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Abstra
t

A random bipartite graph G(n; n; p) is obtained by taking two disjoint subsets of verti
es A

and B of 
ardinality n ea
h, and by 
onne
ting ea
h pair of verti
es a 2 A and b 2 B by an

edge randomly and independently with probability p = p(n). We show that the 
hoi
e number

of G(n; n; p) is, almost surely, (1 + o(1)) log

2

(np) for all values of the edge probability p = p(n),

where the o(1) term tends to 0 as np tends to in�nity.

1 Introdu
tion

A graph G = (V;E) is 
alled k-
hoosable, for an integer k > 0, if for every family of 
olor lists

S = fS(v) � Z : v 2 V (G)jg, satisfying jS(v)j = k for every v 2 V , there exists a 
hoi
e fun
tion

f : V ! Z su
h that f(v) 2 S(v) for all v 2 V , and also f(u) 6= f(v) for every edge e = (u; v) 2 E(G).

The 
hoi
e number 
h(G) of G is the minimal integer k for whi
h G is k-
hoosable.

The 
on
ept of 
hoosability was introdu
ed by Vizing in 1976 [6℄ and independently by Erd}os,

Rubin and Taylor in 1979 [5℄. Although the 
hoi
e number is a straightforward generalization of the

more familiar notion of the 
hromati
 number, after twenty years of resear
h it appears to be a mu
h

more 
ompli
ated quantity, and mu
h less is known about it. The reader may 
onsult the survey

paper of the �rst author [2℄ for a dis
ussion of various problems and results on 
hoosability.

Our interest in 
hoosability questions for bipartite graphs is stimulated in parti
ular by the fa
t

that bipartite graphs provide a standard example of a family of graphs for whi
h the 
hoi
e number


an be mu
h higher than the 
hromati
 number. (It follows immediately from the de�nition of the


hoi
e number that 
h(G) � �(G) for every graph G). Indeed, Erd}os , Rubin and Taylor noti
ed in

their original paper that the 
hoi
e number of the 
omplete bipartite graph K

d;d

is (1 + o(1)) log

2

d.
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The (relatively simple) proof of this statement 
ontains several useful ideas, some of whi
h are applied

in the present note.

The main goal of this note is to determine the asymptoti
 behavior of the 
hoi
e number of

random bipartite graphs. Formally, the random bipartite graph G(m;n; p) is the probability spa
e

whose points are bipartite graphs on a �xed set of m+ n labeled verti
es, partitioned into two 
olor


lasses A and B of 
ardinalities jAj = m, jBj = n, respe
tively. Ea
h pair of verti
es a 2 A and

b 2 B form an edge randomly and independently with probability p = p(m;n). The 
olor 
lasses A

and B form independent sets. By the term "the random bipartite graph" we mean a random point


hosen in this probability spa
e. In this note we 
on�ne ourselves to the 
ase where the 
olor 
lasses

A and B are of equal 
ardinality jAj = jBj = n, the 
orresponding model is denoted by G(n; n; p).

We use the usual notational 
onventions of the theory of random graphs. As is usually the 
ase in

this subje
t, we are interested in the behaviour of various parameters as n tends to in�nity. We

say that a graph property A holds almost surely, or a.s., for short, if the probability that G(n; n; p)

satis�es A tends to 1 as n tends to in�nity. Note that d = np is the expe
ted degree of ea
h vertex

of G(n; n; p).

The problem of determining the asymptoti
 value of the 
hoi
e number of random bipartite graphs

has been addressed already by Erd}os, Rubin and Taylor [5℄. They 
onsidered the model G(n; n; 1=2)

and proved that a.s. logn= log 6 < 
h(G(n; n; 1=2)) < 3 logn= log 6. In this paper we determine the

typi
al asymptoti
 value of 
h(G(n; n; p)) for all values of the edge probability p = p(n) down to

p � C=n for some 
onstant C > 0. We prove the following theorem.

Theorem 1.1 There exists an absolute 
onstant d

0

su
h that if the edge probability p = p(n) satis�es

np > d

0

, then a.s.

log

2

(np)� 4 log

2

log

2

(np) � 
h(G(n; n; p))� log

2

(np) +

5 log

2

(np) log

2

log

2

log

2

(np)

log

2

log

2

(np)

:

Thus, the 
hoi
e number of G(n; n; p) is almost surely (1+ o(1)) log

2

d for all values of p(n). We

do not make here any serious attempt to optimize the error terms in Theorem 1.1, our main task is

to �nd an asymptoti
 formula for the main term.

The rest of the paper is organized as follows. In the next se
tion we present some properties of

the edge distribution in random bipartite graphs, needed for the subsequent proofs. The proof of the

lower bound is given in Se
tion 3. Se
tion 4 is devoted to the proof of the upper bound. Se
tion 5,

the �nal se
tion of the paper, 
ontains several 
on
luding remarks and a dis
ussion of relevant open

problems.

