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Abstra
t

The 
hoi
e number of a graph G is the minimum integer k su
h that for every assignment of

a set S(v) of k 
olors to every vertex v of G, there is a proper 
oloring of G that assigns to ea
h

vertex v a 
olor from S(v). It is shown that the 
hoi
e number of the random graph G(n; p(n)) is

almost surely �(

np(n)

ln(np(n))

) whenever 2 < np(n) � n=2. A related result for pseudo-random graphs

is proved as well. By a spe
ial 
ase of this result, the 
hoi
e number (as well as the 
hromati


number) of any graph on n verti
es with minimum degree at least n=2 � n

0:99

in whi
h no two

distin
t verti
es have more than n=4 + n

0:99


ommon neighbors is at most O(n= lnn).

1 Introdu
tion

A vertex-
oloring of a graph G is an assignment of a 
olor to ea
h of its verti
es. The 
oloring

is proper if no two adja
ent verti
es get the same 
olor. The 
hromati
 number �(G) of G is the

minimum number of 
olors used in a proper 
oloring of it. If �(G) � k we say that G is k-
olorable.

A related, more 
ompli
ated quantity is the 
hoi
e number 
h(G) of G, introdu
ed in [11℄ and

[22℄. This is the minimum integer k su
h that for every assignment of a set S(v) of k 
olors to every

vertex v of G, there is a proper 
oloring of G that assigns to ea
h vertex v a 
olor from S(v). The

study of this parameter re
eived a 
onsiderable amount of attention in re
ent years, see, e.g., [2℄, [15℄

for two surveys.

In this paper we 
onsider the asymptoti
 behavior of the 
hoi
e number of the random graph

G(n; p), as well as its behavior for 
ertain pseudo-random graphs. Formally, G(n; p) denotes the

�
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probability spa
e whose points are graphs on a �xed set of n labeled verti
es, where ea
h pair of

verti
es forms an edge, randomly and independently, with probability p. The term \the random graph

G(n; p)" means, in this 
ontext, a random point 
hosen in this probability spa
e. Ea
h graph property

A (that is, a family of graphs 
losed under graph isomorphism) is an event in this probability spa
e,

and one may study its probability Pr[A℄, that is, the probability that the random graph G(n; p) lies

in this family. In parti
ular, we say that A holds almost surely (or a.s., for short), if the probability

that G(n; p) satis�es A tends to 1 as n tends to in�nity. There are numerous papers dealing with

random graphs, and the book of Bollob�as [8℄ is an ex
ellent extensive a

ount of the known results

in the subje
t proved before its publi
ation in 1985.

Answering an old question of Erd}os and R�enyi, Bollob�as [9℄ proved that the 
hromati
 number of

the random graph G(n; 1=2) is (1 + o(1))n=(2 log

2

n) almost surely. His result, together with the one

of  Lu
zak in [19℄, imply that if p(n) satis�es 2 < np(n) � n=2, then almost surely �(G(n; p(n))) =

�(np= ln(np)). (In fa
t, their results are more pre
ise and supply an asymptoti
 formula for the

typi
al value of �(G(n; p(n))) in all this range.)

The asymptoti
 behavior of the 
hoi
e number for random graphs is not that well understood.

In their original paper, Erd}os, Rubin and Taylor [11℄ 
onje
tured that almost surely 
h(G(n; 1=2)) =

o(n). This was proved in [1℄. Kahn applied the above mentioned result of Bollob�as and proved

that almost surely 
h(G(n; 1=2)) = (1 + o(1))�(G(n; 1=2)) = (1 + o(1))n=(2 log

2

n). His argument,

des
ribed (in a slightly modi�ed form) in [2℄, does not supply an estimate for the typi
al 
hoi
e

number of G(n; p) for sparse random graphs. Here we prove the following result, whi
h determines

the asymptoti
 behavior of 
h(G(n; p)) for all p = p(n) satisfying 2 < np(n) � n=2.

Theorem 1.1 There exist two absolute positive 
onstants 


1

and 


2

su
h that if p = p(n) satis�es

2 < np � n=2 then the 
hoi
e number of the random graph G(n; p) satis�es, almost surely,




1

np

ln(np)

� 
h(G(n; p)) � 


2

np

ln(np)

:

It is 
onvenient to prove this theorem for relatively large values of p(n) by proving that its

assertion in fa
t holds for graphs that exhibit some (rather weak) pseudo-random properties. This

is done in the following (purely deterministi
) theorem, whi
h is interesting in its own right.

Theorem 1.2 For every Æ satisfying 0 < Æ < 1=4 there exists an n

0

= n

0

(Æ) su
h that for every

n > n

0

and every p satisfying

1

n

Æ=3

� p � 1=2 the following holds. Let G be a graph on n verti
es

satisfying the following two properties:

1. Ea
h vertex degree is at least pn� n

1�4Æ

.

2. Every two distin
t verti
es have at most p

2

n + n

1�4Æ


ommon neighbors.
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Then the 
hoi
e number 
h(G) of G and its 
hromati
 number �(G) satisfy

�(G) � 
h(G) �

4np

Æ lnn

:

It turns out that even some very spe
ial 
ases of the last theorem are nontrivial and yield interest-

ing 
onsequen
es in Combinatorial Number Theory. A similar result has been proved, independently,

by Vu [23℄.

The rest of the paper is organized as follows. In se
tion 2 we present the proof of Theorem

1.2 and apply it to some spe
ial 
ases. Se
tion 3 
ontains the proof of Theorem 1.1, and se
tion 4


ontains some results about the 
hromati
 numbers of graphs with separated eigenvalues and graphs

in whi
h the neighborhood of ea
h vertex spans relatively few edges. The �nal se
tion 5 
ontains

some 
on
luding remarks and open problems. Throughout the paper we assume, whenever this is

needed, that n is suÆ
iently large. We also omit all 
oor and 
eiling signs whenever these are not


ru
ial, to simplify the presentation.

2 Pseudo-random graphs

In this se
tion we prove Theorem 1.2 whi
h bounds the 
hoi
e number (and hen
e also the 
hromati


number) of pseudo-random graphs. The bound provided by the theorem is tight, up to a 
onstant

fa
tor, as shown, for example, by appropriate random graphs. We make no attempt to optimize our

absolute 
onstants here and in the rest of the paper.

