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Abstract

A 2-coloring of a hypergraph is a mapping from its vertex set to
a set of two colors such that no edge is monochromatic. Let H =
H(k,n,p) be a random k-uniform hypergraph on a vertex set V of
cardinality n, where each k-subset of V is an edge of H with probability
p, independently of all other k-subsets. Let m = p(:) denote the
expected number of edges in H. Let us say that a sequence of events
&n holds with high probability (w.h.p.) if lim,,_, o Pr[€,] = 1. It is easy
to show that if m = ¢2*n then w.h.p. H is not 2-colorable for ¢ > 1“72
We prove that there exists a constant ¢ > 0 such that if m = (c2* /k)n,

then w.h.p. H is 2-colorable.

1 Introduction

For an integer k > 2, a k-uniform hypergraph H is an ordered pair H =
(V,E), where V is a finite non-empty set, called the set of vertices of H,
and F is a family of distinct k-subsets of V, called the edges of H. For

*Research performed, in part, while Krivelevich and Tetali visited Microsoft Research.

tMicrosoft Research, One Microsoft Way, Redmond, WA 98052, U.S.A.; research sup-
ported, in part, by an NSERC PDF.

*Microsoft Research, One Microsoft Way, Redmond, WA 98052, U.S.A.

$Department of Mathematics, Tel Aviv University, Tel Aviv 69978, Israel.

ISchool of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332, U.S.A.;
research supported, in part, by NSF Grant no. 9800351.



general hypergraph terminology and background we refer the reader to [3].
A 2-coloring of a hypergraph H = (V, E) is a partition of its vertex set V
into two (color) classes, R and B (for Red and Blue, say), so that no edge in
FE is monochromatic. A hypergraph is 2-colorable if it admits a 2-coloring.

The property of 2-colorability was introduced and studied by Bern-
stein [4] in the early 1900s for infinite hypergraphs. The 2-colorability of
finite hypergraphs, also known as “Property B” (a term coined by Erdés in
reference to Bernstein), has been studied for about eighty years (see, e.g.
(8,9, 2,17]). For k = 2, i.e. for graphs, the problem is well understood, since
graph 2-colorability is equivalent to having no odd cycle. For k& > 3, though,
much less is known and deciding the 2-colorability of k-uniform hypergraphs
is NP-complete for every fixed k& > 3 [15].

In this paper we discuss 2-colorability of random k-uniform hypergraphs
for & > 3. (For the evolution of odd cycles in random graphs see [10]).
Let H(k,n,p) be a random k-uniform hypergraph on n labeled vertices
V = {1,...,n}, where each k-subset of V' is chosen to be an edge of H
independently and with probability p = p(n). We will study asymptotic
properties of H(k,n,p),i.e. we will consider & > 3 to be arbitrary but fixed,
while n, the number of vertices, tends to infinity. We will say that a hy-
pergraph property A holds with high probability (w.h.p.) in H(k,n,p) if
lim,, ,oo Pr[H (k, n,p) has A] = 1. The main question in this setting is:

As p is increased, when does H (k,n, p) stop being w.h.p. 2-colorable?

As it will be convenient to discuss the answer to this question in terms
of the expected number of edges in H(k,n,p), we denote m = p(’]:)

Alon and Spencer considered the above question in [1]. They noted
that by considering the expected number of 2-colorings of H(k,n,p) it is
easy to show that if m = ¢2*n, where ¢ > lnTZ, then w.h.p. H(k,n,p) is
not 2-colorable. Their main contribution was providing a lower bound on
the expected number of edges necessary for H(k, n, p) not to be 2-colorable
w.h.p. In particular, by applying the Lovdsz Local Lemma, they were able
to show that if m = (c2¥/k%)n then w.h.p. H(k,n,p) is 2-colorable, for
some small constant ¢ > 0. Thus, the gap between the upper and the lower
bounds of [1] is of order k2.

