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Abstract

We continue the study of combinatorial property testing,

initiated by Goldreich, Goldwasser and Ron in [7]. The

subject of this paper is testing regular languages. Our main

result is as follows. For a regular language L 2 f0; 1g

�

and an integer n there exists a randomized algorithm which

always accepts a word w of length n if w 2 L, and rejects

it with high probability if w has to be modified in at least

�n positions to create a word in L. The algorithm queries
~

O(1=�) bits ofw. This query complexity is shown to be opti-

mal up to a factor poly-logarithmic in 1=�. We also discuss

testability of more complex languages and show, in partic-

ular, that the query complexity required for testing context-

free languages cannot be bounded by any function of �. The

problem of testing regular languages can be viewed as a

part of a very general approach, seeking to probe testabil-

ity of properties defined by logical means.

1 Introduction

Property testing deals with the question of deciding

whether a given input x satisfies a prescribed property P

or is “far” from any input satisfying it. Let P be a prop-

erty, i.e. a non-empty family of binary words. A word w

of length n is called �-far from satisfying P , if no word w0
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of the same length, which differs from w in no more than

�n places, satisfies P . An �-test for P is a randomized al-

gorithm, which given the quantity n and the ability to make

queries about the value of any desired bit of an input word

w of length n, distinguishes with probability at least 2=3 be-

tween the case of w 2 P and the case of w being �-far from

satisfying P . Finally, we say that property P is testable if

for every fixed � > 0 there exists an �-test for P whose total

number of queries is bounded only by a function of �, which

is independent of the length of the input word.

Property testing was defined by Goldreich et. al [7] (in-

spired by [13]). It emerges naturally in the context of PAC

learning, program checking [6, 3, 10, 13], probabilistically

checkable proofs [2] and approximation algorithms [7].

In [7], the authors mainly consider graph properties, such

as bipartiteness and show (among other things) the quite

surprising fact that testing bipartiteness can be done by ran-

domly testing a polynomial in 1=� number of edges of the

graph, answering the above question with constant proba-

bility of failure. They also raise the question of obtaining

general results as when there is, for every � > 0, an �-test

for a property using 
(�) queries with constant probability

of failure. We call properties of this type �-testable. So far,

such answers are quite sparse; some interesting examples

are given in [7], several additional ones can be obtained by

applying the Regularity Lemma as we show in a subsequent

paper [1].

In this paper we address testability of formal languages

(see [8] as a general reference). A language L � f0; 1g

�

is a property which is usually viewed as a sequence of

Boolean functions f
n

: f0; 1g

n

! f0; 1g, with f

�1

n

(1) =

L \ f0; 1g

n

= L

n

. Our main result states that all regular

languages are testable with query complexity only ~

O(1=�).



We also show that this complexity is optimal up to a factor

poly-logarithmic in 1=�. This positive result cannot be ex-

tended to context-free languages, for there is an example to

a very simple context-free language which is not testable.

Since regular languages can be characterized using sec-

ond order monadic logic, we thus obtain a large set of log-

ically defined objects which are testable. In [1] we pro-

vide testable graph properties described by logical means as

well. These results indicate a strong interrelation between

testability and logic. Although our result on regular lan-

guages can be viewed as a separate result having no logical

bearing at all, our opinion is that logic does provide the right

context for testability problems, which may lead to the dis-

covery of further classes of testable properties.

The rest of this paper is organized as follows. In Section

2 we present the proof of the main result showing that ev-

ery regular language is testable. In Section 3 we show that

the upper bound of ~

O(1=�) for query complexity of test-

ing regular languages, obtained in Theorem 1, is tight up to

a poly-logarithmic factor. Section 4 is devoted to the dis-

cussion of testability of context-free languages. There we

show in particular that there exist non-testable context-free

languages. The final Section 5 contains some concluding

remarks and outlines new research directions.

2 Testing Regular Languages

In this section we prove the main result of the paper.

Whenever needed, n is assumed to be large enough and

� > 0 to be small enough. All logarithms are binary un-

less stated explicitly otherwise.

We start by recalling the standard definition of a regu-

lar language, based on finite automatons. This definition is

convenient for algorithmic purposes.

Definition 2.1 A deterministic finite automaton (DFA) M

over f0; 1gwith statesQ = fq

1

; : : : ; q

m

g is given by a func-

tion Æ : f0; 1g � Q ! Q together with a set F � Q. One

of the states, q
1

is called the initial state. The states belong-

ing to the set F are called accepting states, Æ is called the

transition function.

We can extend the transition function Æ to f0; 1g� recur-

sively as follows:

Æ(;; q) = q;

Æ(u0; q) = Æ(0; Æ(u; q))

Æ(u1; q) = Æ(1; Æ(u; q)):

We then say thatM accepts a word u if Æ(u; q
1

) 2 F . M

rejects u means that Æ(u; q
1

) 2 QnF . Finally, the language

accepted byM , denoted byL
M

, is the set of all u 2 f0; 1g�

accepted by M . We use the following definition of regular

languages:

Definition 2.2 A language is regular iff there exists a finite

automaton that accepts it.

Therefore, we assume in this section that a regular lan-

guage L is given by its automaton M so that L = L

M

.

A word w of length n defines a sequence of states

(q

i

0

; : : : ; q

i

n

) in the following natural way: q
i

0

= q

1

, and

for 1 � j � n, q
i

j

= Æ(w[1℄ : : :w[j℄; q

1

). This sequence

describes how the automaton M moves while reading w.

Later in the paper we will occasionally refer to this se-

quence as the traversal path of w.

A finite automatonM defines a directed graph G(M ) by

V (G(M )) = Q and E(G(M )) = f(q

i

; q

j

) j Æ(0; q

i

) =

q

j

g [ f(q

i

; q

j

) j Æ(1; q

i

) = q

j

g. The period g(G) of a

directed graph G is the greatest common divisor of cycle

lengths in G. If G is acyclic, we set g(G) =1.

We will use the following lemma about directed graphs.

Lemma 2.3 Let G = (V;E) be a strongly connected di-

rected graph with a finite period g(G). Then there exist a

partition V (G) = V

0

[ : : :V

g�1

and a constantm = m(G)

which does not exceed 3jV j

2 such that:

1. For every 0 � i; j � g � 1 and for every u 2 V

i

,

v 2 V

j

the length of every directed path from u to v in

G is (j � i) mod g;

2. For every 0 � i; j � g�1 and for every u 2 V

i

, v 2 V

j

and for every integer n � m, if n = (j � i) mod g,

then there exists a directed path from u to v in G of

length n.

