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Abstra
t

Let P be a property of graphs. An �-test for P is a randomized algorithm whi
h, given the ability

to make queries whether a desired pair of verti
es of an input graph G with n verti
es are adja
ent or

not, distinguishes, with high probability, between the 
ase of G satisfying P and the 
ase that it has

to be modi�ed by adding and removing more than �n

2

edges to make it satisfy P . The property P is


alled testable, if for every � there exists an �-test for P whose total number of queries is independent

of the size of the input graph. Goldrei
h, Goldwasser and Ron [8℄ showed that 
ertain individual graph

properties, like k-
olorability admit an �-test. In this paper we make a �rst step towards a 
omplete

logi
al 
hara
terization of all testable graph properties, and show that properties des
ribable by a very

general type of 
oloring problem are testable. We use this theorem to prove that �rst order graph

properties not 
ontaining a quanti�er alternation of type \89" are always testable, while we show that

some properties 
ontaining this alternation are not.

Our results are proven using a 
ombinatorial lemma, a spe
ial 
ase of whi
h, that may be of

independent interest, is the following. A graph H is 
alled �-unavoidable in G if all graphs that di�er

�
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from G in no more than �jGj

2

pla
es 
ontain an indu
ed 
opy of H. A graph H is 
alled Æ-abundant

in G if G 
ontains at least ÆjGj

jHj

indu
ed 
opies of H. If H is �-unavoidable in G then it is also

Æ(�; jHj)-abundant.

1 Introdu
tion

All graphs 
onsidered here are �nite, undire
ted, and have neither loops nor parallel edges; let G denote

the family of all su
h possible graphs with labeled sets of verti
es. In what follows, we use the notation

of [5℄ ex
ept where stated otherwise; in parti
ular, jGj denotes the number of verti
es of a graph G 2 G.

Let P be a property of graphs. A graph G with n verti
es is 
alled �-far from satisfying P if no graph

~

G with the same vertex set, whi
h di�ers from G in no more than �n

2

pla
es (i.e. 
an be 
onstru
ted

from G by adding and removing no more than �n

2

edges), satis�es P . An �-test for P is a randomized

algorithm whi
h, given the quantity n and the ability to make queries whether a desired pair of verti
es

of an input graph G with n verti
es are adja
ent or not, distinguishes with probability at least

2

3

between

the 
ase of G satisfying P and the 
ase of G being �-far from satisfying P .

The property P is 
alled testable, if for every �xed � > 0 there exists an �-test for P whose total

number of queries is bounded only by a fun
tion of �, whi
h is independent of the size of the input

graph. Of 
ourse, the probability

2

3

appearing above 
an be repla
ed by any 
onstant smaller than 1, by

performing (a 
onstant number of) iterations of the algorithm and giving as output the majority vote.

As to be expe
ted, all properties dis
ussed are invariant with regard to graph isomorphisms. We

assume without loss of generality that every given algorithm queries about all pairs of a randomly 
hosen

set of verti
es (otherwise, every time the algorithm queries about a vertex pair we make it query also

about all pairs 
ontaining a vertex of the new pair and a vertex from previous queries). In parti
ular,

we assume that the number of queries a given test makes is a 
onstant independent of the a
tual input

graph G (by making additional queries at the end if it is smaller than the bound), and, denoting it by

C, 
on
lude that the probability of every given edge of (a randomly permuted) input graph G with n

verti
es to be queried by the algorithm is exa
tly C

�

n

2

�

�1

.

The general notion of property testing was �rst formulated by Rubinfeld and Sudan [12℄, who were

motivated mainly by its 
onne
tion to the study of program 
he
king. In [2℄ the notion of testability in

the 
ontext of regular languages is investigated. The study of the notion of testability for 
ombinatorial

obje
ts, and mainly for labeled graphs, was introdu
ed by Goldrei
h, Goldwasser and Ron [8℄, who showed

that all graph properties des
ribable by the existen
e of a partition of a 
ertain type, and among them

k-
olorability, are testable. In [8℄ the existen
e of a non-testable NP -graph property was shown too. The

fa
t that k-
olorability is testable is, in fa
t, impli
itly proven already in [11℄ (see also [1℄), using the

Regularity Lemma of Szemer�edi [13℄, but in the 
ontext of property testing it is �rst studied in [8℄.
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In the present paper we study the testability of �rst order graph properties. These are properties

that 
an be formulated by �rst order expressions about graphs, that is, expressions that 
ontain quan-

ti�ers (over verti
es), Boolean 
onne
tives, equality and adja
en
y. For example, the graph properties

des
ribable by a �rst order expression with one existential quanti�er and no universal quanti�ers are

exa
tly those of 
ontaining a member of some �xed family of graphs as an indu
ed subgraph (these are

trivially testable be
ause su
h a member 
an be added to any graph by altering a 
onstant number of

its edges). The graph properties des
ribable by a �rst order expression with one universal quanti�er and

no existential ones are those of not 
ontaining a member of some �xed family of graphs as an indu
ed

subgraph; these are among the properties that are proven testable in the following.

Our main result is that all �rst order graph expressions 
ontaining at most one quanti�er, as well

as all expressions of the form \There exist x

1

; : : : ; x

t

su
h that for all y

1

; : : : ; y

s

A(x

1

; : : : ; x

t

; y

1

: : : ; y

s

)",

where A is a quanti�er-free �rst order expression are testable. We 
all these expressions of type \98".

On the other hand, we also show that there are �rst order expressions of type \89", namely expressions

of the form \For all x

1

; : : : ; x

t

there exist y

1

; : : : ; y

s

satisfying B(x

1

; : : : ; x

t

; y

1

; : : : ; y

s

)" where B is a

quanti�er-free �rst order expression about graphs, whi
h are non-testable.

Theorem 1.1 All �rst order properties of type \98" are testable. On the other hand, there exists a �rst

order property of type \89" whi
h is not testable.

Our main te
hni
al lemma is a variant of Szemer�edi's Regularity Lemma. Szemer�edi's Regularity

Lemma plays a role in a wide variety of existential and algorithmi
 results in Extremal Graph Theory;

see e.g. [10℄, [7℄, [1℄ and their referen
es. The variant proven here may well have additional appli
ations,

besides the ones dealing with testing graph properties.

We note that the expressive power of �rst order expressions in the 
ontext of property testing is far

greater than might be expe
ted. For example, the property of being properly k-
olorable for any �xed k,

is not a �rst order property, but it is shown in the next se
tion that it is equivalent to one, using a notion

of equivalen
e whi
h is de�ned there and proven to be appropriate for the purpose of proving testability

results.

The rest of the paper is organized as follows. In Se
tion 2 we introdu
e some notions about testing,

in
luding a notion of equivalen
e, and observe that any �rst order property of type \98" is equivalent

to a 
ertain generalized 
oloring problem. After laying the required foundations in Se
tion 3, Se
tion

4 
ontains a statement and proof of a variant of Szemer�edi's Regularity Lemma whi
h is suited for

proving results in the 
ontext of indu
ed subgraphs (the 
ontext of not ne
essarily indu
ed subgraphs


orresponds to monotone graph properties). Se
tion 6 
ontains the proof of the main result, showing

that the aforementioned generalized 
oloring problem is testable. As a warmup to Se
tion 6, Se
tion 5


ontains a proof of a spe
ial 
ase of this result that may be of independent interest. In Se
tion 7 we

3



des
ribe our non-testable �rst order property, whi
h is based on the Graph Isomorphism problem. The

�nal Se
tion 8 
ontains some 
on
luding remarks and open problems. During the 
ourse of the proofs no

attempt is made to optimize the 
onstants involved.

2 Indistinguishability and �rst order properties

We begin by de�ning a notion that implies that two given graph properties are equivalent for the purpose

of testing.

De�nition 1 Two graph properties P and Q are 
alled indistinguishable if for every � > 0 there exists

N = N(�) satisfying the following. For every graph G with n > N verti
es satisfying P there exists a

graph

~

G with the same vertex set, di�ering from G in no more than �n

2

pla
es, whi
h satis�es Q; and for

every graph H with n > N verti
es satisfying Q there exists a graph

~

H with the same vertex set, di�ering

from H in no more than �n

2

pla
es, whi
h satis�es P .

In other words, P and Q are indistinguishable if for every � there are only a �nite number of graphs

whi
h satisfy one property but are �-far from satisfying the other property.

