obtain that the median m(X

�

)

should be at least n(log

�5

d + log

�6:1

d)� n=2 log

6:1

d = n log

�5

d+ n=2 log

6:1

d. Therefore

Pr

�

X

�

<

n

log

5

d

�

� Pr

�

X

�

�m(X

�

) < �

n

2 log

6

:1d

�

� 2 exp

�

�

n

80 log

7:2

d

�

< n

�3

:

Let Y be the number of subsets of mk

0

elements, where m = n log

�5

d=k and

k

log

�5

d + log

�6:1

d

log

�5

d

� k

0

= n

�

r(logd� 2 log log d)

d

�

1

r�1

;

whi
h 
an be split into exa
tly m independent sets, ea
h of size k

0

. Then the event "Y > 0" implies

that X

�

� mk

0

� n(log

�5

d + log

�6:1

d). On the other hand, to bound from below the probability

that Y is positive we 
an use the following inequality (see, e.g., [5℄, p. 3)

Pr(Y > 0) �

(EY )

2

EY

2

:

Then

EY

2

(EY )

2

�

m

Y

i=1

X

k

1

;:::;k

m+1

P

m+1

j=1

k

j

=k

0

�

k

0

k

1

�

: : :

�

k

0

k

m

��

n�(i�1)k

0

k

m+1

�

�

n�(i�1)k

0

k

0

�

(1� p)

P

m

j=1

(

k

j

r

)

�

2

4

k

0

X

l=0

a

l

�

n�mk

0

k

0

�l

�

�

n�mk

0

k

0

�

3

5

m

9



�

2

4

k

0

X

l=0

a

l

(n� (m+ 1)k

0

)

l

k

0

!

(k

0

� l)!

3

5

m

;

where

a

l

=

X

k

1

;:::;k

m

P

m

j=1

k

j

=l

 

k

0

k

1

!

: : :

 

k

0

k

m

!

(1� p)

�

P

m

j=1

(

k

j

r

)

:

Let k

i

1

; : : : ; k

i

t

be those from k

1

; : : : ; k

m

whi
h are greater than n(

r log logd

d

)

1

r�1

. Sin
e

P

m

j=1

k

j

=

l � k

0

< n(

r logd

d

)

1

r�1

, so t < log

1

r�1

d. Thus the number of terms with di�erent sequen
es k

i

1

; : : : ; k

i

t

is less than

(mk

0

)

log

1

r�1

d

< n

log

1

r�1

d

: (3)

Moreover, for every k

0

; k

00

su
h that k

0

� k

00

� n(

r log logd

d

)

1

r�1

and k

0

+ k

00

� l � k

0

we have

�

k

0

k

0

��

k

0

k

00

�

(1� p)

�

(

k

0

r

)

�

(

k

00

r

)

�

k

0

k

0

+k

00

�

(1� p)

�

(

k

0

+k

00

r

)

< 1:

Indeed, when n(

r log log d

d

)

1

r�1

� k

0

+ k

00

� 0:7k

0

then

�

k

0

k

0

��

k

0

k

00

�

(1� p)

�

(

k

0

r

)

�

(

k

00

r

)

�

k

0

k

0

+k

00

�

(1� p)

�

(

k

0

+k

00

r

)

�

(k

0

)

k

00

(k

0

� k

0

)

k

00

 

k

0

+ k

00

k

00

!

exp

(

�p

  

k

0

+ k

00

r

!

�

 

k

0

r

!

�

 

k

00

r

!!)

�

 

k

0

� k

00

k

0

� k

0

� k

00

e(k

0

+ k

00

)

k

00

exp

(

�p

 

k

0

r � 1

!)!

k

00

�

�

100

log log d

�

k

00

< 1;

whereas for k

0

+ k

00

� 0:7k

0

we have

�

k

0

k

0

��

k

0

k

00

�

(1� p)

�

(

k

0

r

)

�

(

k

00

r

)

�

k

0

k

0

+k

00

�

(1� p)

�

(

k

0

+k

00

r

)

� 2

k

0

2

k

0

exp

(

�pk

00

 

k

0

r � 1

!)

< 1:

Hen
e

 

k

0

k

1

!

: : :

 

k

0

k

m

!

(1� p)

�

P

m

j=1

(

k

j

r

)

�

 

k

0

l

!