It is interesting to compare the 2-colorability of random k-uniform hy-
pergraphs with the satisfiability problem for random k-SAT formulas. For a
set of n Boolean variables, let Cj, denote the set of all 2% (Z) possible disjunc-
tions of k distinct, non-complementary literals (k-clauses) on those variables.
A random k-SAT formula, F(k,n,m), is formed by selecting uniformly at
random m clauses from Cj and taking their conjunction. The question now
is “as m is increased, when does F'(k,n, m) stop being w.h.p. satisfiable?”
Again, by considering the expected number of solutions (here, satisfying
assignments), it is easy to show if m = ¢2*n, where ¢ > In2, then w.h.p.
F(k,n, m) is unsatisfiable. In the opposite direction, Chao and Franco [6]
proved that, for k > 4, a random k-SAT formula with m = ¢(2*/k)n clauses
is w.h.p. satisfiable, if ¢ < 1/4. Chvéatal and Reed [7] extended the result



of [6] to all £ > 2 (and simplified it), while Frieze and Suen [12], inter alia,
improved the constant to ¢ < 1.

The similarity between the two problems is quite apparent, though prob-
ably cannot be translated into a formal statement. This similarity stimu-
lated Alon and Spencer [1] to try and derive a result for random hypergraph
2-colorability analogous to the random k-SAT result of [7]. While their
result [1], as mentioned above, falls short of that goal, the authors pro-
posed a randomized 2-coloring algorithm similar to the one used by Chvatal
and Reed [7], and conjectured that w.h.p. it 2-colors H (k,n,p), as long as
m = ¢(2F/k)n, for some absolute constant ¢ > 0. If true, that would re-
duce the gap between the upper and lower bounds for random hypergraph
2-colorability to a factor of k (from k2).

In this paper we introduce a deterministic algorithm which is similar to
the one proposed by Alon and Spencer, except for one crucial difference that
simplifies the analysis greatly. (We present and compare the two algorithms
in Section 2.1.) We prove that our algorithm w.h.p. finds a proper 2-coloring
of H(k,n,p) if m = c(2%/k)n, for an absolute constant ¢ > 0.

Theorem 1 There exists a deterministic, linear-time algorithm which 2-

colors H(k,n,p) w.h.p. if the edge probability p = p(n) satisfies

ny 2k
p k =c k n )
where ¢ < 1/50. For k > 40, ¢ < 1/50 can be replaced with ¢ < 1/10.

Let us note that a recent result of Friedgut [11] can be used to show
that for each k > 3, there exists a function ri(n) such that if m = (rg(n) —
e)n then w.h.p. H(k,n,p) is 2-colorable, but if m = (rg(n) + €)n then
w.h.p. H(k,n,p) is not 2-colorable. Naturally, c% < re(n) < ¢'2%, for some
absolute constants ¢, ¢’ > 0. It is widely believed that one can replace r(n)
by a constant 7. Closing the asymptotic gap in the order of rg(n) is a
challenging open problem in that direction.

The rest of the paper is organized as follows. In Section 2 we present
our algorithm, analyze its performance on H(k, n,p) and prove Theorem 1.
Section 3 is devoted to a concluding discussion. As noted before, throughout
the paper we assume n to be large enough whenever needed, while keeping
in mind that k is fixed. Also, for the sake of clarity of presentation we
routinely omit floor and ceiling signs.

2 Proof of the main result

We will present a deterministic algorithm A for 2-coloring k-uniform hyper-
graphs and analyze it for £k > 6. We will show that for such k, A indeed
2-colors H(k,n,p) w.h.p. for p(n) as in Theorem 1. We will treat the (easy)
case 3 < k < b separately at the end of this section.