Proof. To prove part 1, fix an arbitrary vertex z 2 V and

for each 0 � i � g � 1, let V
i

be the set of all those points

which are reachable from v by a directed, (not necessarily

simple), path of length i mod g. Note that since any closed

(directed) walk in G is a disjoint union of cycles, the length

of each such walk is divisible by g. This implies that the

sets V
i

are pairwise disjoint. Indeed, assume this is false

and suppose w lies in V
i

\ V

j

with i 6= j. As G is strongly

connected there is a path p
1

from w to z, and by definition

there is a path p
2

of length i mod g from z to w as well as

a path p
3

of length j mod g from z to w. Now the number

of edges of either p
1

[ p

2

or p
1

[ p

3

is not divisible by g,

which is impossible. Therefore the sets V
i

form, indeed, a

partition of V . For u 2 V

i

and v 2 V

j

, the union of any

(directed) path from z to u with a (directed) path from u to

v forms a path from z to v, and as any such path must have

length j mod g the assertion of part 1 follows.

We next prove part 2. It is well known that for any set

of positive integers a
i

whose greatest common divisor is

g there is a smallest number t such that every integer s � t

which is divisible by g is a linear combination with non-

negative coefficients of the numbers a

i

. Moreover, it is

known (see [9], [5]), that t is smaller than the square of



the maximal number a
i

. Fix a closed (directed) walk in

G, that visits all vertices and whose length is at most jV j2.

(This is easily obtained by numbering the vertices of G ar-

bitrarily as v
0

; v

1

; : : : ; v

r�1

and by concatenating directed

paths from v

i

to v

i+1

for each 0 � i � r � 1, where

the indices are taken modulo r.) By following this closed

walk and by traversing each directed cycle as many times

as desired, we conclude that every integer which is divisible

by g and exceeds 2jV j

2 is a length of a closed walk pass-

ing through all vertices of the graph. Given, now, a vertex

u 2 V

i

, a vertex v 2 V

j

and an integer n > 3jV j

2 satisfy-

ing n = (j � i) mod g, fix a shortest path p from u to v,

and note that its length l satisfies l = (j � i) mod g and

l < jV j(� jV j

2

). Adding to p a closed walk of length n� l

from v to itself we obtain the required path, completing the

proof. 2

We call the constant m from the above lemma the reach-

ability constant of G and denote it by m(G). In the sequel

we assume that m is divisible by g.

Using Lemma 2.3, for a given n it is easy to check (ba-

sically by calculating n mod g) whether the language L
M

contains any words of length exactly n. If L
M

\ f0; 1g

n

=

;, a testing algorithm can reject any input without reading

it at all. Therefore, we can assume that we are in the non-

trivial case L
M

\ f0; 1g

n

6= ;.

Given a word w 2 f0; 1g

n, a sub-word (run) w0 of w

starting at position i is called feasible for language L
M

, if

there exists a state q 2 Q such that q is reachable from q

1

in

G in exactly i�1 steps and there is a path inG from the state

Æ(w

0

; q) to at least one of the accepting states. Otherwise,

w

0 is called infeasible. Using Lemma 2.3 it is easy to check

in time O(jQjjw0j) whether a given run w

0 is feasible. Of

course, finding an infeasible run in w proves that w 62 L.

Our aim is to show that if a given word w of length n is far

from any word of length n in L, then many short runs of w

are infeasible. Thus a choice of a small number of random

runs of w almost surely contains an infeasible run. First we

treat the following basic case:

Lemma 2.4 Let M satisfy the following assumptions:

1. M has a unique accepting state q
a



;

2. The set of states of the automaton, Q, can be parti-

tioned into two parts, C and D so that

� q

1

; q

a



2 C;

� the subgraph of G(M ) induced on C is strongly

connected;

� no edges inG(M ) go fromD toC (but edges can

go from C to D).

(Note that D may be empty.)

Let m be the reachability constant of G[C℄. Assume that

the language L = L

M

contains some words of length n.

If a word w of length jwj = n satisfies dist(w;L) � �n,

then there exists an integer 1 � i � log

2

(6m=�) such that

the number of infeasible runs of w of length 2

i+1 is at least
2

i�4

�n

m log

2

(

1

�

)

.

Proof. Our intention is to construct a sequence (R

j

)

j=1;:::

of disjoint feasible runs such that none of these runs (but

the last one) can be extended forward, i.e. if we add the

bit of w immediately following R

j

, the resulting run, R0

j

is infeasible. For reasons to become obvious later we also

want these runs to be in the interval [m+ 1; n�m℄.

A natural way to construct such a sequence is to repeat

the following procedure starting from coordinate m + 1.

For j = 1; : : : originally the current run, R
j

is empty. If

the addition of the current bit to R

j

creates a feasible run,

then we add this bit to R
j

and move the current pointer one

position to the right. In the opposite case we still move the

current pointer one position to the right, increase j by one,

and start a new empty current run. We finish the procedure,

when the current pointer reaches n �m + 1. Note that for

some j-s R
j

may be empty. Denote by h the number of runs

found by the above algorithm. Clearly,

jwj = n = 2m +

h

X

j=1

(1 + jR

j

j):

For every 1 � j � h fix a state q

i

j

2 C so that

Æ(R

j

; q

i

j

) 2 C and such that q
i

j

is reachable from q

1

in




j

� 1 steps, where 

j

is the starting position of run R
j

(re-

call that even empty R
j

-s have starting positions).

Next we inductively construct a word w� 2 L such that

dist(w;w

�

) � 3hm. We maintain during the induction that

for j = 1; : : : the word w
j

we construct is feasible starting

from position 1, and it ends in position 


j

� 1. Take w

0

to be a word of length m which is feasible starting from

position 1. Assume we have already defined a word w

j�1

feasible from position 1 and ending in position 

j

� 1. Let

Æ(w

j�1

; q

1

) = p

j

. As both p

j

and q

i

j

are reachable from

q

1

by a path of length 

j

� 1, according to Lemma 2.3 we

can change the last m bits in w

j�1

so that we get a word

u

j

for which Æ(u

j

; q

1

) = q

i

j

. If j < h we define w

j

as

a concatenation of u
j

, R
j

, and an extra bit b
j

such that

Æ(u

j

R

j

b

j

; q

1

) 2 C. Note that since C is strongly con-

nected such a b
j

always exists. In the case j = h we define

w

h

as a concatenation of u
h

, R
h

, and a word v of length

m so that Æ(u
h

R

h

v; q

1

) = q

a



. Such v exists because

of Lemma 2.3, our assumption that L contains at least one

word of length n, and because Æ(u

h

R

h

; q

1

) 2 C. Since

Æ(u

h

R

h

v; q

1

) = Æ(w

�

; q

1

) = q

a



, we get w� 2 L.

Following the above argument we can see that for 1 �

j � h� 1 one has dist(w
j

; w[1; 


j+1

� 1℄) � m + jm. In



the j = h case we changed at most 2m bits of w. Therefore

dist(w;w

�

) � (2 + h)m � 3hm, as we claimed.