The proof is rather short. We need the following lemma and its 
orollary.

Lemma 2.1 Suppose 0 < Æ < 1=4, n � n

0

(Æ) and let p satisfy

1

n

Æ

� p � 1=2. Let G = (V;E) be

a graph on n verti
es satisfying the two properties in the assumption of Theorem 1.2. Then every

B � V of size at least n

1�Æ


ontains at most

1:01

2

pjBj

2

edges of G.

Proof. Let A be the adja
en
y matrix of G, let J be the all 1 matrix whose rows and 
olumns are

indexed by the verti
es of G and put H = A � pJ = (h

uv

)

u;v2V

. An easy 
omputation shows that

the inner produ
t of any two 
olumns of H is relatively small. Indeed, if N(v) and N(v

0

) denote the

sets of all neighbors of v and v

0

, respe
tively, and v 6= v

0

then,

X

u2V

h

uv

h

uv

0

= jN(v) \N(v

0

)j � p(jN(v)j+ jN(v

0

)j) + np

2

� 2n

1�4Æ

:

Therefore

X

u2B

(

X

v2B

h

uv

)

2

�

X

u2V

(

X

v2B

h

uv

)

2

=

X

u2V

(

X

v2B

h

2

uv

+

X

v;v

0

2B;v 6=v

0

h

uv

h

uv

0

) =

3



X

v2B

X

u2V

h

2

uv

+

X

v;v

0

2B;v 6=v

0

X

u2V

h

uv

h

uv

0
� jBjn+ jBj

2

2n

1�4Æ

:

Let e(B) denote the total number of edges of G 
ontained in B. By the Cau
hy-S
hwartz inequality

and the last estimate

(2e(B)� pjBj

2

)

2

= (

X

u2B

X

v2B

h

uv

)

2

� jBj

X

u2B

(

X

v2B

h

uv

)

2

� jBj

2

n + jBj

3

2n

1�4Æ

:

Hen
e

e(B) �

1

2

pjBj

2

+

1

2

jBj

p

n + jBj

3=2

n

1=2�2Æ

<

1:01

2

pjBj

2

;

where the last inequality follows from the fa
ts that Æ < 1=4, p � n

�Æ

and n is suÆ
iently large.

This 
ompletes the proof. 2

Corollary 2.2 Suppose 0 < Æ < 1=4, n � n

0

(Æ) and let p satisfy

1

n

Æ

� p � 1=2. Let G = (V;E) be

a graph on n verti
es satisfying the two properties in the assumption of Theorem 1.2. Then every

subset C of at least n

1�Æ=2

verti
es of G 
ontains an independent set of G of size at least

Æ

3p

lnn.

Proof. Repeatedly 
hoose a vertex of minimum degree in the indu
ed subgraph of G on C, add it to

the independent set and delete it and its neighbors from C. By Lemma 2.1, as long as the remaining

part of C has at least n

1�Æ

verti
es the minimum degree in the indu
ed subgraph on it is at most

2:02p

2

jCj and hen
e the number of verti
es deleted from C at ea
h su
h step is at most

2:02p

2

jCj+ 1 ,

implying that its size after su
h a step ex
eeds, say, e

�3p=2

jCj. Therefore one 
an 
omplete at least

Æ

3p

lnn steps su

essfully before the size of jCj drops below n

1�Æ

, 
ompleting the proof. 2

Proof of Theorem 1.2. Let G = (V;E) be a graph satisfying the assumptions of the theorem.

For ea
h vertex v 2 V , let S(v) be a list of at least

4np

Æ lnn


olors. Our obje
tive is to prove that there

is a proper 
oloring of G assigning to ea
h vertex a 
olor from its list. As long as there is a set C

of at least n

1�Æ=2

verti
es 
ontaining the same 
olor 
 in their lists we 
an, by Corollary 2.2, �nd an

independent set of at least

Æ

3p

lnn verti
es in C, 
olor them all by 
, omit them from the graph and

omit the 
olor 
 from all lists. The total number of 
olors that 
an be deleted in this pro
ess 
annot

ex
eed

3np

Æ lnn

(sin
e in ea
h su
h deletion at least

Æ lnn

3p

verti
es are deleted from the graph). When this

pro
ess terminates, no 
olor appears in more than n

1�Æ=2

lists, and ea
h list still 
ontains at least

np

Æ lnn

> n

1�Æ=2


olors. Therefore, by Hall's theorem, we 
an assign to ea
h of the remaining verti
es

a 
olor from its list so that no 
olor is being assigned to more than one vertex, thus 
ompleting the


oloring and the proof. 2

The above proof is 
learly algorithmi
 in the sense that there is a polynomial time algorithm that

�nds, given a graph satisfying the assumptions of the theorem, and an assignment of lists of 
olors of

the appropriate size for ea
h vertex, a proper 
oloring assigning to ea
h vertex a 
olor from its list.

4



To demonstrate the appli
ations of Theorem 1.2 
onsider the 
ase p = 1=2. Here we 
an 
hoose,

say, Æ = 1=10 and 
on
lude that for any graph G with a large number n of verti
es in whi
h every

degree ex
eeds n=2�n

0:6

and every two distin
t verti
es have at most n=4+n

0:6


ommon neighbors,

�(G) � 
h(G) � 20n= lnn. Here are a few examples illustrating this estimate.

� The obvious example that satis�es the above assumptions is the random graph G(n; 1=2),

whi
h satis�es all assumptions almost surely. Here, in fa
t, a better estimate is known. As

mentioned in the introdu
tion, Bollob�as [9℄ proved that almost surely the 
hromati
 number of

G(n; 1=2) is (1 + o(1))n=2 log

2

n, and Kahn (
f. [2℄) showed that this implies a similar estimate

for 
h(G(n; 1=2)).

� Another 
lass of examples is the well known Paley graphs G

q

de�ned for every prime q 
ongruent

to 1 modulo 4. The verti
es of G

q

are all elements of the �nite �eld Z

q

and two verti
es are

adja
ent i� their di�eren
e is a quadrati
 residue modulo q. These graphs are (q� 1)=2 regular

and any two distin
t verti
es of them have at most (q � 1)=4 
ommon neighbors. Thus, for

any large q, by 
hoosing, say, Æ = 1=5 in our theorem we 
on
lude that the 
hromati
 and

the 
hoi
e number of G

q

are both at most 10q= ln q. We 
an in fa
t improve the 
onstant 10

by being slightly more 
areful. It is not known if for any � > 0 and any prime q > q

0

(�) the


hromati
 number of G

q

is bigger than q

1��

, and a proof of su
h an estimate would have far

rea
hing number theoreti
 
onsequen
es.