Lemma 2.1 If P and Q are indistinguishable graph properties, then P is testable if and only if Q is

testable.

Proof: Without loss of generality we assume that P is testable and show that in this 
ase Q is testable

too. Given �, we 
onstru
t an �-test for Q. A

ording to the assumptions there exists an

�

2

-test for P ,

with su

ess probability at least

2

3

, whi
h makes C = C(

�

2

) queries on the input graph. By iterating

this algorithm three times and de
iding a

ording to the majority vote, we obtain an algorithm with 3C

queries and su

ess probability at least

20

27

.

Let N be su
h that if a graph G with n > N verti
es satis�es Q then there exists a graph

~

G with the

same vertex set satisfying P whi
h di�ers from G in no more than minf

�

2

;

2

81C

g

�

n

2

�

pla
es. Our test is as

follows. If the input graph G has no more than N verti
es, we query all its edges and give a

urate output

a

ording to whether it satis�es Q. If the graph G has more than N verti
es, we use three iterations of

the

�

2

-test for P (ea
h time using a random permutation of the vertex set of G) and output the majority

vote. In this 
ase, if G is �-far from satisfying Q then it is

�

2

-far from satisfying P and with probability

20

27

>

2

3

the output is 
orre
t; and if G satis�es Q then there exists a graph

~

G satisfying P whi
h di�ers

from G in no more than

2

81C

�

n

2

�

pla
es, so with probability at least 1�

2

27

the algorithm does not query

an edge where G and

~

G di�er, and thus its output is 
orre
t with probability at least

20

27

�

2

27

=

2

3

. 2

This notion of indistinguishability is used in the proofs 
onne
ting the 
ombinatorial results to the

testability results. For example, it is easily seen that the property of a graph being properly k-
olorable is

4



indistinguishable from the property that after isolating k verti
es from the graph (by removing all edges


ontaining them) the graph is properly k-
olorable. This in turn is indistinguishable from the �rst order

property that there exist k verti
es v

1

; : : : ; v

k

su
h that every other vertex is adja
ent to exa
tly one of

v

1

; : : : ; v

k

, but no two endverti
es of the same edge of G are adja
ent to the same v

i

(so the edges between

v

1

; : : : ; v

k

and the other verti
es en
ode in fa
t a proper k-
oloring).

The proof in Se
tion 7 of the existen
e of a non-testable �rst order graph property is in fa
t based

on the formulation of a �rst order property whi
h en
odes an isomorphism between two graphs, and is

indistinguishable from the property that the two graphs have any isomorphism.

Let us now de�ne a generalization of the notion of 
olorability.

De�nition 2 Suppose we are given 
, and a family (with repetitions) F of graphs, ea
h of whi
h is

provided with a 
-
oloring (i.e. a fun
tion from its vertex set to f1; : : : ; 
g whi
h is not ne
essarily a

proper 
-
oloring in the usual sense).

A 
-
oloring of a graph G is 
alled an F -
oloring if no member of F appears as an indu
ed subgraph

of G with an identi
al 
oloring. A graph G is 
alled F -
olorable if there exists an F -
oloring of it.

For example, if F 
onsists of 
 
opies F

1

; : : : ; F




of K

2

, both verti
es of ea
h F

i

being 
olored with i,

then F -
olorability of a graph G simply means the proper 
-
olorability of G in the usual sense. On the

other hand, if 
 = 1 and F is any �xed family of graphs, F -
olorability means the property of not having

any member of F as an indu
ed subgraph. Other properties, su
h as the property of having a 
oloring

with two 
olors without any mono
hromati
 triangle, are expressible as instan
es of F -
olorability too.

The following lemma shows the relevan
e of this notion to �rst order graph properties of type \98".

Lemma 2.2 For every �rst order property P of the form 9x

1

; : : : ; x

t

8y

1

; : : : ; y

s

A(x

1

; : : : ; x

t

; y

1

: : : ; y

s

)

there exists a family F of (2

t+

(

t

2

)

+ 1)-
olored graphs, ea
h with at most maxf2; t+ 1; sg verti
es, su
h

that the property P is indistinguishable from the property of being F -
olorable.

Proof: Given the property 9x

1

; : : : ; x

t

8y

1

; : : : ; y

s

A(x

1

; : : : ; x

t

; y

1

: : : ; y

s

), we de�ne F as follows. We

assume that A(x

1

; : : : ; x

t

; y

1

: : : ; y

s

) allows us to restri
t our attention to 
ases where x

1

; : : : ; x

t

; y

1

: : : ; y

s

are all assigned distin
t values (otherwise there exists a property satisfying this whi
h is identi
al to P

for all graphs with at least s+ t verti
es, and the graphs with a smaller number of verti
es do not matter

for the purpose of proving indistinguishability). For the simpli
ity of the presentation we use the 
olor

set

f(0; 0)g [ f(a; b)j1� a � 2

(

t

2

)

; 1 � b � 2

t

g:

For what follows we also use an enumeration of the 2

(

t

2

)

possible graphs with t verti
es u

1

; : : : ; u

t

, and an

enumeration of the 2

t

possible adja
en
y relations of a vertex v to t verti
es u

1

; : : : ; u

t

. We impose upon

5



the 
oloring of G the following restri
tions. Note that ea
h of them is expressible by forbidding 
ertain

indu
ed subgraphs with given 
olorings.

� The 
olor (0; 0) appears at most t times in the 
oloring of G (simply disallow all possible graphs

with t + 1 verti
es whi
h are all 
olored with this 
olor).

� For 1 � a < a

0

� 2

(

t

2

)

and 1 � b; b

0

� 2

t

, at most one of the 
olors (a; b) and (a

0

; b

0

) appears in the


oloring (so G is in fa
t 
olored by the set f(0; 0)g [ f(a; b)j1� b � 2

t

g for some �xed a).

� Suppose that K is a graph with verti
es w

1

; : : : ; w

s

, whi
h are 
olored with (a; b

1

); : : : ; (a; b

s

) re-

spe
tively for some a > 0. In order to de
ide if su
h a K is to be disallowed, we 
onsider the

graph L with verti
es u

1

; : : : ; u

t

; v

1

; : : : ; v

s

and the following edges. The edges within u

1

; : : : ; u

t

are

de�ned in 
orresponden
e to a (using the enumeration of all graphs with t labeled verti
es), and

for 1 � j � s the edges between v

j

and u

1

; : : : ; u

t

are de�ned in 
orresponden
e to b

j

(using the

enumeration of all possible adja
en
ies of a vertex to t other verti
es). The subgraph of L indu
ed

by v

1

; : : : ; v

s

is made identi
al to K where v

i

plays the role of w

i

. Having thus de�ned L, we disallow

the 
oloring of K where w

i

is 
olored by (a; b

i

) for 1 � i � s, if and only if A(u

1

; : : : ; u

t

; v

1

; : : : ; v

s

)

is false in relation to L.

We now 
laim that the property P is indistinguishable from the property of being F -
olorable. If a

graph G satis�es P , then there exist verti
es u

1

; : : : ; u

t

of G su
h that 8y

1

; : : : ; y

s

A(u

1

; : : : ; u

t

; y

1

: : : ; y

s

)

is satis�ed over G where y

1

; : : : ; y

s

range over all verti
es other than u

1

; : : : ; u

t

. We let 1 � a �

�

t

2

�


orrespond to the subgraph of G spanned by u

1

; : : : ; u

t

. We 
olor u

1

; : : : ; u

t

by (0; 0), and we 
olor

every other vertex v of G with (a; b

v

), where 1 � b

v

� 2

t


orresponds to the adja
en
y relations of v to

u

1

; : : : ; u

t

. This is 
learly seen to be an F -
oloring of G.

On the other hand, we show that given an F -
oloring of G, we 
an modify G by adding and removing

no more than tn edges to get a graph

~

G whi
h satis�es P (so we 
an 
hoose N(�) = 2t�

�1

+ 1 for the

de�nition of indistinguishability). Given an F -
oloring of G, we �rst modify it so there are exa
tly t

verti
es 
olored with (0; 0) (if there are less than t, we just 
hoose additional verti
es arbitrarily and

re
olor them with (0; 0)). Denote these verti
es by u

1

; : : : ; u

t

. Remember that all 
olors appearing in the

given 
oloring apart from (0; 0) share the same �rst 
oordinate, and denote it by a.