Recalling that dist(w;L) � �n, we conclude that h �

�n=(3m).

Each run R

j

in the sequence (R

j

)

h�1

j=1

of feasible runs

defined above corresponds to an infeasible run R

0

j

, ob-

tained from R

j

by adding the first bit after R
j

. All these

infeasible runs are disjoint. Let a = log(6m=�). For

1 � i � a, denote by s

i

the number of runs R0

j

whose

length falls in the interval [2i�1 + 1; 2

i

℄. As jf1 � j �

h � 1 : jR

j

j > 6m=�gj < �n=(6m), we get
P

a

i=1

s

i

�

h � �n=(6m) � �n=(6m). Therefore there exists an index

i for which s

i

� �n=(6am). Consider all infeasible runs

R

0

j

with jR0

j

j 2 [2

i�1

+1; 2

i

℄, but the three leftmost and the

three rightmost ones. Note that if a run contains an infeasi-

ble sub-run then it is infeasible by itself. Therefore each in-

feasible interval of length at most 2i is contained in at least

2

i infeasible runs of length 2

i+1 containing at least one bit

of the interval in their first half. As R0

j

are disjoint, each in-

feasible interval of length 2

i+1 contains at most two of the

R

0

j

s of length at least 2i�1 + 1. Thus, we a get a total of

at least (2i=2)(�n=(6am)� 6) � (2

i�4

�n)=(m log

2

(1=�))

infeasible runs of length 2i+1. The lemma is proven. 2

Now our aim is to reduce the general case to the above

described case. For a given DFA M with a graph G =

G(M ), we denote by C(G) the graph of components of G,

whose vertices correspond to maximal by inclusion strongly

connected components of G and whose directed edges con-

nect components of G, which are connected by some edge

in G. Note that some of the vertices of C(G) may represent

single vertices of G that do not belong to any strongly con-

nected subgraph of G with at least two vertices. From now

on we reserve k for the number of vertices of C(G). We may

assume that all vertices of G are reachable from the initial

state q
1

. Then C(G) is an acyclic graph in which there ex-

ists a directed path from a component C
1

, containing q
1

, to

every other component.

Our next step is to describe how a word w 2 L

M

of

length n can move along the automaton. If a word w be-

longs to L, it traverses G starting from q

1

and ending in

one of the accepting states. Accordingly, w traverses C(G)

starting from C

1

and ending in a component containing

an accepting state. For this reason, we call a path A in

C(G) admissible, if it starts at C
1

and ends at a compo-

nent with an accepting state. Given an admissible path

A = (C

i

1

; : : : ; C

i

t

) in C(G), a sequence P = (p

1

j

; p

2

j

)

t

j=1

of pairs of vertices ofG (states ofM ) is called an admissible

sequence of portals if it satisfies the following restrictions:

1. p1
j

; p

2

j

2 C

i

j

for every 1 � j � t;

2. p1
1

= q

1

;

3. p2
t

2 F (i.e., p2
t

is an accepting state of M );

4. For every 2 � j � t one has (p2
j�1

; p

1

j

) 2 E(G).

The idea behind the above definition of admissible portals is

simple: given an admissible path A, an admissible sequence

P of portals defines how a word w 2 L moves from one

strongly connected component ofA to the next one, starting

from the initial state q
1

and ending in an accepting state.

Now, given an admissible path A and a corresponding

admissible sequence P of portals, we say that an increas-

ing sequence of integers � = (n

j

)

t+1

j=1

forms an admissible

partition with respect to (A;P ) if the following holds:

1. n
1

= 0;

2. for every 1 � j � t, if C
i

j

is strongly connected,

then there exists a path from p

1

j

to p2
j

in C
i

j

of length

n

j+1

� n

j

� 1;

3. n
t+1

= n+ 1.

The meaning of the partition � = (n

j

)

t+1

j=1

is as follows.

If w 2 L and w traverses M in accordance with (A;P ),

then for each 1 � j � t, the value of n
j

indicates that

w arrives to component C
i

j

for the first time after n
j

bits.

For convenience we also set n
t+1

= n + 1. Thus, for each

1 � j � t, the word w stays in C

i

j

in the interval [n
j

+

1; n

j+1

� 1℄. Note that it is possible in principle that for

a given admissible path A and a corresponding admissible

sequence of portals P there is no corresponding admissible

partition �.

A triplet (A;P;�), where A is an admissible path, P is

a corresponding admissible sequence of portals and � is a

corresponding admissible partition, will be called an admis-

sible triplet. It is clear from the definition of an admissible

triplet that a word w 2 L traverses G in accordance with a

scenario suggested by one of the admissible triplets. There-

fore, in order to get convinced that w 62 L, it is enough to

check that w does not fit any admissible triplet.

Fix an admissible triplet (A;P;�), where A =

(C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

and � = (n

j

)

t+1

j=1

. For all

1 � j � t, we define a language L
j

in the following way.

First, we create an automaton M

j

. The set of states of M
j

is obtained by adding to C
i

j

a new state f
j

. The initial state

of M
j

and its unique accepting state are p1
j

and p2
j

, respec-

tively. For each q 2 C

i

j

and � 2 f0; 1g, if Æ
M

(�; q) 2 C

i

j

,

we set Æ
M

j

(�; q) = Æ

M

(�; q). Otherwise, Æ
M

j

(�; q) = f

j

.

We also define Æ
M

j

(0; f

j

) = Æ

M

j

(1; f

j

) = f

j

. Finally, we

set L
j

to be the language accepted by M

j

. Note that M
j

satisfies the conditions of Lemma 2.4.

Given a wordw of length jwj = n, we define t sub-words

of it,w1

; : : : ; w

t, by settingwj

= w[n

j

+1℄ : : :w[n

j+1

�1℄,

where 1 � j � t. Note that jwj

j = n

j+1

� n

j

� 1.



Lemma 2.5 Let (A;P;�) be an admissible triplet , where

A = (C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

, � = (n

j

)

t+1

j=1

. Let

w be a word of length n satisfying dist(w; l) � �n. De-

fine languages (L

j

)

t

j=1

and words (w

j

)

t

j=1

as described

above. Then there exists an index j, 1 � j � t, for which

dist(w

j

; L

j

) �

�n�k

k

.

