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Abstra
t

We 
ontinue the study of 
ombinatorial property testing, initiated by Goldrei
h, Goldwasser and

Ron in [7℄. The subje
t of this paper is testing regular languages. Our main result is as follows.

For a regular language L 2 f0; 1g

�

and an integer n there exists a randomized algorithm whi
h

always a

epts a word w of length n if w 2 L, and reje
ts it with high probability if w has to be

modi�ed in at least �n positions to 
reate a word in L. The algorithm queries

~

O(1=�) bits of w. This

query 
omplexity is shown to be optimal up to a fa
tor poly-logarithmi
 in 1=�. We also dis
uss

testability of more 
omplex languages and show, in parti
ular, that the query 
omplexity required

for testing 
ontext-free languages 
annot be bounded by any fun
tion of �. The problem of testing

regular languages 
an be viewed as a part of a very general approa
h, seeking to probe testability of

properties de�ned by logi
al means.

1 Introdu
tion

Property testing deals with the question of de
iding whether a given input x satis�es a pres
ribed

property P or is \far" from any input satisfying it. Let P be a property, i.e. a non-empty family of

binary words. A word w of length n is 
alled �-far from satisfying P , if no word w

0

of the same length,

whi
h di�ers from w in no more than �n pla
es, satis�es P . An �-test for P is a randomized algorithm,

whi
h given the quantity n and the ability to make queries about the value of any desired bit of an

input word w of length n, distinguishes with probability at least 2=3 between the 
ase of w 2 P and

�
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the 
ase of w being �-far from satisfying P . Finally, we say that property P is (
; �)-testable if for every

� > 0 there exists an �-test for P whose total number of queries is bounded by 
.

Property testing was de�ned by Goldrei
h et. al [7℄ (inspired by [13℄). It emerges naturally in

the 
ontext of PAC learning, program 
he
king [6, 3, 10, 13℄, probabilisti
ally 
he
kable proofs [2℄ and

approximation algorithms [7℄.

In [7℄, the authors mainly 
onsider graph properties, su
h as bipartiteness and show (among other

things) the quite surprising fa
t that testing bipartiteness 
an be done by randomly testing a polynomial

in 1=� number of edges of the graph, answering the above question with 
onstant probability of failure.

They also raise the question of obtaining general results as to when there is, for every � > 0, an �-test

for a property using 
 = 
(�) queries (i.e 
 is a fun
tion of � but independent of n) with 
onstant

probability of failure. We 
all properties of this type �-testable. So far, su
h answers are quite sparse;

some interesting examples are given in [7℄, several additional ones 
an be obtained by applying the

Regularity Lemma as we show in a subsequent paper [1℄.

In this paper we address testability of formal languages (see [8℄ as a general referen
e). A language

L � f0; 1g

�

is a property whi
h is usually viewed as a sequen
e of Boolean fun
tions f

n

: f0; 1g

n

! f0; 1g,

with f

�1

n

(1) = L \ f0; 1g

n

= L

n

. Our main result states that all regular languages are �-testable with

query 
omplexity only

~

O(1=�). We also show that this 
omplexity is optimal up to a fa
tor poly-

logarithmi
 in 1=�. This positive result 
annot be extended to 
ontext-free languages, for there is an

example of a very simple 
ontext-free language whi
h is not testable.

Sin
e regular languages 
an be 
hara
terized using se
ond order monadi
 logi
, we thus obtain a

large set of logi
ally de�ned obje
ts whi
h are testable. In [1℄ we provide testable graph properties

des
ribed by logi
al means as well. These results indi
ate a strong interrelation between testability and

logi
. Although our result on regular languages 
an be viewed as a separate result having no logi
al

bearing at all, our opinion is that logi
 does provide the right 
ontext for testability problems, whi
h

may lead to the dis
overy of further 
lasses of testable properties.

The rest of this paper is organized as follows. In Se
tion 2 we present the proof of the main result

showing that every regular language is testable. In Se
tion 3 we show that the upper bound of

~

O(1=�)

for the query 
omplexity of testing regular languages, obtained in Theorem 1, is tight up to a poly-

logarithmi
 fa
tor. Se
tion 4 is devoted to the dis
ussion of testability of 
ontext-free languages. There

we show in parti
ular that there exist non-testable 
ontext-free languages. We also dis
uss testability

of the Dy
k languages. The �nal Se
tion 5 
ontains some 
on
luding remarks and outlines new resear
h

dire
tions.

2 Testing Regular Languages

In this se
tion we prove the main result of the paper, namely that regular languages are (

~

O(

1

�

); �)-

testable. As this result is asymptoti
, we assume that n is big enough with respe
t to

1

�

(and with

respe
t to any other 
onstant that depends only on the �xed language we are working with). All

logarithms are binary unless stated expli
itly otherwise.

We start by re
alling the standard de�nition of a regular language, based on �nite automata. This

de�nition is 
onvenient for algorithmi
 purposes.
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De�nition 2.1 A deterministi
 �nite automaton (DFA) M over f0; 1g with states Q = fq

1

; : : : ; q

m

g

is given by a fun
tion Æ : Q � f0; 1g ! Q together with a set F � Q. One of the states, q

1

is 
alled

the initial state. The states belonging to the set F are 
alled a

epting states, Æ is 
alled the transition

fun
tion.

We 
an extend the transition fun
tion Æ to f0; 1g

�

re
ursively as follows. Let 
 denote the empty

word. Then

Æ(q; 
) = q;

Æ(q; u0) = Æ(Æ(u; q); 0)

Æ(q; u1) = Æ(Æ(u; q); 1):

Thus, if M starts in a state q and pro
esses string u, then it ends up in a state Æ(q; u).

We then say that M a

epts a word u if Æ(q

1

; u) 2 F . M reje
ts u means that Æ(q

1

; u) 2 Q n F .

Finally, the language a

epted by M , denoted by L

M

, is the set of all u 2 f0; 1g

�

a

epted by M . We

use the following de�nition of regular languages:

De�nition 2.2 A language is regular i� there exists a �nite automaton that a

epts it.

Therefore, we assume in this se
tion that a regular language L is given by its automatonM so that

L = L

M

.

A word w of length n de�nes a sequen
e of states (q

i

0

; : : : ; q

i

n

) in the following natural way: q

i

0

= q

1

,

and for 1 � j � n, q

i

j

= Æ(q

1

; w[1℄ : : :w[j℄). This sequen
e des
ribes how the automatonM moves while

reading w. Later in the paper we will o

asionally refer to this sequen
e as the traversal path of w.

A �nite automaton M de�nes a dire
ted graph G(M) by V (G(M)) = Q and E(G(M)) = f(q

i

; q

j

) j

Æ(q

i

; 0) = q

j

g [ f(q

i

; q

j

) j Æ(q

i

; 1) = q

j

g. The period g(G) of a dire
ted graph G is the greatest 
ommon

divisor of 
y
le lengths in G. If G is a
y
li
, we set g(G) =1.

We will use the following lemma about dire
ted graphs.

Lemma 2.3 Let G = (V;E) be a nonempty, strongly 
onne
ted dire
ted graph with a �nite period g(G).

Then there exist a partition V (G) = V

0

[ : : : V

g�1

and a 
onstant m = m(G) whi
h does not ex
eed 3jV j

2

su
h that:

1. For every 0 � i; j � g � 1 and for every u 2 V

i

, v 2 V

j

the length of every dire
ted path from u to

v in G is (j � i) mod g;

2. For every 0 � i; j � g� 1 and for every u 2 V

i

, v 2 V

j

and for every integer r � m, if r = (j � i)

(mod g), then there exists a dire
ted path from u to v in G of length r.

Proof. To prove part 1, �x an arbitrary vertex z 2 V and for ea
h 0 � i � g � 1, let V

i

be the set

of all those verti
es whi
h are rea
hable from v by a dire
ted, (not ne
essarily simple), path of length

i mod g. Note that sin
e any 
losed (dire
ted) walk in G is a disjoint union of 
y
les, the length of ea
h

su
h walk is divisible by g. This implies that the sets V

i

are pairwise disjoint. Indeed, assume this is

false and suppose w lies in V

i

\ V

j

with i 6= j. As G is strongly 
onne
ted there is a path p

1

from w

3



to z, and by de�nition there is a path p

2

of length i mod g from z to w as well as a path p

3

of length

j mod g from z to w. Now the number of edges of either p

1

[ p

2

or p

1

[ p

3

is not divisible by g, whi
h

is impossible. Therefore the sets V

i

form, indeed, a partition of V . For u 2 V

i

and v 2 V

j

, the union

of any (dire
ted) path from z to u with a (dire
ted) path from u to v forms a path from z to v, and as

any su
h path must have length j mod g the assertion of part 1 follows.

We next prove part 2. Consider any set of positive integers fa

i

g whose greatest 
ommon divisor is g.