(1� p)

�

(

l

r

)

�

 

k

0

l

!

exp

�

(1 + p)

dl

r

r(r� 1)n

r�1

�

: (4)

Furthermore, for every 
hoi
e of k

0

1

; : : : ; k

0

s

, one 
an easily get the following inequality

10



X

k

0

1

;:::;k

0

s

;

max k

0

j

=f

1�j�s

P

s

j=1

k

0

j

=l

 

k

0

k

0

1

!

: : :

 

k

0

k

0

s

!

(1� p)

�

P

s

j=1

(

k

0

j

r

)

�

 

sk

0

l

!

exp

 

(1 + p)

ldf

r�1

r(r� 1)n

r�1

!

: (5)

Now we divide the sum in the de�nition of a

l

into two parts. The �rst part 
overs the 
ase where

all k

j

are at most n(

r log log d

d

)

1

r�1

. For this part we use estimate (5). The se
ond part 
overs the 
ase

where at least one of k

j

is greater than n(

r log logd

d

)

1

r�1

. In this 
ase we denote by i the sum of all

su
h k

j

's and use estimate (4) and (5). This way we get the following inequality.

a

l

�

 

mk

0

l

!

log

2l

r�1

d + n

log

1

r�1

d

l

X

i=n(

r log log d

d

)

1

r�1

 

k

0

i

!

exp

�

(1 + p)

di

r

r(r� 1)n

r�1

�

 

mk

0

l� i

!

log

2(l�i)

r�1

d:

For i

0

= n(

r log logd

d

)

1

r�1

� i � l, set

b

i;l

=

 

k

0

i

!

exp

�

(1 + p)

di

r

r(r� 1)n

r�1

�

 

mk

0

l � i

!

log

2(l�i)

r�1

d:

Then

b

i+1;l

b

i;l

=

k

0

� i

i + 1

exp

 

(1 + p)d(ri

r�1

+

�

r

2

�

i

r�2

+ : : :+ 1)

r(r � 1)n

r�1

!

l � i

mk

0

� l + i + 1

log

�2

r�1

d

=

�

l + 1

i+ 1

� 1

�

k

0

� i

mk

0

� l + i + 1

exp

 

(1 + p)d(ri

r�1

+

�

r

2

�

i

r�2

+ : : :+ 1)

r(r � 1)n

r�1

!

log

�2

r�1

d: (6)

Let i = �k

0

. Sin
e the se
ond fa
tor in (6) is at most 2d

�1

r�1

log

6

d and the exponential fa
tor is of

order d

(1+o(1))r�

r�1

r�1

, we get that b

i+1;l

=b

i;l

< 1 for 0 � � � 0:4 <

�

(1+o(1))

r

�

1

r�1

. Thus b

i

0

;l

is maximal

for this interval of values of �, and an upper bound for b

i

0

;l

is given by

b

i

0

;l

=

 

k

0

i

0

!

exp

�

(1 + p)

di

r

0

r(r� 1)n

r�1

�

 

mk

0

l � i

0

!

log

2(l�i

0

)

r�1

d

�

 

(m + 1)k

0

l

!

log

2l

r�1

d �

0

�

3mk

0

log

2

r�1

d

l

1

A

l

:

Now let i = �l; 0:4 � � � 0:99

1

r�1

. Then

11



b

i;l

=

 

k

0

�l

!

exp

�

(1 + p)

d(�l)

r

r(r� 1)n

r�1

�

 

mk

0

(1� �)l

!

log

2(1��)l

r�1

d

�

"

�

ek

0

�l

�

�

exp

 

(1 + p)

�

r

l

r�1

d

r(r� 1)n

r�1

!

�

emk

0

(1� �)l

�

(1��)

log

2(1��)

r�1

d

#

l

�

2

4

k

0

d

(1��)+(1+p)�

r

r�1

log

2

r�1

d

l

3

5

l

�

0

�

3mk

0

log

2

r�1

d

l

1

A

l

:

Now we are going to bound b

i;l

from above for 0:99

1

r�1

l � i � l. We 
onsider two 
ases. First, let

l � (0:9)

1

r�1

k

0

. Then

maxfb

i;l

: 0:99

1

r�1

l � i � lg �

 

2k

0

l

!

exp

�

(1 + p)dl

r

r(r� 1)n

r�1

�

 

emk

0

(1� 0:99

1

r�1

)l

!

