
ON THE EDGE DISTRIBUTION IN TRIANGLE-FREE GRAPHS

Mi
hael Krivelevi
h

Abstra
t. Two problems on the edge distribution in triangle-free graphs are 
on-

sidered: 1) Given an 0 < � < 1. Find the largest � = �(�) su
h that for in�nitely

many n there exists a triangle-free graph G on n verti
es in whi
h every �n verti
es

span at least �n

2

edges. This problem was 
onsidered by Erd}os, Faudree, Rousseau

and S
help in [4℄. Here we extend and improve their results, proving in parti
ular the

bound � < 1=36 for � = 1=2; 2) How mu
h does the edge distribution in a triangle-

free graph G on n verti
es deviate from the uniform edge distribution in a typi
al

(random) graph on n verti
es with the same number of edges? We give quantitative

expressions for this deviation.

0. Notation

All graphs in this paper are �nite, undire
ted, without loops and multiple edges.

Let G be a graph on n verti
es with vertex set V = V (G) and edge set E = E(G).

For X;Y � V we denote by E(X;Y ) a set of edges of G with one endpoint in X

and the other in Y , e(X;Y ) stands for jE(X;Y )j. Similarly, E(X;X) or simply

E(X) is the edge set spanned by X, and e(X) = jE(X)j. Also, e(G) = jE(G)j.

The set of verti
es adja
ent to a vertex v 2 V is denoted by �(v) and the degree

of v is d(v) = j�(v)j.

The expe
tation of a random variable A is denoted by M(A).

For every 0 < � � 1 write

	(G;�n) = minfe(X) : X � V; jXj = �ng ;

i.e., the smallest number of edges in an indu
ed graph of G of order �n.

(As from now we shall o

asionally disregard integral parts for the sake of sim-

pli
ity of presentation and use expressions like jXj = �n, even when �n may not

be integral. Sin
e our results are asymptoti
al, this will not a�e
t the 
orre
tness

of the proofs. For the same reason, we shall often omit from our formulations the

expression `for n suÆ
iently large', where n is the number of verti
es of a graph).

1. Introdu
tion

In this paper we study the edge distribution on triangle-free graphs. We shall


onsider two main problems.

The �rst of them 
on
erns a lo
al density 
ondition for triangles. Tur�an's theo-

rem asserts that every graph G on n verti
es with more than n

2

=4 edges 
ontains a

triangle, or, in our notation, if 	(G;n) > n

2

=4, then G 
ontains a triangle. Let us
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try to generalize this result. Suppose that for some �xed 0 < � � 1 every �n ver-

ti
es of G span more than �n

2

edges. The question is to �nd the smallest � = �(�)

for whi
h G ne
essarily 
ontains a triangle.

This problem was raised by Erd}os, Faudree, Rousseau and S
help in [4℄. They


onje
tured that � is determined by a family of extremal triangle-free graphs with

no independent set of a given order, i.e., extremal Ramsey graphs for Ramsey

numbers R(3; i). In order to formulate their 
onje
ture 
onsider three Ramsey

graphs M

i

(i = 1; 2; 3) whi
h are triangle-free with no independent set on i + 1

verti
es. These graphs are de�ned as follows: M

1

= K

2

;M

2

= C

5

;M

3

is obtained by

adding to C

8

all 
hords of length four. Now blow up ea
h graphM

i

to a new graph

H

i

by repla
ing every vertex by an independent set of size n=jV (M

i

)j and making

two verti
es from di�erent blown sets adja
ent if and only if the 
orresponding

verti
es of M

i

were adja
ent.

A simple 
al
ulation shows that

(1) for H

1

if 1=2 � � � 1 then 	(H

1

; �n) = [(2�� 1)=4℄n

2

;

(2) for H

2

if 2=5 � � � 3=5 then 	(H

2

; �n) = [(5�� 2)=25℄n

2

;

(3) for H

3

if 3=8 � � � 1=2 then 	(H

3

; �n) = [(8�� 3)=64℄n

2

.

Note that 	(H

1

; �n) � 	(H

2

; �n) for � � 17=30 and 	(H

2

; �n) � 	(H

3

; �n) for

� � 53=120. These observations motivated the authors of [4℄ to make the following


onje
ture:

Conje
ture 1. Let G be a graph of order n and let � be �xed, 53=120 � � � 1.

Further let

� =

(

(2�� 1)=4 when 17=30 � � � 1

(5�� 2)=25 when 53=120 � � � 17=30 :

If every �n verti
es of G span more than �n

2

edges, then G 
ontains a triangle.

As shown by the above examples this 
onje
ture, if true, would be best possible.

A parti
ularly interesting 
ase of the above 
onje
ture is � = 1=2, that is,

Conje
ture 2. If in a graph G of order n every n=2 verti
es span more than n

2

=50

edges, then G 
ontains a triangle.

It should be mentioned that the blown up Petersen graph also gives the same

extremal values for � as does H

2

.