It is well known that there is a smallest number t su
h that every integer s � t whi
h is divisible by g

is a linear 
ombination with non-negative integer 
oeÆ
ients of the numbers a

i

. Moreover, it is known

(see [9℄, [5℄), that t is smaller than the square of the maximal number a

i

. Fix a 
losed (dire
ted) walk

in G, that visits all verti
es and whose length is at most jV j

2

. (This is easily obtained by numbering

the verti
es of G arbitrarily as v

0

; v

1

; : : : ; v

k�1

and by 
on
atenating dire
ted paths from v

i

to v

i+1

for

ea
h 0 � i � k � 1, where the indi
es are taken modulo k). Asso
iate now the set of 
y
le lengths in

this walk with the set of positive integers fa

i

g as above. Then, following this 
losed walk and traversing

ea
h dire
ted 
y
le as many times as desired, we 
on
lude that every integer whi
h is divisible by g and

ex
eeds 2jV j

2

is a length of a 
losed walk passing through all verti
es of the graph. Given, now, a vertex

u 2 V

i

, a vertex v 2 V

j

and an integer r > 3jV j

2

satisfying r = (j� i) mod g, �x a shortest path p from

u to v, and note that its length l satis�es l = (j � i) mod g and l < jV j(� jV j

2

). Adding to p a 
losed

walk of length r � l from v to itself we obtain the required path, 
ompleting the proof. 2

We 
all the 
onstantm from the above lemma the rea
hability 
onstant of G and denote it by m(G).

In the sequel we assume that m is divisible by g.

If L

M

\ f0; 1g

n

= ;, a testing algorithm 
an reje
t any input without reading it at all. Therefore,

we 
an assume that we are in the non-trivial 
ase L

M

\ f0; 1g

n

6= ;.

We now introdu
e a key de�nition for the sequel:

De�nition 2.4 Given a word w 2 f0; 1g

n

, a sub-word (run) w

0

of w starting at position i is 
alled

feasible for language L

M

, if there exists a state q 2 Q su
h that q is rea
hable from q

1

in G in exa
tly

i� 1 steps and there is a path of length n� (jw

0

j+ i� 1) in G from the state Æ(q; w

0

) to at least one of

the a

epting states. Otherwise, w

0

is 
alled infeasible.

Of 
ourse, �nding an infeasible run in w proves that w 62 L. Our aim is to show that if a given word

w of length n is far from any word of length n in L, then many short runs of w are infeasible. Thus a


hoi
e of a small number of random runs of w almost surely 
ontains an infeasible run. First we treat

the following basi
 
ase:

De�nition 2.5 We 
all an automaton M `essentially strongly 
onne
ted' if

1. M has a unique a

epting state q

a



;

2. The set of states of the automaton, Q, 
an be partitioned into two parts, C and D so that

� q

1

; q

a



2 C;

� the subgraph of G(M) indu
ed on C is strongly 
onne
ted;

4



� no edges in G(M) go from D to C (but edges 
an go from C to D).

(Note that D may be empty.)

Lemma 2.6 Assume that the language L = L

M


ontains some words of length n, and that M is

essentially strongly 
onne
ted with C and D being the partition of the states of M as in De�nition 2.5.

Let m be the rea
hability 
onstant of G[C℄. Assume also that �n � 64m log(4m=�). Then if for a word

w of length jwj = n, dist(w;L) � �n, then there exists an integer 1 � i � log(4m=�) su
h that the

number of infeasible runs of w of length 2

i+1

is at least

2

i�4

�n

m log(4m=�)

.

Proof.

Our intention is to 
onstru
t a sequen
e (R

j

)

j=1;:::

of disjoint infeasible runs, ea
h being minimal in

the sense that ea
h of its pre�xes is feasible, and so that ea
h is a subword of the given word w. We

then show that we 
an 
on
atenate these subwords to form a word in the language that is not too far

from w (`not too far' will essentially depend on the number of runs that we have 
onstru
ted). This

in turn will show that if dist(w;L) � �n then there is a lower bound on the number of these infeasible

runs.

For reasons to be
ome obvious later we also want these runs to be in the interval [m+ 1; n�m℄.

A natural way to 
onstru
t su
h a sequen
e is to repeat the following pro
edure starting from


oordinate m + 1: Let R

1

be the shortest infeasible run starting from w[m + 1℄ and ending before

w[n � m + 1℄. If there is no su
h run we stop. Assume that we have 
onstru
ted so far R

1

; :::; R

j�1

ending at w[


j�1

℄, next we 
onstru
t R

j

by taking the minimal infeasible run starting at w[


j�1

+ 1℄

and ending before w[n�m+ 1℄. Again if there is no su
h run we stop.

Assume we have 
onstru
ted in this way runs R

1

; :::; R

h

. Note that ea
h run is a subword of w,

the runs are pairwise disjoint and their 
on
atenation in order forms a (
ontinuous) subword of w.

Also, note that by the de�nition of ea
h run R

j

being minimal infeasible, its pre�x R

(�)

j

, obtained by

dis
arding the last bit of R

j

is feasible. This, in turn, implies that R

0

j

whi
h is obtained from R

j

by


ipping its last bit is feasible. In addition, by De�nition 2.4, this means that for ea
h R

0

j

there is a state

q

i

j

2 C so that Æ(q

i

j

; R

0

j

) 2 C and su
h that q

i

j

is rea
hable from q

1

in 


j�1

+ 1 steps.

Next we indu
tively 
onstru
t a word w

�

2 L su
h that dist(w;w

�

) � hm+ 2m+2. Assuming that

dist(w;L) � �n this will imply a lower bound on h. The general idea is to `glue' together the R

0

j

for

j = 1; :::; h, ea
h being feasible and yet very 
lose to a subword of w (ex
ept for the last bit in ea
h).

The only 
on
ern is to glue the pie
es together so that as a whole word it will be feasible. This will

require an extra 
hange of m bits per run, plus some additional 2m bits at the end of the word.

We maintain during the indu
tion that for j = 0; : : : the word w

j

we 
onstru
t is feasible starting

from position 1, and it ends in position 


j

. For the base 
ase, let 


0

= m and let w

0

to be any word of

lengthm whi
h is feasible starting from position 1. Assume we have already de�ned a word w

j�1

feasible

from position 1 and ending in position 


j�1

. Let Æ(q

1

; w

j�1

) = p

j

. As both p

j

and q

i

j

are rea
hable

from q

1

by a path of length 


j�1

, a

ording to Lemma 2.3 we 
an 
hange the last m bits in w

j�1

so

that we get a word u

j

for whi
h Æ(q

1

; u

j

) = q

i

j

. We now de�ne w

j

as a 
on
atenation of u

j

and R

0

j

. Let

w

h

be the �nal word that is de�ned in this way, ending at pla
e 


h

. Now the reason we have stopped

with R

h

is either that there is no infeasible run starting at 


h

+ 1, in whi
h 
ase, 
hanging the last m

bits of w

h

and 
on
atenating to it the remaining suÆx of w (that starts at position 


h

+ 1), exa
tly as

5



in the 
ase of adding R

0

j

, yields the required w

�

. The other possible reason for stopping growing R

h

is

when there is a minimal infeasible run that start at 


h

+ 1 and ends after position n�m+ 1. Let R be

that run, and let R

0

be the run obtained by 
ipping the last bit of R. As was the 
ase with any R

0

j

, R

0

is feasible from position 


h

+ 1. Hen
e there is a feasible word u of whi
h R

0

is a pre�x, u is of length

n� 


h

and so that Æ(q

i

h

; u) = q

a



. We 
an 
onstru
t w

�

from w

h

and u exa
tly as we have 
onstru
ted

w

�

form w

h

and the suÆx of w in the previous 
ase.

By the de�nition of w

�

, w

�

2 L. Following the indu
tive 
onstru
tion of w

�

it follows that for

1 � j � h, dist(w

j

; w[1; 


j

℄) � jm+ 1. Then to get from w

h

to w

�

we 
on
atenate R

0

whi
h is either a

subword of w (in the �rst 
ase previously dis
ussed) or it is a subword of w where one bit was 
hanged

(in the se
ond 
ase), following by 
hanging m bits at the end of w

h

and possibly additional m bits at

the end of u. Therefore dist(w;w

�

) � hm+ 2m+ 2, as we 
laimed.

Re
alling that dist(w;L) � �n, we 
on
lude that h �

�n�2

m

� 2 � �n=(2m) (the last inequality is

by our assumptions that �n � 64m log(4m=�)). This already shows that if dist(w;L) � �n then there

are 
(�n) many disjoint infeasible runs in w. However, we need a stronger dependen
e as stated in the

lemma. We a
hieve this in the following way.

Let a = log(4m=�). For 1 � i � a, denote by s

i

the number of runs in fR

j

g

h

j=1

whose length

falls in the interval [2

i�1

+ 1; 2

i

℄. As jfR

j

: 1 � j � h; jR

j

j > 4m=�gj < �n=(4m), we get

P

a

i=1

s

i

�

h � �n=(4m) � �n=(4m). Therefore there exists an index i for whi
h s

i

� �n=(4am). Consider all

infeasible runs R

j

with jR

j

j 2 [2

i�1

+ 1; 2

i

℄. Note that if a run 
ontains an infeasible sub-run then it is

infeasible by itself. Now, ea
h infeasible run of length between 2

i�1

+ 1 and 2

i

is 
ontained in at least

2

i

infeasible runs of length 2

i+1

, ex
ept maybe, for the �rst two and the last two runs (these with the

two smallest j's and these with the two largest j's). As R

j

are disjoint, ea
h infeasible run of length

2

i+1


ontains at most three of the R

j

s of length at least 2

i�1

+ 1. Thus, we a get a total of at least

(2

i

=3)(s

i

� 4) infeasible runs of length at most 2

i+1

. By our assumption on the parameters this number

is: (2

i

=3)(s

i

� 4) �

2

i

3

(

�n

4am

� 4) = 2

i�4

(

�n

am

+

1

3

�n�64am

am

) �

2

i�4

�n

m log(4m=�)

, as 
laimed. 2

Now our aim is to redu
e the general 
ase to the above des
ribed 
ase. For a given DFA M with

a graph G = G(M), we denote by C(G) the graph of 
omponents of G, whose verti
es 
orrespond to

maximal by in
lusion strongly 
onne
ted 
omponents ofG and whose dire
ted edges 
onne
t 
omponents

of G, whi
h are 
onne
ted by some edge in G. Note that some of the verti
es of C(G) may represent

single verti
es of G with no self loops, that do not belong to any strongly 
onne
ted subgraph of G

with at least two verti
es. All other 
omponents have non empty paths inside them and will be 
alled

truly 
onne
ted. From now on we reserve k for the number of verti
es of C(G) and set V = V (G). We

may assume that all verti
es of G are rea
hable from the initial state q

1

. Then C(G) is an a
y
li
 graph

in whi
h there exists a dire
ted path from a 
omponent C

1

, 
ontaining q

1

, to every other 
omponent.