(1�0:99

1

r�1

)l

log

0:02l

r�1

d

�

 

2ek

0

l

exp

 

(1 + p)

dl

r�1

r(r� 1)n

r�1

!

�

n

l

�

0:01

log

0:02

r�1

d

!

l

�

0

�

6k

0

d

0:92

r�1

l

1

A

l

�

0

�

3mk

0

log

2

r�1

d

l

1

A

l

:

For l � (0:9)

1

r�1

k

0

, in order to maximize b

i;l

it is enough to 
onsider i � l � ld

�0:3

r�1

. Indeed, for

0:99l � i � l � ld

�0:3

the �rst fa
tor in

b

i+1;l

b

i;l

is at least d

�0:3

r�1

, the se
ond one is at least d

�1:3

r�1

and

the exponent is greater then d

0:88r

r�1

, thus

b

i+1;l

b

i;l

> 1. Furthermore the following inequality holds

maxfb

i;l

: l� ld

�0:3

r�1

� i � lg �

 

k

0

l � ld

�0:3

r�1

!

exp

�

(1 + p)dl

r

r(r� 1)n

r�1

�

 

emk

0

ld

�0:3

r�1

!

ld

�0:3

r�1

log

ld

�0:3

r�1

r�1

d

�

 

k

0

k

0

� l

!

exp

�

(1 + p)

dl

r

r(r� 1)n

r�1

�

d

3

r�1

k

0

d

�0:3

r�1

:

Hen
e

k

0

X

l=0

a

l

(n� (m+ 1)k

0

)

l

k

0

!

(k

0

� l)!

� n

2 log

1

r�1

d

k

0

X

l=0

�

2k

0

n

�

l

0

�

3mk

0

log

2

r�1

d

l

1

A

l

+ n

2 log

1

r�1

d

d

3

r�1

k

0

d

�0:3

r�1

�

�

1�0:9

1

r�1

�

k

0

X

j=0

k

0

!

(n� (m + 1)k

0

)

k

0

n

j

j!

 

k

0

j

!

exp

�

(1 + p)

dk

0

r

r(r� 1)n

r�1

�

exp

�

(1 + p)

d((k

0

� j)

r

� k

0

r

)

r(r� 1)n

r�1

�
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� n

2 log

1

r�1

d

k

0

X

l=0

0

�

6mk

0

2

log

2

r�1

d

ln

1

A

l

+n

2 log

1

r�1

d

d

3

r�1

k

0

d

�0:3

r�1

 

k

0

en(1� log

�4:9

d)

exp

 

(1 + p)dk

0

r�1

r(r� 1)n

r�1

!!

k

0

�

�

1�0:9

1

r�1

�

k

0

X

j=0

 

9k

0

n

j

2

exp

 

�

(1 + p)d(k

0

r�1

+ k

0

r�2

(k

0

� j) + : : :+ (k

0

� j)

r�1

)

r(r � 1)n

r�1

!!

j

:

All terms of the �rst sum are less than exp

�

6mk

0

2

log

2

r�1

d=n

�

, for d large enough, whereas for

the se
ond sum we have

k

0

en(1� log

�4:9

d)

exp

 

(1 + p)dk

0

r�1

r(r� 1)n

r�1

!

<

1

e(1� log

�4:9

d)

�

d

log

2

d

�

1+p

r�1

�

r logd

d

�

1

r�1

<

4d

p

r�1

e log

1

r�1

d

< 1

and

exp

 

�

(1 + p)d(k

0

r�1

+ k

0

r�2

(k

0

� j) + : : :+ (k

0

� j)

r�1

)

r(r� 1)n

r�1

!

< exp

0

�

�

(1 + p)dk

0

r�1

(1 + 0:9

1

r�1

+ : : :+ 0:9

r�1

r�1

)

r(r� 1)n

r�1

1

A

<

�

d

log

2

d

�

�

1+0:9(r�1)

r�1

:

Therefore

d

3

r�1

k

0

d

�0:3

r�1

�

1�0:9

1

r�1

�

k

0

X

j=0

0

�

9k

0

n log

2+1:8(r�1)

r�1

d

j

2

d

1+0:9(r�1)

r�1

1

A

j

< exp

�

3k

0

d

�0:25

r�1

+ nd

�1:3

r�1

�

Thus

k

0

X

l=0

a

l

(n� (m + 1)k

0

)

l

k

0

!