� An additional 
lass of pseudo-random graphs for whi
h the 
ase p = 1=2 of our theorem 
an be

applied (and yields, as in the 
ase of random graphs, tight bounds up to a 
onstant fa
tor) is

the following. For any odd integer k let H

k

denote the graph whose n

k

= 2

k�1

� 1 verti
es are

all binary ve
tors of length k with an odd number of ones ex
ept the all one ve
tor, in whi
h two

(distin
t) verti
es are adja
ent i� the inner produ
t of the 
orresponding ve
tors is 1 modulo

2. It is easy to 
he
k that this graph is (2

k�2

� 2) regular, and every two distin
t verti
es in it

have at most 2

k�3

� 1 
ommon neighbors. Therefore, by our theorem, the 
hromati
 number

and the 
hoi
e number of H

k

are both at most, say, 10n

k

= lnn

k

for all large k. Here, too, the


onstant 10 
an be improved. This estimate is tight up to a 
onstant fa
tor sin
e it is easy to

see that the independen
e number of H

k

is k = (1 + o(1)) log

2

n

k

, as the ve
tors 
orresponding

to any independent set are linearly independent over Z

2

, be
ause the inner produ
t of ea
h of

them with itself is 1 modulo 2 and the inner produ
t of ea
h of them with another one is 0

modulo 2.

� Finally we present examples whi
h show that sometimes the estimate of Theorem 1.2 may be

very far from the right answer. Let q > 2 be a prime and let F

q

2 be the �nite �eld with q

2

5



elements. The verti
es of the graph G

q

2
are all the elements of the �eld and two verti
es are

adja
ent i� their di�eren
e is not a quadrati
 residue in F

q

2 . These graphs are (q

2

�1)=2 regular

and any two distin
t verti
es of G

q

2
have at most (q

2

� 1)=4 
ommon neighbors. Therefore

Theorem 1.2 with p = 1=2 supplies an 10q

2

= ln(q

2

) upper bound on both the 
hoi
e and the


hromati
 numbers of G

q

2 . But the a
tual 
hromati
 number of G

q

2 is mu
h smaller. Indeed,

note that all elements of the sub�eld F

q

� F

q

2
; jF

q

j = q are quadrati
 residues and thus F

q

and

also all its additive 
osets are independent sets in G

q

2 and 
over all its verti
es. This implies

that �(G

q

2
) � q. In fa
t G

q

2

ontains a 
lique of size q (any multipli
ative 
oset �F

q

of F

q

with � 2 F

q

2
, quadrati
 non-residue), showing that �(G

q

2
) = q.

3 Random graphs

In this se
tion we prove Theorem 1.1. We start with the statement of some preliminary known

results, and 
ontinue with a brief outline of the proof. Next we present some lemmas dealing with

the properties of random graphs and 
on
lude with the proof of the theorem. Throughout this

se
tion � and Æ always denote positive reals, and we always assume, whenever this is needed, that n

is suÆ
iently large as a fun
tion of � and Æ.

3.1 Preliminaries

A graph is d-degenerate if every subgraph of it 
ontains a vertex of degree at most d. The following

is a simple, well known fa
t (
.f., e.g., [2℄):

Proposition 3.1 Every d-degenerate graph is (d + 1)-
hoosable. 2

Let �(G) denote the maximum vertex degree in a graph G. The girth of G is the minimum

length of a 
y
le in it. The following result of Kim [14℄ is one of the main ingredients of our proof.

Proposition 3.2 ([14℄) Let G be a graph with girth at least 5, then


h(G) � (1 + o(1))

�(G)

ln�(G)

where the o(1) term tends to zero as �(G) tends to in�nity. 2

3.2 An outline of the proof

In the proof of Theorem 1.1 for the random graph G = G(n; p) = (V;E), we 
onsider three possible

ranges of the edge probability p. If p is large, say, p � n

�1=30

, the result follows from Theorem 1.2.

6



If p is small, say p � n

�3=4��

, (but np � 30 ), then almost surely there is a relatively small set of

verti
es U 
ontaining all triangles and all 4-
y
les of G, as well as all verti
es of degree bigger than,

say, 4np. By repeatedly adding to U verti
es in V � U that have many neighbors in it, as long as

su
h verti
es exist, we obtain a new set U whi
h still 
ontains all 
y
les of length 3 and 4 as well as

all verti
es of high degree, su
h that no vertex in V �U has too many neighbors in U . Moreover, by

the properties of the random graph it 
an be shown that this set U is still rather small. Given , now,

a list of 
olors assigned to ea
h vertex, we �rst �nd, using Proposition 3.1, a proper 
oloring of the

indu
ed subgraph of G on U assigning to ea
h vertex a 
olor from its list. Next we delete from the

list of ea
h vertex in V �U all the 
olors used to 
olor its neighbors in U , noting that the remaining

list is still large, sin
e no vertex in V � U has too many neighbors in U . Finally, we use Proposition

3.2 to properly 
olor the remaining verti
es, using the fa
t that the indu
ed subgraph of G on V �U

has girth at least 5 and maximum degree at most 4np.

It remains to deal with the medium values of p, say n

�7=8

� p � n

��

. Here (if, say, p = n

�1=2

)

every vertex is likely to lie in many 4-
y
les and hen
e there is no small set U as before. The tri
k

here is to split the vertex set of the graph arbitrarily into many parts, noting that the indu
ed

subgraph on ea
h part is now a random graph whi
h is mu
h sparser (as a fun
tion of the smaller

number of verti
es in a part). Given lists of 
olors, we 
an now split their union randomly into

disjoint sets, where ea
h set is assigned to one of our subgraphs, making sure by some standard large

deviation inequalities that the list of 
olors of ea
h vertex 
ontains suÆ
iently many 
olors assigned

to its subgraph. (Here we use the fa
t that p is medium, and not too small). The proof 
an now be


ompleted by applying the arguments of the sparse 
ase to ea
h part separately.