In [4℄ Conje
ture 1 was proved for � > 0:647. For the 
ase � = 1=2 the authors

obtained the bound � � 1=30 (instead of 
onje
tured � = 1=50). In this paper we

shall improve on these results. A signi�
ant part of our e�orts will be devoted to

improving the bound for the 
ase � = 1=2. We shall redu
e the bound for this 
ase

to 1=36, namely:

Theorem 1. If in a graph G of order n every n=2 verti
es span at least n

2

=36

edges, then G 
ontains a triangle.

We shall also prove the following statement, whi
h is asymptoti
ally slightly

stronger than Theorem 1:

Theorem 2. There is a (
al
ulable) 
onstant � > 0 su
h that if in a graph G of

order n every n=2 verti
es span at least (1=36� �+ o(1))n

2

edges, then G 
ontains

a triangle.

The proofs of Theorems 1 and 2 are presented in Se
tion 3.
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It may be worthwhile to mention another extremal problem whi
h is 
onje
tured

to have the same optimal examples as Conje
ture 2. The question is how many

edges should be deleted from a triangle-free graph of order n to make it bipartite.

The best results on this problem are due to Erd}os, Faudree, Pa
h and Spen
er ([3℄)

and they are 
ontained in the following two theorems.

Theorem. Every triangle-free graph G of order n 
an be made bipartite by deleting

at most n

2

=18 + n=2 edges;

Theorem. There is a (
al
ulable) 
onstant � > 0 su
h that every triangle-free

graph G of order n 
an be made bipartite by deleting at most (1=18 � � + o(1))n

2

edges.

(Some additional results on this problem were obtained by Erd}os, E. Gy}ori and

Simonovits in [5℄. We shall make use of some ideas from their paper).

These results are rather similar to the results of Theorems 1 and 2, but we

su

eeded to establish a 
onne
tion between these two problems only for the 
ase

of regular triangle-free graphs. In this 
ase the above two theorems follow from

Theorems 1 and 2. To see this, note the following:

Claim. If in a regular graph G of order n there exists a set of verti
es U of size

jU j = n=2 whi
h spans m

0

edges, then G 
an be made bipartite by deleting at most

2m

0

edges.

The 
laim follows from the fa
t that by the regularity of G also e(V n U) = m

0

and deleting E(U) [E(V n U) we make the graph bipartite.

The assumption about regularity enables us also to prove Conje
ture 2 for regular

graphs with large vertex degree (Se
tion 4):

Theorem 3. If in a regular triangle-free graph G of order n with vertex degree

D � 2n=5 every n=2 verti
es span at least n

2

=50 edges, then G is a uniformly

blown up C

5

(i.e. the graph H

2

des
ribed above).

As mentioned above, in [4℄ Conje
ture 1 was proved for � > 0:647. We improve

this in Se
tion 5 to � � 0:6:

Theorem 4. Let G be a graph of order n and let � be �xed, � � 0:6. Further

let � = (2� � 1)=4. If every �n verti
es of G span more than �n

2

edges, then G


ontains a triangle.

The se
ond problem we will treat is how mu
h does the edge distribution in a

triangle-free graph deviate from being uniform. A typi
al (random) graph G on n

verti
es with 
n

2

edges 
ontains �(n

3

) triangles, so if G is a triangle-free graph, it

deviates strongly from being typi
al. This 
ommon philosophy was developed and

dis
ussed by several authors, see, e.g., [2℄. In this paper we study quantitatively

this deviation for the property of edge distribution. We shall show that the edge

distribution in a triangle-free graph G of order n with 
n

2

edges is indeed not

uniform 
ompared to the edge distribution in a random graph of the same order

and size, in whi
h every set of n verti
es spans (1 + o(1))(e(G)=4) edges. This is

provided by

Theorem 5. If G is a triangle-free graph on n verti
es with e(G) = 
n

2

edges,

then

	(G;n=2) � (1=4� 


0

)e(G) ;
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where 


0

= 


2

=(4


2

� 4
+ 1) .

From the other side, the above result is in some sense best possible - the 
oeÆ-


ient 


0

(
) 
annot be repla
ed by an absolute 
onstant 
 > 0 as shown by

Theorem 6. For every � > 0 there exists a 
onstant 
 = 
(�) > 0 su
h that for

in�nitely many n there exists a triangle-free graph G of order n with e(G) edges

with e(G) > 
(�)n

2

, for whi
h

	(G;n=2) > (1=4 � �)e(G) :

These questions are dis
ussed in Se
tion 6.

2. Two lemmas

Lemma 1. If every �n verti
es of a graph G on n verti
es span at least �n

2

edges,

then every set of verti
es V

0

� V of size jV

0

j > �n spans more than (�=�

2

)jV

0

j

2

edges.

