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Abstra
t

In a series of papers 
ulminating in [11℄ R�odl, Ru
i�nski and others study the

thresholds of Ramsey properties of random graphs i.e. for a given graph H , when

does a random graph almost surely have the property that for every 
oloring of its

verti
es (edges) in r 
olors there exists a mono
hromati
 
opy of H . They prove in

many 
ases the existen
e of a fun
tion p(n;H) and two 
onstants 
(H) and C(H)

su
h that a random graph with edge probability at most 
p almost surely does not

have this Ramsey property, whereas when the edge probability is at least Cp it

almost surely has this property.

We 
omplement their results by showing that in 
ertain 
ases, the multipli
ative

gap between upper and lower bound 
an be 
losed: There exists a fun
tion p(n)

su
h that for every ", a random graph with edge probability less than (1�")p almost

surely does not have the Ramsey property, whereas when the edge probability is

at least (1 + ")p it almost surely has this property.

However, this is an existen
e result only, sin
e our method yields no information

about the value of the fun
tion p(n).
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1 Introdu
tion

Let H and G be two graphs. The notation G ! (H)

e

r

(G! (H)

v

r

), whi
h is 
ommonly

used in Ramsey theory, means that for every 
oloring of the edges (verti
es) of G by r


olors there exists a mono
hromati
 
opy of H.

The basi
 theme studied in Ramsey theory is, given a �xed H, when is G \ri
h"

enough for G! H? Here ri
hness 
an be interpreted as the size of G, or the density, i.e.

the ratio of edges to verti
es. When studying random graphs a natural question is: Given

H, �nd a threshold fun
tion p(n) su
h that G(n; p) ! H (\G has the Ramsey property")

almost surely when p(n) = o(p) and G(n; p) 6! H almost surely when p = o(p(n)). (The

existen
e of su
h a threshold fun
tion is guaranteed by a general result of Bollob�as and

Thomason [3℄.) In a series of papers ([6℄, [7℄, [8℄, [9℄, [10℄, [11℄) the asymptoti
 value of

the threshold fun
tion p(n) is 
al
ulated for most graphs H and in the vertex 
oloring


ase for most hypergraphs. For the edge 
oloring 
ase in hypergraphs su
h a theorem is

proven where H is the 
omplete 3-uniform hypergraph on 4 verti
es. We will bring the

exa
t formulation of these theorems shortly.

Using these results, and a te
hnique from a re
ent paper by the �rst author we will

demonstrate in 
ertain 
ases a sharper 
on
entration result as to the 
riti
al value of the

edge probability for the Ramsey property of a random graph. We will show the existen
e

of a fun
tion p(n) su
h that for every �xed " > 0, G(n; (1 � ")p) almost surely does

not have the Ramsey property, whereas G(n; (1 + ")p) almost surely has the Ramsey

property. This too is formulated in Theorems 1.3 and 1.4 below. Here is some notation

we will use: Whenever we say a property holds in G(n; p) almost surely we mean that

the probability of it holding tends to 1 as n tends to in�nity. For a graph H let e

H

be the number of edges of H, v

H

be the number of verti
es. For any graph G de�ne

m

1

G

= max

H�G;v

H

�2

e

H

v

H

�1

and m

2

G

= max

H�G;v

H

�3

e

H

�1

v

H

�2

.

Let us start by quoting a result of  Lu
zak, Ru
i�nski and Voigt:

Theorem 1.1 ([7℄) For every integer r, r � 2 and for every graph H, whi
h in 
ase

r = 2 is not a mat
hing, there exist 
onstants 
 and C su
h that

lim

n!1

Pr[G(n; p) ! (H)

v

r

℄ =

�

1 if p > Cn

�1=m

1

H

0 if p < 
n

�1=m

1

H

(1)

This theorem was later generalized to the vertex 
oloring 
ase in hypergraphs by R�odl

and Ru
i�nski [11℄, who also proved the following:
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Theorem 1.2 ([8℄,[10℄) For every integer r, r � 2, and for every graph H whi
h is not

a star forest there exist 
onstants 
 and C su
h that

lim

n!1

Pr[G(n; p) ! (H)

e

r

℄ =

�

1 if p > Cn

�1=m

2

H

0 if p < 
n

�1=m

2

H

(2)

It should be pointed out that R�odl and Ru
i�nski overlooked an ex
eption to Theorem

1.2: for G = P

4

, the path 
onsisting of 3 edges the theorem does not hold with r = 2.

We will elaborate on this 
ase later. The hypergraph analog to Theorem 1.1 is an open


onje
ture, proven only for the 
ase where G is the 
omplete 3-uniform hypergraph on 4

verti
es, see [11℄.