The details, whi
h require some 
are and some 
areful 
omputation, are presented in the rest of

the se
tion.

3.3 Some properties of random graphs

We need the following simple though somewhat te
hni
al lemma.

Lemma 3.3 If p � 30=n, then the random graph G(n; p) has the following properties:

� (i) Almost surely every s � 2n=ln

2

(np) verti
es of G span fewer than (4np=ln

2

(np))s edges.

Therefore any subgraph of this graph indu
ed by a subset V

0

� V of size jV

0

j � 2n=ln

2

(np), is

8np=ln

2

(np)-
hoosable.

� (ii) If 30=n � p � n

�3=4��

; � > 0 then almost surely:

1. All but at most n=ln

2

(np) verti
es of G have degree at most 4np.

7



2. There exists a subset U � V (G) of size at most n

1��

su
h that the indu
ed subgraph G[V �U ℄

of G on V � U has girth at least 5;

� (iii) If n

Æ

� pn � n

1�Æ

; Æ > 0 then with probability at least 1� e

�

p

np

:

1. Every vertex v 2 V (G) has degree (1 + o(1))np;

2. The maximum number of edge disjoint 3-
y
les in G is at most 5n

3

p

3

and the maximum

number of edge disjoint 4-
y
les is at most 5n

4

p

4

.

Proof. (i) De�ne r = 4np=ln

2

(np). Then the probability of existen
e of a subset V

0

� V violating

the assertion of the lemma is at most

2n=ln

2

(np)

X

i=r

 

n

i

! 

�

i

2

�

ri

!

p

ri

�

2n=ln

2

(np)

X

i=r

�

en

i

�

ei

2r

�

r

p

r

�

i

=

2n=ln

2

(np)

X

i=r

"

e

2

np

2r

�

eip

2r

�

r�1

#

i

�

2n=ln

2

(np)

X

i=r

2

4

ln

2

(np)

 

eiln

2

(np)

8n

!

4np=ln

2

(np)�1

3

5

i

= o(1):

The additional 
laim about the 
hoosability now follows from Proposition 3.1.

(ii) 1. Suppose there are more than n=ln

2

(np) verti
es with degree at least 4np. Denote by S a set


ontaining exa
tly n=ln

2

(np) su
h verti
es. By statement (i), almost surely, the indu
ed subgraph

G[S℄ has at most e(G[S℄) � (4np=ln

2

(np))jSj = 4n

2

p=ln

4

(np) � n

2

p=2ln

2

(np) edges. Therefore the

number of edges between the sets of verti
es S and V �S is at least 4npjSj�2e(G[S℄)� 3n

2

p=ln

2

(np).

On the other hand the probability that G(n; p) 
ontains su
h a bipartite subgraph is at most

 

n

n

ln

2

(np)

! 

n

2

ln

2

(np)

3n

2

p

ln

2

(np)

!

p

3n

2

p

ln

2

(np)

� (eln

2

(np))

n

ln

2

(np)

�

e

3

�

3n

2

p

ln

2

(np)

=

"

eln

2

(np)

�

e

3

�

3np

#

n

ln

2

(np)

= o(1):

This implies that almost surely there are at most n=ln

2

(np) verti
es in G with degree greater than

4np.

(ii) 2. Let X

1

; X

2

be the number of 
y
les of length 3 and 4, respe
tively, in the graph G(n; p).

Clearly the expe
tations satisfy E(X

1

) � n

3

p

3

� n

3=4�3�

and E(X

2

) � n

4

p

4

� n

1�4�

with room to

spare. By Markov's inequality this implies that almost surely X

1

+ X

2

� n

1�2�

. Denote by U the

union of all 3� and 4-
y
les in G. Then the indu
ed subgraph G[V �U ℄ has girth at least 5 and a.s.

jU j � 4n

1�2�

� n

1��

.

8



(iii) 1. The degree of every vertex v 2 V (G) is a binomially distributed random variable with param-

eters n and p. Therefore the result follows from the standard estimates for binomial distributions

(see, e.g., [7℄, Appendix A).

(iii) 2. We des
ribe the proof only for the 
ase of 3-
y
les, the 
ase of 4-
y
les 
an be treated similarly.

Denote by X the number of 3-
y
les and by X

0

the maximum number of edge disjoint 3-
y
les in

G(n; p). By the inequality of Erd}os and Tetali ([12℄)

Pr(X

0

� s) �

(E(X))

s

s!

:

Sin
e the expe
tation E(X) is at most n

3

p

3

we 
on
lude that

Pr(X

0

� 5n

3

p

3

) �

(E(X))

5n

3

p

3

(5n

3

p

3

)!

�

�

e

5

�

n

3

p

3

< e

�

p

np

:

This 
ompletes the proof. 2

Proposition 3.4 The random graph G(n; p) with 30=n � p � n

�4�

; 0:1 > � > 0 
ontains almost

surely a subset U � V of size (1 + o(1))n=ln

2

(np) su
h that the indu
ed subgraph G[V � U ℄ is

2np

� ln(np)

-
hoosable.

Proof. Let us �rst 
onsider the 
ase p � n

�7=8

. Then by Lemma 3.3, part (ii) (with � = 1=8) there

exists a set U

0

� V (G) su
h that jU

0

j � n

1�1=8

and the indu
ed subgraph G[V � U

0

℄ has girth at

least 5. Denote by U the set of verti
es 
onsisting of U

0

and all verti
es with degree greater than 4np.

Then by Lemma 3.3, part (ii) the size of U is bounded by n=ln

2

(np) + n

7=8

= (1 + o(1))n=ln

2

(np).

Sin
e the indu
ed subgraph G[V � U ℄ has girth at least 5 and maximum degree at most 4np, it

follows by Proposition 3.2 that its 
hoi
e number is at most (1 + o(1))4np= ln(np) �

2np

� ln(np)

.