2.1 Algorithm description

We first present a deterministic version, called dC R, of the Alon and Spencer [1]
algorithm, followed by our algorithm A.
The input is always assumed to be a k-uniform hypergraph H = (V, E)

with V' = {1,...,n}. To describe the two algorithms it will be convenient
to fix in advance an ordering on the vertices of V, say, the natural ordering
1,...,n. This ordering induces the corresponding lexicographic order on

the subsets of V. Thus, for example, {1,2} < {1,2,3} < {3}. Also, for the
sake of presentation, we will temporarily assume that the number of vertices
n is even.

Both algorithms proceed in rounds, ¢ = 0,1, ... Given a partial coloring
of the vertices of V', we say that a k-subset of V is i-monochromatic if
precisely ¢ of its vertices have been colored and all ¢ of them have received
the same color.

ALGORITHM dCR

If there are (k — 2)- or (k — 1)-monochromatic edges

then

let  be the smallest uncolored vertex in the lexicographically
smallest such edge e;

color z so as to make e bichromatic

else
let  be the smallest uncolored vertex;
color z Red or Blue, each color with probability 1/2.

Remark: The algorithm in [1] is called CR, in reference to Chvétal
and Reed, and it considers (k — 2)-monochromatic edges only if there are
no (k — 1)-monochromatic edges. Also, e and z are chosen randomly rather
than lexicographically. It is not hard to see that when applied to H (k, n, p)
these differences are inconsequential.

We see that dC' R permanently colors one vertex in each round, giving
priority to edges that are near-monochromatic, i.e. having one or two uncol-
ored vertices. A crucial point about dC R is that the color used in each step
may depend on colors used arbitrarily far into the past. More generally, to
implement the first case of the If statement in the algorithm, we have to keep
track of the “needed-color” by each monochromatic edge. This complicates
the analysis greatly.

Our algorithm is enabled by the following simple observation: by coloring
two vertices in each round, one can dispense with all the “needed-color”
information.

ALGORITHM A

If there are (k — 3)- or (k — 2)-monochromatic edges
then
let # < y be the smallest uncolored vertices in the lexicographically
smallest such edge e;



color z Red; color y Blue

else
let # < y be the smallest uncolored vertices;
color z Red; color y Blue

In particular, by “taking action” just slightly earlier than algorithm CR,
algorithm A dispenses with the need to know the color used so far in e:
coloring two of the remaining vertices of e in opposite colors guarantees
that it is bichromatic.

Before proceeding to the analysis of the performance of A on H (k,n, p),
we wish to briefly compare CR and A with algorithms for random k-SAT
suggested in [6, 7, 12]. All these algorithms for k-SAT set the value of
one variable at a time, giving priority to variables that appear in clauses
that are yet unsatisfied and have few remaining unset variables. While the
algorithms differ in the exact rule for choosing which variable to set among
those appearing in “short” clauses, their asymptotic performance is within
a constant factor.

Similarly, both CR and A also give priority to vertices participating in
short edges, where short now refers to an edge with many of its vertices
already colored, all in the same color. Those edges are clearly the most
dangerous, and it is thus quite natural to try to take care of them first.
However, in contrast with a short clause, a short edge does not contain all
the information necessary to take care of it: we need to know the color
used in the remaining vertices of the original edge. Coloring two vertices
in each round allows us to circumvent this problem and only affects the
asymptotic performance up to a constant factor. Moreover, it’s worth noting
that algorithm A always produces an equitable 2-coloring, i.e. one where the
two colors are used an equal number of times (up to parity).

2.2 Proof of Theorem 1

We will prove the statement in Theorem 1 for even values of n, with a slightly
larger ¢’ (namely, ¢’ = 1.01/50). For odd n we introduce an extra (fake)
vertex and consider H(k,n+1, p), where p(}) = ¢(2¥/k)n < ¢'(2%/k)(n+1).
The statement of Theorem 1 for odd n now follows by invoking our stronger
statement for even n and ignoring all edges containing the extra vertex.

We need to show that w.h.p. in H(k, n, p), the 2-coloring resulting from
applying algorithm A contains no monochromatic edge. We will prove a
slightly stronger claim.