Denote m = max

j

(m(C

j

)), l = l
m(fg(G[C

j

℄)g), where j runs over all truly 
onne
ted 
omponents

of G, 
orresponding to verti
es of C(G). We will assume in the sequel that the following relation are

satis�ed between the parameters:

Condition (*)

�

�n

2k

� 64m log

8mk

�

.

� �n > 8km

6



� � log(1=�) <

1

258k

2

jV j

2

m(l+m)


learly, for any �xed k;m; l for � small enough and n large enough 
ondition (*) holds.

Our next step is to des
ribe how a word w 2 L

M

of length n 
an move along the automaton. If a word

w belongs to L, it traverses G starting from q

1

and ending in one of the a

epting states. A

ordingly,

w traverses C(G) starting from C

1

and ending in a 
omponent 
ontaining an a

epting state. For

this reason, we 
all a path A in C(G) admissible, if it starts at C

1

and ends at a 
omponent with an

a

epting state. Given an admissible path A = (C

i

1

; : : : ; C

i

t

) in C(G), a sequen
e P = (p

1

j

; p

2

j

)

t

j=1

of

pairs of verti
es of G (states of M) is 
alled an admissible sequen
e of portals if it satis�es the following

restri
tions:

1. p

1

j

; p

2

j

2 C

i

j

for every 1 � j � t;

2. p

1

1

= q

1

;

3. p

2

t

2 F (i.e., p

2

t

is an a

epting state of M);

4. For every 2 � j � t one has (p

2

j�1

; p

1

j

) 2 E(G).

The idea behind the above de�nition of admissible portals is simple: Given an admissible path A,

an admissible sequen
e P of portals de�nes how a word w 2 L moves from one strongly 
onne
ted


omponent of A to the next one, starting from the initial state q

1

and ending in an a

epting state. The

pair (p

1

j

; p

2

j

) are the �rst and last states that are traversed in C

i

j

.

Now, given an admissible path A and a 
orresponding admissible sequen
e P of portals, we say that

an in
reasing sequen
e of integers � = (n

j

)

t+1

j=1

forms an admissible partition with respe
t to (A; P ) if

the following holds:

1. n

1

= 0;

2. for every 1 � j � t, there exists a path from p

1

j

to p

2

j

in C

i

j

of length n

j+1

� n

j

� 1;

3. n

t+1

= n + 1.

The meaning of the partition � = (n

j

)

t+1

j=1

is as follows. If w 2 L and w traverses M in a

ordan
e

with (A; P ), then for ea
h 1 � j � t, the value of n

j

indi
ates that w arrives to 
omponent C

i

j

for

the �rst time after n

j

bits. For 
onvenien
e we also set n

t+1

= n + 1. Thus, for ea
h 1 � j � t, the

word w stays in C

i

j

in the interval [n

j

+ 1; n

j+1

� 1℄. Note that it is possible in prin
iple that for a

given admissible path A and a 
orresponding admissible sequen
e of portals P there is no 
orresponding

admissible partition � (this 
ould happen if the path A and the set of portals P 
orrespond to no word

of length n).

A triplet (A; P;�), where A is an admissible path, P is a 
orresponding admissible sequen
e of

portals and � is a 
orresponding admissible partition, will be 
alled an admissible triplet. It is 
lear

from the de�nition of an admissible triplet that a word w 2 L traverses G in a

ordan
e with a s
enario

suggested by one of the admissible triplets. Therefore, in order to get 
onvin
ed that w 62 L, it is enough

to 
he
k that w does not �t any admissible triplet.

7



Fix an admissible triplet (A; P;�), where A = (C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

and � = (n

j

)

t+1

j=1

. For

all 1 � j � t, we de�ne a language L

j

that 
ontains all words that traverse in M from p

1

j

to p

2

j

. This is

done formally by de�ning an automatonM

j

as follows: The set of states of M

j

is obtained by adding to

C

i

j

a new state f

j

. The initial state ofM

j

and its unique a

epting state are p

1

j

and p

2

j

, respe
tively. For

ea
h q 2 C

i

j

and � 2 f0; 1g, if Æ

M

(q; �) 2 C

i

j

, we set Æ

M

j

(q; �) = Æ

M

(q; �). Otherwise, Æ

M

j

(q; �) = f

j

.

We also de�ne Æ

M

j

(f

j

; 0) = Æ

M

j

(f

j

; 1) = f

j

. Namely, in M

j

all transitions within C

i

j

remain the same.

All transitions going to other 
omponents now go to f

j

whi
h has a loop to itself. Thus, M

j

is essentially

strongly 
onne
ted as in De�nition 2.5 with D = ff

j

g. Then L

j

is the language a

epted by M

j

.

Given the �xed admissible triplet (A; P;�) and a word w of length jwj = n, we de�ne t sub-words of

it, w

1

; : : : ; w

t

, by setting w

j

= w[n

j

+1℄ : : :w[n

j+1

�1℄, where 1 � j � t. Note that jw

j

j = n

j+1

�n

j

�1.

Namely, if w were to path through M a

ording to the partition � then the substring w

j


orresponds

to the portion of the traversal path of w that lies within the 
omponent C

i

j

.

Lemma 2.7 Let (A; P;�) be an admissible triplet , where A = (C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

, � =

(n

j

)

t+1

j=1

. Let w be a word of length n satisfying dist(w;L) � �n. De�ne languages (L

j

)

t

j=1

and words

(w

j

)

t

j=1

as des
ribed above. Then there exists an index j, 1 � j � t, for whi
h dist(w

j

; L

j

) �

�n�k

k

.

Proof. Assume this is not the 
ase. Let � = (n

j

)

t+1

j=1

be the partition and re
all that t � k. For

every 1 � j � t , if n

j+1

� n

j

� 2, let w

j�

2 L

j

be a word of length n

j+1

� n

j

� 1 for whi
h

dist(w

j

; w

j�

) < (�n� k)=k. If n

j+1

� n

j

= 1, we set w

j�

= 
 (the empty word). Also, for 1 � j � t� 1


hoose �

j

2 f0; 1g so that Æ

M

(p

2

j

; �

j

) = p

1

j+1

. Then by 
onstru
tion the word w

�

= w

1�

�

1

w

2�

: : :�

t�1

w

t�

belongs to L and dist(w;w

�

) � t� 1+

P

t

j=1

dist(w

j

; w

j�

) � t� 1+ t(�n� k)=k < �n { a 
ontradi
tion.

2

Now we present a key idea of the proof. Ideally, we would like to test whether an input word w

of length n �ts any admissible triplet. In the positive 
ase, i.e. when w 2 L

M

, the traversal path of

w in M de�nes naturally an admissible triplet whi
h w will obviously �t. In the negative 
ase, i.e.

when dist(w;L) � �n, Lemma 2.7 implies that for every admissible triplet (A; P;�), at least one of the

sub-words w

j

is very far from the 
orresponding language L

j

. Then by Lemma 2.6 w

j


ontains many

short infeasible runs, and thus sampling a small number of random runs will 
at
h one of them with

high probability. However, the problem is that the total number of admissible triplets 
learly depends

on n, whi
h makes the task of applying dire
tly the union bound on the probability of not 
at
hing an

infeasible run impossible.

We 
ir
umvent this diÆ
ulty in the following way. We pla
e evenly in 1; : : :n a bounded number

(depending only on � and the parameters of M) of transition intervals T

s

of a bounded length and

postulate that a transition between 
omponents of C(G) should happen inside these transition intervals.

Then we show that if w 2 L, it 
an be modi�ed slightly to meet this restri
tion, whereas if dist(w;L) �

�n, for any 
hoi
e of su
h an admissible triplet, w is far from �tting it. As the number of admissible

triplets under 
onsideration is bounded by a fun
tion of � only, we 
an apply the union bound to estimate

the probability of failure.

Re
all that m = max

j

(m(C

j

)), l = l
m(fg(G[C

j

℄)g), where j runs over all truly 
onne
ted 
ompo-

nents of G, 
orresponding to verti
es of C(G). Let S = 129km log(1=�)=�. We pla
e S transition intervals

8



fT

s

= [a

s

; b

s

℄g

S

s=1

evenly in [n℄, where the length of ea
h transition interval T

s

is jT

s

j = (k � 1)(l+m).

For 1 � i � log(8km=�) de�ne r

i

=

2

8�i

k

2

m log

2

(

1

�

)

�

.