To de�ne

~

G from G the adja
en
ies between u

1

; : : : ; u

t

and all the verti
es of G are rede�ned as

follows. The subgraph of G indu
ed by u

1

; : : : ; u

t

is made to 
orrespond to a. Every vertex v di�erent

from u

1

; : : : ; u

t

is 
olored with (a; b

v

) for some 1 � b

v

� 2

t

; the adja
en
ies between v and u

1

; : : : ; u

t

are

then made to 
orrespond to b

v

. It is now easily seen that for every v

1

; : : : ; v

s

di�erent from u

1

; : : : ; u

t

the

proposition A(u

1

; : : : ; u

t

; v

1

; : : : ; v

s

) holds in

~

G, so

~

G satis�es P . 2

6



The property of a graph being F -
olorable, for any �xed �nite family F of vertex 
olored graphs, is

shown to be testable at the end of Se
tion 6 as a 
orollary of a 
ombinatorial result. In fa
t, something

a little stronger than testability is proven, sin
e the given algorithm has one-sided error probability { for

F -
olorable graphs it gives the 
orre
t answer with probability 1.

3 Partitions and regularity

For every two nonempty disjoint vertex sets A and B of a graph G, we de�ne e(A;B) to be the number of

edges of G between A and B. The edge density of the pair is de�ned by d(A;B) =

e(A;B)

jAjjBj

; for 
onvenien
e

we also use the notation d

2

(A;B) = (d(A;B))

2

. We say that the pair A;B is 
-regular, if for any

two subsets A

0

of A and B

0

of B, satisfying jA

0

j � 
jAj and jB

0

j � 
jBj, their edge density satis�es

jd(A

0

; B

0

)� d(A;B)j< 
.

One simple yet useful property of regularity is that it is somewhat preserved when moving to subsets,

as the following trivial lemma shows.

Lemma 3.1 If A;B is a 
-regular pair with density Æ, and A

0

� A and B

0

� B satisfy jA

0

j � �jAj and

jB

0

j � �jBj for some � � 
, then A

0

; B

0

is a maxf2; �

�1

g
-regular pair with density at least Æ � 
 and at

most Æ + 
. 2

The following lemma shows how the existen
e of regular pairs implies the existen
e of many indu
ed

subgraphs of a �xed type. Many similar lemmas have been proven in previous works; for 
ompleteness

we present a self 
ontained proof of this one.

Lemma 3.2 For every 0 < � < 1 and k there exist 
 = 


3:2

(�; k) and Æ = Æ

3:2

(�; k) with the following

property.

Suppose that H is a graph with verti
es v

1

; : : : ; v

k

, and that V

1

; : : : ; V

k

is a k-tuple of disjoint vertex

sets of G su
h that for every 1 � i < i

0

� k the pair V

i

; V

i

0

is 
-regular, with density at least � if v

i

v

i

0

is

an edge of H, and with density at most 1 � � if v

i

v

i

0

is not an edge of H. Then, at least Æ

Q

k

i=1

jV

i

j of

the k-tuples w

1

2 V

1

; : : : ; w

k

2 V

k

span (indu
ed) 
opies of H where ea
h w

i

plays the role of v

i

.

Proof: Without loss of generality assume that H is the 
omplete graph; otherwise, for ea
h i < i

0

su
h

that v

i

v

i

0

is not an edge of H , ex
hange all edges and non-edges of G between V

i

and V

i

0

and regard v

i

v

i

0

as an edge of H . Assume also � < 1. The proof is by indu
tion on k. The 
ase k = 1 is trivial. Supposing

that we know that 


3:2

(�; k� 1) and Æ

3:2

(�; k� 1) exist for all �, we show that we 
an 
hoose


 = 


3:2

(�; k) = minf

1

2k� 2

;

1

2

�


3:2

(

1

2

�; k� 1)g

7



and

Æ = Æ

3:2

(�; k) =

1

2

(� � 
)

k�1

Æ

3:2

(

1

2

�; k� 1):

For ea
h 1 < i � k, the number of verti
es of V

1

whi
h have less than (� � 
)jV

i

j neighbors in V

i

is

less than 
jV

1

j, be
ause otherwise these would 
onstitute a 
ounter example to the regularity of V

1

; V

i

.

Therefore, at least (1 � (k � 1)
)jV

1

j �

1

2

jV

1

j of the verti
es of V

1

have at least (� � 
)jV

i

j neighbors in

V

i

for all i > 1.

For ea
h su
h vertex w

1

of V

1

, let V

0

i

denote the set of its neighbors in V

i

. Sin
e 
 �

1

2

�, Lemma 3.1

ensures that for ea
h 1 < i < i

0

� k, the pair V

0

i

; V

0

i

0

is




��


� 2�

�1


-regular and with density at least

� � 
 �

1

2

�. The indu
tion hypothesis now guarantees at least

Æ

3:2

(

1

2

�; k� 1)

k

Y

i=2

jV

0

i

j � (� � 
)

k�1

Æ

3:2

(

1

2

�; k� 1)

k

Y

i=2

jV

i

j

possible 
hoi
es of w

2

2 V

2

; : : : ; w

k

2 V

k

su
h that the indu
ed subgraph spanned by w

1

; : : : ; w

k

is


omplete, so the lemma follows from the existen
e of at least

1

2

jV

1

j 
hoi
es of su
h a w

1

. 2

A partition A = fV

i

j1 � i � kg of the vertex set of a graph is 
alled an equipartition if jV

i

j and jV

i

0

j

di�er by no more than 1 for all 1 � i < i

0

� k (so in parti
ular ea
h V

i

has one of two possible sizes). A

re�nement of su
h an equipartition A is an equipartition of the form B = fV

i;j

j1 � i � k; 1 � j � lg su
h

that V

i;j

is a subset of V

i

for every 1 � i � k and 1 � j � l.

The order jAj of an equipartition A is the number of sets in it (k in the above notation). The index

of the equipartition A above is de�ned by

ind(A) = k

�2

X

1�i<i

0

�k

d

2

(V

i

; V

i

0

):

The Regularity Lemma of Szemer�edi 
an be formulated as follows.

Lemma 3.3 ([13℄) For every m and � > 0 there exists a number T = T

3:3

(m; �) with the following

property.

If G is a graph with n � T verti
es, and A is an equipartition of the vertex set of G with an order

not ex
eeding m, then there exists a re�nement B of A of order k, where m � k � T , for whi
h all pairs

of sets but at most �

�

k

2

�

of them are �-regular.

The original formulation of the lemma allows also for an ex
eptional set with up to �n verti
es outside

of this equipartition, but one 
an �rst apply the original formulation with a somewhat smaller parameter

instead of � and then evenly distribute the ex
eptional verti
es among the sets of the partition to obtain

this formulation.

T

3:3

(m; �) may and is assumed to be monotone nonde
reasing in m and monotone nonin
reasing in �.

We also assume similar monotoni
ity properties for other fun
tions appearing here, and assume that the

8



number of verti
es n of the graph G is large enough (as a fun
tion of the other parameters) even when

this is not mentioned expli
itly. The following 
orollary, some versions of whi
h appear in various papers

applying the Regularity Lemma, is useful to what follows.

Corollary 3.4 For every l and 
 there exists Æ = Æ

3:4

(l; 
) su
h that for every graph G with n � Æ

�1

verti
es there exist disjoint vertex sets W

1

; : : : ;W

l

satisfying:

� jW

i

j � Æn.

� All

�

l

2

�

pairs are 
-regular.

� Either all pairs are with densities at least

1

2

, or all pairs are with densities less than

1

2

.

Proof: We set Æ =

1

2

(T

3:3

(r;minfr

�1

; 
g))

�1

, with r to be 
hosen later. We obtain through Lemma 3.3

an equipartition A = fV

i

j1 � i � kg of the verti
es of G with k � r and jV

i

j � Æn for 1 � i � k (the

assumption on n guarantees that this holds for the sets with the smaller size as well), with all pairs of

sets but at most minfr

�1

; 
g

�

k

2

�

< (r � 1)

�1

�

k

2

�

of them being minfr

�1

; 
g � 
-regular.