Claim 1 With probability 1—O(n~'/?) no edge becomes (k—1)-monochromatic

during the algorithm’s execution.

To see why Claim 1 implies Theorem 1, note that if an edge has two
of its vertices colored in the same round, then it never becomes monochro-
matic. Thus, to become monochromatic an edge must first become (k — 1)-



monochromatic (and, in general, to become i-monochromatic an edge must
first become (¢ — 1)-monochromatic).

Proof of Claim 1. As often happens in the analysis of deterministic algo-
rithms on random structures, it will be convenient to assume that the choice
of the random hypergraph is made in parallel with its coloring, rather than
assuming that a member of H(k,n,p) is chosen before the execution of A
begins.

For a family Ey of distinct k-subsets of V', exposing the edges from Eq
amounts to deciding for each k-tuple e € Ey, whether e € E(H(k,n,p))
independently and with probability p(n). Thus, if the family of all k-subsets
of V is represented as a union of pairwise disjoint families {F;}, exposing
the families E; in some order generates a random hypergraph H (k, n,p).

Now let us describe how the edges of H (k, n, p) are exposed as Algorithm
A proceeds.

EXPOSURE PROCEDURE

1. For 0 <t < n/2 — 1 repeat:

Suppose we are in round ¢ of Algorithm A, and are about to color
vertex z in Red and vertex y in Blue. Let R;_; be the set of vertices
colored Red and B;_; be the set of vertices colored Blue, in rounds
0,...,t—1.

Expose all edges, having k—4 vertices in R;_1, containing  and having
three vertices outside R;_; U B;_1 U {z, y}.

Expose all edges, having k—4 vertices in B;_1, containing y and having
three vertices outside R;_; U B;_1 U {z, y}.

2. After all vertices from V' have been colored, expose any yet unexposed
edges.

It is easy to see that each k-subset of V' is exposed exactly once during
the above exposure procedure. Hence its output is distributed according to
H(k,n,p). It is important to observe that in part 2 of the above exposure
procedure all exposed edges have at most k— 4 vertices of one color. In order
for an edge of H to become (k — 1)-monochromatic, it should first become
(k—3)-monochromatic, and therefore it could only have been exposed during
part 1 of the above exposure procedure. Therefore, to prove Claim 1, it is
enough to restrict our attention to this first part, performed along with the
execution of the algorithm.

For each edge e € E(H), exposed in round t of the algorithm, let e’ be
the triple of its uncolored vertices at the end of round ¢. We denote

F) ={¢' Ce:ec E(H) and e is exposed in round t} .

(F(t) is a set, not a multiset, i.e. we treat multiple copies of a triple as one.)
We will refer to triples from F() as t-triples and it will be notationally
convenient to define F(*) = () for ¢ > n/2.



For the purpose of the analysis, we group rounds into phases. We use t;
and t; to denote the first and the last round of the ith phase, respectively,
and the phase itself is defined as follows. The ¢th phase consists of the
sequence of rounds #;,¢; + 1,...,; if the number of (k — 3)- and (k — 2)-
monochromatic edges is zero at the beginning of round ¢; and round #; 4 1,
but remains positive during the rounds ¢; + 1 through #;. In particular, at
the beginning of a new phase there are no (k — 3)- or (k — 2)-monochromatic
edges, and during a phase there is at least one such monochromatic edge. It
will be notationally convenient to consider round n/2 — 1 as the beginning
of a last, trivial phase. Notice that precisely 2t; vertices are colored just
before phase i starts and 2(f; + 1) vertices are colored after phase i ends.
For phase ¢, we denote

&
F: = U Flr)

r=t;

Since there are no (k — 3)- or (k — 2)-monochromatic edges right before
phase ¢ starts, we observe that if an edge e becomes (k — 1)-monochromatic
during phase %, then e must (a) have been exposed during phase ¢, and (b)
if w, z are two of its vertices colored during phase 7, F; must contain two
distinct triples corresponding to edges ey, e, (different from e) containing
w, z, respectively. As there at most n/2 phases, to prove Claim 1 it suffices
to prove the following lemma.