Proof. Assume this is not the case. For every 1 � j � t ,

if n
j+1

� n

j

� 2, let wj�

2 L

j

be a word of length n
j+1

�

n

j

� 1 for which dist(wj

; w

j�

) < (�n � k)=k. If n
j+1

�

n

j

= 1, we set wj�

= ;. Also, for 1 � j � t � 1 choose

�

j

2 f0; 1g so that Æ
M

(�

j

; p

2

j

) = p

1

j+1

. Then by con-

struction the word w

�

= w

1�

�

1

w

2�

: : :�

t�1

w

t� belongs

to L and dist(w;w

�

) � t � 1 +

P

t

j=1

dist(w

j

; w

j�

) �

t� 1 + t(�n� k)=k < �n – a contradiction. 2

Now we present a key idea of the proof. Ideally, we

would like to test whether an input word w of length n

fits any admissible triplet. In the positive case, i.e. when

w 2 L

M

, the traversal path of w in M defines naturally an

admissible triplet which w will obviously fit. In the nega-

tive case, i.e. when dist(w;L) � �n, Lemma 2.5 implies

that for every admissible triplet (A;P;�), at least one of the

sub-words wj is very far from the corresponding language

L

j

. Then by Lemma 2.4 wj contains many short infeasible

runs, and thus sampling a small number of random runs will

catch one of then with high probability. However, the prob-

lem is that the total number of admissible triplets clearly de-

pends on n (in fact, it is polynomial in n), which makes the

task of applying directly the union bound on the probability

of not catching an infeasible run impossible. We circum-

vent this difficulty in the following way. We place evenly

in 1; : : :n a bounded number of transition intervals T
s

of

a bounded length and postulate that a transition between

components of C(G) should happen inside these transition

intervals. Then we show that if w 2 L, it can be modified

slightly to meet this restriction, whereas if dist(w;L) � �n,

for any choice of such an admissible triplet, w is far from

fitting it. As the number of admissible triplets under con-

sideration is bounded by a function of � only, we can apply

the union bound to estimate the probability of failure.

Denote m = max

j

(m(C

j

)), l = l
m(fg(G[C

j

℄)g),

where j runs over all strongly connected components of

G, corresponding to vertices of C(G). Let also S =

129km log(1=�)=�. We place S transition intervals fT
s

g

S

s=1

evenly in [n℄, where the length of each transition interval T
s

is jT
s

j = (k� 1)(l+m). For 1 � i � log(12km=�) define

r

i

=

128k

2

m log

2

(

1

�

)

2

i

�

.

ALGORITHM

Input: a word w of length jwj = n;

1. For each 1 � i � log(12km=�) choose r
i

random runs

in w of length 2

i+1 each;

2. For each admissible triplet (A;P;�) with A =

(C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

, � = (n

j

)

t+1

j=1

such

that for all 2 � j � t � 1 one has n
j

2 T

s

for some

1 � s � S, do the following:

� form the automata M
j

, 1 � j � t as described

above;

� Discard those chosen runs which are at distance

at most �n=(128km log(1=�)) from some n
j

;

� For each remaining run R, if R falls between n

j

and n
j+1

, check whether it is feasible for the au-

tomata M
j

starting at b � n

j

+ 1, where b is the

first coordinate of R in w;

3. If for some admissible triplet all checked runs turned

out to be feasible, output ”YES”, otherwise (i.e, in the

case where for all admissible triplets at least one infea-

sible interval has been found) output ”NO”.

Lemma 2.6 If dist(w;L) � �n, then the above algorithm

outputs ”NO” with probability at least 3=4. If w 2 L, then

the algorithm always outputs ”YES”.

Proof. Let us first assume that dist(w;L) � �n. The

number of feasible triplets (A;P;�) for which all partition

points fall into the union of transition intervals
S

S

s=1

T

s

can

be estimated from above by

2

k

jV (G(M ))j

2k

(S(k � 1)(l +m))

k�1

(first choose an admissible path in C(G), the number of ad-

missible paths is at most 2k as any subset of vertices of

C(G) defines at most one path spanning it; then choose por-

tals, the total number of chosen portals is at most 2k, there-

fore there are at most jV (G)j2k possible choices for portals;

then for a fixed pair (A;P ) there are at most SjT
s

j choices

for each n

j

, where 1 � j � t � 1 and t � k). It is easy

to see that for a small enough � > 0, the above expression

is at most (1=�)k. Thus we need to check at most (1=�)k

admissible triplets.

Let (A;P;�) be an admissible triplet satisfying the re-

striction formulated in Step 2 of the above algorithm. Write

A = (C

i

1

; : : : ; C

i

t

), P = (p

1

j

; p

2

j

)

t

j=1

, � = (n

j

)

t+1

j=1

.

Then the triplet defines automata (M

j

)

t

j=1

and languages

(L

j

)

t

j=1

as described before. By Lemma 2.5 for some

1 � j � t one has dist(wj

; L

j

) � (�n� k)=k > �n=(2k).

Then by Lemma 2.4 there exists an i, 1 � i � log(12km=�)

so that wj contains at least (2i�4�n=(2km log(2k=�)) �

3 �2

i�7

�n=(km log(1=�)) infeasible runs of length 2i+1. At

least (2i�7=(km))�n= log(1=�) of them touch neither the

first nor the last �n=(128km log(1=�)) bits of the interval

[n

j

; n

j+1

� 1℄. Obviously, if a random sample contains one

of these infeasible runs, then it provides a certificate for the

fact that w does not fit this admissible triplet. A random



sample of r
i

runs of length 2

i+1 misses all of these infeasi-

ble runs with probability at most

�

1�

2

i�7

kmn

�n

log(

1

�

)

�

r

i

< e

�k log(

1

�

)

<

1

4

e

�k ln(1=�)

=

�

k

4

:

Thus by the union bound we conclude that in this case a ran-

dom sample does not contain a ”witness” for each feasible

triplet with probability at most 1=4.

Now we need to show that if w 2 L, then there ex-

ists an admissible triplet which passes successfully the test

of the above algorithm. A traversal of w in M defines a

triplet (A;P;�) as follows: A = (C

i

1

; : : : ; C

i

t

), where

C

i

1

; : : : ; C

i

t

are components from C(G), ordered accord-

ing to the order of their traversal by w; P = (p

1

j

; p

2

j

)

t

j=1

,

where p1
j

(resp. p2
j

) is the first (resp. the last) state of C
i

j

visited by w; � = (n

j

)

t+1

j=1

, where n
1

= 0, n
t+1

= n + 1,

and for 2 � j � t, n
j

is set to be the first time w enters C
i

j

while traversing M . Note that this partition does not neces-

sary meet the requirement stated in Step 2 of the algorithm.

We show that the desired triplet can be obtained from the

actual triplet of w by modifying only the third component

of it. Define a new partition �0

= (n

0

j

)

t+1

j=1

in the following

way. Let n0
1

= n

1

= 0. For each 2 � j � t choose a transi-

tion interval T
s

closest to n
j

. If C
i

j

is a strongly connected

component, we choose n0
j

as the leftmost coordinate in T

s

satisfying the following restrictions: (a) n0
j

� n

j

mod l;

(b) n0
j

� n

0

j�1

> m. If C
i

j

is a singleton without loops we

set n0
j

= n

0

j�1

+ 1. As jT
s

j = (k � 1)(l +m), such an n

0

j

always exists. Finally, we set n0
t+1

= n

t+1

= n+ 1.