Proof. Denote jV

0

j = u

0

; e(V

0

) = m

0

. Choose randomly and uniformly a set W

0

from among all subsets of V

0

of size �n. Then for every e 2 E(V

0

)

Pr(e 2 E(W

0

) =

�

jV

0

j�2

jW

0

j�2

�

�

jV

0

j

jW

0

j

�

=

�

u

0

�2

�n�2

�

�

u

0

�n

�

<

�

�n

u

0

�

2

:

So

M(e(W

0

)) = Pr[e 2 E(W

0

)℄e(V

0

) < m

0

�

�n

u

0

�

2

:

We 
on
lude that there exists a set W

0

of size jW

0

j = �n su
h that E(W

0

) <

m

0

(�n=u

0

)

2

. From the 
onditions of lemma we obtain immediately that �n

2

�

e(W

0

) < m

0

�

�n

u

0

�

2

, so

m

0

> (�=�

2

)u

2

0

: �

Lemma 2. If G is a triangle-free graph on n verti
es with m edges then there

exist in G two disjoint non-empty independent sets of verti
es V

1

and V

2

su
h that

jV

1

j+ jV

2

j � 4m=n.

Proof. Consider the following sum

X

(v;u)2E

(d(u) + d(v)) =

X

v2V

d(v)

2

�

�

P

v2V

d(v)

�

2

n

=

4m

2

n

:

Hen
e there exists an edge e = (v

1

; v

2

) su
h that d(v

1

) + d(v

2

) � 4m=n. Let

V

1

= �(v

1

); V

2

= �(v

2

). We 
laim that V

1

and V

2

are the required sets. Indeed,

(1) jV

1

j+ jV

2

j = d(v

1

) + d(v

2

) � 4m=n ;

(2) Both V

1

and V

2


ontain no edges;

(3) V

1

\ V

2

= ; (if u 2 V

1

\ V

2

, then u; v

1

; v

2

would form a triangle in G );

(4) v

1

2 V

1

and v

2

2 V

2

, hen
e V

1

; V

2

are both non-empty. �
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3. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let G be a graph on n verti
es su
h that

(1) 	(G;n=2) � n

2

=36 :

Denote the vertex set of G by V , the edge set of G by E and let l = jEj=n

2

.

By Lemma 2 there exist two non-empty independent sets of verti
es V

1

and V

2

su
h that V

1

\ V

2

= ; and jV

1

j=n + jV

2

j=n = 4l. Suppose jV

1

j � jV

2

j and write

jV

1

j=n = x � 2l; jV

2

j=n = 4l � x; U = V n (V

1

[ V

2

); jU j=n = 1 � 4l. Let also

l

1

= e(V

1

; V

2

)=n

2

, l

2

= e(U)=n

2

, l

3

= e(V

1

; U)=n

2

, l

4

= e(V

2

; U)=n

2

. Our aim is

to evaluate the numbers l

1

; l

2

; l

3

; l

4

in terms of n and l and to show that if G is

triangle-free and 	(G;n=2) � n

2

=36, then l

1

+ l

2

+ l

3

+ l

4

> l, thus obtaining a


ontradi
tion, sin
e in fa
t l

1

+ l

2

+ l

3

+ l

4

= l.

Assume �rst that l

2

> 0 ( the 
ase l

2

= 0 will be treated later). Choose randomly

and uniformly a setW

1

from among all subsets of U of size (1=2�x)n (so jW

1

[V

1

j =

n=2). For ea
h e 2 E(U)

Pr[e 2 E(W

1

)℄ =

�

jU j�2

jW

1

j�2

�

�

jU j

jW

1

j

�

=

�

n�4ln�2

n=2�xn�2

�

�

n�4ln

n=2�xn

�
<

�

1=2� x

1� 4l

�

2

:

For ea
h e 2 E(V

1

; U)

Pr[e 2 E(V

1

;W

1

)℄ =

jW

1

j

jU j

=

1=2� x

1� 4l

:

Linearity of expe
tation gives

M(e(V

1

[W

1

)) <

�

1=2� x

1� 4l

�

2

l

2

n

2

+

1=2� x

1� 4l

l

3

n

2

:

Hen
e there exists a subset W

1

� U , jW

1

j=n = 1=2� x, su
h that

(2) (e(V

1

[W

1

) <

�

1=2� x

1� 4l

�

2

l

2

n

2

+

1=2� x

1� 4l

l

3

n

2

:

Now, sin
e jV

1

[W

1

j = n=2 , it follows from 
ondition (1) that e(V

1

[W

1

) � n

2

=36,

and hen
e:

(3)

�

1=2� x

1� 4l

�

2

l

2

+

1=2� x

1� 4l

l

3

> 1=36 :

Choosing randomly and uniformly a set W

2

from among all subsets of U of size

(1=2�4l+x)n ( so jW

2

[V

2

j = n=2) and evaluating the expe
ted value of e(V

2

[W

2

)

in a similar way we obtain the inequality

(4)

�

1=2� 4l + x

1� 4l

�

2

l

2

+

1=2� 4l + x

1� 4l

l

4

> 1=36 :
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Dividing (3) by (1=2 � x)=(1 � 4l) and (4) by (1=2 � 4l + x)=(1 � 4l) and adding

up we obtain

l

1

+ l

2

+ l

3

>

1� 4l

36

�

1

1=2� x

+

1

1=2� 4l + x

�

:

But 2l � x < 4l, hen
e

(5) l

1

+ l

2

+ l

3

>

1� 4l

36

+

4

1� 4l

=

1

9

:

Now we have to evaluate l

1

. Consider two following 
ases: 1) l � 1=8; 2) l < 1=8.