In parti
ular, by Tur�an's Theorem (see [5℄) there exist i

1

; : : : ; i

r

su
h that all pairs taken from

V

i

1

; : : : ; V

i

r

are regular. We 
hoose r in a manner that Ramsey's Theorem (see [5℄) ensures the exis-

ten
e of j

1

; : : : ; j

l

su
h that either all pairs taken from V

i

j

1

; : : : ; V

i

j

l

are with densities at least

1

2

, or all

these pairs are with densities less than

1

2

. Setting W

t

= V

i

j

t

for 1 � t � l we arrive at the required result.

2

The proof of the Regularity Lemma uses the defe
t form of the S
hwarz Inequality, whi
h is also used

in what follows.

Lemma 3.5 (see [13℄) For all sequen
es of nonnegative numbers X

1

; : : : ; X

n

, if for some m < n

m

X

k=1

X

k

=

m

n

n

X

k=1

X

k

+ �;

then

n

X

k=1

X

2

k

�

1

n

 

n

X

k=1

X

k

!

2

+

�

2

n

m(n�m)

(� need not be positive).

The following is an immediate impli
ation with regards to partitions of vertex pairs.

Corollary 3.6 Suppose that A and B are two disjoint sets of verti
es of G, and fA

j

j1 � j � lg and

fB

j

j1 � j � lg are their two respe
tive partitions to sets of equal sizes, su
h that at least �l

2

of the

possible j; j

0

satisfy jd(A;B)� d(A

j

; B

j

0
)j �

1

2

�. Then,

X

1�j;j

0

�l

d

2

(A

j

; B

j

0

) > l

2

(d

2

(A;B) +

1

8

�

3

):

9



Proof: Under the above 
onditions, either at least

1

2

�l

2

of the pairs j; j

0

are su
h that d(A

j

; B

j

0
) �

d(A;B) �

1

2

�, or at least

1

2

�l

2

are su
h that d(A

j

; B

j

0

)� d(A;B) � �

1

2

�. We use Lemma 3.5 with n = l

2

,

m =

1

2

�l

2

, and � satisfying j�j �

1

4

�

2

l

2

to obtain

X

1�j;j

0

�l

d

2

(A

j

; B

j

0

) � l

2

d

2

(A;B) +

1

16

�

4

l

6

1

2

�(1�

1

2

�)l

4

> l

2

(d

2

(A;B) +

1

8

�

3

)

as required. 2

The following lemma shows that if the index of an equipartition A is not smaller by mu
h than the

index of its re�nement B, then most of the densities of the pairs of B are 
lose to the densities of the


orresponding pairs of A.

Lemma 3.7 Suppose that A = fV

i

j1 � i � kg and its re�nement B = fV

i;j

j1 � i � k; 1 � j � lg satisfy

ind(B)� ind(A) �

1

64

�

4

for some �, and that the number of verti
es of the graph is n > 512�

�4

kl. Then,

for all possible i < i

0

but at most �

�

k

2

�

of them, jd(V

i

; V

i

0

)� d(V

i;j

; V

i

0

;j

0

)j < � holds for all but a maximum

of �l

2

of the possible j; j

0

.

Proof: Supposing the 
ontrary and assuming � < 1 and k > 1, we show that the index of B is larger than

that of A by more than

1

64

�

4

. If not all of the sets of B are of exa
tly the same size, let V

0

i;j

be V

i;j

for sets of

the smaller size, and V

0

i;j

be V

i;j

minus an arbitrarily 
hosen vertex for sets of the larger size. De�ning also

V

0

i

=

S

1�j�l

V

0

i;j

, we de�ne two new partitions B

0

= fV

0

i;j

j1 � i � k; 1 � j � lg and A

0

= fV

0

i

j1 � i � kg

of a large indu
ed subgraph of G (for ea
h of these new partitions all its sets are of the same size). The

assumption on n implies that jd(V

i

; V

i

0

) � d(V

0

i

; V

0

i

0

)j <

1

256

�

4

and jd(V

i;j

; V

i

0

;j

0

) � d(V

0

i;j

; V

0

i

0

;j

0

)j <

1

256

�

4

hold for all i; j; i

0

; j

0

. In parti
ular, jind(A)� ind(A

0

)j <

1

128

�

4

and jind(B)� ind(B

0

)j <

1

128

�

4

hold, and

for more than �

�

k

2

�

of the possible i < i

0

the inequality jd(V

0

i

; V

0

i

0

) � d(V

0

i;j

; V

0

i

0

;j

0

)j > � �

2

256

�

4

>

1

2

� holds

for at least �l

2

of the possible j; j

0

. Using Corollary 3.6, we obtain

ind(B

0

) � k

�2

l

�2

X

1�i<i

0

�k

1�j;j

0

�l

d

2

(V

0

i;j

; V

0

i

0

;j

0

) > k

�2

l

�2

(l

2

X

1�i<i

0

�k

d

2

(V

0

i

; V

0

i

0

) + �

 

k

2

!

l

2

1

8

�

3

) � ind(A

0

) +

1

32

�

4

:

This implies ind(B)� ind(A) � ind(B

0

)� ind(A

0

)�

2

128

�

4

>

1

64

�

4

, 
ompleting the proof. 2

4 A lemma suitable for �nding indu
ed subgraphs

The following lemma, whi
h 
an be 
onsidered a variant of the Regularity Lemma, is suited for dealing

with indu
ed subgraphs to be found in G.

Lemma 4.1 For every integer m and fun
tion 0 < E(r) < 1 there exists a number S = S

4:1

(m; E) with

the following property.
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If G is a graph with n � S verti
es, then there exists an equipartition A = fV

i

j1 � i � kg and a

re�nement B = fV

i;j

j1 � i � k; 1 � j � lg of A that satisfy:

� jAj = k � m but jBj = kl � S.

� For all 1 � i < i

0

� k but at most E(0)

�

k

2

�

of them the pair V

i

; V

i

0

is E(0)-regular.

� For all 1 � i < i

0

� k, for all 1 � j; j

0

� l but at most E(k)l

2

of them the pair V

i;j

; V

i

0

;j

0

is

E(k)-regular.

� All 1 � i < i

0

� k but at most E(0)

�

k

2

�

of them are su
h that for all 1 � j; j

0

� l but at most E(0)l

2

of them jd(V

i

; V

i

0

)� d(V

i;j

; V

i

0

;j

0

)j < E(0) holds.

Proof: We may assume that m > 1 and that E(r) is monotone nonin
reasing. For 
onvenien
e, let

� = E(0). We de�ne

T

(1)

= T

3:3

(m; �);

and for i > 1 we de�ne by indu
tion

T

(i)

= T

3:3

(T

(i�1)

; 2E(T

(i�1)

)(T

(i�1)

)

�2

):

We show that S = 512�

�4

T

(64�

�4

+1)

satis�es the required property.

Given G, de�ne A

1

to be an equipartition of order at least m but not greater than T

(1)

, su
h that

all pairs but at most �

�

jA

1

j

2

�

of them are �-regular. De�ne by indu
tion for i > 1 the equipartition

A

i

to be a re�nement of A

i�1

, of order not greater than T

(i)

, su
h that all of the pairs but at most

2E(T

(i�1)

)(T

(i�1)

)

�2

�

jA

i

j

2

�

� 2E(T

(i�1)

)(jA

i�1

j)

�2

�

jA

i

j

2

�

are 2E(T

(i�1)

)(T

(i�1)

)

�2

< E(T

(i�1)

)-regular.

Let us now 
hoose the minimum i su
h that ind(A

i

)� ind(A

i�1

) �

1

64

�

4

. There 
ertainly exists su
h

an 1 < i � 64�

�4

+ 1 sin
e the indi
es of the partition series are all between 0 and 1. We set A = A

i�1

and B = A

i

, and appropriately k = jA

i�1

j = jAj and l = k

�1

jA

i

j = jAj

�1

jBj. We 
laim that A and B are

the required partitions.

It is 
lear that B is a re�nement of A and that they both satisfy the requirements with regards to their

respe
tive orders. It is also 
lear (by the assumption E(r) � E(0) = �) that A satis�es the requirement

regarding the regularity of its pairs. Sin
e all but at most 2E(k)k

�2

�

kl

2

�

< E(k)l

2

of all the pairs of B are

E(k)-regular, the 
ondition regarding the regularity of pairs of B in the formulation of the lemma follows.