(k

0

� l)!

� n

2 log

1

r�1

d

exp

0

�

6mk

0

2

log

2

r�1

d

n

1

A

+ n

2 log

1

r�1

d

exp

�

nd

�1:2

r�1

�

and, �nally we arrive at

Pr(Y > 0) �

(EY )

2

EY

2

�

2

4

exp

0

�

7mk

0

2

log

2

r�1

d

n

1

A

3

5

�m

� exp

 

�7n log

2

r�1

d

�

k

0

m

n

�

2

!

� exp

�

�n log

�7:5

d

�

:

This 
ompletes the proof of Lemma 5.2. 2

The next lemma and its proof are shaped after Lemma 2 of [7℄.

Lemma 5.3 There is a 
onstant d

0

su
h that if d > d

0

and d = o(n

r�1

), then with probability

1�o(1)� log

�1

d, more than n�2n log

�3

d verti
es of H

r

(n; p) 
an be properly 
olored with less than

�

d

r log d

�

1 +

(28r� 23) log logd

log d

��

1

r�1


olors.

13



Proof. In the proof we shall use the "expose-and-merge" te
hnique introdu
ed by D. Matula [9℄.

For A � [n℄ de�ne [A℄

r

= fjSj = rjS � Ag and let

k

0

= n

�

r(logd� (28r� 24) log logd)

d

�

1

r�1

; l

0

= n=(k

0

log

33

d):

Consider the following algorithm:

Algorithm

E := ;

F

0

:= ;

W

0

:= ;

for i = 1 to log

33

d� log

30

d do

begin


hoose randomly A

i

� [n℄ nW

i

with jA

i

j = n log

�28

d;

de�ne H

i

as the hypergraph with the set of verti
es A

i

and the set of edges E

i

, where

ea
h e 2 [A

i

℄

r

belongs to E

i

randomly and independently with probability p;


hoose a family fR

i

1

; : : : ;R

i

l

0

g of disjoint independent sets from A

i

, su
h that

P

l

0

l=0

jR

i

l

j = n log

�33

d - if it is not possible FAIL;

E

0

i

:= E

i

n (E

i

\ F

i�1

);

E := E [ E

0

i

;

F

i

:= F

i�1

[ [A

i

℄

r

;

W

i

:= W

i�1

[

S

l

0

l=1

R

i

l

;

end

F := [n℄

r

n

S

log

33

d�log

30

d

i=1

F

i

;

form E � F by 
hoosing ea
h e 2 F to belong to E randomly and independently with probability p;

E := E [E;

output E; fR

1

1

;R

1

2

; : : : ;R

log

33

d�log

30

d

l

0

g;

end

Let us �rst observe that the probability that e 2 E is equal to p for ea
h e 2 [n℄

r

, thus the

hypergraph H with the set of verti
es [n℄ and the set of edges E may be treated as H

r

(n; p).

Obviously, we may 
onsider ea
h H

i

as H

r

(n; p), where n = n log

�28

d. Let d = d(n; p) =

(r � 1)

�

n�1

r�1

�

p = (1 + o(1))d log

�28(r�1)

d. Then

k

0

= n

�

r(logd� (28r� 24) log logd)

d

�

1

r�1

< n

 

r(logd� 3 log logd)

d

!

1

r�1

:

Thus from Lemma 5.2, the probability thatH

i


ontains no subset with n log

�33

d < n log

�5

d elements

whi
h 
an be properly 
olored using n log

�5

d=k

0


olors is less than n

�3

, so the probability of FAIL

in the Algorithm is less than n

�2

.

14



Thus, with probability at least 1� n

�2

, the Algorithm �nds

(log

33

d� log

30

d)l

0

=

n � n log

�3

d

k

0

<

�

d

r logd

�

1 +

(28r� 23) log log d

logd

��

1

r�1

:

disjoint sets R

1

1

;R

1

2

; : : : ;R

log

33

d�log

30

d

l

0

su
h that

X

i

X

l

jR

i

l

j = (log

33

d� log

30

d)n log

�33

d = n� n log

�3

d:

Note that although R

i

l

is an independent set in H

i

it is not ne
essarily independent as a subset of H.