Now we treat the 
ase n

�7=8

� p � n

�4�

. Fix an arbitrary partition of the set of verti
es V (G)

into r = n

1��

p equal parts V

1

; : : : ; V

r

ea
h of size n=r. Note that for all 1 � i � r the indu
ed

subgraph G[V

i

℄ is a random graph G(n=r; p). Let C

1

i

and C

2

i

be maximum families of edge disjoint


y
les of length 3 and 4, respe
tively, in G[V

i

℄. Then as p(n=r) = n

�

> (n=r)

�

, by Lemma 3.3, part

(iii) we get that with probability at least 1� 3e

�n

�=2

jC

1

i

j � 5(

n

r

)

3

p

3

= 5

n

1+2�

p

r

< 5

n

1�2�

r

;

jC

2

i

j � 5(

n

r

)

4

p

4

= 5

n

1+3�

p

r

< 5

n

1��

r

and the maximum degree in the subgraph G[V

i

℄ is (1+o(1))np=r. Denote by U

i

the set of all verti
es

in V

i

whi
h belong to one of the 
y
les from the families C

1

i

and C

2

i

. Then, with probability at least

1 � 3ne

�n

�=2

the size of U

i

is bounded by jU

i

j � 3jC

1

i

j + 4jC

2

i

j < n

1��=2

=r for all i. Also from the

9



de�nition of the set U

i

it follows that the indu
ed subgraph G[V

i

�U

i

℄ has girth greater than 4. Thus

Proposition 3.2 implies that with probability at least 1� 3ne

�n

�=2

the 
hoi
e number of the indu
ed

subgraph G[V

i

�U

i

℄ is at most (1 + o(1))

np

r ln(np=r)

�

np

�r ln(np)

for all 1 � i � r. Put U = [

r

i=1

U

i

. Then

almost surely jU j � r

n

1��=2

r

= n

1��=2

< n=ln

2

(np). It remains to prove that the indu
ed subgraph

G[V � U ℄ is

2np

� ln(np)


hoosable.

Indeed, given lists of 
olors L

v

of size

2np

� ln(np)

for ea
h vertex v, partition the set of all 
olors

X = [

v2V

L

v

into r sets X

1

; : : : ; X

r

by 
hoosing for ea
h 
olor randomly and independently an index

i between 1 and r and by pla
ing it in X

i

. As for all verti
es v 2 V the random variable jL

v

\X

i

j is

binomially distributed with parameters

2np

� ln(np)

and 1=r, it follows, by the standard large deviation

inequality of Cherno� (
f. , e.g., [7℄, Appendix A), that

Pr

�

jL

v

\X

i

j �

np

�r ln(np)

�

< e

�

np

4�r ln(np)

< e

�n

�=2

:

Therefore with positive probability no su
h event happens. This implies that there exists a partition

of the 
olors into r pairwise disjoint parts with the property that jL

v

\X

i

j �

np

�r ln(np)

for all i and

v 2 V . Take one su
h partition. Sin
e 
h(G[V

i

� U ℄) = 
h(G[V

i

� U

i

℄) �

np

�r ln(np)

, one 
an 
olor the

indu
ed subgraph G[V

i

� U ℄ using only 
olors from X

i

. Sin
e all the sets X

i

are disjoint this gives a

proper 
oloring of the verti
es of the graph G[V � U ℄ from the original lists of 
olors. 2

3.4 The proof of the theorem

We need the following result. Note that its statement is purely deterministi
.

Proposition 3.5 Suppose 0 < � < 0:1, np � 30 and let G = (V;E) be a graph on n verti
es with the

property that there exists a subset U

0

� V of size (1 + o(1))n=ln

2

(np) su
h that the indu
ed subgraph

G[V � U

0

℄ is

2np

� ln(np)

-
hoosable. Suppose further, that every s � 2n=ln

2

(np) verti
es of G span fewer

than (4np=ln

2

(np))s edges. Then


h(G) �

3np

� ln(np)

:

Proof. First we �nd a subset U � V of size jU j � 2n=ln

2

(np), su
h that the indu
ed subgraph

G[V �U ℄ is

2np

� ln(np)

�
hoosable, and every vertex v 2 V �U has at most 10np=ln

2

(np) neighbors in U .

A similar idea was used in the papers of  Lu
zak [20℄ and of Alon and Krivelevi
h [4℄. (Note that the

number 10 
an be easily redu
ed, and we make no attempt to optimize the multipli
ative 
onstants

here and in what follows.) To �nd U as above, start with U = U

0

; jU

0

j = (1 + o(1))n=ln

2

(np),

su
h that the indu
ed subgraph G[V �U

0

℄ is

2np

� ln(np)


hoosable. The existen
e of U

0

follows from our

assumptions. As long as there exists a vertex v 2 V �U having at least 10np=ln

2

(np) neighbors in U ,

add it to U and update U by de�ning U := U [ fvg. This pro
ess terminates with jU j < 2n=ln

2

(np)

10



be
ause otherwise we would get a subset U � V of size jU j = 2n=ln

2

(np), 
ontaining more than

(10� o(1))n

2

p=ln

4

(np) edges, thus 
ontradi
ting the assumptions about G. On the other hand, as

V � U � V � U

0

and G[V � U

0

℄ is

2np

� ln(np)


hoosable, it follows that the indu
ed subgraph G[V � U ℄

is also

2np

� ln(np)


hoosable.

By the assumptions, the indu
ed subgraph G[U ℄ is 8np=ln

2

(np)-degenerate. Therefore by Propo-

sition 3.1 its 
hoi
e number is at most

8np

ln

2

(np)

+ 1 <

3np

� ln(np)

. Given lists of 
olors of size

3np

� ln(np)

for

ea
h vertex of G, �rst 
olor the verti
es of U . Then ea
h vertex in V � U has at most 10np=ln

2

(np)

forbidden 
olors in its list as it has at most that many neighbors in U . Delete these 
olors from

the list. The updated list still 
ontains at least

3np

� ln(np)

�

10np

ln

2

(np)

�

2np

� ln(np)


olors. Sin
e the indu
ed

subgraph G[V � U ℄ is

2np

� ln(np)


hoosable we 
an 
omplete its 
oloring using the new lists. 2

Having �nished all ne
essary preparations, we are now ready to 
omplete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us �rst 
onsider the 
ase 0:5 � p � n

�1=30

. Then the random graph

G(n; p) almost surely satis�es all the properties in the assertion of Theorem 1.2 with Æ = 1=10.