ALGORITHM

Input: a word w of length jwj = n;

1. For ea
h 1 � i � log(8km=�) 
hoose r

i

random runs in w of length 2

i+1

ea
h;

2. For ea
h admissible triplet (A; P;�) with A = (C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

, � = (n

j

)

t+1

j=1

su
h

that for all 2 � j � t one has n

j

2 T

s

for some 1 � s � S, do the following:

� Form the automata M

j

, 1 � j � t, as des
ribed above.

� Dis
ard those 
hosen runs whi
h end or begin at pla
e p for whi
h jp�n

j

j � �n=(128km log(1=�)).

Namely, those runs whi
h have one of their ends 
loser than �n=(128km log(1=�)) from some

n

j

2 �.

� For ea
h remaining run R, if R falls between n

j

and n

j+1

, 
he
k whether it is feasible for

the automaton M

j

starting at b� n

j

+ 1 where b is the �rst 
oordinate of R in w. Namely,

b� n

j

+ 1 is the pla
e where R starts relative to n

j

, whi
h is the the pla
e w \enters" M

j

.

3. If for some admissible triplet all 
he
ked runs turned out to be feasible, output "YES". Otherwise

(i.e, in the 
ase where for all admissible triplets at least one infeasible run has been found) output

"NO".

Lemma 2.8 If dist(w;L) � �n, then the above algorithm outputs "NO" with probability at least 3=4.

If w 2 L, then the algorithm always outputs "YES".

Proof. The proof 
ontains two independent parts, in the �rst we 
onsider the 
ase of an input w with

dist(w;L) � �n, on whi
h the algorithm should answer `NO' (with high probability). The other part

treats the 
ase where w 2 L, for whi
h the algorithm should answer `YES'.

Let us �rst assume that dist(w;L) � �n. The number of admissible triplets (A; P;�) for whi
h all

partition points fall into the union of transition intervals

S

S

s=1

T

s


an be estimated from above by

2

k

jV j

2k

(S(k� 1)(l+m))

k�1

(�rst 
hoose an admissible path in C(G), the number of admissible paths is at most 2

k

as any subset of

verti
es of C(G) de�nes at most one path spanning it; then 
hoose portals, the total number of 
hosen

portals is at most 2k, therefore there are at most jV j

2k

possible 
hoi
es for portals; then for a �xed

pair (A; P ) there are at most SjT

s

j 
hoi
es for ea
h n

j

, where 2 � j � t and t � k). For � satisfying


ondition (*) and S as above, this expression is at most (1=�)

2k

. Thus we need to 
he
k at most (1=�)

2k

admissible triplets.

Let (A; P;�) be an admissible triplet satisfying the restri
tion formulated in Step 2 of the above

algorithm. Write A = (C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

, � = (n

j

)

t+1

j=1

. Then the triplet de�nes automata

(M

j

)

t

j=1

and languages (L

j

)

t

j=1

as des
ribed before. By Lemma 2.7 for some 1 � j � t one has

dist(w

j

; L

j

) � (�n� k)=k > �n=(2k). Then by Lemma 2.6 there exists an i, 1 � i � log(8km=�) so that
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w

j


ontains at least (2

i�4

�n=(2km log(8km=�)) � 2

i�6

�n=(km log(1=�)) infeasible runs of length 2

i+1

. At

most � = �n=(128km log(1=�)) of themmay tou
h the last � bits of the interval [n

j

; n

j+1

�1℄, and at most

� of themmay tou
h the �rst � bits of this interval. Hen
e there are at least 2

i�6

�n=(km log(1=�))�2� �

(2

i�7

�n)=(km log(1=�)) of them that tou
h neither the �rst nor the last �n=(128km log(1=�)) bits of the

interval [n

j

; n

j+1

� 1℄. Obviously, if a random sample 
ontains one of these infeasible runs, then it

provides a 
erti�
ate for the fa
t that w does not �t this admissible triplet. A random sample of r

i

runs

of length 2

i+1

misses all of these infeasible runs with probability at most

 

1�

1

n

2

i�7

�n

km log(

1

�

)

!

r

i

< e

�2k log(

1

�

)

<

1

4

�

1

�

�

�2k

:

Thus by the union bound we 
on
lude that in this 
ase a random sample does not 
ontain a "witness" for

ea
h feasible triplet with probability at most 1=4. This 
ompletes the proof for the 
ase of dist(w;L) �

�n.

We now address the 
ase for whi
h w 2 L. We need to show that in this 
ase the algorithm answers

`YES'. For this is is enough to show that if w 2 L, then there exists an admissible triplet whi
h passes

su

essfully the test of the above algorithm. A traversal of w in M naturally de�nes a triplet (A; P;�)

as follows: A = (C

i

1

; : : : ; C

i

t

), where C

i

1

; : : : ; C

i

t

are 
omponents from C(G), ordered a

ording to the

order of their traversal by w; P = (p

1

j

; p

2

j

)

t

j=1

, where p

1

j

(resp. p

2

j

) is the �rst (resp. the last) state of C

i

j

visited by w; � = (n

j

)

t+1

j=1

, where n

1

= 0, n

t+1

= n+1, and for 2 � j � t, n

j

is set to be the �rst time w

enters C

i

j

while traversingM . However, this partition does not ne
essarily meet the requirement stated

in Step 2 of the algorithm: In the true traversal of w in M the transitions from C

i

j

to C

i

j+1

might

o

ur outside the transition intervals T

s

. We show that the desired triplet 
an be obtained from the

a
tual triplet, (A; P;�), of w by modifying only the third 
omponent of it. This modi�ed triplet would

then 
orrespond to a di�erent word w

0

2 L (whi
h is quite 
lose to w) that makes all the transitions

inside the postulated transition intervals. In addition, we will take 
are that no query is made to bits

in whi
h w

0

di�ers from w. Hen
e, the algorithm will a
tually be 
onsistent with both. This is in fa
t

the reason for dis
arding the runs that are too 
lose to some n

j

in Step 2 of the algorithm. Intuitively,

this is done as follows: Assume n

j

is not in a transition interval, then we either make the traversal in

C

i

j�1

longer so to end in p

2

j�1

in a transition interval, or we shorten the traversal in C

i

j�1

so to enter

a transition interval, depending on where the 
losest transition interval is. Formally this is done as

follows. De�ne a new partition �

0

= (n

0

j

)

t+1

j=1

where n

0

1

= n

1

= 0. For ea
h 2 � j � t 
hoose a transition

interval T

s


losest to n

j

. If C

i

j

is a truly 
onne
ted 
omponent, we 
hoose n

0

j

as the leftmost 
oordinate

in T

s

satisfying the following restri
tions: (a) n

0

j

� n

j

mod l; (b) n

0

j

� n

0

j�1

> m. If C

i

j

is a singleton

without loops we set n

0

j

= n

0

j�1

+ 1. As jT

s

j = (k � 1)(l+m), su
h an n

0

j

always exists. Finally, we set

n

0

t+1

= n

t+1

= n+ 1.

Note that the obtained triplet (A; P;�

0

) is admissible. Indeed, for every 1 � j � t we have n

0

j+1

�n

0

j

�

n

j+1

�n

j

mod l, thus implying n

0

j+1

�n

0

j

� n

j+1

�n

j

mod g(G[C

i

j

℄), if C

i

j

is truly 
onne
ted. As there

exists a path from p

1

j

to p

2

j

in C

i

j

of length n

j+1

�n

j

�1, there also exists a path of length n

0

j+1

�n

0

j

�1.

This implies the admissibility of �

0

and hen
e the admissibility of (A; P;�

0

).

Let now R be a run of w inside [n

0

j

+�n=(128km log(1=�)); n

0

j+1

��n=(128km log(1=�))℄ and let b be its

�rst 
oordinate. Sin
e we pla
ed S transition intervals fT

s

g evenly in [n℄, we have jn

0

j

�n

j

j � n=S+jT

s

j =

10



�n=(129km log(1=�))+ (k� 1)(l+m). Therefore, R falls also 
ompletely inside [n

j

+m;n

j+1

� 1℄. (We

remark at this point that the purpose of dis
arding marginal runs at Step 2 of the algorithm is to a
hieve

that ea
h one of the remaining runs will fall 
ompletely not only within [n

0

j

; n

0

j+1

℄, but also within

[n

j

; n

j+1

℄. As we will see immediately this guarantees that R will be feasible for the 
orresponding

automatonM

j

. Without this deletion, with positive probability one of the sampled runs R may start in

a pla
e where w is in C

i

j�1

and end in a pla
e where w is in C

i

j

, thus making it impossible to attribute

R to one parti
ular automatonM

j

. Therefore, with positive probability the algorithm would fail in the

positive 
ase. Dis
arding marginal runs allows us to get a one-sided error algorithm).

As w 2 L, there exists a state q 2 C

i

j

so that Æ(q; R) 2 C

i

j

. Also, q is rea
hable from p

1

j

(the initial

state of C

i

j

) in b � n

j

� m steps (b is the �rst 
oordinate of R). A

ording to the 
hoi
e of n

0

j

we

have n

0

j

� n

j

mod g

j

, where g

j

is the period of C

i

j

. But then by Lemma 2.3 q is rea
hable from p

1

j

in

b� n

0

j

( � m) steps. This shows that R is feasible for M

j

, starting at b� n

0

j

+ 1. Thus, if w 2 L, the

above algorithm always outputs "YES". 2

Finally, the number of bits of w queried by our algorithm is at most

log(8km=�)

X

i=1

2

i+1

r

i

=

log(8km=�)

X

i=1

2

i+1

2

8�i

k

2

m log

2

(

1

�

)

�

<

2

10

k

2

m log

3

(

1

�

)

�

:

We have thus proven the following theorem.