Let X denote the number of edges of H 
ontained in R

i

l

for some 1 � i � log

33

d� log

30

d; 1 � l � l

0

.

We shall estimate X from above.

Let e 2 [n℄

r

be su
h that e 2 E and also e � R

i

l

for some i; l. This 
an o

ur only if e was


hosen as an edge in H

j

for j < i. Thus we have that e � A

i

and also e � A

j

. Sin
e for all i we


hoose A

i

from the set of verti
es of size at least n log

�3

d, the probability that for given i and j the

edge e is 
ontained in both A

i

and A

j

is less than (log

�25

d)

2r

. Now observe that for any 1 � l � l

0

ea
h subset of A

j


ontaining a jR

j

l

j elements is equally likely to be 
hosen as R

j

l

( this event depends

only on the stru
ture of H

j

whi
h is symmetri
 with respe
t to the labeling of verti
es). Due to

Lemma 3.1, we may assume that jR

j

l

j < n

�

r log d

d

�

1

r�1

for all i; l. Thus, sin
e jA

j

j = n log

�28

d, the

probability that all the verti
es of the edge e are in the same set R

j

l

for some l is less than

0

B

B

�

n

�

r log d

d

�

1

r�1

n log

�28

d

1

C

C

A

r�1

�

r log

(28r�27)

d

d

:

The probability that the edge e appears in the hypergraph H

j

is equal to p, so �nally we have the

following upper bound on the expe
tation of X :

EX �

 

n

r

! 

log

33

d� log

30

d

2

!

� log

�50r

d � p �

r log

(28r�27)

d

d

< n log

�5

d:

Therefore, from Markov's inequality,

Pr(X >

1

r

n log

�3

d) < log

�1

d:

Now for all i; l delete from R

i

l

all the verti
es of the edges of H that are 
ontained in R

i

l

and

denote the obtained sets by R

i

l

. Then

X

i;l

jR

i

l

j �

X

i;l

jR

i

l

j � rX = n� n log

�3

d� rX

so

Pr

0

�

X

i;l

jR

i

l

j � n� 2n log

�3

d

1

A

> 1� n

�2

� log

�1

d ;
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and the assertion of the lemma follows. 2

Proof of Theorem 5.1. >From Lemmas 5.3 and 4.1 we have the following estimate:

Pr

0

�

�(H

r

(n; p)) <

�

d

r logd

�

1 +

(28r� 22) log logd

logd

��

1

r�1

1

A

> 1� o(1)� log

�1

d > 1=2 :

In order to show that essentially the same upper bound on �




(H

r

(n; p)) holds with mu
h higher prob-

ability we use the argument of Frieze. De�ne Y (H

r

(n; p)) to be the minimal size of a set of verti
es S,

su
h that the indu
ed subhypergraph H [V nS℄ 
an be 
olored by w =

�

d

r log d

�

1 +

(28r�22) log log d

log d

��

1

r�1


olors. Then Y is a random variable that satis�es the Lips
hitz 
ondition (see [2℄, Ch. 7 for more

details). Denote E(Y ) = � and apply the vertex exposure martingale on H

r

(n; p). Then by Azuma's

inequality

Pr

�

Y � � � �

p

n� 1

�

< e

��

2

=2

;

Pr

�

Y � � + �

p

n� 1

�

< e

��

2

=2

:

Let � satisfy e

��

2

=2

= n

�2

. Sin
e Pr(Y = 0) > 1=2 we have that � � �

p

n� 1 = 


p

n logn for

some 
onstant 
 > 0. Thus Pr(Y � 2�

p

n� 1) < n

�2

. Therefore with probability 1 � n

�2

there is

a w-
oloring of all but at most 


p

n logn verti
es. By Lemma 4.1 with probability 1� o(1=n) these

verti
es 
an be 
olored by

�

d

log

2(r�1)�0:7

d

�

1

r�1


olors. Combining these two 
olorings we get that with

probability 1� o(1=n) the hypergraph H

r

(n; p) 
an be 
olored by at most

�

d

r log d

�

1 +

28r log logd

log d

��

1

r�1


olors. This �nishes the proof of Theorem 5.1. 2

6 The 
-
hromati
 numbers, 
 < r � 1

In this se
tion we �nish the proof of Theorem 1. Due to the results of the previous se
tion it remains

to treat the 
ase 
 < r � 1. For reader's 
onvenien
e, we restate the formulation of Theorem 1 for

this 
ase.