Therefore we have that a.s.


h(G(n; p))�

4np

Æ lnn

=

40np

lnn

�

40np

ln(np)

:

Now let 30=n � p � n

�1=30

. Then from Lemma 3.3 (i), Proposition 3.4 and Proposition 3.5 with

� = 1=120, it follows that almost surely


h(G(n; p)) �

3np

� ln(np)

=

360np

ln(np)

:

Finally if 2 < np � 30, then a simple 
al
ulation similar to the one in the proof of Lemma 3.3, part

(i) shows that a.s. the random graph G(n; p) is 120-degenerate. Therefore its 
hoi
e number is at

most 121 � 121np= ln(np).

Sin
e the 
hoi
e number of any graph is at least its 
hromati
 number, the lower bound for


h(G(n; p)) follows from the known results for �(G(n; p)) (see [9℄ and [19℄). Therefore almost surely


h(G(n; p)) = �(

np

ln(np)

). This 
ompletes the proof. 2

Remark. The 
onstants in the proof of Theorem 1.1 
an be 
onsiderably improved by repla
ing the

appli
ation of Theorem 1.2 with a more dire
t approa
h based on the ideas in its proof together with

the properties of the random graph. Sin
e, however, our method does not enable us to determine

the best possible 
onstant we make no attempt to optimize the 
onstant it does provide.

4 Separated eigenvalues and sparse neighborhoods

A modi�
ation of the argument in Se
tion 2 provides an upper bound for the 
hromati
 number of

d-regular graphs in whi
h the se
ond (adja
en
y matrix)-eigenvalue is mu
h smaller than the �rst.

11



The maximum eigenvalue of ea
h su
h graph is d, and the se
ond one is stri
tly smaller than d i�

the graph is 
onne
ted. It is well known (see, e.g., [10℄, page 115 or [6℄) that in graphs with a small

se
ond eigenvalue the number of edges in ea
h set of verti
es 
annot be too large. This 
an be used

to prove the following result.

Proposition 4.1 Let G be a 
onne
ted d-regular graph on n verti
es in whi
h d+ 1 � 2n=3 and the

se
ond largest eigenvalue of the adja
en
y matrix is �. Then the 
hromati
 number of G satis�es

�(G) �

6(d� �)

ln(

d��

�+1

+ 1)

:

Proof. Note, �rst, that sin
e d + 1 < 2n=3 and the tra
e of the adja
en
y matrix is 0 it follows

that �+ 1 > 0, as otherwise the tra
e, whi
h is the sum of all eigenvalues, would have been at most

d � (n � 1) < 0. Sin
e ln(1 + x) � x for all x > 0, it is easy to see that 6(d� �)=(ln(

d��

�+1

+ 1)) �

6(d � �)=(

d��

�+1

) = 6(� + 1). As �(G) � d + 1, it follows that if

d��

�+1

� 2 then the inequality in

the statement of the proposition is trivially true, as in this 
ase the right hand side is at least

6(�+ 1) � 2d+ 2 � d+ 1. Thus we 
an assume that

d��

�+1

� 2. First we prove the following estimate

on the maximum size of an independent set �(G[U ℄) in any indu
ed subgraph of G on a subset

U � V (G).

Proposition 4.2 Let G be a 
onne
ted d-regular graph on n verti
es in whi
h d+ 1 � 2n=3 and the

se
ond largest eigenvalue of the adja
en
y matrix is �. Then the indu
ed subgraph G[U ℄ of G on any

subset U; jU j = m 
ontains an independent set of size at least

�(G[U ℄) �

n

2(d� �)

ln

�

m(d� �)

n(�+ 1)

+ 1

�

:

We need the following simple, known lemma (see, e.g., [10℄, [6℄).

Lemma 4.3 Let G be a d-regular graph on n verti
es in whi
h the se
ond largest eigenvalue of the

adja
en
y matrix is �. Let U be a set of bn verti
es of G. Then the average degree in the indu
ed

subgraph G[U ℄ is at most db + �(1� b). 2

Proof of Proposition 4.2. Constru
t an independent set I in the indu
ed subgraph G[U ℄ of G

by the following greedy pro
edure. Repeatedly 
hoose a vertex of minimum degree in G[U ℄ , add it

to the independent set I and delete it and its neighbors from U , stopping when the remaining set

of verti
es is empty. Let a

i

; i � 0 be the sequen
e of numbers de�ned by the following re
urren
e

formula:

a

0

= m; a

i+1

= a

i

� (d

a

i

n

+ �(1�

a

i

n

) + 1) = (1�

d� �

n

)a

i

� (� + 1); 8i � 0:

12



Note, that the de�nition of a

i

together with Lemma 4.3 imply that the size of the remaining set of

verti
es after i iterations is at least a

i

. Therefore the size of the resulting independent set I is at

least the smallest index i su
h that a

i

� 0. By solving the re
urren
e equation we have that

a

i

=

�

1�

d� �

n

�

i

�

m +

n(� + 1)

d� �

�

�

n(�+ 1)

d� �

� e

�2(

d��

n

)i

�

m +

n(� + 1)

d� �

�

�

n(�+ 1)

d� �

:

Here we used the simple fa
t that if 0 � x � 2=3 then 1� x � e

�2x

. Solving the inequality a

i

� 0,

one 
an show that the index i should be at least

i �

n

2(d� �)

ln

�

m(d� �)

n(�+ 1)

+ 1

�

:

This 
ompletes the proof. 2

Remark. Note that if d = o(n) the above proof a
tually shows that any set of m verti
es 
ontains

an independent set of size at least

(1 + o(1))

n

d� �

ln

�

m(d� �)

n(� + 1)

+ 1

�

:

Returning to the proof of Proposition 4.1, 
olor the graph G as follows. As long as the remaining

set of verti
es U 
ontains at least n= ln(

d��

�+1

+ 1) verti
es, �nd an independent set of verti
es in the

indu
ed subgraph G[U ℄ of size at least

n

2(d� �)

ln

�

jU j(d� �)

n(� + 1)

+ 1

�

�

n

2(d� �)

ln

 

d� �

(�+ 1) ln(

d��

�+1

+ 1)

+ 1

!

�

n

2(d� �)

ln

 

1

ln(

d��

�+1

+ 1)

�

d� �

� + 1

+ 1

�

!