Theorem 1 For every regular language L, every integer n and every small enough � > 0, there exists

a one-sided error �-testing algorithm for L\ f0; 1g

n

, whose query 
omplexity is 
 log

3

(1=�)=�, where the


onstant 
 > 0 depends only on L.

A �nal note about the dependen
e of the 
omplexity on the parameters is in pla
e here. In the proof

M is 
onsidered �xed, as the algorithm is tailored for a �xed given language. However, in the 
al
ulation

above we have kept the dependen
e of the query 
omplexity on the parameters of M expli
it. One has

to take in mind though that the estimates hold only when 
ondition (*) holds. In parti
ular we require

(third item in (*)), that 1=(� log(1=�)) = 
(k

2

jV j

2

m(l+m)).

Another note is about the running time of the algorithm (rather then just its query 
omplexity). The

dominating term in Step 1 and the �rst two subsets of Step 2 of the algorithm is the query 
omplexity.

In the last substeps, ea
h run has to be 
he
ked againstM

j

. Ea
h su
h 
he
k involves 
he
king whether

there is a word u and a word v (of suitable lengths) so that uRv 2 L. Che
king whether there are su
h

u; v is done dire
tly by Lemma 2.3 in 
ase the length of u and v are longer than m, or by 
he
king all

2

m

words if one of them is shorter than m.

3 Lower bound for regular languages

In many testability questions, it is quite natural to expe
t a lower bound of order 1=� for the query


omplexity of testing. This is usually proven by taking a positive example of size n and perturbing it in

randomly 
hosen �n pla
es to 
reate a negative instan
e whi
h is hard to distinguish from the positive

one. Regular languages are not an ex
eption in this respe
t, as shown by the next proposition and its

fairly simple proof.
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Proposition 1 Let L be the regular language over the alphabet f0; 1g de�ned by L = f1

n

j n � 1g. For

any n an �-test for L \ f0; 1g

n

has query 
omplexity at least

1

3�

.

Proof. Our proof is based on the following reformulation of the renowned prin
iple of Yao [14℄, saying

that if there exists a probability distribution on the union 
 of positive and negative examples su
h that

any deterministi
 testing algorithm of query 
omplexity d is 
orre
t with probability less than 2/3 for

an input randomly 
hosen from 
 a

ording to this distribution, then d is a lower bound on the query


omplexity of any randomized testing algorithm.

De�ne a distribution on the set of positive and negative instan
es of length n as follows. The word

1

n

gets probability 1=2. Next we partition the index set [1; n℄ into t = 1=� parts I

1

; : : : ; I

t

, ea
h of size

�n, and for ea
h 1 � i � t give probability 1=(2t) to the ve
tor y

i


reated from 1

n

by 
ipping all bits in

I

i

from 1 to 0. Note that dist(y

i

; L) = �n, hen
e all y

i

are negative instan
es. Now we apply the above

mentioned prin
iple of Yao. Let A be a deterministi
 �-testing algorithm with query 
omplexity d. If

A is in
orre
t on the word 1

n

, then it is already in
orre
t with probability at least 1=2. Otherwise, it

should a

ept the input if all d tested bits equal to 1. Therefore it a

epts as well at least t � d of the

inputs y

i

. This shows that A gives an in
orre
t answer with probability at least (t � d)=(2t) < 1=3,

implying d > t=3. 2.

The main idea of the proof of the above proposition 
an be used to get an 
(1=�) lower bound on

the query 
omplexity of testing any non-trivial regular language, with a natural de�nition of non-trivial.

This is proven in the next proposition. A somewhat paradoxi
al feature of its proof is that our main

positive result (Theorem 1) and its proof are used here to get a negative result.

For a language L let L

n

= L \ f0; 1g

n

.

De�nition 3.1 A language L is non-trivial if there exists a 
onstant 0 < �

0

< 1, so that for in�nitely

many values of n the set L

n

is non-empty, and there exists a word w 2 f0; 1g

n

so that dist(w;L

n

) � �

0

n.

Proposition 2 Let L be a non-trivial regular language. Then for all suÆ
iently small � > 0, any

�-testing algorithm for L requires 
(1=�) queries.

Proof. The proof here is essentially a generalization of the proof of Proposition 1. We thus present it

in a somewhat abridged form.

Let n be large enough. Assume L

n

6= ;, and w 2 f0; 1g

n

is su
h that dist(w;L

n

) � �

0

n. We may


learly assume that the 
onstant �

0

is as small as needed for our purposes. Our main result, Theorem

1, and its proof imply that with probability at least 2=3, a random 
hoi
e of a set of runs, built as

des
ribed at Step 1 of the testing algorithm of Theorem 1, and having total length

~

O(1=�

0

), will 
ause

the algorithm to reje
t w. As we have noti
ed, the testing algorithm has one sided error, i.e., it always

a

epts a word from L. Thus, if we 
hoose a random set of runs as above, it will 
ause to reje
t w with

probability 2/3 and it will not 
oin
ide with any word u 2 L

n

(for otherwise, it would reje
t u too).

Ea
h su
h random set of runs is just a random set of intervals in f1; : : : ; ng (of length as de�ned in

Step 1 of the testing algorithm) of total length bounded by

~

O(1=�

0

). Noti
e that two su
h random sets

interse
t with probability

~

O(1=(�

2

0

n)). Therefore if we 
hoose

~


(�

2

n) su
h subsets at random, then we

expe
t that

~

O(�

2

0

n) pairs of them will interse
t, and that 2/3 of the members will reje
t w. This implies

12



that there exists a family S of

~


(�

2

0

)n pairwise disjoint sets of runs so that for ea
h member of S, no

word of L

n


oin
ides with w on this set. Fix now �

0

and let � > 0 be small enough 
ompared to �

0

. We

partition the family S into t = (
=�) subfamilies S

1

; : : : ;S

t

, ea
h of 
ardinality �n, where the 
onstant 


depends on �

0

only and is thus independent of �. Let u be a word in L

n

. For ea
h 1 � i � t, the word

w

i

is obtained from u by 
hanging the bits of u, 
orresponding to S

i

, to those from w. It follows then

that dist(w

i

; L

n

) � �n. Indeed, to transform w

i

into a word in L

n

, at least one bit has to be 
hanged

in every member of S

i

.

Now, as in the proof of Proposition 1, we de�ne a probability distribution on the union of positive

and negative examples. The word u gets probability 1=2, and ea
h one of the t words w

1

; : : : ; w

t

gets

probability 1=(2t). A simple argument, essentially identi
al to that in the proof of Proposition 1, shows

that any deterministi
 algorithm needs to query at least 
(t) = 
(1=�) bits of the input word to be

su

essful with probability at least 2=3 on the de�ned probability distribution. Applying Yao's prin
iple,

we get the desired result. 2

4 Testability of 
ontext-free languages

Having essentially 
ompleted the analysis of testability of regular languages, it is quite natural to try

to make one step further and to address testability of the mu
h more 
omplex 
lass of 
ontext-free

languages (see, e.g., [8℄ for a ba
kground information). It turns out that the general situation 
hanges

drasti
ally here as 
ompared to the 
ase of regular languages. We show that there exist quite simple


ontext-free languages whi
h are not �-testable. Then we turn our attention to one parti
ular family of


ontext-free languages { the so-
alled Dy
k languages. We prove that the �rst language in this family,

D

1

, is testable in time polynomial in 1=�, while all other languages in the family are already non-testable.

All relevant de�nitions and proofs follow.

4.1 Some 
ontext-free languages are non-testable

As we have already mentioned, not all 
ontext-free languages are testable. This is proven in the following

proposition.

Theorem 2 Any �-testing algorithm for the 
ontext-free language L = fvv

R

uu

R

g, where w

R

denotes

the reversal of a word w, requires 
(

p

n) queries in order to have error of at most 1=3.

Proof. Let n be divisible by 6. We again de�ne a distribution D on the union of positive and negative

inputs in the following way. A negative instan
e is 
hosen uniformly at random from among all negative

instan
es (i.e. those words w 2 f0; 1g

n

whi
h are at distan
e at least �n from L). We refer to this

distribution as N . Positive instan
es are generated a

ording to a distribution P de�ned as follows: we

pi
k uniformly at random an integer k in the interval [n=6 + 1; n=3℄ and then sele
t a positive example

uniformly among words vv

R

uu

R

with jvj = k. Finally the distribution D on all inputs is de�ned as

follows: with probability 1/2 we 
hoose a positive input a

ording to P and with probability 1=2 we


hoose a negative input a

ording to N . We note that a positive instan
e is a
tually a pair (k; w) (the

same word w may be generated using di�erent k's).