Note that the obtained triplet (A;P;�0

) is admissible.

Indeed, for every 1 � j � t we have n

0

j+1

� n

0

j

�

n

j+1

� n

j

mod l, thus implying n

0

j+1

� n

0

j

� n

j+1

�

n

j

mod g(G[C

i

j

℄), if C
i

j

is strongly connected. As there

exists a path from p

1

j

to p2
j

in C
i

j

of length n
j+1

� n

j

� 1,

there also exists a path of length n0
j+1

� n

0

j

� 1. This im-

plies the admissibility of �0 and hence the admissibility of

(A;P;�

0

).

Let now R be a run of w inside [n

0

j

+

�n=(128km log(1=�)); n

0

j+1

� �n=(128km log(1=�))℄

and let b be its first coordinate. Since we placed S tran-

sition intervals fT
s

g evenly in [n℄, we have jn0
j

� n

j

j �

n=S + jT

s

j = �n=(129km log(=1=�)) + (k � 1)(l + m).

Therefore, R falls also completely inside [n
j

+m;n

j+1

�1℄.

(We remark at this point that the purpose of discarding

marginal runs at Step 2 of the algorithm is to achieve that

each one of the remaining runs will fall completely not only

within [n

0

j

; n

0

j+1

℄, but also within [n

j

; n

j+1

℄. As we will

see immediately this guarantees that R will be feasible for

the corresponding automaton M

j

. Without this deletion,

with positive probability one of the sampled runs R can hit

a true transition point n
j

of w, thus making it impossible

to attribute R to one particular automaton M

j

. Therefore,

with positive probability the algorithm would fail in the

positive case. Discarding marginal runs allows us to get a

one-sided error algorithm).

As w 2 L, there exists a state q 2 C

i

j

so that Æ(R; q) 2

C

i

j

. Also, q is reachable from p

1

j

(the initial state of C
i

j

) in

b � n

j

� m steps. According to the choice of n0
j

we have

n

0

j

� n

j

mod g

j

, where g
j

is the period of C
i

j

. But then by

Lemma 2.3 q is reachable from p

1

j

in b� n

0

j

( � m) steps.

This shows that R is feasible for M
j

, starting at b� n

j

+ 1.

Thus, ifw 2 L, the above algorithm always outputs ”YES”.

2

Finally, the number of bits ofw queried by our algorithm

is at most

log(12km=�)

X

i=1

2

i+1

r

i

=

log(12km=�)

X

i=1

2

i+1

128k

2

m log

2

(

1

�

)

2

i

�

<

300k

2

m log

3

(

1

�

)

�

:

We have thus proven the following theorem.

Theorem 1 For every regular language L, every integer n

and every small enough � > 0, there exists a one-sided error

�-testing algorithm for L\f0; 1gn, whose query complexity

is 
 log3(1=�)=�, where the constant 
 > 0 depends only on

L.

3 Lower bound for regular languages

In many testability questions, it is quite natural to expect

a lower bound of order 1=� for the query complexity of test-

ing. This is usually proven by taking a positive example of

size n and perturbing it in randomly chosen �n places to

create a negative instance which is hard to distinguish from

the positive one. Regular languages are not an exception in

this respect, as shown by the next proposition and its fairly

simple proof.

Proposition 1 Let L be the regular language over the al-

phabet f0; 1g defined by L = f1

n

j n � 1g. For any n an

�-test for L \ f0; 1gn has query complexity at least 1

3�

.

Proof. Our proof is based on following reformulation of

the renowned principle of Yao [14], saying that if there ex-

ists a probability distribution on the union 
 of positive and

negative examples such that any deterministic testing algo-

rithm of query complexity d is correct with probability less

than 2/3 for an input randomly chosen from 
 according

to this distribution, then d is a lower bound on the query

complexity of any randomized testing algorithm.

Define a distribution on the set of positive and negative

instances of lengthn as follows. The word 1n gets probabil-

ity 1=2. Next we partition the index set [1; n℄ into t = 1=�



parts I
1

; : : : ; I

t

, each of size �n, and for each 1 � i � t give

probability 1=(2t) to the vector y
i

created from 1

n by flip-

ping all bits in I

i

from 1 to 0. Note that dist(y
i

; L) = �n,

hence all y
i

are negative instances. Now we apply the above

mentioned principle of Yao. Let A be a deterministic �-

testing algorithm with query complexity d. If A is incorrect

on the word 1

n, then it is already incorrect with probability

at least 1=2. Otherwise, it should accept the input if all d

tested bits equal to 1. Therefore it accepts as well at least

t � d of the inputs y
i

. This shows that A gives an incor-

rect answer with probability at least (t � d)=(2t) < 1=3,

implying d > t=3. 2.

4 Testability of context-free languages

Having essentially completed the analysis of testability

of regular languages, it is quite natural to try to make one

step further and to address testability of the much more

complex class of context-free languages (see, e.g., [8] for

a background information). It turns out that the general

situation changes drastically here as compared to the case

of regular languages. We show that there exist quite sim-

ple context-free languages which are not testable. Then

we turn our attention to one particular family of context-

free languages – the so-called Dyck languages. We prove

that the first language in this family, D
1

, is testable in time

polynomial in 1=�, while all other languages in the family

are already non-testable. All relevant definitions and proofs

follow.

4.1 Some 
ontext-free languages are non-

testable

As we have already mentioned, not all context-free lan-

guages are testable. This is proven in the following propo-

sition.

Proposition 2 The context-free language L = fvv

R

uu

R

g,

where wR denotes the reversal of the word w for each w, is

not testable.

Proof. Let n be divisible by 6. We again define a distri-

bution D on the union of positive and negative examples

in the following way. With probability 1=2 a negative in-

stance is chosen uniformly at random from among all neg-

ative instances (i.e. those words w 2 f0; 1g

n which are at

distance at least �n from L). With probability 1=2, we pick

uniformly at random an integer k in the interval [n=6; n=3℄

and then select a positive example uniformly among words

vv

R

uu

R with jvj = k. We use the above mentioned Yao’s

principle again. It is enough to restrict our analysis to non-

adaptive algorithms, as the existence of an adaptive testing

algorithm with a constant query complexity implies the ex-

istence of a non-adaptive one. Let A be an �-testing algo-

rithm which queries a set S of d bits non-adaptively. We

argue that for any fixed vector f : S ! f0; 1g, the proba-

bility of a positive instance to be consistent with f on S is

almost equal to the probability of a negative instance to be

consistent with f on S and both are almost equal to 1=2

d

(here we choose instances according to D). For negative

instances, observe that a word of length n generated uni-

formly at random is within distance �n of some word in L

with exponentially small probability. Hence, a uniform dis-

tribution on the negative instances can be approximated by

a uniform distribution on all 2n words.