Throughout the paper, all logarithms are in base 2. As mentioned above we denote by d = np

the expe
ted vertex degree in G(n; n; p) and assume, whenever needed, that d (and hen
e also n) is

suÆ
iently large. We omit routinely 
oor and 
eiling signs whenever these are not 
ru
ial, to simplify

the presentation.
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2 Preliminaries

In this se
tion we prove two te
hni
al propositions about the edge distribution in bipartite random

graphs. As shown in the next two se
tions, these propositions are essentially the only properties of

random bipartite graphs that are needed to prove our result.

Proposition 2.1 The random bipartite graph G(n; n; p) has a.s. the following property: for every

two subsets X � A, Y � B of 
ardinalities jX j; jY j � 2n logd=d, there exists an edge e 2 E(G),


onne
ting X and Y .

Proof. The probability that there exists a pair X; Y , violating the assertion of the proposition, is

at most

 

n

2n logd

d

!

2

(1� p)

(

2n log d

d

)

2

�

"

�

ed

2 logd

�

2

e

�

2np log d

d

#

2n log d

d

�

h

d

2

e

�2 log

2

d

i

2n log d

d

= o(1): 2

Proposition 2.2 For every �xed 
onstant C > 0 the random bipartite graph G(n; n; p) has a.s. the

following property: for every two subsets X � A, Y � B, satisfying jX j; jY j � Cn=d, the spanned

subgraph G[X [ Y ℄ of G on X [ Y has at most (jX j+ jY j)3 logd= log logd edges.

Proof. The result is trivial for d = 
(n), hen
e we may and will assume that d = o(n). Denote

�

1

= �

1

(d) = 3 logd= log log d. The probability of existen
e of subsets X , Y , violating the proposition,


an be bounded from above by

C

n

d

X

i;j=1

 

n

i

! 

n

j

! 

ij

(i+ j)�

1

!

p

(i+j)�

1

� 2

X

1�i�j�Cn=d

 

n

i

! 

n

j

! 

ij

(i+ j)�

1

!

p

(i+j)�

1

� 2

X

1�i�j�Cn=d

 

n

j

!

2
�

eij

(i+ j)�

1

�

(i+j)�

1

p

(i+j)�

1

� 2

X

1�i�j�Cn=d

�

en

j

�

2j

�

ejp

�

1

�

j�

1

= 2

C

n

d

X

j=1

j

"

�

en

j

�

2

�

ejp

�

1

�

�

1

#

j

= 2

C

n

d

X

j=1

j

"

�

en

j

�

2

(ejp)

2

(ejp)

�

1

�2

�

�

1

1

#

j

� 2

C

n

d

X

j=1

j

"

e

4

d

2

(ejp)

�

1

�2

d

3�o(1)

#

j

� 2

C

n

d

X

j=1

j

 

(jp)

�

1

�2

d

0:9

!

j

:

Denote the j-th summand of the last sum by s

j

. Then, if j � (n=d)

1=2

, we get s

j

� (d=n)

(�

1

�3)=2

=

o(d=n), while if j � (n=d)

1=2

, then s

j

� (Cn=d)(C

�

1

�2

=d

0:9

)

(n=d)

1=2

= o(d=n), thus showing that the

last sum tends to 0 as d tends to in�nity. 2
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3 Proof of the lower bound

To prove the lower bound of Theorem 1.1, we argue deterministi
ally that every bipartite graph

G = (A [B;E) with jAj = jBj = n, satisfying the assertion of Proposition 2.1 for some value of the

parameter d, satis�es also 
h(G) � log d� 4 log log d. Again, we assume the parameter d (and hen
e

n) to be large enough.

Let t(k) denote the minimal number of edges in a k-uniform non-2-
olorable hypergraph H . A

tight 
onne
tion between the problem of determining t(k) and 
hoosability questions for bipartite

graphs has been exposed already in the original paper of Erd}os, Rubin and Taylor [5℄. As shown by

Erd}os [4℄, t(k) � (1 + o(1))(e ln2=4)2

k

k

2

. Given n and d, de�ne an integer k = k(n; d) by

k = max

�

i :

2in logd

d

�

�

n

t(i)

��

:

It is easy to see that k � logd � (1 + o(1))3 log logd > logd � 4 log logd. Therefore, to prove the

desired lower bound on 
h(G) it suÆ
es to prove that 
h(G) > k.

Let us denote t = t(k) to simplify the notation. Given a bipartite graph G = (A [ B;E), we

partition the 
olor 
lass A into t 
olor 
lasses A = A

1

[ : : : [ A

t

so that jA

i

j � bn=t
, 1 � i � t.