13



We use the above mentioned Yao's prin
iple again. Let A be a deterministi
 �-testing algorithm for

L. We show that for any su
h A, if its maximum number of queries is d = o(

p

n), then its expe
ted

error with respe
t to D is at least

1

2

� o(1). Indeed, let A be su
h an algorithm. We 
an view A as

a binary de
ision tree, where ea
h node represents a query to a 
ertain pla
e, and the two outgoing

edges, labeled with 0 or 1, represent possible answers. Ea
h leaf of A represents the end of a possible


omputation, and is labeled `positive' or `negative' a

ording to the de
ision of the algorithm. Tra
ing

the path from the root to a node of A, we 
an asso
iate with ea
h node t of A a pair (Q

t

; f

t

), where

Q

t

� f1; : : : ; ng is a set of queries to the input word, and f

t

: Q

t

! f0; 1g is a ve
tor of answers re
eived

by the algorithm.. We may obviously assume that A is a full binary tree of height d and has thus 2

d

leaves. Then jQ

t

j = d for ea
h leaf t of A.

We will use the following notation. For a subset Q � f1; : : : ; ng and a fun
tion f : Q! f0; 1g, let

E

�

(Q; f) = fw 2 f0; 1g

n

; dist(w;L)� �n; w 
oin
ides with f on Qg ;

E

+

(Q; f) = fw 2 f0; 1g

n

\ L : w 
oin
ides with f on Qg ;

i.e., E

�

(Q; f) (E

+

(Q; f)) is the set of all negative (resp. positive) instan
es of length n 
onsistent with

the pair (Q; f). Also, if D is a probability distribution on the set of binary strings of length n and

E � f0; 1g

n

is a subset, we de�ne Pr

D

[E℄ =

P

w2E

Pr

D

[w℄.

Let T

1

be the set of all leaves of A labeled `positive', let T

0

be the set of all leaves of T labeled

`negative'. Then the total error of the algorithm A on the distribution D is

X

t2T

1

Pr

D

[E

�

(Q

t

; f

t

)℄ +

X

t2T

0

Pr

D

[E

+

(Q

t

; f

t

)℄ :

The theorem follows from the following two 
laims.

Claim 4.1 For every subset Q � f1; : : : ; ng of 
ardinality jQj = o(n) and for every fun
tion f : Q !

f0; 1g,

Pr

D

[E

�

(Q; f)℄ �

�

1

2

� o(1)

�

2

�jQj

:

Claim 4.2 For every subset Q � f1; : : : ; ng of 
ardinality jQj = o(

p

n) and for every fun
tion f : Q!

f0; 1g,

Pr

D

[E

+

(Q; f)℄ �

�

1

2

� o(1)

�

2

�jQj

:

Based on Claims 4.1, 4.2, we 
an estimate the error of the algorithm A by

X

t2T

1

Pr

D

[E

�

(Q

t

; f

t

)℄ +

X

t2T

0

Pr

D

[E

+

(Q

t

; f

t

)℄ �

X

t2T

1

�

1

2

� o(1)

�

2

�jQ

t

j

+

X

t2T

0

�

1

2

� o(1)

�

2

�jQ

t

j

=

�

1

2

� o(1)

�

jT

1

j+ jT

0

j

2

d

�

1

2

� o(1) :

The theorem follows. 2
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We now present the proofs of Claims 4.1 and 4.2.

Proof of Claim 4.1: Noti
e �rst that L has at most 2

n=2

n=2 words of length n (�rst 
hoose a word

of length n=2 and then 
ut it into two parts v and u, thus getting a word w = vv

R

uu

R

2 L). Therefore

the number of words of length n at distan
e less than �n from L is at most jL \ f0; 1g

n

j

P

�n

i=0

�

n

i

�

�

2

n=2+2� log(1=�)n

. We get

jE

�

(Q; f)j � jfw 2 f0; 1g

n

: w(Q) = fgj � jfw 2 f0; 1g

n

: dist(w;L) < �ngj

� 2

n�jQj

� 2

n=2+2� log(1=�)n

= (1� o(1))2

n�jQj

:

It follows then from the de�nition of D that

Pr

D

[E

�

(Q; f)℄ =

1

2

Pr

N

[E

�

(Q; f)℄ �

1

2

jE

�

(Q; f)j

2

n

�

�

1

2

� o(1)

�

2

�jQj

: 2

Proof of Claim 4.2: It follows from the de�nition of the distributionD that for a word w 2 L\f0; 1g

n

,

Pr

D

(w) =

1

2

Pr

P

(w) =

1

2

jfw = vv

R

uu

R

: jvj = k;

n

6

+ 1 � k �

n

3

gj

n

6

2

n=2

:

Re
all that E

+

(Q; f) is the set of words in L for whi
h are 
onsistent with f on the set of queries Q,

Hen
e,

Pr

D

[E

+

(Q; f)℄ =

1

n

6

2

n=2+1

n=3

X

k=n=6+1

jfw 2 f0; 1g

n

: w(Q) = f; w = vv

R

uu

R

; jvj = kgj :

Now observe that for ea
h of the

�

d

2

�

pairs of pla
es in Q there are at most two 
hoi
es of k, for whi
h

the pair is symmetri
 with respe
t to k or to n=2 + k. This implies that for n=6� 2

�

d

2

�

= (1� o(1))n=6


hoi
es of k, the set Q does not 
ontain a pair symmetri
 with respe
t to k or n=2+k. For ea
h su
h k,

jfw 2 f0; 1g

n

: w(Q) = f; w = vv

R

uu

R

; jvj = kgj = 2

n=2�jQj

:

Therefore,

Pr

D

[E

+

(Q; f)℄ �

(1� o(1))

n

6

2

n=2�jQj

n

6

2

n=2+1

=

�

1

2

� o(1)

�

2

�jQj

: 2

As a 
on
luding remark to this subse
tion we would like to note that in the next subse
tion (Theorem

4) we will give another proof to the fa
t that not all 
ontext-free languages are testable by showing

the non-testability of the Dy
k language D

2

. However, we preferred to give Theorem 2 as well due to

the following reasons. First, the language dis
ussed in Theorem 2 is simpler and more natural than

the Dy
k language D

2

. Se
ondly, the lower bound of Theorem 2 is better than that of Theorem 4.

The proofs of these two theorems have many 
ommon points, so the reader may view Theorem 2 as a

"warm-up" for Theorem 4.
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4.2 Testability of the Dy
k languages

It would be extremely ni
e to determine exa
tly whi
h 
ontext-free languages are testable. At present

we seem to be very far from ful�lling this task. However, we are able to solve this question 
ompletely

for one family of 
ontext-free languages { the so 
alled Dy
k languages.

For an integer n � 1, the Dy
k language of order n, denoted by D

n

, is the language over the alphabet

of 2n symbols fa

1

; b

1

; : : : ; a

n

; b

n

g, grouped into n ordered pairs (a

1

; b

1

); : : : ; (a

n

; b

n

). The language D

n

is de�ned by the following produ
tions:

1. S ! a

i

Sb

i

for i = 1; : : : ; n;

2. S ! SS;

3. S ! 
,

where 
 denotes the empty word. Though the words of D

n

are not binary a

ording to the above

de�nition, we 
an easily en
ode them and the grammar des
ribing them using only 0's and 1's. Thus we

may still assume that we are in the framework of languages over the binary alphabet. We 
an interpret

D

n

as the language with n distin
t pairs of bra
kets, where a word w belongs to D

n

i� it forms a

balan
ed bra
ket expression. The most basi
 and well known language in this family is D

1

, where we

have only one pair of bra
kets. Dy
k languages play an important role in the theory of 
ontext-free

languages (see, e.g., [4℄ for a relevant dis
ussion) and therefore the task of exploring their testability is

interesting.

Our �rst goal in this subse
tion is to show that the language D

1

is testable. Let us introdu
e a

suitable notation. First, for the sake of simpli
itywe denote the bra
kets a

1

; b

1

ofD

1

by 0; 1, respe
tively.

Assume that n is a large enough even number (obviously, for odd n we have D

1

\ f0; 1g

n

= ;, thus

there is nothing to test in this 
ase). Let w be a binary word of length n. For 1 � i � n, we denote by

x(w; i) the number of 0's in the �rst i positions of w. Also, y(w; i) stands for the number of 1

0

s in the

�rst i positions of w. We have the following 
laims.

Claim 4.3 The word w belongs to D

1

if and only if the following two 
onditions hold: (a) x(w; i) �

y(w; i) for every 1 � i � n; (b) x(w; n) = y(w; n).

Proof. Follows easily from the de�nition of D

1

, for example, by indu
tion on the length of w. We omit

a detailed proof. 2

Claim 4.4 If w satis�es (a) y(w; i)� x(w; i)� s

1

for every 1 � i � n; (b) x(w; n)� y(w; n) � s

2

, then

dist(w;D

1

) � s

1

+ s

2

=2 + 1.

Proof. Observe �rst that by Claim 4.3 a word w is in D

1

if and only if we 
an partition its letters

into pairwise disjoint pairs, so that the left letter in ea
h pair is a zero, and the right letter is a one.

Consider the bipartite graph, whose two 
lasses of verti
es are the set of indi
es i for whi
h w[i℄ = 0

and the set of indi
es i for whi
h w[i℄ = 1, respe
tively, where ea
h i with w[i℄ = 1 is 
onne
ted to all

1 � j < i for whi
h w[j℄ = 0. By assumption (a) and the defe
t form of Hall's theorem, this graph


ontains a mat
hing of size at least y(w; n)� s

1

. By assumption (b), y(w; n) � n=2� s

2

=2. Therefore,
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there are at least n=2 � s

2

=2 � s

1

disjoint pairs of letters in w, where in ea
h pair there is a zero on

the left and a one on the right. Let us pair the remaining elements of w arbitrarily, where all pairs

but at most one 
onsist of either two 0's or two 1's. By 
hanging, now, when needed, the left entry of

ea
h su
h pair to 0 and its right entry to 1 we obtain a word in D

1

, and the total number of 
hanges

performed is at most (s

2

+ 2s

1

� 2)=2 + 2 = s

1

+ s

2

=2 + 1, 
ompleting the proof. 2

Claim 4.5 a) If for some 1 � i � n one has y(w; i) � x(w; i) � s, then dist(w;D

1

) � s=2; b) If

x(w; n)� y(w; n) � s, then dist(w;D

1

) � s=2.