Case 1: l � 1=8 .

So 4l � 1=2 and V

1

and V

2


ontain together at least half of the verti
es.

Choose randomly and uniformly a set W

3

from among all subsets of V

2

of size

(1=2� x)n, so W

3

will 
omplement V

1

to n=2 verti
es. For ea
h e 2 E(V

1

; V

2

)

Pr[e 2 E(V

1

;W

3

)℄ =

jW

3

j

jV

2

j

=

1=2� x

4l � x

;

so 
al
ulating the expe
ted value of e(V

1

;W

3

) we 
on
lude that there exists a subset

W

3

� V

2

of size jW

3

j=n = 1=2� x su
h that

e(V

1

;W

3

) �

1=2� x

4l � x

l

1

n

2

;

and sin
e jV

1

[W

3

j = n=2 we obtain from 
ondition (1)

l

1

�

4l � x

1=2� x

1

36

:

But x � 2l and we have

(6) l

1

�

2l

1=2� 2l

1

36

=

l

9(1 � 4l)

:

From (5) and (6) we obtain the following inequality on l:

(7) l = l

1

+ l

2

+ l

3

+ l

4

>

1

9

+

l

9(1 � 4l)

;

or

36(l �

1

6

)

2

< 0

-a 
ontradi
tion.

Case 2: l < 1=8 .

Sin
e now jV

1

[ V

2

j < n=2 we have to evaluate l

1

in another way.

Choose randomly and uniformly a set W

4

from among all subsets of U of size

(1=2 � 4l)n ( so that jW

4

[ V

1

[ V

2

j = n=2). A 
al
ulation similar to the above

shows that there exists W

4

� U su
h that

e(W

4

[ V

1

[ V

2

) <

�

1=2� 4l

1� 4l

�

2

l

2

n

2

+

1=2� 4l

1� 4l

(l

3

+ l

4

)n

2

+ l

1

n

2

;
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so we have

(8)

�

1=2� 4l

1� 4l

�

2

l

2

+

1=2� 4l

1� 4l

(l

3

+ l

4

) + l

1

> 1=36 :

Let A = (1� 4l)=(1=2� 4l), then (8) is equivalent to

l

2

+A(l

3

+ l

4

) +A

2

l

1

>

A

2

36

:

But a

ording to Lemma 1 applied to the set U we have

l

2

>

(1 � 4l)

2

9

=

A

2

36(A � 1)

2

:

Joining this with (8) we get

A(l

2

+ l

3

+ l

4

) +A

2

l

1

>

A

2

36

+ (A� 1)l

2

>

A

2

36

+

A

2

36(A� 1)

;

and from the last inequality and (5) we obatin

A

2

(l

1

+ l

2

+ l

3

+ l

4

) >

A

2

36

+

A

2

36(A� 1)

+ (A

2

�A)

1

9

;

implying:

A

2

8(A� 1)

= l = l

1

+ l

2

+ l

3

+ l

4

>

1

36

+

1

36(A� 1)

+

A � 1

9A

;

or:

A

2

+ 2A + 8 < 0

- a 
ontradi
tion.

It remains to 
onsider only the 
ase l

2

= 0. The only di�eren
e is that we have

to repla
e the sign `<' by `�' in (2). Following the proof of the 
ase l

2

> 0 we


an see that the only 
ase we have to 
onsider (assuming equalities in all non-stri
t

inequalities) is l = 1=6; jV

1

j=n = jV

2

j=n = 1=3, jU j=n = 1=3. From the proof of

Case 1 we also have that equality in (7) is possible only if G is a regular graph with

vertex degree d(v) = n=3 for all v 2 V . So suppose that G indeed satis�es the above


onditions. Denote T = V

1

[ V

2

, so jT j = 2n=3, e(T ) = n

2

=18, e(U; T ) = n

2

=9.

Pi
k an arbitrary vertex u

0

2 U . Denote Y = �(u

0

); Z = T n Y; jY j = jZj = n=3.