Finally, Lemma 3.7 shows that most densities of the pairs of B di�er from the 
orresponding densities of

the pairs of A by less than �, as in the formulation of the last 
ondition of this lemma. 2

Three 
omments:

� It is important to what follows that the fun
tion E(r) and not a 
onstant is used in the formulation

of this lemma.
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� By using the algorithmi
 version of the Regularity Lemma from [1℄, one 
ould obtain an algorithmi


version of this variant.

� The fun
tion S

4:1

(m; E) is a fast growing fun
tion { even for moderate fun
tions E(r), it is expressible

in terms of the WOW fun
tion (a tower of towers) of a polynomial in E(0) and m.

In what follows, we need the following 
orollary.

Corollary 4.2 For every m and 0 < E(r) < 1 there exist S = S

4:2

(m; E) and Æ = Æ

4:2

(m; E) with the

following property.

If G is a graph with n � S verti
es then there exist an equipartition A = fV

i

j1 � i � kg of G and an

indu
ed subgraph G

0

of G, with an equipartition A

0

= fV

0

i

j1 � i � kg of the verti
es of G

0

, that satisfy:

� S � k � m.

� V

0

i

� V

i

for all i � 1, and jV

0

i

j � Æn.

� In the equipartition A

0

, all pairs are E(k)-regular.

� All but at most E(0)

�

k

2

�

of the pairs 1 � i < i

0

� k are su
h that jd(V

i

; V

i

0
)� d(V

0

i

; V

0

i

0

)j < E(0).

Proof: We may assume E(r) � E(0). Put � = E(0). De�ne E

0

by E

0

(r) = minfE(r);

1

4

�;

1

2

�

r+2

2

�

�1

g, set

S = S

4:1

(m; E

0

), and Æ =

1

2

(S

4:1

(m; E

0

))

�1

. Use Lemma 4.1 on G, �nding the appropriate partitions

A = fV

i

j1 � i � kg and B = fV

i;j

j1 � i � k; 1 � j � lg.

Now 
hoose randomly, independently and uniformly 1 � j

i

� l for ea
h 1 � i � k. Clearly, with

probability more than

1

2

, all the pairs V

i;j

i

; V

i

0

;j

i

0

are E(k)-regular. Moreover, the expe
ted number of

pairs 1 � i < i

0

� k for whi
h jd(V

i

; V

i

0

)� d(V

0

i

; V

0

i

0

)j � � is no more than

1

4

�

�

k

2

�

+

1

4

�

�

k

2

�

=

1

2

�

�

k

2

�

, so with

probability at least

1

2

no more than �

�

k

2

�

of the pairs satisfy this.

Therefore, there exists a 
hoi
e of j

1

; : : : ; j

k

su
h that all pairs V

i;j

i

; V

i

0

;j

i

0

are E(k)-regular, and all but

at most �

�

k

2

�

of them satisfy jd(V

i

; V

i

0

)�d(V

i;j

i

; V

i

0

;j

i

0

)j < �. De�ning G

0

as the indu
ed subgraph spanned

by

S

1�i�k

V

i;j

i

, and A

0

by setting V

0

i

= V

i;j

i

we arrive at the required result. 2

5 Unavoidability and abundan
e of indu
ed subgraphs

In the 
ontext of indu
ed subgraphs, a graph H is 
alled �-unavoidable in G if no adding and removing

of up to �jGj

2

edges of G results in G not having an indu
ed subgraph isomorphi
 to H . H is 
alled

Æ-abundant if G 
ontains at least ÆjGj

jH j

(distin
t) indu
ed subgraphs isomorphi
 to H .

It is trivial that a 
ertain degree of abundan
e implies a 
ertain degree of unavoidability. The following

appli
ation of the results of the previous se
tion shows that in the 
ontext of indu
ed subgraphs, a 
ertain

degree of unavoidability also implies a 
ertain degree of abundan
e.
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Theorem 5.1 For every l and � there exists Æ = Æ(l; �), su
h that for any graph H with l verti
es, if H

is �-unavoidable in a graph G, then it is also Æ-abundant in G.

Proof: We assume � < 1 and let n = jGj. We set

Æ = Æ

3:2

(

1

6

�; l)(�Æ

4:2

(m;minf

1

6

�; �g))

l

with m = 7�

�1

, and � and � to be 
hosen later (for the quantities of Corollary 4.2 we use here the


onstant fun
tion E(r) = minf

1

6

�; �g).

We apply Corollary 4.2 to G, to �nd A = fV

i

j1 � i � kg, G

0

and A

0

= fV

0

i

j1 � i � kg, that satisfy

m � k � S

4:2

(m;minf

1

6

�; �g) and jV

0

i

j � Æ

4:2

(m;minf

1

6

�; �g)n, ensuring also that all pairs of A

0

are in

parti
ular �-regular and the densities of no more than

1

6

�

�

k

2

�

of them di�er from those of the 
orresponding

pairs of A by more than

1

6

�.

Choosing � = Æ

3:4

(l; 


3:2

(

1

6

�; l)) and � = �


3:2

(

1

6

�; l), we use Corollary 3.4 on the subgraph indu
ed

by G on ea
h V

0

i

to obtain the appropriate W

i;1

; : : : ;W

i;l

, all of size at least �jV

0

i

j. Note by Lemma 3.1

that in parti
ular for every i; j; i

0

; j

0

the pair W

i;j

;W

i

0

;j

0

is 


3:2

(

1

6

�; l)-regular, and its density di�ers from

that of V

0

i

; V

0

i

0

by no more than

1

6

�.

De�ne

~

G to be the graph obtained from G by adding and removing the following edges:

� For 1 � i < i

0

� k su
h that jd(V

i

; V

i

0

) � d(V

0

i

; V

0

i

0

)j >

1

6

�, for all v 2 V

i

and v

0

2 V

i

0

the pair vv

0

be
omes an edge if d(V

0

i

; V

0

i

0

) �

1

2

, and be
omes a non-edge otherwise. This 
hanges less than

2

6

�

�

n

2

�

edges (for n large enough) be
ause there are no more than

1

6

�

�

k

2

�

su
h 1 � i < i

0

� k.

� For 1 � i < i

0

� k su
h that d(V

0

i

; V

0

i

0

) <

2

6

�, all edges between V

i

and V

i

0

are removed. For all

1 � i < i

0

� k su
h that d(V

0

i

; V

0

i

0

) > 1�

2

6

�, all non-edges between V

i

and V

i

0

be
ome edges. This


hanges no more than

3

6

�

�

n

2

�

edges in addition to those 
hanged by the previous 
ondition.

� If for a �xed i all densities of pairs from W

i;1

; : : : ;W

i;l

are less than

1

2

, all edges within the verti
es

of V

i

are removed. Otherwise, all the above mentioned densities are at least

1

2

(by the 
hoi
e of the

W

i;j

through Corollary 3.4), in whi
h 
ase all non-edges within V

i

be
ome edges. This 
hanges less

than

1

6

�

�

n

2

�

edges by the 
hoi
e of m above.

By the �-unavoidability of H in G,

~

G still 
ontains an indu
ed subgraph isomorphi
 to H , denote

its verti
es by v

1

; : : : ; v

l

. Choosing i

1

; : : : ; i

l

su
h that v

j

2 V

i

j

for all 1 � j � l, we �nally note that

W

i

1

;1

; : : : ;W

i

l

;l

satisfy the regularity and density 
onditions (over G, not

~

G) required for Lemma 3.2 to

ensure the existen
e of Æn

l

= ÆjGj

jH j

indu
ed subgraphs isomorphi
 to H . 2

13



6 Graphs whi
h are far from being 
olorable

This se
tion is devoted to a generalization of the result of the previous se
tion, using the notion of F -


olorability de�ned in Se
tion 2. We �x a family (with repetitions) F of graphs, ea
h of whi
h is provided

with some 
-
oloring of its verti
es, i.e. a fun
tion from its vertex set to f1; : : : ; 
g. Re
all that a graph

G is 
alled F -
olorable if there exists a 
-
oloring of G su
h that no member of F appears as an indu
ed

subgraph of G with an identi
al 
oloring.

If 
 = 1 and F = fHg, being �-far from being F -
olorable means having H as an �-unavoidable

indu
ed subgraph. The following is a generalization of Theorem 5.1.

Theorem 6.1 For every � > 0, 
 and l there exist Æ = Æ(
; l; �) and C = C(
; l; �) with the following

property.