For positive instances, notice that for a fixed set S of

d bits, for all but at most 2
�

d

2

�

choices of k none of the

pairs of bits from S is symmetric with respect to position

k or position n=2 + k. Conditioning on a choice of k for

which S does not contain a symmetric pair, any fixed vector

f has probability exactly 1=2

d to appear as a restriction of

a positive instance on S. The above implies that for every

fixed f , the probability of getting f onS is (1+o(1))1=2d+1

for both positive and negative instances. Thus

Pr[A fails on x℄ =

X

f

Pr[(A fails on x) ^ (xj

S

= f)℄

�

1

2

� o(1): 2

A more careful analysis shows that in fact the language

above does not have a testing algorithm asking less than

O(

p

n) queries, for some fixed positive �. We omit the de-

tails.

4.2 Testability of the Dy
k languages

It would be extremely nice to determine exactly which

context-free languages are testable. At present we seem to

be very far from fulfilling this task. However, we are able

to solve this question completely for one family of context-

free languages – the so called Dyck languages.

For an integer n � 1, the Dyck language of order n,

denoted by D

n

, is the language over the alphabet of 2n

symbols fa
1

; b

1

; : : : ; a

n

; b

n

g, grouped into n ordered pairs

(a

1

; b

1

); : : : ; (a

n

; b

n

). The language D
n

is defined by the

following productions:

1. S ! a

i

Sb

i

for i = 1; : : : ; n;

2. S ! SS;

3. S ! 
,

where 
 denotes the empty word. Though the words of D
n

are not binary according to the above definition, we can

easily encode them and the grammar describing them us-

ing only 0’s and 1’s. Thus we may still assume that we are



in the framework of languages over the binary alphabet. We

can interpret D
n

as the language with n distinct pairs of

brackets, where a word w belongs to D

n

iff it forms a bal-

anced bracket expression. The most basic and well known

language in this family is D
1

, where we have only one pair

of brackets. Dyck languages play an important role in the

theory of context-free languages (see, e.g., [4] for a relevant

discussion) and therefore the task of exploring their testa-

bility is interesting.

Our first goal in this subsection is to show that the lan-

guage D

1

is testable. Let us introduce a suitable nota-

tion. First, for the sake of simplicity we denote the brack-

ets a
1

; b

1

of D
1

by 0; 1, respectively. Assume that n is a

large enough even number (obviously, for odd n we have

D

1

\ f0; 1g

n

= ;, thus there is nothing to test in this case).

Let w be a binary word of length n. For 1 � i � n, we

denote by x(w; i) the number of 0’s in the first i positions

of w. Also, y(w; i) stands for the number of 10s in the first

i positions of w. We have the following claims.

Claim 4.1 The word w belongs to D
1

if and only if the fol-

lowing two conditions hold: (a) x(w; i) � y(w; i) for every

1 � i � n; (b) x(w; n) = y(w; n).

Proof. Follows easily from the definition of D
1

, for exam-

ple, by induction on the length of w. We omit a detailed

proof. 2

Claim 4.2 Ifw satisfies (a) y(w; i)�x(w; i) � s

1

for every

1 � i � n; (b) x(w; n)�y(w; n) � s

2

, then dist(w;D
1

) �

s

1

+ s

2

=2 + 1.

Proof. Observe first that by Claim 4.1 a word w is in D
1

if

and only if we can partition its letters into pairwise disjoint

pairs, so that the left letter in each pair is a zero, and the right

letter is a one. Consider the bipartite graph whose classes of

vertices are the set of all 1’s and the set of all 0’s inw, where

each 1 is connected to all zeros to its left. By assumption (a)

and the defect form of Hall’s theorem, this graph contains

a matching of size at least y(w; n) � s

1

. By assumption

(b), y(w; n) � n=2 � s

2

=2. Therefore, there are at least

n=2 � s

2

=2 � s

1

disjoint pairs of letters in w, where in

each pair there is a zero on the left and a one on the right.

Let us pair the remaining elements of w arbitrarily, where

all pairs but at most one consist of either two 0’s or two

1’s. By changing, now, when needed, the left entry of each

such pair to 0 and its right entry to 1 we obtain a word in

D

1

, and the total number of changes performed is at most

(s

2

+2s

1

�2)=2+2 = s

1

+s

2

=2+1, completing the proof.

2

Claim 4.3 a) If for some 1 � i � n one has y(w; i) �

x(w; i) � s, then dist(w;D

1

) � s=2; b) If x(w; n) �

y(w; n) � s, then dist(w;D
1

) � s=2.

Proof. Follows immediately from Claim 4.1. 2

We conclude from the above three claims that a word w

is far from D

1

if and only if for some coordinate i it devi-

ates significantly from the necessary and sufficient condi-

tions provided by Claim 4.2. This observation is used in the

analysis of an algorithm for testing D
1

, proposed below.

Set

d =

C log

�

1

�

�

�

2

;

� =

C log

�

1

�

�

8�

;

where C > 0 is a sufficiently large constant, whose value

will be chosen later, and assume d is an even integer. In

what follows we omit all floor and ceiling signs, to simplify

the presentation.

ALGORITHM

Input: a word w of length jwj = n;

1. Choose d bits of 1; : : : ; n uniformly at random. Let S

be the corresponding sample of w of length d;

2. If dist(S;D
1

\ f0; 1g

d

) < �, output ”YES”, other-

wise output ”NO”.

Lemma 4.4 The above algorithm outputs a correct answer

with probability at least 2=3.

Proof. It will be somewhat easier to analyze a variation of

the above algorithm, in which instead of choosing d bits of

w uniformly at random we choose each bit of w to be repre-

sented in the sample S independently and with probability

p = d=n. This results in a certain loss of rigorousity in the

analysis. One can show however that the above two models

for generating S are equivalent for our purpose here. We

thus stick to the more convenient model of choosing each

bit with probability p. As we have already mentioned, we

set

p =

d

n

=

C log

�

1

�

�

�

2

n

:

Consider first the positive case w 2 D

1

. Set t = C=�

and assume for simplicity that t as well as n=t are integers.