A graph G is 
alled balan
ed if the average degree of G is no smaller than that of

any subgraph. It is 
alled stri
tly balan
ed if its average degree is stri
tly larger than

that of any proper subgraph. A lesser known but even stronger property is the property

sometimes 
alled in the literature strongly stri
tly balan
ed or stri
tly K

1

balan
ed: we

say a graph G with at least three verti
es is strongly stri
tly balan
ed, (hen
eforth SSB),

if for any subgraph H su
h that v

G

> v

H

> 1 one has

e

G

v

G

�1

<

e

G

�e

H

v

G

�v

H

. First note that a

simple 
al
ulation shows that this indeed implies being stri
tly balan
ed. Trees are an

example of a graph that is stri
tly balan
ed but not SSB. Cliques are examples of SSB

graphs. Note that for a SSB graph m

1

(G) =

e

G

v

G

�1

. The idea behind this de�nition is as

follows:

Let G be SSB, H be a non-empty subgraph of G, and p � n

�1=m

1

G

. Now, given H

0

, a �xed


opy of H that appears in G(n; p), one 
an 
ompute the expe
ted number of 
opies of

G that appear in G(n; p) and 
ontain H

0

as a subgraph (
onditioned on the appearan
e

of H

0

.) It turns out that this number is a 
onstant if H 
onsists of a single vertex, but

is o(1) for any other H. For example if G is a triangle and p = n

�2=3

then the expe
ted

number of triangles 
ontaining a given vertex in G(n; p) is 
onstant, whereas the expe
ted

number of triangles 
ontaining a given edge, even 
onditioning on the appearan
e of that

edge in G(n; p), is o(1).

The main results in this paper are as follows:

Theorem 1.3 For every graph H that is SSB and for every integer r, r � 2, there exists

a fun
tion p(n) su
h that for every " > 0

lim

n!1

Pr[G(n; p) ! (H)

v

r

℄ =

�

1 if p > (1 + ")p(n)

0 if p < (1� ")p(n)

(3)

Theorem 1.4 For every integer r, r � 2, and for every tree T , whi
h is not a star and

in the 
ase of r = 2 not P

4

(a path of three edges), there exists a fun
tion p(n) su
h that
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for every " > 0

lim

n!1

Pr[G(n; p) ! (T )

e

r

℄ =

�

1 if p > (1 + ")p(n)

0 if p < (1� ")p(n)

(4)

Naturally in both these theorems the value of p(n) is bounded from above and below by

the values found in Theorems 1.1 and 1.2.

2 Sharp Thresholds of Monotone Graph Properties

In this se
tion we wish to introdu
e the notion of a sharp threshold of a graph property,

and introdu
e the te
hnique we use to prove sharpness of the thresholds for the Ramsey

properties. Consider a graph property R of graphs on n verti
es. We will restri
t

ourselves to properties whi
h are monotone (i.e. preserved under addition of edges) and

invariant under graph automorphisms. For su
h a property let

�(p) = Pr[G(n; p) 2 R℄:

Thus �(p) is a monotone fun
tion of p 2 [0; 1℄. Fix a small " > 0, and let p

0

and p

1

be

su
h that

�(p

0

) = �;

�(p

1

) = 1� �:

We will 
all [p

0

; p

1

℄ the threshold interval. De�ne the threshold length Æ(�) = p

1

� p

0

.

We will denote by p




a 
ertain 
riti
al value of p in this interval, whi
h when not further

spe
i�ed may be 
onsidered to be an arbitrary point. Bollob�as and Thomason proved the

existen
e of threshold fun
tions for all monotone set properties ([3℄), and in parti
ular

showed that Æ = O(p




) for all graph properties. In a re
ent paper ([5℄) the �rst author

gives a ne
essary and suÆ
ient 
ondition for Æ(�) = o(p




) for all �, in whi
h 
ase we say

that the property in question has a sharp threshold, otherwise we say it has a 
oarse

threshold. This 
ondition will be the 
entral tool used in this paper. Of 
ourse, for the

asymptoti
 notation to make sense one must deal with a property that is meaningful for

all large enough n. In our 
ase Theorems 1.3 and 1.4 mean exa
tly that the Ramsey

property has a sharp threshold. Roughly stated, the 
ondition presented in [5℄ for a

property to have a sharp threshold is that the property is not usually determined by

a simple lo
al reason. For example, the property of having a triangle as a subgraph is

obviously \lo
al", and indeed has a 
oarse threshold (both the 
riti
al probability and

the length of the threshold interval are of order 1=n), whereas it seems obvious that
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onne
tivity is a non-lo
al property, and, indeed, it is well known that the property of


onne
tivity has a sharp threshold.