=

n

2(d� �)

�

ln

�

d� �

� + 1

+ 1

�

� ln ln

�

d� �

� + 1

+ 1

��

�

n

4(d� �)

ln

�

d� �

� + 1

+ 1

�

:

Color all the members of su
h a set by a new 
olor, delete them from the graph and 
ontinue. When

this pro
ess terminates, the remaining set of verti
es U is of size at most n= ln(

d��

�+1

+ 1) and we used

at most 4(d� �)= ln(

d��

�+1

+ 1) 
olors so far. By Lemma 4.3 the indu
ed subgraph G[U ℄ is at most

d

jU j

n

+ �(1�

jU j

n

) �

d� �

ln(

d��

�+1

+ 1)

+ � �

2(d� �)

ln(

d��

�+1

+ 1)

� 1

degenerate. Thus we 
an 
omplete the 
oloring of G by 
oloring G[U ℄ using at most 2(d��)= ln(

d��

�+1

+

1) additional 
olors. The total number of 
olors used is at most 6(d� �)= ln(

d��

�+1

+ 1). 2
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Remark. An easy modi�
ation of the above 
omputation shows that if � << d << n then

�(G) � (1 + o(1))

d

ln(d=(�+1))

. A similar result 
an be proved for non-regular (but nearly regular)

graphs using the se
ond smallest eigenvalue of their Lapla
e matri
es. We omit the details.

By a spe
ial 
ase of Proposition 4.1, if � = O(

p

d) then �(G) = O(d= lnd). There are many

interesting regular graphs with this property (in
luding all three families of examples des
ribed in

Se
tion 2 above). Other examples appear in, e.g., [17℄, [3℄.

Another variant of Proposition 4.1 is obtained by noting that if �

1

� �

2

� � � � � �

n

are the

eigenvalues of the adja
en
y matrix of a d-regular graph G 
ontaining N 
y
les of length 4 then

n

X

i=1

�

4

i

= 8N + nd

2

+ nd(d� 1)

(
.f., e.g., [7℄, Chapter 9 for the easy argument). Therefore, if N does not ex
eed d

4

=8 by mu
h, the

se
ond eigenvalue is relatively small and one 
an apply Proposition 4.1 and get the following result,

whose (simple) proof is left to the reader.

Proposition 4.4 Let G be a d-regular graph on n verti
es in whi
h 2

p

n < d � 2n=3 � 1 and the

number of 4-
y
les is at most (d

4

+ nd

2

)=8. Then the 
hromati
 number of G satis�es

�(G) � O

�

d

ln(d

2

=n)

�

: 2

Here, too, there are several examples of graphs satisfying these properties in
luding the Paley graphs

and the graphs H

k

des
ribed in Se
tion 2.

An additional result that follows from the method des
ribed in Se
tion 2 is the following.

Proposition 4.5 For every � > 0 there exists an n

0

= n

0

(�) su
h that for every n > n

0

and every

p satisfying n

�1=2+�

� p � 2=3 the following holds. Let G be a graph on n verti
es satisfying the

following two properties:

1. Ea
h vertex degree is at least pn� n

1��

p.

2. Every two distin
t verti
es have at most p

2

n + n

1��

p

2


ommon neighbors.

Then the 
hromati
 number of G satisfy �(G) �

6np

� lnn

:

We need two lemmas whose detailed proofs, whi
h are very similar to those of Lemma 2.1 and

Corollary 2.2, are omitted.

Lemma 4.6 Suppose 0 < �, n � n

0

(�) and let p satisfy n

�1=2+�

� p � 2=3. Let G = (V;E) be a

graph on n verti
es satisfying the two properties in the assumption of Proposition 4.5. Then every

subset B of verti
es of G 
ontains at most

1

2

jBj

2

p +

1

2

jBj

p

n + jBj

3=2

n

1=2��=2

p edges of G. 2
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Lemma 4.7 Suppose 0 < �, n � n

0

(�) and let p satisfy n

�1=2+�

� p � 2=3. Let G = (V;E) be a

graph on n verti
es satisfying the two properties in the assumption of Proposition 4.5. Then every

subset C of at least n

1��=2

verti
es of G 
ontains an independent set of G of size at least

�

5p

lnn. 2

Proof of Proposition 4.5. Let G = (V;E) be a graph satisfying the assumptions of the proposition.

Starting with B = V , as long as B is of size at least n

1��=2

, �nd, using Lemma 4.7, an independent

set of at least

�

5p

lnn verti
es in B, 
olor them all by a new 
olor, omit them from B and 
ontinue.

The total number of 
olors used in this pro
ess 
annot ex
eed

5np

� lnn

(sin
e in ea
h su
h deletion at

least

� lnn

5p

verti
es are deleted from the graph). When this pro
ess terminates, the set of un
olored

verti
es B is of size at most n

1��=2

. By Lemma 4.6 the indu
ed subgraph G[B℄ is at most

jBjp+

p

n + 2jBj

1=2

n

1=2��=2

p < 2n

1��=2

p� 1

degenerate. Therefore we 
an 
olor all the remaining verti
es of B by 2n

1��=2

p additional 
olors.

This 
ompletes the 
oloring of G. The total number of 
olors used is at most

5np

� lnn

+ 2n

1��=2

p <

6np

� lnn

: 2

Using a di�erent approa
h, based on a result of Johansson [13℄, we 
an also prove the following

result about graphs with sparse neighborhoods, whi
h strengthens the assertion of Proposition 4.5

for all p � n

��

.

Theorem 4.8 Let G = (V;E) be a graph on n verti
es with maximum degree d in whi
h the neigh-

borhood N(v) of any vertex v 2 V spans at most d

2��

edges for some �xed � > 0. Then the 
hromati


number of G is at most O(d=(�

3

lnd)).

We omit the detailed proof. Some extensions of this result have re
ently been proved in [5℄ and [23℄.

5 Con
luding remarks and open problems

The 
ondition np > 2 in Theorem 1.1 is te
hni
al and it is easy to determine the asymptoti
 behavior

of 
h(G(n; p)) for the trivial 
ases of smaller values of p.