For 1 � j � t, let X
j

be the number of 0’s in S, sampled

from the interval [1; nj=t℄. Let also Y

j

denote the number

of 1’s in S, sampled from the same interval. BothX
j

and Y
j

are binomial random variables with parameters x(w; nj=t)

and p, and y(w; nj=t) and p, respectively. As w 2 D

1

, we

get by Claim 4.1 that x(w; nj=t) � y(w; nj=t), implying

EX

j

� EY

j

. Applying standard bounds on the tails of

binomial distribution, we obtain:

Pr[Y

j

� X

j

+

�

2

℄ � Pr[X

j

� EX

j

�

�

4

℄ +

Pr[Y

j

� EY

j

+

�

4

℄ � 2

�
(�

2

=np)

= 2

�
(C log(1=�))

: (1)



For 1 � j � t� 1, set Z
j

= Y

j+1

� Y

j

. Note that EZ
j

�

np=t. Using similar argumentation as above, we get

Pr[Z

j

�

2np

t

℄ � 2

�
(np=t)

= 2

�
(log(1=�)=�)

: (2)

As w 2 D

1

, we have by Claim 4.1 x(w; n) = y(w; n) =

n=2. Hence

Pr[X

t

�

np

2

+

�

8

℄ � 2

�
(�

2

=np)

= 2

�
(C log(1=�))

: (3)

Finally, we have the following estimate on the distribution

of the sample size jSj:

Pr[jjSj � npj �

�

4

℄ � 2

�
(�

2

=np)

= 2

�
(C log(1=�))

:

(4)

Choosing C large enough and recalling the definition of t,

we derive from (1)–(4) that with probability at least 2=3 the

following events hold simultaneously:

1. max

1�j�t

(Y

j

�X

j

) �

�

2

;

2. max

1�j�t

Z

j

�

2np

t

;

3. X
t

�

np

2

+

�

8

;

4. jSj � np�

�

4

:

Assume that the above four conditions happen. Then

we claim that dist(S;D
1

) < �. Indeed, the first two

conditions guarantee that for all 1 � i � jSj we have

y(S; i)�x(S; i) � �=2+2np=t � 2�=3. The last two con-

ditions provide x(S; jSj) � y(S; jSj) = X

t

� Y

t

= 2X

t

�

jSj � �=2. Therefore, by Claim 4.2 dist(S;D

1

) < �.

Thus, if w 2 D

1

, our algorithm will accept w with proba-

bility at least 2=3, as required.

Let us now consider the negative case. Assume that

dist(w;D

1

\ f0; 1g

n

) � �n. By Claim 4.2 we have then

that at least one of the following two conditions holds: a)

there exists an index 1 � i � n, for which y(w; i) �

x(w; i) � �n=2; b) x(w; n)� y(w; n) � �n=2. In the for-

mer case, letX, Y be the number of 0’s, 1’s, respectively, of

S, sampled from the interval [1; i℄. Let also k be the num-

ber of elements from [1; i℄ chosen to S. Then X = x(S; k),

Y = y(S; k). BothX and Y are binomially distributed with

parameters x(w; i) and p, and y(w; i) and p, respectively. It

follows from the definition of i that EY � EX � �np=2.

But then we have

Pr[y(S; k)� x(S; k) � 2�℄ = Pr[Y �X � 2�℄ �

Pr[X � EX + (

�np

4

��)℄ + Pr[Y � EY � (

�np

4

��)℄

= 2

�
((�np=4��)

2

=(np))

:

Choosing the constant C to be sufficiently large and recall-

ing the definitions of p and �, we see that the above prob-

ability is at most 1=3. But if y(S; k) � x(S; k) � 2�, it

follows from Claim 4.3 that dist(S;D
1

) � �.

If x(w; n) � y(w; n) � �n=2, we obtain, using similar

arguments:

Pr[x(S; jSj)� y(S; jSj) � 2�℄ = 2

�
((�np=4��)

2

=(np))

:

The above probability can be made at most 1=3 by the

choice of C. But if x(S; jSj) � y(S; jSj) � 2�, it follows

from Claim 4.3 that dist(S;D
1

) � �. Thus in both cases

we obtain that our algorithm rejects w with probability at

least 2=3. This completes the proof of Lemma 4.4. 2.

By Lemma 4.4 we have the following result about the

testability of the Dyck language D
1

.

Theorem 2 For every integer n and every small enough

� > 0, there exists an �-testing algorithm for D
1

\ f0; 1g

n,

whose query complexity is C log(1=�)=�

2 for some absolute

constant C > 0.

The reader has possibly noticed one significant differ-

ence between the algorithm of Section 2 for testing regular

languages and our algorithm for testingD
1

. While the algo-

rithm for testing regular languages has a one-sided error, the

algorithm of this section has a two-sided error. This is not

a coincidence. We can show that there is no one-sided error

algorithm for testing membership in D
1

, whose number of

queries is bounded by a function of � only. Indeed, assume

that A is a one-sided error algorithm for testing D

1

. Con-

sider its execution on the input word u = 0

n=2+�n

1

n=2��n.

It is easy to see that dist(u;D
1

) � �n. Therefore, A must

reject u with probability at least 2=3. Fix any sequence

of coin tosses which makes A reject u and denote by Q

the corresponding set of queried bits of u. We claim that

if jQ \ [1; n=2 + �n℄j � n=2 � �n, then there exists a

word w of length n from D

1

, for which w[i℄ = u[i℄ for

all i 2 Q. To prove this claim, we may clearly assume

that jQ \ [1; n=2 + �n℄j = n=2 � �n. Define w as fol-

lows. For all i > n=2 + �n we set w[i℄ = 1. Now, we

take the first �n=2 indices i in [1; n=2 + �n℄ n Q and set

w[i℄ = 0. For the last �n=2 indices i in [1; n=2 + �n℄ n Q

we set w[i℄ = 1. Also, w[i℄ = u[i℄ for all i 2 Q. It is obvi-

ous that w satisfies the sufficient condition for the member-

ship in D
1

, given by Claim 4.1, and therefore w 2 D

1

. As

A is assumed to be a one-sided error algorithm, it should

always accept every w 2 D

1

. But then we must have

jQ \ [1; n=2 + �n℄j > n=2 � �n, implying that A queries

a linear in n number of bits. We have proven the following

statement.

Proposition 3 Membership in D
1

is not testable by a one-

sided error algorithm.



Our next goal is to prove that all other Dyck languages,

namely D

k

for all k � 2 are non-testable. We will present

a detailed proof of this statement only for k = 2, but this

clearly implies the result for all k � 3.

For the sake of clarity of exposition we replace the sym-

bols a
1

; b

1

; a

2

; b

2

in the definition of D
2

by 0; 1; 2; 3, re-

spectively. Then D

2

is defined by the following context-

free grammar: S ! 0S1 j 2S3 j SS j 
, where 
 is the

empty word. Having in mind the above mentioned bracket

interpretation of the Dyck languages, we will sometimes re-

fer to 0; 2 as left brackets and to 1; 3 as right brackets. Note

that we do not use an encoding of D
2

as a language over

f0; 1g, but rather over an alphabet of size 4. Clearly, non-

testability of D
2

as defined above will imply non-testability

of any binary encoding of D
2

.

Theorem 3 The languageD
2

is not testable.

Proof. Let n be a large enough integer, divisible by 8. We

denote L
n

= D

2

\ f0; 1; 2; 3g

n. Using Yao’s principle, we

assign a probability distribution on inputs of length n and

show that any deterministic algorithm probing d = O(1)

bits outputs an incorrect answer with probability0:5�o(1).