Theorem 6.1 For every 1 � 
 � r � 2 there exists a 
onstant d

0

su
h that if d

(
)

= d

(
)

(n; p) =




�

r�1




��

n�1

r�1

�

p � d

0

but d

(
)

= o(n




), then almost surely

 

d

(
)

(
 + 1) logd

(
)

!

1




� �




(H

r

(n; p)) �

 

d

(
)

(
 + 1) logd

(
)

�

1 +

1

log

0:1

d

(
)

�

!

1




:
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Proof of Theorem 6.1. The lower bound follows immediately from Corollary 3.2, so it is

enough to prove the upper bound. The proof of the upper bound relies on the upper bound for the

weak 
hromati
 number, given by Theorem 5.1.

Throughout the proof, the symbols C

1

; C

2

; : : : denote positive 
onstants dependinng only on r.

Let

u

0

= u

0

(n

0

; p


+1

; 
+1) =

 

d(n

0

; p


+1

; 
 + 1)

(
 + 1) logd(n

0

; p


+1

; 
 + 1)

 

1 +

28(
 + 1) log logd(n

0

; p


+1

; 
 + 1)

log d(n

0

; p


+1

; 
 + 1)

!!

1




;

where d(n

0

; p


+1

; 
 + 1) =

�

n

0

�1




�


p


+1

and the exa
t value of the edge probability p


+1

will be

de�ned later. Note that a

ording to Theorem 5.1 the expression in the de�nition of u

0

is an upper

bound on the weak 
hromati
 number of a random 
 + 1-uniform hypergraph on n

0

verti
es with

edge probability p


+1

.

Let s = log

4

d

�

. We �x a partition of the vertex set V into s disjoint parts V

1

; : : : ; V

s

of sizes b

n

s




or d

n

s

e. For the sake of simpli
ity we assume that n=s is integer and then jV

i

j = n=s for 1 � i � s.

Let n

0

= n=s.

For 1 � i � s, let H

i

= H

�
+1

V

i

. A key step in the proof of Theorem 6.1 is the following lemma.

Lemma 6.2 Let p


+1

= 1� (1� p)

(

n�n

0

r�
�1

)

. There exists a 
onstant C

1

su
h that, for every �xed i,

1 � i � s, with probability 1� o(s=n) all but at most C

1

n

0

= log

3

d

�

verti
es of the hypergraph H

i


an

be 
-
olored by at most u

0

= u

0

(n

0

; p


+1

; 
 + 1) 
olors.

Proof. We represent

H

i

=

r

[

j=
+1

H

i;j

;

where H

i;j

= H

j

V

i

. It is easy to see that the edges of H

i;
+1


onstitute a great part of the edges of

H

i

, so the most important task for us will be to 
olor properly the subhypergraph H

i;
+1

. For ea
h


 + 1 � j � r denote

p

j

= 1� (1� p)

(

n�n

0

r�j

)

and note that

�

n

2(r � j)

�

r�j

p � p

j

�

 

n

r � j

!

p : (7)

Now observe 
ru
ially that for every subset e � V

i

of size jej = j, where 
 + 1 � j � r, the

probability of the event "e is an edge of H

i

" is exa
tly p

j

. Moreover, all su
h events are mutually

independent. This enables us to treat ea
h of the subhypergraphs H

i;j

as a random hypergraph from

the probability spa
e H

j

(n

0

; p

j

).

Let us �rst expose the edges of H

i;
+1

. Note that a 
-
oloring of this subhypergraph is a weak


oloring, sin
e all edges of H

i;
+1

have size 
 + 1. Re
alling that H

i;
+1

is an element of the

probability spa
e H

r

(n

0

; p


+1

), we 
an use the result of Theorem 5.1 in order to 
laim that with
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probability 1� o(s=n) the 
-
hromati
 number of H

i;
+1

is at most u

0

. Moreover, due to Lemma 3.1

the 
-independen
e number of H

i;
+1

is at most, say, 2n

0

=u

0

with probability 1� o(s=n).