In the proof of Theorem 1.1 we 
ould have used Johansson's result [13℄ about the 
hoi
e number of

triangle free graphs instead of Proposition 3.2, to get a slightly simpler argument. But the advantage

of the proof as des
ribed here is that it supplies a better expli
it 
onstant.
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Let X(G) be a graph-theoreti
 fun
tion. We say that a fun
tion X(G(n; p)) with p = p(n) is


on
entrated in width s = s(n; p) if there exists a u = u(n; p) so that

lim

n!1

Pr(u � X(G(n; p))� u + s) = 1:

The question of estimating the width of 
on
entration of the 
hromati
 number �(G(n; p)) was �rst


onsidered by Shamir and Spen
er [21℄, who showed that �(G(n; p)) is a.s. 
on
entrated in an interval

of length roughly

p

n. Their proof used martingales and the fa
t that the 
hromati
 number of a

graph is a vertex Lips
hitz fun
tion, whi
h means that j�(G) � �(G

0

)j � 1 for any pair of graphs

that di�er only at the edges in
ident with a single vertex. It is easy to see that the 
hoi
e number

of a graph is also vertex Lips
hitz. Therefore the method of [21℄ 
an be applied to prove that almost

surely 
h(G(n; p)) is 
on
entrated in width roughly

p

n. Shamir and Spen
er further proved that

for every 
onstant � > 1=2, if p = n

��

then the 
hromati
 number of G(n; p) is almost surely


on
entrated in some �xed number C(�) of values. The same statement 
an be proved, in a similar

manner, for the 
hoi
e number of the random graph as well. Here we present an outline of the proof

(whi
h is similar to the ones in [20℄ and [4℄) only for the 
ase � > 3=4. We show that in this 
ase


h(G(n; p)) is a.s. two point 
on
entrated.

Proposition 5.1 Suppose p = n

�3=4�Æ

; Æ > 0. Then the 
hoi
e number of G(n; p) is almost surely

two-point 
on
entrated.

Following the arguments in [4℄, this 
an be used to show that for every integer-valued fun
tion

r(n) satisfying r(n) < n

�3=4�Æ

there is some p = p(n) su
h that the 
hoi
e number of G(n; p) is

almost surely pre
isely r(n).

Proof of Proposition 5.1. Fix an arbitrarily small � > 0 and let u = u(n; p; �) be the least

integer so that

Pr[
h(G(n; p))� u℄ > �:

We 
an assume that u � 3, sin
e otherwise the probability p should be very small and the result

follows from the same argument as in [20℄. De�ne Y (G) to be the minimum size of a set of verti
es

S

0

� V (G) for whi
h the indu
ed subgraph G[V � S

0

℄ is u-
hoosable. This Y satis�es the vertex

Lips
hitz 
ondition, sin
e at worst one 
ould add a vertex to S

0

. Let � = E(Y ). By applying the

vertex exposure martingale on G(n; p) (see, e.g., [7℄) we get that for every � > 0

Pr[Y � � � �

p

n� 1℄ < e

��

2

=2

; Pr[Y � � + �

p

n � 1℄ < e

��

2

=2

:

Let � satisfy e

��

2

=2

= �, so that these tail events ea
h have probability less than �. By our de�nition,

with probability at least �, G = G(n; p) is u-
hoosable and hen
e Y = 0. Therefore the �rst inequality
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implies that � � �

p

n � 1. Now substitute this in the se
ond inequality,

Pr[Y � 2�

p

n� 1℄ � Pr[Y � � + �

p

n� 1℄ � �:

Thus with probability at least 1� �, there is a set of verti
es S

0

of size at most O(

p

n) su
h that the

indu
ed subgraph G[V � S

0

℄ is u-
hoosable.

In our 
ase p = n

�3=4�Æ

; Æ > 0. A straightforward 
omputation, similar to the one in the proof

of Lemma 3.3, part (i) shows that with probability at least 1 � � any subset of verti
es S of size at

most C

p

n spans in G(n; p) at most (2 � Æ)jSj edges, provided n > n

0

(�; Æ; C). Hen
e the indu
ed

subgraph G[S℄ is 3-degenerate. Start with S = S

0

, and as long as there exists a vertex v 2 V � S

having at least 2 neighbors in S, add it to S and update S by de�ning S := S [ fvg. This pro
ess

terminates with jSj = O(

p

n) be
ause otherwise we would get a subset S � V of size jSj = O(

p

n),


ontaining more than (2� Æ)jSj edges, 
ontradi
ting the above mentioned property of G(n; p).

Now we prove that with probability at least 1� � the random graph G(n; p) is u + 1-
hoosable.

Indeed, given lists of 
olors of size u + 1 for ea
h vertex v 2 V (G), �rst 
olor the verti
es of S. This


an be done, sin
e the indu
ed subgraph G[S℄ is 3-degenerate. Now ea
h vertex v 2 V � S has at

most one forbidden 
olor in its list as it has at most one neighbor in S. If there is su
h a 
olor, omit

it from the list of v. The updated list still 
ontains at least u 
olors. Sin
e the indu
ed subgraph

G[V � S℄ is u-
hoosable we 
an 
omplete its 
oloring using the updated lists. The minimality of u

guarantees that with probability at least 1� �, 
h(G) � u. Altogether

Pr[u � 
h(G(n; p))� u + 1℄ � 1� 3�;

and sin
e � 
an be 
hosen arbitrarily this 
ompletes the proof. 2

It is worth mentioning that the two-point 
on
entration for the 
hromati
 number of G(n; p) is

known (see [20℄, [4℄) for all p = n

��

; � > 1=2. It seems interesting to de
ide if the same result is also

true for the 
hoi
e number of the random graph.

Our results imply that if 2 < np(n) � n=2 then the 
hoi
e number and the 
hromati
 number of

G = G(n; p(n)) satisfy almost surely 
h(G) = �(�(G)). The following stronger 
onje
ture seems

plausible.

Conje
ture 5.2 If np(n) tends to in�nity then almost surely the 
hoi
e number and the 
hromati


number of G(n; p(n)) satisfy �(G) = (1 + o(1))
h(G).

This is known to be true for p � n

�(1=4��)

for any �xed � > 0 (see [16℄). Moreover, it is possible that

almost surely these two numbers are equal pre
isely. This remains open. Note that the results of

Bollob�as [9℄ and of  Lu
zak [20℄ supply an asymptoti
 formula for the 
hromati
 number of G(n; p(n))
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in all this range. Note also that the results des
ribed above for the 
on
entration of the 
hoi
e number

of G(n; p) show that it is similar to that of the 
hromati
 number of G(n; p), thus supporting the


onje
ture that these two numbers may be equal or nearly equal almost surely.
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