Positive instances are generated according to the dis-

tribution P as follows: choose k uniformly at random in

the range n=8; : : : ; n=4. Given k the word of length n is

w = 0

k

1

k

v where v is of length n � 2k generated by: for

i = 1; :::(n� 2k)=2 choose v[i℄ at random from 0; 2 and

v[n� 2k+ 1� i℄ = v[i℄ + 1.

Negative instances are chosen as follows: the process is

very similar to the positive case except that we do not have

the restriction on v[n � 2k + 1 � i℄ = v[i℄ + 1. Namely,

we choose k at random in the range n=8; : : : ; n=4. Given

k, a word of length n is w = 0

k

1

k

v, where v is of length

n � 2k generated by: for i = 1; :::(n� 2k)=2 choose v[i℄

at random from 0; 2 and for i = 1; :::(n � 2k)=2 choose

v[n � 2k + 1 � i℄ at random from 1; 3. Let us denote by

N the distribution at this stage. Note that the words that

are generated may be of distance less than �n from L

n

(in

fact some words in L
n

are generated too). Hence we further

conditionN on the event that the word is of distance at least

�n from L

n

.

The probability distribution over all inputs of length n

is is now defined by choosing with probability 1/2 posi-

tive instances, generated as above, and with probability 1/2

negative instances, chosen according to the above described

process.

Claim 4.5 With exponentially small in n probability an in-

stance generated according to N is �n-close to some word

in the languageL
n

.

Proof. Fix k and let w = 0

k

1

k

v be a word of length n gen-

erated by N . If u 2 L

n

is of distance s � �n from w then

there is a set I � [1; n℄; jIj = s of places where u differs

from w. However, in w, v[1℄; :::; v[n�2k
2

℄ 2 f0; 2g, namely,

are left brackets. In u this would lead to at least n�2k

2

� s

unchanged places which are left brackets and hence their

matching right brackets must come to the right of them. Fix-

ing the way we change the symbols in I, some of the match-

ing right brackets may come from within the set I. How-

ever this still leaves at least n�2k

2

�2s original left brackets

that must be matched with at least n�2k

2

� 2s right brack-

ets that come from places in the range n� n�2k

2

+ 1; :::; n.

By the same argument, at least n�2k

2

� 3s of these places

are unchanged right brackets. Fixing I and the way we

change the symbols in I, this fixes at least n�2k

2

� 3s

places in v[1℄; :::; v[

n�2k

2

℄ and at least n�2k

2

� 3s places

in the range v[n�2k
2

+ 1℄; :::; v[n� 2k℄ that need to match.

However, by the way we generated w this matching occurs

with probability of at most 2�
n�2k

2

+3s. Altogether there are
P

s��n

�

n

s

�

ways to fix I and for each I there are 3

s ways

to change the symbols in I. Hence this yields a bound of
P

s��n

�

n

s

�

3

s

2

�

n�2k

2

+3s on the probability that a word w,

generated according to N , is of a distance at most �n from

L

n

. For � small enough this is clearly exponentially small.

2

Claim 4.6 Let S � [n℄; jSj = d = O(1) be a fixed set

of places and let w be generated according to either N or

P . Then S contains a pair i < j symmetric with respect

to the midpoint of the last n � 2k letters of the word with

probability o(1).

Proof. For each distinct pair i; j 2 D there is a uniquek for

which i; j are symmetric with respect to the above defined

midpoint. Hence the above probability is bounded by
�

d

2

�

8

n

.

2

We now return to the proof of Theorem 3. Let A be

an algorithm for testing L
n

that queries at most d = O(1)

queries. As d = O(1) we may assume that A is non-

adaptive, namely, it queries some fixed set of places S

of size d. For any possible set of answers f : S �!

f0; 1; 2; 3g and an input w let f
w

denote the event that w

is consistent with f on S. Let NoSym be the event that

S contains no symmetric pair with respect to (n � 2k)=2.

Also, let F
0

denote all these f’s on which the algorithm

answers ’negative’ and let F
1

be all these f’s on which it

answers ’positive’.

The total error of the algorithm is
X

f2F

0

Pr[f

w

^ (w posit.)℄ +
X

f2F

1

Pr[f

w

^ (w negat.)℄ �

Pr[NoSym℄(

X

f2F

0

Pr[f

w

^ (w positive)jNoSym℄ +

X

f2F

1

Pr[f

w

^ (w negative)jNoSym℄)



However, given that S contains no symmetric pairs,

Pr[f

w

^ (w is negative)℄ is essentially equal to Pr[f
w

^

(w is positive)℄ (these probabilities would be exactly equal

if negativew would be generated according toN . Claim 4.5

asserts that N is exponentially close to the real distribution

on negative instances). Hence each is of these probabilities

is 0:5Pr[f
w

jNoSym℄ � o(1).

Plugging this into the sum above, and using Claim 4.6

we get that the error probability is bounded from below

by Pr[NoSym℄

P

f

(0:5 � o(1))Pr[f

w

jNoSym℄ � (1 �

o(1))(0:5� o(1)) � 0:5� o(1). 2

5 Concluding remarks

The main technical achievement of this paper is a proof

of testability of regular languages. A possible continuation

of the research is to describe other classes of testable lan-

guages and to formulate sufficient conditions for a context-

free language to be testable (recall that in Proposition 2 we

have shown that not all context-free languages are testable).

One of the most natural ways to describe large classes of

testable combinatorial properties is by putting some restric-

tions on the logical formulas that define them. In particular

we can restrict the arity of the participating relations, the

number of quantifier alternations, the order of the logical

expression (first order, second order), etc.

The result of the present paper is an example to this ap-

proach, since regular languages are exactly those that can

be expressed in second order monadic logic with a unary

predicate and an embedded linear order. Another example

can be found in a sequel of this paper [1], which addresses

testability of graph properties defined by sentences in first

order logic with binary predicates, and which complements

the class of graph properties shown to be testable by Gol-

dreich et al [7]. Analogous results for predicates of higher

arities would be desirable to obtain, but technical difficulties

arise when the arity is greater than two.

As a long term goal we propose a systematic study of

the testability of logically defined classes. Since many dif-

ferent types of logical frameworks are known, to find out

which one is suited for this study is a challenge. Virtually

all single problems that have been looked at so far have the

perspective of being captured by a more general logically

defined class with members that have the same testability

properties.

A very different avenue is to try to develop general

combinatorial techniques for proving lower bounds for the

query complexity of testing arbitrary properties, possibly by

finding analogs to the block sensitivity [12] and the Fourier

analysis [11] approaches for decision tree complexity. At

present we have no candidates for combinatorial conditions

that would be both necessary and sufficient for �-testability.
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