If F is a family of 
-
olored graphs, ea
h with l verti
es, and G is a graph whi
h is �-far from being

F -
olorable, then there exists a graph H with no more than C verti
es, whi
h is not F -
olorable, and is

also Æ-abundant in G.

For the proof of Theorem 6.1, we need the following simple lemma to help us 
onstru
t the graph H .

Lemma 6.2 For every 
 and l there exists a bipartite graph L = L

6:2

(
; l) with a bipartition to the 
lasses

U

1

and U

2

of size p = p

6:2

(
; l) ea
h, satisfying the following. Suppose that X

1

; : : : ; X

l

0

for some l

0

are

disjoint sets of verti
es of a graph G of size p ea
h, su
h that for any 1 � i < i

0

� l

0

the bipartite subgraph

between X

i

and X

i

0
is isomorphi
 to L, and suppose that H is a graph with the vertex set fw

1

; : : : ; w

l

g

and that i

1

; : : : ; i

l

are integers between 1 and l

0

.

If X

0

1

; : : : ; X

0

l

0

satisfy X

0

i

� X

i

and jX

0

i

j �

1




p, there exist x

1

2 X

0

i

1

; : : : ; x

l

2 X

0

i

l

, all di�erent, su
h

that for all 1 � s < s

0

� l if i

s

6= i

s

0

then x

s

x

s

0

is an edge of G if and only if w

s

w

s

0

is an edge of H.

Proof: For the purpose here we use the fa
t that regular pairs with spe
i�ed density ranges are known

to exist, for example by 
onsidering random bipartite graphs for an appropriate p (a better bound on p


an be obtained by a dire
t proof without using regularity, but for the purpose here this is suÆ
ient).

We take an L whi
h makes U

1

; U

2

a minf

1

5

; (2
l)

�1




3:2

(

1

5

; l)g-regular pair with density between

2

5

and

3

5

. Given X

0

1

; : : : ; X

0

l

0

, 
hoose arbitrarily vertex sets fY

i;j

j1 � i � l

0

; 1 � j � lg, all disjoint, su
h that

Y

i;j

� X

0

i

and jY

i;j

j � (2
l)

�1

p. Given H and i

1

; : : : ; i

l

, Lemma 3.2 (together with Lemma 3.1) guarantees

in parti
ular the existen
e of x

1

2 Y

i

1

;1

; : : : ; x

l

2 Y

i

l

;l

satisfying the required properties. 2

Proof of Theorem 6.1: We �rst show how to 
onstru
t H after �nding in G a 
ertain stru
ture in a

similar manner to what was done in the proof of Theorem 5.1. Then, the two required properties of H

are proven.
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We assume that � < 1 and that n = jGj is large enough. We set

C = pS

4:2

(7�

�1

; E)

using p = p

6:2

(
; l), and de�ning

E(r) = minf

1

6

�; Æ

3:4

(p; 


3:2

(

1

6

�; pr))


3:2

(

1

6

�; pr)g:

Æ in the formulation of the theorem is to be 
hosen later.

We apply Corollary 4.2 to G, to �nd A = fV

i

j1 � i � kg, G

0

and A

0

= fV

0

i

j1 � i � kg, that

satisfy 7�

�1

� k �

1

p

C, jV

0

i

j � Æ

4:2

(7�

�1

; E)n, and the regularity and density properties guaranteed by the


orollary with regards to E(r).

We use Corollary 3.4 on the subgraph of G indu
ed by ea
h V

0

i

to obtain W

i;1

; : : : ;W

i;p

, with all pairs

being 


3:2

(

1

6

�; pk)-regular, and either all of the densities being at least

1

2

or all of them being less than

1

2

.

Note that now all pairs W

i;j

;W

i

0

;j

0

are 


3:2

(

1

6

�; pk)-regular.

~

G is de�ned to be the graph obtained fromG by adding and removing edges a

ording to what follows.

H is a graph with a vertex set fu

i;j

j1 � i � k; 1 � j � pg, whose edges are also spe
i�ed here.

� For 1 � i < i

0

� k su
h that jd(V

i

; V

i

0
) � d(V

0

i

; V

0

i

0

)j >

1

6

�, for all v 2 V

i

and v

0

2 V

i

0
the pair vv

0

be
omes an edge if d(V

0

i

; V

0

i

0

) �

1

2

, and be
omes a non-edge otherwise. In the �rst 
ase, all pairs

u

i;j

u

i

0

;j

0

for 1 � j; j

0

� p are edges of H . In the se
ond 
ase, all these pairs are non-edges of H .

� For 1 � i < i

0

� k su
h that d(V

0

i

; V

0

i

0

) <

2

6

�, all edges between V

i

and V

i

0

are removed, and all pairs

u

i;j

u

i

0

;j

0
for 1 � j; j

0

� p are non-edges of H . For all 1 � i < i

0

� k su
h that d(V

0

i

; V

0

i

0

) > 1�

2

6

�, all

non-edges between V

i

and V

i

0

be
ome edges, and all pairs u

i;j

u

i

0

;j

0

for 1 � j; j

0

� p are edges of H .

� For 1 � i < i

0

� k su
h that none of the above holds, the edges of

~

G between V

i

and V

i

0

remain

exa
tly those of G. The edges of H between fu

i;1

; : : : ; u

i;p

g and fu

i

0

;1

; : : : ; u

i

0

;p

g are then 
hosen to

make the bipartite graph between these sets a 
opy of L

6:2

(
; l).

� If for a �xed i all densities of pairs fromW

i;1

; : : : ;W

i;p

are less than

1

2

, all edges within the verti
es

of V

i

are removed. Otherwise, all the above mentioned densities are at least

1

2

, in whi
h 
ase all non-

edges within V

i

be
ome edges. In the se
ond 
ase, all pairs of verti
es of H from fu

i;j

j1 � j � pg

are edges of H . In the �rst 
ase, all these pairs are non-edges of H .

Sin
e G is �-far from being F -
olorable,

~

G is not F -
olorable. We set

Æ = Æ

3:2

(

1

6

�; C)(Æ

3:4

(p; 


3:2

(

1

6

�; C))Æ

4:2

(7�

�1

; E))

C

:

We are now ready to prove that H satis�es the required properties.

15



Claim 1 The 
onstru
ted H is not F -
olorable.

Proof: Suppose that we are given a 
oloring C of H . We de�ne a 
oloring D of

~

G as follows. For every

1 � i � k, we 
hoose a 
olor a whi
h appears at least

1




p times among the 
olors of fu

i;1

; : : : ; u

i;p

g supplied

by C, and 
olor all v 2 V

i

with a; de�ning X

i

= fu

i;1

; : : : ; u

i;p

g, we also de�ne X

0

i

� X

i

to 
onsist of those

verti
es of X

i

whi
h are 
olored a.

Sin
e

~

G is not F -
olorable, there exists in F a graph F with a 
oloring K whi
h appears with the same


olors in the 
oloring D of

~

G. Denote its verti
es by v

1

; : : : ; v

l

, and 
hoose i

1

; : : : ; i

l

su
h that v

s

2 V

i

s

for all 1 � s � l. Sin
e jX

0

i

j �

1




p for all i, the 
onstru
tion of H (by Lemma 6.2) ensures the existen
e

of verti
es x

1

2 X

0

i

1

; : : : ; x

l

2 X

0

i

l

by whi
h a 
opy of F is spanned from H , and for whi
h the 
olorings C

and K agree. Thus C is not an F -
oloring of H . 2

Claim 2 The 
onstru
ted H is Æ-abundant in G.

Proof: This follows from Lemma 3.2, sin
e the W

i;j

satisfy

jW

i;j

j > ((Æ

3:2

(

1

6

�; pk))

�1

Æ)

1=C

n

and also satisfy the required regularity and density 
onditions over G. 2

Given 
 and a �xed �nite family F of 
-
olored graphs, it is now easy to show that the property of

being F -
olorable is testable.

Corollary 6.3 For every 
, a family F of 
-
olored graphs, and �, there exists an �-test for the property

of being F -
olorable, whi
h makes a 
onstant number of queries.

Proof: From Theorem 6.1 we know the existen
e of C and Æ, su
h that for every graph G whi
h is �-far

from being F -
olorable, there exists a graph with C verti
es whi
h is not F -
olorable and is Æ-abundant

in G. In parti
ular, for a uniformly random 
hoi
e of C verti
es of G, with probability at least C!Æ they

span a subgraph of G whi
h is not F -
olorable.