Fix some 
-
oloring f : V

i

! f1; : : : ; u

0

g of H

i;
+1

by u

0


olors with 
olor 
lasses T

1

; : : : ; T

u

0

,

ea
h of size at most 2n

0

=u

0

. Now we expose the edges of the subhypergraphs H

i;j

for j > 
 + 1. We


all an edge e 2

S

r

j=
+2

E(H

i;j

) bad if it improperly 
-
olored by f , that is, there exists a 
olor 
lass

T

l

su
h that je \ T

l

j � 
 + 1. Let X

i

be the number of bad edges in H

i

. Note that ea
h bad edge

has at least 
 + 2 verti
es in 
ommon with V

i

. Therefore the expe
tation of X

i


an be estimated as

follows.

EX

i

� p

u

0

X

l=1

0

�

 

jT

l

j


 + 1

!

n

0

 

n

r � 
 � 2

!

+

r

X

j=
+2

 

jT

l

j

j

! 

n

r� j

!

1

A

� u

0

p

  

2n

0

u

0


 + 1

!

n

0

 

n

r � 
 � 2

!

+ (r� 
 � 1)

 

2n

0

u

0


 + 2

! 

n

r � 
 � 2

!!

� 2u

0

p

 

2n

0

u

0


 + 1

!

n

0

 

n

r � 
 � 2

!

�

2u

0

p

�

2n

0

u

0

�


+1

n

0

n

r�
�2

(
 + 1)!

�

4n

r�
�2

n


+2

0

p

u




0

:

Substituting the expression from the de�nition of u

0

and using estimate (7) for p


+1

, we get

EX

i

�

4n

r�
�2

n


+2

0

p

d(n

0

;p


+1

;
+1)

(
+1) log d(n

0

;p


+1

;
+1)

�

4(
 + 1)n

r�
�2

n


+2

0

log(n

r�1

p)p

�

n

0

�1




�







�

n

2(r�
�1)

�

r�
�1

p

� C

2

n

2

0

logd

�

n

= C

2

n

0

log

3

d

�

:

The random variable X

i

is naturally represented as a sum of independent indi
ator random variables

and thus standard exponential bounds on the tails of X

i


an be applied to show that with probability

1 � o(s=n) we have X

i

� 2C

2

n

0

= log

3

d

�

. Take a union U

i

of all bad edges, it 
ontains at most

2rC

2

n

0

= log

3

d

�

verti
es. The subhypergraph of H

1

spanned by V

i

n U

i

is 
learly 
-
olorable in u

0


olors, thus proving the 
laim of the lemma with C

1

= 2rC

2

. 2

Applying Lemma 6.2 to ea
h of the subsets V

i

for 1 � i � s and using distin
t 
olors for every i,

we get the following intermediate result:

Corollary 6.3 There exists a 
onstant C

1

su
h that with probability 1 � o(s

2

=n) all but at most

C

1

n= log

3

d

�

verti
es of H

r

(n; p) 
an be 
-
olored in at most su

0


olors.

Now we plug in Lemma 4.1 and get the following upper bound on the 
-
hromati
 number of

H

r

(n; p).

Corollary 6.4 With probability 1� o(s

2

=n) the 
-
hromati
 number of H

r

(n; p) is at most

su

0

+ (d

�

= log

2
�0:7

d

�

)

1=


.
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The proof is almost �nished. It remains only to write the bound from Corollary 6.4 in a more

"visible" form. This 
an be done by performing routine (but rather tedious) arithmeti
 manipula-

tions. Below we present them in a somewhat s
ket
hy way. Let A denote the bound of Corollary

6.4. We will use the following trivial inequalities: 1=(a � b) � (1 + 2b=a)=a for 0 < b � a=2; and

(1 + a)(1 + b) � 1 + 3a for 0 < b � a � 1. Substituting the de�nition of u

0

and denoting for brevity

d(n

0

) = d(n

0

; p


+1

; 
 + 1) we get:

A � s

�

d(n

0

)

(
 + 1) logd(n

0

)

�

1 +

28(
 + 1) log logd(n

0

)

logd(n

0

)

��

1




+

�

d

�

log

2
�0:7

d

�

�

1




� s

 

d(n

0

)

(
 + 1) logd(n

0

)

 

1 +

1

log

0:2

d(n

0

)

!!