If e(Z) > 0, then we are again in the 
ase l

2

> 0 with U; Y;Z instead of V

1

; V

2

; U ,

respe
tively, so suppose e(Z) = 0. De�ne two vertex sets U

0

= fu 2 U : e(u; Y ) �

n=6g and U

00

= fu 2 U : e(u; Y ) < n=6g. Obviously, jU

0

j + jU

00

j = n=3 and

u

0

2 U

0

. If jU

0

j � n=6, then take U

0

� U

0

; jU

0

j = n=6; u

0

2 U

0

, and 
onsider a

graph G[U

0

[ Z℄, for whi
h

e(U

0

; Z) =

X

u2U

0

e(u;Z) =

X

u2U

0

(n=3� e(u; Y ))

= n=3� e(u

1

; Y ) +

X

u2U

0

nu

0

(n=3� e(u; Y )) � 0 + (n=6� 1)n=6 < n

2

=36
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- a 
ontradi
tion with 
ondition (1), sin
e jU

0

[ Zj = n=2. In another 
ase, if

jU

00

j � n=6, then take U

0

� U

00

; jU

0

j = n=6, and 
onsider a graph G[U

0

[ Y ℄, for

whi
h

e(U

0

; Y ) =

X

u2U

0

e(u; Y ) < (n=6)(n=6) = n

2

=36 ;

again 
ontradi
ting the 
ondition (1), sin
e jU

0

[ Y j = n=2, and we have �nished

the proof! �

Proof of Theorem 2. Suppose indire
tly that there is a triangle-free graphG of order

n in whi
h every indu
ed subgraph on n=2 verti
es 
ontains at least n

2

=36+ o(n

2

)

edges. From the proof of Theorem 1 and Lemma 2 we 
on
lude that e(G) =

n

2

=6 + o(n

2

) and d(v) = n=3 + o(n) for all but o(n) verti
es whi
h we shall ignore.

Fix v

0

2 V; d(v

0

) = n=3 + o(n), and let U = �(v

0

); jU j = n=3 + o(n), 
learly, U

is independent. Set T = V n U; jT j = 2n=3 + o(n). Obviously, e(U; T ) = n

2

=9 +

o(n

2

); e(T ) = n

2

=18 + o(n

2

) ( otherwise we would have �

1

n verti
es v 2 V with

degrees jd(v) � n=3j > �

2

n for some 
onstants �

1

; �

2

> 0). Choose a u

0

2 U with

d(u

0

) = n=3 + o(n) and set Y = �(U

0

); jY j = n=3 + o(n), Y is again independent.

Let Z = T n Y; jZj = n=3 + o(n). If e(Z) = �n

2

then to obtain a 
ontradi
tion

we would repeat the argument of Theorem 1 for the 
ase l

2

> 0 with sets U; Y;Z

instead of V

1

; V

2

; U , respe
tively, so suppose e(Z) = o(n

2

). Sin
e our graph is

almost regular we have e(U; Y ) = n

2

=18 + o(n

2

); e(U;Z) = n

2

=18 + o(n

2

).

Suppose j�(u)\ Y j � n=6� �

1

n for �

2

n verti
es from U . Take the jU j=2 verti
es

u 2 U having the smallest degrees e(u; Y ). Denote this set by U

0

, then jU

0

j =

n=6+o(n) and e(U

0

; Y ) � n

2

=36��

3

n

2

+o(n

2

) - a 
ontradi
tion to our assumption.

The same argument is valid for Z, so we 
on
lude that for n=3+o(n) verti
es u 2 U

there holds j�(u) \ Y j = n=6 + o(n), j�(u) \ Zj = n=6 + o(n). Fix one of su
h

verti
es u

1

with degree d(u

1

) = n=3+o(n) and denote �(u

1

)\Y = Y

1

, Y nY

1

= Y

2

,

�(u

1

)\Z = Z

1

, Z nZ

1

= Z

2

. Cardinality of all four sets Y

1

; Y

2

; Z

1

; Z

2

is n=6+o(n).

Sin
e jU[Y

1

j = n=2+o(n); jU[Z

1

j = n=2+o(n), we re
eive that e(U; Y

1

) = n

2

=36+

o(n

2

); e(U;Z

1

) = n

2

=36+o(n

2

); e(U; Y

2

) = n

2

=36+o(n

2

); e(U;Z

2

) = n

2

=36+o(n

2

).

Obviously, e(Y

1

; Z

1

) = 0, be
ause Y

1

[ Z

1

= �(u

1

), so from almost regularity of G

we obtain that e(Y

1

; Z

2

) = n

2

=36 + o(n

2

) and e(Y

2

; Z

1

) = n

2

=36 + o(n

2

), that is,

Y

1

� Z

2

and Y

2

� Z

1

are almost 
omplete bipartite graphs. Then for n=3 + o(n)

verti
es from U either j(�(u) \ Y ) n Y

1

j = o(n) or j(�(u) \ Y ) n Y

2

j = o(n) (

if, for example, there exists a u 2 U su
h that d(u) = n=3 + o(n), e(u; Y ) =

n=6 + o(n), e(u;Z) = n=6 + o(n), e(u; Y

1

) = �

1

n, e(u; Y

2

) = n=6 � �

1

+ o(n), and

if e(u;Z

1

) = �

2

n , then e(Y;Z

2

) � n

2

=36 � �

1

�

2

n

2

+ o(n

2

), if e(u;Z

1

) = �

2

n, then

e(Y

2

; Z

1

) � n

2

=36� (n=6� �

1

n)�

2

n+ o(n

2

), 
ontradi
ting the above assumptions).