Lemma 1

Pr[ F; contains e, ey, e3 so that e; Nes £ 0, e Neg £ 0] = O(n_3/2) .
(1)

Proof. We first note that conditional on Ry, By, each triple from V'\ (R:UB;)
appears in F(*) independently of all other such triples and with probability

a(t) =1 - (1 - p*es)

In order to eliminate dependencies between the appearance of distinct triples
in F;, we will condition on R, and By;. As our argument will work for any
given R;, and By, Lemma 1 will follow.

Fort, <t < ¢;, it will be convenient to define a superset Fi(t) of F(®)
in which every triple in V' \ (R, U B; ) appears independently and with
probability ¢(t). To form Fi(t) we add to F(*) each triple in V' \ (R:, U B:.)
but not in V' \ (R: U B;) with probability ¢(t), independently of all other
such triples. Also, we will introduce an auxiliary set

t,'—I—logzn—l
1 _ (r)
FF= U F”.
'r:ti



Note now that each triple from V' \ (R, U By,) appears in F} independently
and with probability

t; —I—log2 n—1

1- J] (—a®)<1-(1—q(t +log?n—1))"

t=t¢t.
z

as ¢(t) is increasing in t. Moreover, F; is a subset of F; unless &>t +
logZn — 1.
Letting
g :=1—(1—q(t,+log’n - 1)) ",

F! is a random set of triples from V' \ (R;; U By;), with each triple appearing
independently and with probability at most ¢;. Thus, recalling that F; is a
subset of F! unless #; > t; + log? n — 1, we see that the probability in (1) is
bounded by the sum of

Pr[ F! contains eq, e3, e3 so that e; Nex # 0, e Nez # 0 ] (2)
and
Pr[f; > t; 4+ log?n — 1] . (3)

Since (1 —a)® > 1 — ab for all a > 0 and any nonnegative integer b, we have

t; +1 Zp—1
% < 2p( ToogTn )logzn

k-4
c2fn (n — k)'E! (t; + logZn)—*
< 2 1
= T nl k_4a1 &7
33ck3log?n [2(t, +logZn)\ "
< SE ! . (@)

Now, as k > 4 is fixed, the probability in (2) is readily bounded from
above by

(n —32t¢) (3 (n — 22tz- = 1))2 Z = Ol(n— 2 .

= O((1 - a)"a®* 12k 10g® n/n?) (6)

= O(k2 log® n/nz)) (7
n—Z—I—o(l) )

In passing from (5) to (6) we took 2¢; = an, while in passing from (6) to (7)
we used that (1 — @)7a®~12 = O(k™7).

For the probability in (3) we observe that in any round ¢ with ¢, + 1 <
t < t;, at least one (k —3)- or (k — 2)-monochromatic edge is 2-colored. Thus
the number of such edges after round ¢ is at most

O Flr)

r=t;

_(t_t’i) )




which must be positive for ¢ < #;. In particular, if & > t; 4 log?n, then
|F!| > log® n. Note now that |F}| is stochastically dominated by a binomial

random variable Bin (("_32“) , qi). Letting 2t;/n = «, we get

n — 2t; (n — 2t;)2 33ck®log® n [ 2(t, + log® n) ko
% <
3 6 n3 n
17ck?
< 7%(1 —a)®**log?n
17ck® k—a\? (k-4
< 1- log?
= 73 ( k—l) (k—l) g n
< 0.9log’n ,

for ¢ < 1.01/50 and k& > 6, and for ¢ > 1.01/10 and k > 40; in the above
derivation, we have also used the fact that (1 — a)3a*~* is maximized when
a = (k—4)/(k—1). Thus, by considering the Chernoff bound for the tail of
the Binomial random variable, we see that the probability in (3) is at most
1/n?, concluding the proof of the lemma.