The �-test is designed as follows. Choosing a 
onstant D su
h that (1 � C!Æ)

D

�

1

3

, we 
hoose a

uniformly random set of DC verti
es of G, query about all

�

DC

2

�

pairs of the 
hosen set, and 
he
k

whether the indu
ed subgraph of G spanned by this set is F -
olorable. If G is F -
olorable, this indu
ed

subgraph of G is also F -
olorable (with probability 1). If G is �-far from being F -
olorable, the 
hoi
e of

C and D ensures that with probability at least

2

3

the indu
ed subgraph produ
ed from the queries is not

F -
olorable. 2

Proof of the �rst part of Theorem 1.1: Immediate from Lemma 2.2 and Corollary 6.3. 2
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7 Non-testable �rst order properties

In the following, whenever a 
y
le of G is mentioned, it means a subgraph of G (not ne
essarily an indu
ed

subgraph) whi
h is isomorphi
 to that 
y
le.

The verti
es u

1

; u

2

; u

3

; u

4

; u

5

; u

6

of a graph G are said to span an arrow in this order if the subgraph

of G spanned by them 
ontains exa
tly the edges u

1

u

2

; u

2

u

3

; u

3

u

4

; u

4

u

5

; u

5

u

6

; u

1

u

3

; u

2

u

4

; u

2

u

6

. The term

\arrow" does not refer to the graphi
al representation of this subgraph but to the fa
t that its only

automorphism is the identity, whi
h allows us to say that the arrow \points" from u

1

to u

5

. It has also

some additional properties whi
h are used below.

We now formulate a graph property in terms of a graph isomorphism, next show that it is equivalent

to some �rst order property, and then that it is non-testable.

De�nition 3 A graph G with n verti
es is said to satisfy property I if n = 6s for some s, and G 
onsists

of 4s isolated verti
es and two vertex disjoint (isomorphi
) 
opies of some graph H with s verti
es whi
h

has no triangles or pentagons (i.e. 
y
les of size 3 or 5).

Lemma 7.1 There exists a �rst order property of type \89" whi
h is indistinguishable from I.

Proof: We de�ne a �rst order property of graphs in terms of the following restri
tions. Note that the

�rst restri
tion is of type \89", while all other restri
tions are of type \8". Thus their 
onjun
tion is a

�rst order property of type \89".

� For every vertex x there exist verti
es y

1

; y

2

; y

3

; y

4

; y

5

su
h that the subgraph of G indu
ed by

fx; y

1

; : : : ; y

5

g is an arrow in some order.

� If x

1

; : : : ; x

6

span an arrow in this order, then x

2

, x

3

, x

4

and x

6

do not have any neighbor in G

outside of x

1

; : : : ; x

6

(this 
ondition is equivalent to disallowing all indu
ed subgraphs with verti
es

u

1

; : : : ; u

7

su
h that u

1

; : : : ; u

6

span an arrow in this order and u

7

is adja
ent to a subset of them

in
luding at least one of u

2

; u

3

; u

4

; u

6

).

� If x

1

; : : : ; x

6

span an arrow in this order, then neither x

1

nor x

5

are part of any triangle or pentagon

(i.e. a 
y
le of size 3 or 5), ex
ept those whi
h are 
ontained in fx

1

; : : : ; x

6

g. Moreover, there is no


y
le of size 6 or less whi
h 
ontains both x

1

and x

5

and is not 
ontained in fx

1

; : : : ; x

6

g.

� If x

1

; : : : ; x

6

and x

7

; : : : ; x

12

span arrows in the respe
tive orders, then x

7

is not a neighbor of x

5

,

x

11

is not a neighbor of x

1

, and �nally x

7

is a neighbor of x

1

if and only if x

11

is a neighbor of x

5

.

Claim 1 If a graph G with n verti
es satis�es these 
onditions, then n = 6s for some s and the vertex

set of G 
an be partitioned into s sets of size 6 su
h that ea
h of them spans an arrow.
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Proof: The �rst 
ondition implies that every vertex of G is 
ontained in some (indu
ed) arrow, so it is

suÆ
ient to prove that every two arrows are vertex disjoint. An arrow 
ontains a 
y
le u

1

u

2

u

6

u

5

u

4

u

3

u

1

of length 6. Thus if u

1

; : : : ; u

6

span an arrow (in this order), there is no other arrow whi
h 
ontains

both u

1

and u

5

be
ause they are not both 
ontained in any other su
h 
y
le. Sin
e u

2

; u

3

; u

4

; u

6

have

no neighbors outside of u

1

; : : : ; u

6

, no arrow 
an 
ontain any of them without 
ontaining both u

1

and

u

5

be
ause of its 2-
onne
tedness. Finally, no arrow 
an 
ontain one of the verti
es u

1

and u

5

without


ontaining any of u

2

; u

3

; u

4

; u

6

be
ause this would make this vertex a part of a triangle or a pentagon

whi
h is not 
ontained in fu

1

; : : : ; u

6

g. 2

Claim 2 If a graph G with n = 6s verti
es satis�es the above 
onditions, and the verti
es of G are

relabeled u

1

; : : : ; u

n

su
h that for every 1 � i � s the verti
es u

6i�5

; : : : ; u

6i

span an arrow in this order,

then the subgraph H indu
ed by fu

6i�5

j1 � i � sg and the subgraph H

0

indu
ed by fu

6i�1

j1 � i � sg are

isomorphi
 and have no edges between them.

Proof: The last 
ondition guarantees that there are no edges between H and H

0

, and also that by

mapping the vertex u

6i�5

to the vertex u

6i�1

for every 1 � i � s one gets an isomorphism between H

and H

0

. 2

Returning to the proof of the lemma, let us �rst assume that G satis�es the 
onditions above, and

that its verti
es are relabeled u

1

; : : : ; u

n

as in Claim 2 above. We modify G by removing all edges among

u

6i�5

; : : : ; u

6i

for every �xed i. This 
hanges G in 8s =

4

3

n pla
es. The resulting graph 
ontains (by

Claim 2) two isomorphi
 indu
ed subgraphs H and H

0

with s verti
es ea
h and no other edges, with H

and H

0

being also triangle and pentagon free. Thus I is satis�ed.

On the other hand, if G satis�es I , we relabel its verti
es by u

1

; : : : ; u

n

su
h that the subgraph indu
ed

by fu

6i�5

j1 � i � sg and the subgraph indu
ed by fu

6i�1

j1 � i � sg are isomorphi
 by the mapping

whi
h takes u

6i�5

to u

6i�1

, and G 
ontains no edges not 
ontained in one of these graphs. Remember also

that G 
ontains no triangles or pentagons. We then modify G by pla
ing 8 edges among u

6i�5

; : : : ; u

6i

for ea
h �xed i, so that u

6i�5

; : : : ; u

6i

span an arrow in the modi�ed graph in that order. The modi�ed

graph satis�es the �rst order property de�ned above (for every �xed i the distan
e between u

6i�5

and

u

6i�1

is now 3 so none of these pairs would be
ome a part of a single 
y
le of size 6 or less whi
h is not


ontained in the 
orresponding arrow). 2

We say that a graph H and a graph H

0

with s verti
es ea
h are �-apart if no graph whi
h di�ers from

H in no more than �s

2

pla
es is isomorphi
 to H

0

. In the following we use the existen
e of many graphs

whi
h are mutually far apart. This is a 
onsequen
e of the following simple lemma.

Lemma 7.2 There exist 
onstants � = �

7:2

and S = S

7:2

su
h that every graph H with s > S (labeled)

verti
es is �-far from all other graphs with the same vertex set but at most 2

s

2

=5

of them.
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Proof: Choose � <

1

2

so that (

e

�

)

�

< 2

1=10

, and 
hoose S > �

�1

so that for every s > S the inequality

s

s

< 2

s

2

=10

holds. Now the number of graphs whi
h are not �-apart from a given graph H with s verti
es

is bounded by

s!

�s

2

X

i=0

 

�

s

2

�

i

!

< s!

 

s

2

�s

2

!

< s

s

(

e

�

)

�s

2

< 2

s

2

=5

as required. 2

The following simple lemma about bipartite graphs follows from standard bounds for binomial distri-

bution (see e.g. [3℄, Appendix A).