Proof. Follows immediately from Claim 4.3. 2

We 
on
lude from the above three 
laims that a word w is far from D

1

if and only if for some


oordinate i it deviates signi�
antly from the ne
essary and suÆ
ient 
onditions provided by Claim 4.4.

This observation is used in the analysis of an algorithm for testing D

1

, proposed below.

Set

d =

C log

�

1

�

�

�

2

;

� =

C log

�

1

�

�

8�

;

where C > 0 is a suÆ
iently large 
onstant, whose value will be 
hosen later, and assume d is an even

integer. In what follows we omit all 
oor and 
eiling signs, to simplify the presentation.

ALGORITHM

Input: a word w of length jwj = n;

1. Choose a sample S of bits in the following way: For ea
h bit of w, independently and with

probability p = d=n 
hoose it to be in S. Then, if S 
ontains more then d + �=4 bits, answer

`YES' without querying any bit. Else,

2. If dist(S;D

1

\ f0; 1g

d

0

) < �, where d

0

= jSj, output "YES", otherwise output "NO".

Lemma 4.6 The above algorithm outputs a 
orre
t answer with probability at least 2=3.

Proof. As we have already mentioned, we set

p =

d

n

=

C log

�

1

�

�

�

2

n

:

The proof 
ontains two independent parts, in the �rst we prove that the algorithm is 
orre
t (with

probability 2/3) for w 2 D

1

and in the se
ond part we prove that the algorithm has a bounded error

for words w for whi
h dist(w;D

1

) � �n.

Consider �rst the positive 
ase w 2 D

1

. Set t = C=� and assume for simpli
ity that t as well as n=t

are integers. For 1 � j � t, let X

j

be the number of 0's in S, sampled from the interval [1; nj=t℄. Let

also Y

j

denote the number of 1's in S, sampled from the same interval. Both X

j

and Y

j

are binomial
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random variables with parameters x(w; nj=t) and p, and y(w; nj=t) and p, respe
tively. As w 2 D

1

, we

get by Claim 4.3 that x(w; nj=t) � y(w; nj=t), implying EX

j

� EY

j

. Applying standard bounds on

the tails of binomial distribution, we obtain:

Pr[Y

j

� X

j

+

�

2

℄ � Pr[X

j

� EX

j

�

�

4

℄ + Pr[Y

j

� EY

j

+

�

4

℄ � 2

�
(�

2

=np)

= 2

�
(C log(1=�))

: (1)

For 1 � j � t � 1, set Z

j

= Y

j+1

� Y

j

. Note that EZ

j

� np=t. Using similar argumentation as above,

we get

Pr[Z

j

�

2np

t

℄ � 2

�
(np=t)

= 2

�
(log(1=�)=�)

: (2)

As w 2 D

1

, we have by Claim 4.3 x(w; n) = y(w; n) = n=2. Hen
e

Pr[X

t

�

np

2

+

�

8

℄ � 2

�
(�

2

=np)

= 2

�
(C log(1=�))

: (3)

Finally, we have the following estimate on the distribution of the sample size jSj:

Pr[jjSj � npj �

�

4

℄ � 2

�
(�

2

=np)

= 2

�
(C log(1=�))

: (4)

Choosing C large enough and re
alling the de�nition of t, we derive from (1){(4) that with probability

at least 2=3 the following events hold simultaneously:

1. max

1�j�t

(Y

j

�X

j

) �

�

2

;

2. max

1�j�t

Z

j

�

2np

t

;

3. X

t

�

np

2

+

�

8

;

4. jSj � np�

�

4

:

Assume that the above four 
onditions are satis�ed. Then we 
laim that dist(S;D

1

) < �. Indeed,

the �rst two 
onditions guarantee that for all 1 � i � jSj we have y(S; i)�x(S; i)� �=2+2np=t � 2�=3.

The last two 
onditions provide x(S; jSj)� y(S; jSj) = X

t

� Y

t

= 2X

t

� jSj � �=2. Therefore, by Claim

4.4 dist(S;D

1

) < �. Thus, if w 2 D

1

, our algorithm will a

ept w with probability at least 2=3, as

required. This ends the �rst part of the proof.

Let us now 
onsider the negative 
ase. Assume that dist(w;D

1

\ f0; 1g

n

) � �n. By Claim 4.4 we

have then that at least one of the following two 
onditions holds: a) there exists an index 1 � i � n, for

whi
h y(w; i)�x(w; i)� �n=2; b) x(w; n)� y(w; n)� �n=2. In the former 
ase, let X , Y be the number

of 0's, 1's, respe
tively, of S, sampled from the interval [1; i℄. Let also k be the number of elements

from [1; i℄ 
hosen to S. Then X = x(S; k), Y = y(S; k). Both X and Y are binomially distributed

with parameters x(w; i) and p, and y(w; i) and p, respe
tively. It follows from the de�nition of i that

EY �EX � �np=2. But then we have

Pr[y(S; k)� x(S; k) � 2�℄ = Pr[Y �X � 2�℄ �

Pr[X � EX + (

�np

4

��)℄ + Pr[Y � EY � (

�np

4

��)℄

= 2

�
((�np=4��)

2

=(np))

:
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Choosing the 
onstant C to be suÆ
iently large and re
alling the de�nitions of p and �, we see that

the above probability is at most 1=6. But if y(S; k) � x(S; k) � 2�, it follows from Claim 4.5 that

dist(S;D

1

) � �.

If x(w; n)� y(w; n) � �n=2, we obtain, using similar arguments:

Pr[x(S; jSj)� y(S; jSj)� 2�℄ = 2

�
((�np=4��)

2

=(np))

:

The above probability 
an be made at most 1=6 by the 
hoi
e of C. But if x(S; jSj)� y(S; jSj)� 2�, it

follows from Claim 4.5 that dist(S;D

1

) � �. Thus in both 
ases we obtain that our algorithm a

epts

w with probability at most 1=6. In addition, the algorithm may a

ept w (in ea
h of the 
ases), when

jSj > d + �=4 (�rst item in the algorithm). However, by equation (4) this may be bounded by 1/6

(
hoosing C as in the �rst part). Hen
e the algorithm reje
ts w with probability at least 2=3. This


ompletes the proof of Lemma 4.6. 2.

By Lemma 4.6 we have the following result about the testability of the Dy
k language D

1

.

Theorem 3 For every integer n and every small enough � > 0, there exists an �-testing algorithm for

D

1

\ f0; 1g

n

, whose query 
omplexity is C log(1=�)=�

2

for some absolute 
onstant C > 0.

The reader has possibly noti
ed one signi�
ant di�eren
e between the algorithm of Se
tion 2 for

testing regular languages and our algorithm for testing D

1

. While the algorithm for testing regular

languages has a one-sided error, the algorithm of this se
tion has a two-sided error. This is not a


oin
iden
e. We 
an show that there is no one-sided error algorithm for testing membership in D

1

,

whose number of queries is bounded by a fun
tion of � only. Indeed, assume that A is a one-sided error

algorithm for testing D

1

. Consider its exe
ution on the input word u = 0

n=2+�n

1

n=2��n

. It is easy to see

that dist(u;D

1

) � �n. Therefore, A must reje
t u with probability at least 2=3. Fix any sequen
e of


oin tosses whi
h makes A reje
t u and denote by Q the 
orresponding set of queried bits of u. We 
laim

that if jQ\ [1; n=2+�n℄j � n=2��n, then there exists a word w of length n fromD

1

, for whi
h w[i℄ = u[i℄

for all i 2 Q. To prove this 
laim, we may 
learly assume that jQ\ [1; n=2+ �n℄j = n=2� �n. De�ne w

as follows. For all i > n=2 + �n we set w[i℄ = 1. Now, we take the �rst �n indi
es i in [1; n=2 + �n℄ nQ

and set w[i℄ = 0. For the last �n indi
es i in [1; n=2 + �n℄ n Q we set w[i℄ = 1. Also, w[i℄ = u[i℄ for all

i 2 Q. Now, w satis�es the suÆ
ient 
ondition for the membership in D

1

, given by Claim 4.3. Indeed,

at any point j in [1; n=2+ �n℄ the number of 0's in the �rst j bits of w is at least as large as the number

of 1's. Also, for j � n=2 + �n we have x(w; j) = n=2 and y(w; j) = �n + (j � n=2 � �n) = j � n=2.

Therefore w 2 D

1

. As A is assumed to be a one-sided error algorithm, it should always a

ept every

w 2 D

1

. But then we must have jQ \ [1; n=2 + �n℄j > n=2 � �n, implying that A queries a linear in n

number of bits. We have proven the following statement.

Proposition 3 Any one-sided error �-test for membership in D

1

queries 
(n) bits on words of length

n.

Our next goal is to prove that all other Dy
k languages, namely D

k

for all k � 2 are non-testable.