1




:

Now we bound d(n

0

) as follows:

d(n

0

) �

 

n

0

� 1




!




 

n� n

0

r � 
 � 1

!

p �

n




0


!




n

r�
�1

(r � 
 � 1)!

p =


n

r�1

p


!(r� 
 � 1)!s




:

On the other hand, d(n

0

) � n




0

n

r�
�1

p=C

3

= d

�

=C

3

s




. Then logd(n

0

) � logd

�

� log(C

3

s




) and thus

1= logd(n

0

) � (1 + C

4

log logd

�

= logd

�

)= logd

�

. We get

A �

�




(
 + 1)!(r� 
 � 1)!

d

�

logd

�

�

1 +

C

5

log

0:2

d

�

��

1




:

Now, we use the following inequalities: n

r�1

�

�

n�1

r�1

�

(r � 1)!(1 + 2r

2

=n) and also logd

�

� logd

(
)

�

logC

6

. Then

A �

�





 + 1

(r � 1)!


!(r� 
 � 1)!

d

�

(r � 1)! logd

�

�

1 +

C

5

log

0:2

d

�

��

1




�

 





 + 1

 

r � 1




! 

n� 1

r� 1

!

p

�

1 +

C

7

log

0:2

d

�

�

!

1




�

 

d

(
)

(
 + 1) logd

(
)

�

1 +

1

log

0:1

d

(
)

�

!

1




: 2

7 Con
luding remarks

We have established an asymptoti
 behavior of the 
-
hromati
 number of a random r-uniform

hypergraph H

r

(n; p) for all values of the parameter 
 and for all values of the edge probability

p = p(n) down to the 
ase p = 
n

�r+1

for some 
onstant 
 > 0. As in the graph 
ase, it turned

out that the 
-
hromati
 number of the random hypergraph is asymptoti
ally equal to the ratio of

the number of verti
es n and its 
-independen
e number. Though this paradigm 
an be 
arried
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over from the graph 
ase to that of hypergraphs, the proof is similar only for the 
ase of the weak


hromati
 number, 
orresponding to 
 = r � 1. The reason for it is that the standard martingale

based te
hniques, su

essfully used to establish the asymptoti
 value of the 
hromati
 number of

the random graph G(n; p), do not seem to be dire
tly appli
able for 
 < r � 1. This is due to the

fa
t that the 
-
hromati
 number of a hypergraph H is a vertex Lips
hitz fun
tion only for the


ase of 
 = r � 1. We su

eeded to bypass this diÆ
ulty by partitioning the vertex set V (H) into

s = log

4

(n

r�1

p parts V

1

; : : : ; V

s

and 
oloring ea
h part separately. This partition enabled us to use

the arguments from the 
ase of the weak 
hromati
 number to 
olor ea
h subhypergraph H [V

i

℄ and

thus to redu
e a general 
ase to that of the weak 
hromati
 number.

An interesting related problem, for whi
h the above mentioned di�eren
e between the 
ase 
 =

r � 1 and the other 
ases may also play an important role, is that of determining a 
on
entration

of the 
-
hromati
 number of H

r

(n; p). For a hypergraph theoreti
 fun
tion X(H) and probability

spa
e H

r

(n; p), we say that X(H

r

(n; p)) is 
on
entrated in width s = s(n; p) if there exists a fun
tion

u = u(n; p) so that

lim

n!1

Pr(u � X(H

r

(n; p)) � u + s) = 1 :

The question of estimating the width of 
on
entration of the 
hromati
 number of a random graph

G(n; p) is studied in papers [13℄, [8℄, [1℄). All these papers rely heavily on the fa
t that the 
hromati


number of a graph is vertex Lips
hitz. In 
ontrast, nobody seems to have addressed the 
orre-

sponding hypergraph question. Similarly to the problem of determining the asymptoti
 value of the


-
hromati
 number of H

r

(n; p), the 
ase of the weak 
hromati
 number should be quite similar to

the graph 
ase, and most of the results about the 
on
entration of the 
hromati
 number of G(n; p)


an be transferred to this spe
ial hypergraph 
ase. However, for every 
 < r� 1 a simple adaptation

of the graph arguments does not seem to be possible. New ideas are required to ta
kle this 
ase.
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