Lemma 7.3 There exists T = T

7:3

su
h that for every t > T , at least

1

2

2

t

2

of the possible bipartite graphs

with two given (labeled) 
lasses U

1

and U

2

of size t ea
h have minimum degree more than

1

3

t, and are

su
h that for every subset X of U

1

[U

2

with size between

1

3

t and t there are more than

1

18

t

2

edges between

X and (U

1

[ U

2

)�X. 2

We 
an now prove the existen
e of two graphs whi
h are far apart and satisfy some other properties,

and yet have the same statisti
s for small indu
ed subgraphs.

Proposition 7.4 For every D there exist two bipartite graphs H = H

7:4

(D) and H

0

= H

0

7:4

(D), both

with a bipartition into two 
lasses of size t = t

7:4

(D) ea
h, and satisfying the properties appearing in

the formulation of Lemma 7.3, whi
h are �

7:2

-apart, and yet every possible graph with D verti
es o

urs

exa
tly the same number of times as an indu
ed subgraph in ea
h of them.

Proof: Clearly there are less than 2

(

D

2

)

possible graphs with D verti
es, and ea
h appears less than s

D

times in a graph with s verti
es. De�ning the 
onstant E = 2

(

D

2

)

, we note that there are no more than

(s

D

)

E

= 2

DE log s

possible appearan
e 
ounts for all su
h graphs. We 
hoose s = 2t > maxfS

7:2

; 2T

7:3

g

su
h that

1

2

2

t

2

= 2

s

2

=4�1

> 2

DE log s

2

s

2

=5

= 2

s

2

=5+DE log s

holds. The existen
e of the required H and H

0

with s = 2t verti
es ea
h follows now from the pigeonhole

prin
iple and the previous lemmas. 2

Corollary 7.5 Property I is not testable.

Proof: We show that there exists no �-test for I where � =

1

36

minf

1

2

�

7:2

;

1

72

g. Assuming that there exists

su
h a test, we may assume (see Se
tion 1) that it queries about all pairs from a uniformly random subset

of size D 
hosen from the vertex set of the input graph, and gives output a

ording to the resulting

indu
ed subgraph.
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Let G be a graph with 12t = 12t

7:4

(D) verti
es whi
h 
onsists of a vertex disjoint union of 8t isolated

verti
es and two 
opies of H

7:4

(D). Let G

0

be a graph with 12t verti
es whi
h 
onsists of a vertex disjoint

union of 8t isolated verti
es, a 
opy of H

7:4

(D), and a 
opy of H

0

7:4

(D).

The given �-test would have pre
isely the same output probabilities for both G and G

0

, be
ause both


ontain the same number of ea
h possible graph with D verti
es as indu
ed subgraphs. However, G

satis�es I (remember that H has in parti
ular no triangles or pentagons) while G

0

is �-far from satisfying

I (be
ause H and H

0

are �

7:2

-apart, while their other properties prevent modifying G

0

by ex
hanging

many of the verti
es between the 
opy of H and the 
opy of H

0

). This is a 
ontradi
tion. 2

Proof of the se
ond part of Theorem 1.1: Immediate from Lemma 7.1 and Corollary 7.5. 2

8 Con
luding remarks and open problems

Monotone �rst order properties

We 
all a �rst order property P monotone (nonde
reasing) if it is of the form

8x

1;1

; : : : ; x

1;t

1

9x

2;1

; : : : ; x

2;t

2

8x

3;1

; : : : ; x

3;t

3

: : :9x

2s;1

; : : : ; x

2s;t

2s

A(x

1;1

; : : : ; x

2s;t

2s

)

where A(x

1;1

; : : : ; x

2s;t

2s

) is a quanti�er free expression about graphs whi
h is monotone (i.e. if it holds

for some assignment of its variables with respe
t to a graph G then it also holds for the same assignment

with respe
t to any graph 
ontaining G). We assume without loss of generality that it is enough to

restri
t the range of the variables to the 
ase where they are all assigned distin
t values. The expressive

power of these properties is far less than that of general �rst order properties, as shown in the following.

Proposition 8.1 Every monotone �rst order property is indistinguishable from some monotone �rst

order property of type \8".

Proof: Given the property P de�ned by 8x

1;1

; : : : ; x

1;t

1

: : :9x

2s;1

; : : : ; x

2s;t

2s

A(x

1;1

; : : : ; x

2s;t

2s

) with A be-

ing monotone, we write A in terms of all the (labeled) subgraphs whi
h x

1;1

; : : : ; x

1;t

1

; : : : ; x

2s;1

; : : : ; x

2s;t

2s

are allowed to indu
e. We 
onstru
t the property Q de�ned by

8x

1;1

; : : : ; x

1;t

1

; x

3;1

; : : : ; x

3;t

3

; : : : ; x

2s�1;1

; : : : ; x

2s�1;t

2s�1

B(x

1;1

; : : : ; x

2s�1;t

2s�1

);

where B states that the subgraph indu
ed by x

1;1

; : : : ; x

1;t

1

; x

3;1

; : : : ; x

3;t

3

; : : : ; x

2s�1;1

; : : : ; x

2s�1;t

2s�1

is a

restri
tion of one of the subgraphs, allowable by A for x

1;1

; : : : ; x

1;t

1

; : : : ; x

2s;1

; : : : ; x

2s;t

2s

, to the 
orre-

sponding subset of the variables. Q is 
learly a monotone �rst order property of type \8".

Clearly a graph that satis�es P satis�es also Q. On the other hand, given a graph G whi
h satis�es

Q, 
onsider the graph

~

G obtained from G by 
hoosing arbitrarily

P

2s

i=1

t

i

verti
es of G and 
onne
ting
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them to themselves as well as to all other verti
es of G (this adds less than

P

2s

i=1

t

i

n edges). It is now

easy to see that

~

G satis�es P . 2

In parti
ular, all �rst order monotone properties are testable (the argument for �rst order monotone

nonin
reasing properties is analogous). In fa
t, proving the testability of these properties is mu
h easier

than proving testability of general \98" properties, sin
e the Regularity Lemma 
an be used dire
tly

without having to resort to Corollary 4.2.

Allowing more queries

It may be interesting to de�ne a notion of testability whi
h uses more than a 
onstant number of queries,

and use it to further 
lassify various graph properties (in whi
h 
ase it might be no longer legitimate to

assume that the queries are about all pairs of a randomly 
hosen set of verti
es, e.g. when the number of

allowable queries is �(n)).

It seems that a test for the graph isomorphism problem in parti
ular needs a lot of queries (an


(

p

logn) bound follows in fa
t from analyzing the proof in the previous se
tion); it would be interesting

to �nd the exa
t order of magnitude of the number of queries required for testing it. An 
(

p

n) bound

on the number of queries follows from analyzing the behavior of a tester on one input 
onstru
ted using

two random graphs, and another input 
onstru
ted using two 
opies of the same random graph.

The 
onstants involved

The bound on the number of queries C of the �-test des
ribed in Se
tion 6 is huge. It is in fa
t a tower

of towers in both �

�1

and the number of variables parti
ipating in the given �rst order expression.

For monotone �rst order expressions the bound is expressible by the tower fun
tion instead (sin
e the

Regularity Lemma 
an be used dire
tly in this 
ase), but this is still extremely large. Moreover, it 
annot

be avoided as long as the full version of the Regularity Lemma is required for the proofs, as follows from

the main result of [9℄. For properties shown testable in [8℄, �-testers whose number of queries is polynomial

in �

�1

are given. However, it is worth noting that using the number theoreti
 
onstru
tion of Behrend [4℄

we 
an show that any one-sided error �-test for some simple properties, like being triangle-free, requires

a number of queries whi
h 
annot be bounded by a polynomial in �

�1

(by the existen
e of graphs whi
h

are �-far from being triangle-free and yet do not 
ontain too many distin
t triangles).

It would be interesting to �nd a di�erent proof for the testability of properties of type \98" (or even

a sub
lass of them su
h as the monotone \8" properties), without using the Regularity Lemma, as it

might give a better bound on the number of queries an �-test makes.
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Further 
hara
terization of testable graph properties

Finally, it would be very interesting to give a 
lassi�
ation of all testable graph properties. At the moment

this seems to be very diÆ
ult; many of the properties proven in [8℄ to be testable do not have one-sided

tests, so the notion of F -
olorability presented here does not 
over them.
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