We will present a detailed proof of this statement only for k = 2, but this 
learly implies the result for

all k � 3.
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For the sake of 
larity of exposition we repla
e the symbols a

1

; b

1

; a

2

; b

2

in the de�nition of D

2

by

0; 1; 2; 3, respe
tively. ThenD

2

is de�ned by the following 
ontext-free grammar: S ! 0S1 j 2S3 j SS j 
,

where 
 is the empty word. Having in mind the above mentioned bra
ket interpretation of the Dy
k

languages, we will sometimes refer to 0; 2 as left bra
kets and to 1; 3 as right bra
kets. Note that we

do not use an en
oding of D

2

as a language over f0; 1g, but rather over an alphabet of size 4. Clearly,

non-testability of D

2

as de�ned above will imply non-testability of any binary en
oding of D

2

that is

obtained by a �xed binary en
oding of f0; 1; 2; 3g.

Theorem 4 The language D

2

is not �-testable.

Proof. Let n be a large enough integer, divisible by 8. We denote L

n

= D

2

\ f0; 1; 2; 3g

n

. Using Yao's

prin
iple, we assign a probability distribution on inputs of length n and show that any deterministi


algorithm probing d = O(1) bits outputs an in
orre
t answer with probability 0:5� o(1). Both positive

and negative words will be 
omposed of three parts: The �rst whi
h is a sequen
e of mat
hing 0=1

(bra
kets of the �rst kind) followed by a sequen
e of 0=2 (left bra
kets) and a sequen
e of 1=3 (right

bra
kets).

Positive instan
es are generated a

ording to the distribution P as follows: 
hoose k uniformly at

random in the range n=8; : : : ; n=4. Given k, the word of length n is w = 0

k

1

k

v where v is of length n�2k

generated by: for i = 1; :::(n�2k)=2 
hoose v[i℄ at random from 0; 2 and then set v[n�2k+1�i℄ = v[i℄+1.

Negative instan
es are 
hosen as follows: the pro
ess is very similar to the positive 
ase ex
ept that

we do not have the restri
tion on v[n � 2k + 1 � i℄ = v[i℄ + 1. Namely, we 
hoose k at random in the

range n=8; : : : ; n=4. Given k, a word of length n is w = 0

k

1

k

v, where v is of length n� 2k generated by:

for i = 1; :::(n�2k)=2 
hoose v[i℄ at random from 0; 2 and for i = 1; :::(n�2k)=2 
hoose v[n�2k+1� i℄

at random from 1; 3. Let us denote by N the distribution at this stage. Note that the words that are

generated may be of distan
e less than �n from L

n

(in fa
t some words in L

n

are generated too). Hen
e

we further 
ondition N on the event that the word is of distan
e at least �n from L

n

.

The probability distribution over all inputs of length n is is now de�ned by 
hoosing with probability

1/2 a positive instan
e, generated as above, and with probability 1/2 a negative instan
e, 
hosen

a

ording to the above des
ribed pro
ess.

Claim 4.7 The probability that an instan
e generated a

ording to N is �n-
lose to some word in L

n

is exponentially small in n.

Proof. Fix k and let w = 0

k

1

k

v be a word of length n generated by N . For su
h �xed k the three parts

of w are the �rst part of mat
hing 0=1 of length 2k, the se
ond part whi
h is a random sequen
e of 0=2

of length

n�2k

2

and the third part whi
h is a random sequen
e of 1=3 of length

n�2k

2

. Let us denote by

N

1

; N

2

; N

3

these three disjoint sets of indi
es of w.

We will bound from above the number of words w of length n of the formw = 0

k

1

k

(0=2)

n�2k

2

(1=3)

n�2k

2

whi
h are at distan
e at most �n from L

n

. First we 
hoose the value of w on N

2

, whi
h gives 2

n�2k

2

possibilities. Then we 
hoose (at most) �n bits of w to be 
hanged to get a word from L

n

(

�

n

�n

�


hoi
es)

and set those bits (4

�n

possibilities). At this point, the only part of w still to be set is its value of N

3

,

where we are allowed to use only right bra
kets 1; 3. The word to be obtained should belong to L

n

. It

is easy to see that there is at most one way to 
omplete the 
urrent word to a word in L

n

using right
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bra
kets only. Hen
e the number of su
h words altogether is at most 2

n�2k

2

�

n

�n

�

4

�n

. The total number

of words w of the form 0

k

1

k

(0=2)

n�2k

2

(1=3)

n�2k

2

is 2

n�2k

, and ea
h su
h word gets the same probability

in the distribution N . Therefore the probability that a word 
hosen a

ording to N is �n-
lose to L

n


an be estimated from above by

�

n=4

k=n=8

8

n

�

2

n�2k

2

�

n

�n

�

4

�n

2

n�2k

� max

k

(2

O(� log(

1

�

))n+2�n�

n

2

+k

) � 2

�n=5

;

for small enough � > 0 as promised. 2

Claim 4.8 Let S � [n℄; jSj= d, be a �xed set of pla
es and let k be 
hosen uniformly at random in the

range n=8; :::; n=4. Then S 
ontains a pair i < j symmetri
 with respe
t to (n� 2k)=2 with probability

at most

�

d

2

�

8

n

.

Proof. For ea
h distin
t pair i; j 2 S there is a unique k for whi
h i; j are symmetri
 with respe
t to

the above point. Hen
e the above probability is bounded by

�

d

2

�

8

n

. 2

We now return to the proof of Theorem 4. Let A be an algorithm for testing L

n

that queries at

most d = O(1) queries. As d = O(1) we may assume that A is non-adaptive, namely, it queries some

�xed set of pla
es S of size d (as every adaptive A 
an be made non adaptive by querying ahead at

most 2

d

possible queries de�ned by two possible bran
hings after ea
h adaptive query. We then look at

these 2

d

= O(1) queries as our S). For any possible set of answers f : S �! f0; 1; 2; 3g and an input

w let f

w

denote the event that w is 
onsistent with f on S. Let NoSym be the event that S 
ontains

no symmetri
 pair with respe
t to (n� 2k)=2. Also, let F

0

denote all these f 's on whi
h the algorithm

answers `NO' and let F

1

be all these f 's on whi
h it answers `YES'. Finally denote by (w positive) and

(w negative) the events that a random w is a positive instan
e and a negative instan
e, respe
tively.

The total error of the algorithm is

X

f2F

0

Prob[f

w

^ (w positive)℄ +

X

f2F

1

Prob[f

w

^ (w negative)℄ �

Prob[NoSym℄

0

�

X

f2F

0

Prob[f

w

^ (w positive)jNoSym℄+

X

f2F

1

Prob[f

w

^ (w negative)jNoSym℄

1

A

However, given that S 
ontains no symmetri
 pairs, for a �xed f , Prob[f

w

^ (w is negative)℄ is

essentially equal to Prob[f

w

^ (w is positive)℄ (these probabilities would be exa
tly equal if negative

w would be generated a

ording to N . Claim 4.7 asserts that N is exponentially 
lose to the real

distribution on negative instan
es). Hen
e ea
h is of these probabilities is 0:5Prob[f

w

jNoSym℄� o(1).

Plugging this into the sum above, and using Claim 4.8 we get that the error probability is bounded

from below by Prob(NoSym)

P

f

(0:5� o(1))Prob[f

w

jNoSym℄ � (1 �

�

d

2

�

8

n

)(0:5� o(1)) � 0:5� o(1).

2
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5 Con
luding remarks

The main te
hni
al a
hievement of this paper is a proof of testability of regular languages. A possible


ontinuation of the resear
h is to des
ribe other 
lasses of testable languages and to formulate suÆ
ient


onditions for a 
ontext-free language to be testable (re
all that in Theorem 2 we have shown that not

all 
ontext-free languages are testable).

One of the most natural ways to des
ribe large 
lasses of testable 
ombinatorial properties is by

putting some restri
tions on the logi
al formulas that de�ne them. In parti
ular we 
an restri
t the arity

of the parti
ipating relations, the number of quanti�er alternations, the order of the logi
al expression

(�rst order, se
ond order), et
.

The result of the present paper is an example to this approa
h, sin
e regular languages are exa
tly

those that 
an be expressed in se
ond order monadi
 logi
 with a unary predi
ate and an embedded

linear order. Another example 
an be found in a sequel of this paper [1℄, whi
h addresses testability of

graph properties de�ned by senten
es in �rst order logi
 with binary predi
ates, and whi
h 
omplements

the 
lass of graph properties shown to be testable by Goldrei
h et al [7℄. Analogous results for predi
ates

of higher arities would be desirable to obtain, but te
hni
al diÆ
ulties arise when the arity is greater

than two.

As a long term goal we propose a systemati
 study of the testability of logi
ally de�ned 
lasses.

Sin
e many di�erent types of logi
al frameworks are known, to �nd out whi
h one is suited for this

study is a 
hallenge. Virtually all single problems that have been looked at so far have the perspe
tive

of being 
aptured by a more general logi
ally de�ned 
lass with members that have the same testability

properties.

A very di�erent avenue is to try to develop general 
ombinatorial te
hniques for proving lower

bounds for the query 
omplexity of testing arbitrary properties, possibly by �nding analogs to the blo
k

sensitivity [12℄ and the Fourier analysis [11℄ approa
hes for de
ision tree 
omplexity. At present we have

no 
andidates for 
ombinatorial 
onditions that would be both ne
essary and suÆ
ient for �-testability.
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