Let U

1

= fu 2 U : j(�(u)\Y )nY

1

j = o(n)g, U

2

= fu 2 U : j(�(u)\Y )nY

2

j = o(n)g,

then jU

1

j = n=6 + o(n); jU

2

j = n=6 + o(n) ( otherwise there would exist �n verti
es

in Y with degrees that di�er from n=3 + o(n)). We re
eive that U

1

� Y

1

and

U

2

� Y

2

are almost 
omplete bipartite graphs, so e(U

1

; Z

2

) = o(n

2

) (otherwise

U [ Y

1

[ Z

2

would 
ontain a triangle). Now 
onsider a set U

1

[ Y

2

[ Z

2

, we have

jU

1

[ Y

2

[ Z

2

j = n=2 + o(n) and e(U

1

[ Y

2

[ Z

2

) = o(n

2

) - a 
ontradi
tion to our

assumption. �

4. Regular triangle-free graphs

Proof of Theorem 3. Pi
k an edge (v

1

; v

2

) 2 E(G) and let V

1

= �(v

1

); V

2

= �(v

2

).

Obviously, jV

1

j = jV

2

j = D, and V

1

and V

2

are disjoint and independent. Set
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U = V n (V

1

[ V

2

) , jU j = n � 2D. Let l = jE(G)j=n

2

= D=2n, l

1

= e(V

1

; V

2

)=n

2

,

l

2

= e(U)=n

2

, l

3

= e(V

1

; U)=n

2

, l

4

= e(V

2

; U)=n

2

. The 
ondition of regularity

yields l

3

= l

4

= l � 4l

2

� l

2

, l

1

= l � (l

2

+ l

3

+ l

4

) = 8l

2

� l + l

2

. Choosing

randomly and uniformly a set W from among all subsets of U of size (1=2 � 2l)n

we 
on
lude as in the proof of Theorem 1 that there exists su
h W � U for whi
h

(e(V

1

[W ) + e(V

2

[W ))=n

2

� l � 4l

2

� l

2

=2. But jV

1

[W j = jV

2

[W j = n=2, so

l � 4l

2

� l

2

=2 � 1=25 and taking into a

ount the 
ondition l = D=2n � 1=5 we

obtain that l = 1=5; l

2

= 0; l

1

= 3=25; l

3

= l

4

= 1=25, so G is a regular graph with

vertex degree 2n=5.

It is easy to see now that for every u 2 U one has e(u; V

1

) = e(u; V

2

) = n=5

( otherwise n=10 verti
es u 2 U having the smallest degrees e(u; V

1

) would give

a set U

0

su
h that e(U

0

; V

1

) < n

2

=50). Pi
k a u

1

2 U and let V

11

= �(u

1

) \ V

1

,

V

12

= V

1

n V

11

, V

21

= �(u

1

) \ V

2

, V

22

= V

2

n V

21

, 
learly, jV

11

j = jV

12

j = jV

21

j =

jV

22

j = n=5. Then e(V

11

; V

21

) = 0, so it follows from the regularity 
ondition

that e(V

11

; U) + e(V

11

; V

22

) = (2n=5)jV

11

j, so e(V

11

; U) = e(V

11

; V

22

) = n

2

=25, that

is, V

11

� U and V

11

� V

22

are both 
omplete bipartite graphs. Sin
e e(V

1

; U) =

n

2

=25, we obtain e(V

12

; U) = 0, so e(V

12

; V

21

) + e(V

12

; V

22

) = (2n=5)jV

12

j, and

e(V

12

; V

21

) = e(V

12

; V

22

) = n

2

=25, that is, V

12

� V

21

and V

12

� V

22

are both 
om-

plete bipartite graphs. Now the regularity 
ondition 
ompletes the pi
ture, giving

e(V

21

; U) = (2n=5)jV

21

j � e(V

12

; V

21

) = n

2

=25, and V

21

� U is also a 
omplete bi-

partite graph. We have only to write down the order of vertex 
lasses in a blown

up C

5

: U; V

11

; V

22

; V

12

; V

21

. �

5. Proof of Conje
ture 1 for � � 0:6

In fa
t, we shall give a proof only for the 
ase � = 0:6. The reason is that the

proof is rather te
hni
al and on
e written for a general � be
omes too 
umbersome.

Theorem 4'. Let G be a graph of order n and let � = 0:6. If ea
h �n verti
es of

G span more than �n

2

edges, where � = (2� � 1)=4, then G 
ontains a triangle.

Proof. We outline the proof sin
e the ideas and te
hniques used are almost the

same as in the proofs of Theorems 1 and 2.