To conclude the proof of Theorem 1 we will present a deterministic al-
gorithm which w.h.p. 2-colors H (k, n,p) if m = cn, for ¢ < 1/6. Postponing
that proof for a moment, we observe that for 3 < k <5, %Zk—k < %, which
along with the bound for k£ > 6 above yields Theorem 1.

Let a component of a hypergraph be “bad” if it contains more than
one cycle, or more than two edges sharing more than one vertex. Note
that for all £ > 2, if ¢ < k(kl—_l)
in H(k,n,p) — this is the content of Theorem 3 in [13], and can also be
verified by an easy first moment calculation. Qur deterministic algorithm

then w.h.p. there are no bad components

for 3 < k < 5 is as follows: if H contains a bad component then exit,
reporting failure. Otherwise, to color a component, repeatedly remove edges
containing vertices of degree 1. Let ey, ..., e, be the removed edges, in order
of removal. Since k& > 3 and the component is not bad, it is not hard to see
that this procedure removes all the edges. Now, we add the edges back to
H in reverse order, coloring vertices as follows: while adding back an edge
e; € E(H), if e; contains two uncolored vertices, color them using distinct
colors. Otherwise, take a vertex of current degree 1 in e; and use it to make
the edge bichromatic. By the ordering of the edges, one of the above two
cases always happens. Finally, all uncolored vertices, which are exactly the
isolated vertices of H, are colored arbitrarily.

3 Concluding remarks

e It is natural to wonder if Algorithm A in fact performs significantly better
than what we have demonstrated. However, one can show that for larger
values of ¢ (e.g., ¢ = 1), there exists a round t* such that w.h.p. the number
of (k — 2)-monochromatic edges at the beginning of round ¢* is greater than



(n—2t*). As a result, w.h.p. the graph induced by the uncolored vertices of
these edges contains an odd cycle and hence the algorithm fails. Thus, our
analysis of Algorithm A is tight up to the value of the constant c.

e Our algorithm A suggests the following algorithm for r-coloring H (k, n, p)
for any fixed r > 2 and k > 3.

ALGORITHM A,

If there are (k — r — 1)- or (k — r)-monochromatic edges

then
let 2y < 3 < --- < x, be the smallest uncolored vertices in
the lexicographically smallest such edge;
color z; with color ¢, fori=1,...,r
else
let 1 < 9 < --- < x, be the smallest uncolored vertices;
color z; with color ¢, fori=1,...,r

Thus, Algorithm A is A,. Again, the key property is that at the end of
every round an equal number of vertices have been assigned each color. An
analysis similar to that of A, shows that the above algorithm w.h.p. r-colors
a random k-uniform hypergraph H (k,n, p) if the edge probability p = p(n)

satisfies
w
p k =C k n b

where ¢ < ¢* = ¢*(r). (For example, taking c*(r) = (r + 1)!/(r + 1)2("+1)
suffices).

We note that the chromatic number of random sparse k-uniform hyper-
graphs H(k,n,p) has been studied by Schmidt-Pruzan, Shamir, and Upfal
n [18], and by Krivelevich and Sudakov in [14]. For example, it was shown

in [18] that if
n\ (k—1)n
P\e) = ok

then H (k,n, p) is 3-colorable w.h.p. for C' > e. It is easy to see (by consider-
ing r = 3) that our bound improves upon the result in [18] by an exponential
(in k) factor. This is actually the case for all » > 3.

e Finally, we note that using a non-rigorous technique of statistical physics,
namely the replica method, in [16] it is suggested that the threshold for the
satisfiability of random k-SAT formulas is at the number of clauses m = ¢2Fn
(in fact with ¢ = In 2). We feel that improving asymptotically the easy upper
bound or the existing lower bound for either the satisfiability problem or the
2-colorability problem would represent significant progress on this topic.
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