Similarly, we partition B = B

1

[ : : : [ B

t

with jB

i

j � bn=t
. Let H = (V; F ) be a k-uniform non-

2-
olorable hypergraph with t edges. Denote F = fS

1

; : : : ; S

t

g. We view the verti
es of V (H) as


olors, while the subsets S

i

will be assigned to verti
es of G as 
olor lists. For ea
h 1 � i � t,

every vertex v 2 A

i

[ B

i

gets S

i

as its list of 
olors. We 
laim that the assertion of Proposition 2.1

along with the non-2-
olorability of H guarantee that G 
annot be properly 
olored by assigning

ea
h vertex a 
olor from its list. Indeed, let f : A [ B ! V (H) satisfy f(v) 2 S(v) for every

v 2 V (G). Let C

1

be the subset of V (H), formed by all the 
olors 
hosen by f at least 2n logd=d

times on A. For every 1 � i � t, the list S

i

of 
ardinality jS

i

j = k is assigned to all verti
es a 2 A

i

.

As jA

i

j � bn=t
 � 2kn logd=d, we get that at least one 
olor from S

i

is 
hosen at least 2n logd=d

times on A

i

. Thus, C

1

interse
ts every edge S

i

of H . Now, as H is non-2-
olorable, there exists an

edge S

i

0

2 F , satisfying S

i

0

� C

1

(otherwise the partition V = C

1

[ (V n C

1

) forms a 2-
oloring

of H). The 
olor list S

i

0

is assigned to all verti
es b 2 B

i

0

, hen
e there exists a 
olor 


�

2 S

i

0

,


hosen by f at least jB

i

0

=jS

i

0

j � bn=t
=k � 2n logd=d times on B

i

0

. Let X = fa 2 A : f(a) = 


�

g,

Y = fb 2 B : f(b) = 


�

g. As 


�

2 S

i

0

� C

1

, we have jX j � 2n logd=d. Also, jY j � 2n logd=d. But

then a

ording to the 
laim of Proposition 2.1, there exists an edge of G, 
onne
ting X and Y , thus

showing that f does not form a proper 
oloring of G. This 
on
ludes the proof of the lower bound

of Theorem 1.1. 2

4 Proof of the upper bound

The proof here is also deterministi
. We assume that a bipartite graph G = (A [ B;E) has the

property given by Proposition 2.2 and show that every graph having this property has its 
hoi
e

4



number bounded from above by the upper bound of Theorem 1.1. Let us introdu
e the following

notation. De�ne

�

1

= �

1

(d) =

3 logd

log logd

;

�

2

= �

2

(d) =

4 logd

log logd

�

3

= �

3

(d) =

5 logd log log logd

log logd

;

l = l(d) = blog d+ �

3


 :

Given a family S = fS(v) : v 2 A [ Bg, satisfying jS(v)j = l for every v 2 A [ B, our aim is to

prove the existen
e of a 
hoi
e fun
tion f . Denote by S =

S

v2A[B

S(v) the union of all 
olors in all

lists. Partition S randomly into two parts S

A

and S

B

by putting ea
h 
olor 
 2 S into S

A

or S

B

independently and with probability 1=2. Ideally, we would like to use 
olors from S

A

to 
olor verti
es

from A and those from S

B

to 
olor verti
es from B. This strategy would eliminate any possible 
olor


on
i
t. The problem is that we 
annot guarantee that every vertex from A [ B gets at least one

eligible 
olor under su
h a partition. However, we will be able to show that with positive probability

the number of verti
es that get only few 
olors is quite small.

We 
all a vertex a 2 A poor if jS(a)\S

A

j < �

2

. Similarly, a vertex b 2 B is poor if jS(b)\S

B

j < �

2

.

Let T

0

denote the set of all poor verti
es. The probability that a 2 A is poor is at most

�

2

X

i=0

 

l

i

!

2

�l

� 2

�l

�

2

 

l

�

2

!

�

1

d

2

��

3

�

2

�

el

�

2

�

�

2

�

1

d

2

��

3

�

2

(log logd)

�

2

=

1

d

2

��

3

+log �

2

��

2

log log log d

<

1

2d

:

The same argument shows that for every b 2 B, the probability that B is poor is less than 1=(2d).

We 
on
lude that with positive probability jT

0

j � n=d. Let us �x a partition S = S

A

[S

B

, for whi
h

indeed jT

0

j � n=d.

Now we �nd a (small) subset T � A[B, in
luding T

0

, su
h that every vertex of G outside T has

less than �

2

neighbors inside T . To �nd su
h a subset, we start with T = T

0

,and as long as there

exists a vertex v 2 (A [B) n T having at least �

2

neighbors in T , we add v to T . This pro
ess stops

with jT j � 5n=d be
ause otherwise we would get a subset T of size jT j = 5n=d 
ontaining at least

(4n=d)�

2

= 16n logd=(d log logd) edges, thus 
ontradi
ting the assertion of Proposition 2.2.