Lemma ([4℄). Let G be a graph on n verti
es and let � > 0. If 	(G;�n) >

(2� � 1)=4n

2

and G 
ontains a vertex independent set of size (1 � �)n then G


ontains a triangle. �

Assume that Theorem 4' fails and let G be a triangle-free graph su
h that

	(G;�n) > �n

2

. By the Lemma above we may assume that d(v) < (1 � �)n

for every v 2 V (G). A

ording to Lemma 1 e(G) > (�=�

2

)n

2

= (5=36)n

2

, hen
e G


ontains a vertex independent set U � V of size jU j = (5=18)n. Let k = 5=18, T =

V nU , jT j = (13=18)n and set l

0

= e(U; T )=n

2

, l

00

= e(T )=n

2

; l = e(G)=n

2

= l

0

+ l

00

.

Again from Lemma 1 we obtain that

(9) l

00

>

�

�

2

jT j=n

2

> 0:072 :

Choosing W � T su
h that jW [ U j = �n, we obtain that

�

�� k

1� k

�

2

l

00

+

�� k

1� k

l

0

> � ;
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that is,

(10)

29

65

l

00

+ l

0

> 0:112 ;

so from (9) and (10)

e(G) = (l

0

+ l

00

)n

2

> 0:151n

2

>

�

4

n

2

:

Now as in the proof of Theorem 1 �x two disjoint independent sets V

1

and V

2

,

su
h that jV

1

j=n + jV

2

j=n = 4l > � and let U = V n (V

1

[ V

2

). As before, let

l

1

= e(V

1

; V

2

)=n

2

; l

2

= e(U)=n

2

; l

3

= e(V

1

; U)=n

2

; l

4

= e(V

2

; U)=n

2

. The same


al
ulations as in Theorem 1 give

2�� 4l

1� 4l

l

2

+ l

3

+ l

4

> 2�

1� 4l

�� 2l

;(11)

l

1

> �

2l

�� 2l

:(12)

Summing up the degrees of the verti
es from U and taking into a

ount the as-

sumption that d(v) < (1� �)n for every v 2 V we obtain that

(13) 2l

2

+ l

3

+ l

4

< (1� �)(1 � 4l) :

It follows from (11) and (13) that

(14)

�

2�

2�� 4l

1� 4l

�

l

2

< (1 � �)(1 � 4l)� 2�

1� 4l

�� 2l

;

and from (11) and (12) (remembering that l

1

+ l

2

+ l

3

+ l

4

= l) that

(15)

2�� 1

1� 4l

l

2

> 2�

1� 4l

�� 2l

+ �

2l

�� 2l

� l :

Now, 
omparing (14) and (15) we obtain a quadrati
 inequality for l whi
h for

� = 0:6 is as follows:

100l

2

� 32l + 2:6 < 0

- a 
ontradi
tion. �

6. Can the edge distribution in a triangle-free graph be uniform?

In a random graph G on n verti
es with e(G) = 
n

2

edges every n=2 verti
es

span (1 + o(1))e(G)=4 edges. From the other side, su
h a random graph 
ontains

�(n

3

) triangles. So, if G is a triangle-free graph of order n with 
n

2

edges, then it is

far from being typi
al. From this reason we 
an expe
t that the edge distribution in

a triangle-free graph is not so uniform as in a random graph with the same number

of edges. (The reader 
an �nd a similar dis
ussion on this subje
t in a more general


ontext in [2℄). This is indeed the 
ase as shown by the following:
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Theorem 5. If G is a triangle-free graph on n verti
es with e(G) = 
n

2

edges,

where 
 > 0 is a 
onstant, then

	(G;n=2) � (1=4� 


0

)e(G) ;

where 


0

= 


2

=(4


2

� 4
+ 1) > 0.

Proof. Let v

0

be a vertex of degree � 2
n and 
hoose a set X � �(v

0

) of size jXj =

2
n. Then X is independent. Write Y = V nX; e(Y )=n

2

= l

0

, then e(X;Y )=n

2

=


 � l

0

. We now use the same te
hnique as in the proof of Theorem 1. Choosing

randomly and uniformly a set W

1

from among all subsets of Y of size n=2, we see

that there exists su
h W

1

for whi
h e(W

1

)=n

2

� l

0

=4(1� 2
)

2

=: z

1

(l

0

). Choosing

randomly and uniformly a set W

2

from among all subsets of Y of size (n=2� jXj)

we re
eive that there exists su
h W

2

for whi
h

e(W

2

[X)

n

2

�

�

1� 4


1� 2


�

2

+

1� 4


1� 2



� l

0

2

=: z

2

(l

0

):

So

	(G;n=2) � minfz

1

(l

0

); z

2

(l

0

)gn

2

:

Sin
e z

1

(l

0

) is an in
reasing linear fun
tion of l

0

and z

2

(l

0

) is a de
reasing linear

fun
tion of l

0

, we obtain that 	(G;n=2) � z

1

(l

�

0

)n

2

, where z

1

(l

�

0

) = z

2

(l

�

0

), hen
e

l

�

0

= (1 � 4
)
 and

	(G;n=2) �

1� 4


(1 � 2
)

2


n

2

4

=


n

2

4

�

1�

4


2

4


2

� 4
+ 1

�

: �

Remark: we didn't make any attempt to minimize a value of 


0

(
).

One 
ould be bolder and ask whether there exists an absolute 
onstant 0 < 
 < 1

su
h that for every triangle-free graph G on n verti
es with e(G) edges there holds

	(G;n=2) < 
e(G)=4? The following lemma answers this negatively.

Lemma 3. For every � > 0 there exists N(�) su
h that for every n > N there

exists a triangle-free graph G of order n in whi
h for every set of verti
es U of size

n=2 there holds:

je(U) � e(G)=4j < �e(G) :

Proof. Let n

�1

� p� n

�2=3

and 
onsider a random graph G(n; p) - a graph on n

verti
es in whi
h the edges are 
hosen independently and with probability p. Let

u = n=2. For any �xed set U � V of u verti
es a random variable e(U) has a

binomial distribution with parameters

�

u

2

�

and p. So (see, e.g., [1℄, Th. I.7)

(16) Pr[je(U) � p

�

u

2

�

j �

�

2

p

�

u

2

�

℄ < expf��

2

p

�

u

2

�

=12g

for suÆ
iently large n. Sin
e we have

�

n

u

�

< 2

n


hoi
es for U , the probability that

(16) fails for some U is at most 2

n

expf��

2

p

�

u

2

�

=12g = o(1). A similar evaluation

gives

(17) Pr[je(V )� p

�

n

2

�

j �

�

2

p

�

n

2

�

℄ = o(1) :
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Denote the number of triangles in G by T . Then

(18) M(T ) =

�

n

3

�

p

3

= o(n) :

So by (16), (17), (18) for suÆ
iently large n there exists a graph G of order n with

the following properties:

(1) e(G) > n;

(2) For every subset of verti
es U of size jU j = n=2 there holds: je(U) �

e(G)=4j < (�=2)e(G);

(3) There are o(n) triangles in G.

Deleting one edge from ea
h triangle in G, we re
eive a triangle-free graph G

0

in

whi
h for every U � V; jU j = n=2, one has je(U) � e(G

0

)=4j < �e(G

0

). �

The random graph from the above lemma has o(n

2

) edges, so is it possible that

the situation is di�erent for triangle-free graphs with 
n

2

edges? The answer is

again negative, as provided by

Theorem 6. For every � > 0 there exists a 
onstant 
 = 
(�) > 0 su
h that for

in�nitely many n there exists a triangle-free graph G of order n with e(G) edges

with e(G) > 
(�)n

2

, for whi
h

	(G;n=2) > (1=4 � �)e(G) :

Proof. Take a triangle-free graph G

0

on k verti
es a

1

; : : : ; a

k

with e(G

0

) = l

0

> k

edges from the proof of Lemma 3 and for suÆ
iently large even number t de�ne a

new graph H = G

0

[t; : : : ; t℄ as follows: ea
h vertex a

i

from G

0

is repla
ed by t new

independent verti
es, forming a set A

i

, two verti
es v

1

2 A

i

and v

2

2 A

j

are joined

in H if and only if (a

i

; a

j

) 2 E(G

0

). Set n = kt. Obviously, jV (H)j = n; e(H) =

t

2

e(G

0

) = �(n

2

), and 	(H;n=2)=e(H) � 	(G

0

; k=2)=e(G

0

), so to prove a theorem

it is suÆ
ient to show that 	(H;n=2)=e(H) = 	(G

0

; k=2)=e(G

0

).

For every set U � V de�ne s(U) := jf1 � i � n : 0 < jA

i

\U j < tgj - the number

of substitution 
lasses split by U . If s(U) = 0 then U will be 
alled integral. Let

us prove that there exists an integral set U � V of size jU j = n=2 su
h that

e(U) = 	(H;n=2) (from this result it will follow that 	(H;n=2) = t

2

	(G

0

; k=2)).

Take on optimal set U of size n=2, e(U) = 	(H;n=2), with the smallest value of

s(U). If s(U) = 0, then we are done, so suppose to the 
ontrary that s(U) > 0.

Obviously, then s(U) � 2. Consider two split 
lasses A

1

and A

2

. If v; u 2 A

1

, then

e(v; U) = e(u;U), so set e(v; U) = D

i

for v 2 A

i

; i = 1; 2, and suppose D

1

� D

2

.

Pi
k two verti
es v

1

2 A

1

nU , v

2

2 A

2

\U and 
onsider a set U

0

= U � v

2

+ v

1

.

Obviously, e(U

0

) � e(U) � e(v

2

; U) + e(v

1

; U) � e(U), so U

0

is also an optimal set.

We 
an pro
eed with this pro
edure of 
hanging verti
es from A

2

\ U to those of

A

1

\U until A

1

nU will be empty or A

2

\U will be empty. In both 
ases we shall

re
eive an optimal set U

�

with s(U

�

) < s(U) - a 
ontradi
tion with the 
hoi
e of

U . �

Remark: The idea of taking a random graph with o(n

2

) edges and blowing it up

to re
eive a graph with �(n

2

) edges with desired properties was used by Erd}os, E.

Gy}ori and Simonovits in [5℄.
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