We 
laim that we 
an �nd a proper 
oloring f by starting from 
hoosing 
olors for verti
es of T ,

and then by using 
olors from S

A

to 
olor verti
es from AnT and 
olors from S

B

to 
olor those from

B n T . A

ording to Proposition 2.2, the spanned subgraph G[T ℄ has a vertex of degree at most 2�

1

in ea
h of its subgraphs. This shows that G[T ℄ is 2�

1

-degenerate and thus (2�

1

+ 1)-
hoosable (see,

e.g., [2℄ for a dis
ussion of the 
onne
tion between degenera
y and 
hoosability and for a very simple

proof of the above statement). Thus we 
an use the original lists of 
olors fS(v) : v 2 Tg to �nd

5




olors for all verti
es from T . Next, for every a 2 A n T we delete from S(a) \ S

A

the 
olors 
hosen

for neighbors of a in T , and similarly, for every b 2 B nT we delete from S(b)\S

B

the 
olors 
hosen

for neighbors of b in T . As all poor verti
es fall inside T and every vertex outside T has less than �

2

neighbors inside T , even after this deletion ea
h vertex in (A [ B) n T still has at least one eligible


olor. We 
omplete the 
hoi
e of 
olors by 
hoosing an arbitrary remaining 
olor in S(a) \ S

A

for

ea
h a 2 A and an arbitrary remaining 
olor in S(b) \ S

B

for ea
h b 2 B. This 
ompletes the proof

of the upper bound of Theorem 1.1. 2

5 Con
luding remarks

� The proof in Se
tion 3 shows that any bipartite graph with suÆ
iently strong expansion prop-

erties has a large 
hoi
e number. More pre
isely, if G is a bipartite graph with n verti
es

in ea
h of its two 
olor 
lasses A and B, and there is at least one edge between any subset

of 
ardinality n=x of A and any subset of 
ardinality n=x of B, then the 
hoi
e number of

G is at least (1 + o(1)) log

2

x, where the o(1)-term tends to 0 as x tends to in�nity. By the

known relation between the eigenvalues of the adja
en
y matrix of a graph and its expansion

properties this implies, for example, that the 
hoi
e number of any d-regular bipartite graph G

in whi
h the absolute value of every eigenvalue besides the largest and the smallest is at most

�, satis�es 
h(G) � (1 + o(1)) log

2

(d=�): This is be
ause in ea
h su
h graph there is an edge

between any two subsets of the two 
olor 
lasses provided ea
h subset is of 
ardinality at least

n�=d.

� The arguments in Se
tions 3 and 4 
an be extended to deal with the 
hoi
e numbers of random

r-partite graphs for r � 2. Let G

r

(n; p) denote the random r-partite graph obtained by taking

r pairwise disjoint sets A

1

; A

2

; : : : ; A

r

, ea
h of 
ardinality n, and by 
onne
ting ea
h pair of

verti
es in distin
t sets A

i

by an edge, randomly and independently, with probabiland every

p = p(n), the 
hoi
e number of G

r

(n; p) is almost surely (1 + o(1)) log(np)= log (r=(r� 1)),

where the o(1) term tends to 0 as np tends to in�nity. The proof is similar to the one given

here for the 
ase r = 2. We omit the details. We note that it is known that the 
hoi
e number

of the 
omplete r-partite graph with n verti
es in ea
h 
olor 
lass is �(r logn) for all n and r,

as proved in [1℄, and the 
hoi
e number of the usual random graph G(n; p(n)) is almost surely

�(np(n)= log(np(n))) whenever 2 < np(n) < 9n=10, as proved in [3℄.

� In [2℄ it is proved that the 
hoi
e number of any graph with average degree at least d is at

least 
(logd= log logd). It seems plausible that the log log d term 
an be omitted, but at the

moment this remains open. If true, this would, of 
ourse, be tight, up to a 
onstant fa
tor,

(sin
e, for example, 
h(K

d;d

) = (1 + o(1)) log

2

d.)

It is not diÆ
ult to prove that the 
hoi
e number of any bipartite graph with maximum degree

6



d is at most O(d= logd), but we believe that the following mu
h stronger result holds.

Conje
ture 5.1 The 
hoi
e number of any bipartite graph with maximum degree d is at most

O(logd).

As far as we know it is even possible that the 
hoi
e number of ea
h su
h graph is at most

(1 + o(1)) log

2

d, where the o(1) term tends to 0 as d tends to in�nity. As a test 
ase, it may

be interesting to determine or estimate the 
hoi
e number of the d-
ube.
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