Let us now present the 
onditions for a 
oarse threshold. Theorem 2.1 below gives

the pre
ise 
onditions, however the version we will be using in this paper is Corollary

2.3. First note that for the threshold interval to be large there must be a point in the

threshold interval, let us denote this point by p




(n), su
h that the slope of the fun
tion

�(p) is small there. Properly normalized this translates to the fa
t that there is a 
onstant

K su
h that

d�

dp

j

p=p




� p




< K, for in�nitely many values of n. For a graph H let Exp(H)

denote the expe
ted number of 
opies of H in G(n; p). Re
all that a balan
ed graph is

one where the average degree is no less than that of any subgraph. Let (G(n; p) [ G)

denote the graph obtained by adding a �xed 
opy of G to G(n; p) (adding the edges to

verti
es v

1

; : : : ; v

v

G

.) The 
ondition 
hara
terizing 
oarse thresholds is as follows:

Theorem 2.1 ([5℄) Let � > 0. There exist fun
tions 0 < b

1

(�;K) < b

2

(�;K) and

B(�;K) su
h that for all K > 0, all n and p and any monotone symmetri
 family of

graphs R on n verti
es su
h that p �

d�(p)

dp

� K and � < �

p

(R) < 1 � �, for every � > 0

there exists a graph G

�

with the following properties:

� G

�

is balan
ed

� jV (G

�

)j < B

� b

1

< Exp(G

�

) < b

2

� Pr [(G(n; p) [G

�

) 2 R℄ > 1� �:

Impli
it in [5℄ is the analogous statement for hypergraphs.

Remark 2.2 Note that by symmetry the 
opy of G

�

may either be pla
ed on a �xed set

of verti
es or on a random set. The resulting probability spa
e is isomorphi
. In this

paper we will use both possibilities.

For a fun
tion p = p(n) we will de�ne a graph G to be modest with respe
t to p if it is

balan
ed and there exist 
onstants 0 < b

1

< b

2

su
h that b

1

< Exp(G) < b

2

for all values

of n.

The following 
orollary translates Theorem 2.1 to a 
ondition we will use in this paper:

Corollary 2.3 If the property G(n; p) ! H has a 
oarse threshold, then there exist a

fun
tion p




(n), a graph G

�

modest for p




(n), and a 
onstant � > 0 so that for in�nitely

many values of n one has:
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1. � < Pr[G(n; p




) ! H℄ < 1 � �;

2. Pr[G(n; p




) [G

�

! H℄� Pr[G(n; p




) [ G(n; �p




) ! H℄ � � .

Let us explain some of the notation and the meaning of 
orollary 2.3:

G(n; p




) [ G(n; �p




) denotes the union of two random graphs taken on the same set of

verti
es.

The graph G(n; p




) [ G

�

is formed as follows: we will �x ordering of the verti
es

of G

�

, 
hoose at random an ordered set of jV (G

�

)j verti
es in G(n; p




) and add the


orresponding edges. The probability statement regarding the out
ome of this pro
edure

(i.e. Pr[G(n; p




) [ G

�

! H℄) is with respe
t to the 
orresponding probability spa
e.

The �rst point in the above 
orollary means that we are looking at the threshold

interval, whereas the se
ond 
ombines the fa
t that there is a 
oarse threshold, (and

hen
e adding G(n; �p




) has small e�e
t for small �) with the existen
e of the spe
ial

graph guaranteed by Theorem 2.1.

Our strategy in proving a sharp threshold will be to 
ompare the e�e
t of adding to

G(n; p) one �xed 
opy of the modest graph G

�

(guaranteed to exist by Corollary 2.3 in

the 
ase of a 
oarse threshold) to the e�e
t of adding a large set of random edges, thus

showing the 
on
lusions of the 
orollary 
annot hold.

3 The Vertex Coloring Case.

This se
tion is dedi
ated to the proof of Theorem 1.3. The 
ase where the graph H


onsists of a single edge is the 
ase of usual proper 
oloring of a graph. This 
ase was

treated in [1℄, where it is shown that for any 
onstant r > 2 the property of being

non-r-
olorable has a sharp threshold.

We will use Corollary 2.3 to prove Theorem 1.3. The idea is as follows: for large

enough n Corollary 2.3 implies the existen
e of a single graph G

0

, typi
al in an appropriate

sense in G(n; p




), su
h that G

0

is not Ramsey with respe
t to H (i.e. G

0

6! H

v

r

) and su
h

that adding a random 
opy of G

�

to G

0

has signi�
antly more impa
t on the property of

the resulting graph being Ramsey with respe
t to H than adding the edge set of G(n; �p




).

Then we show that this leads to a 
ontradi
tion.

Remark: To remove a doubt whi
h may have already risen in the mind of the astute

reader: part of the proof must show that G

�

itself does not have the Ramsey property, or

else no 
ontradi
tion will arise. Something even stronger than this is proven in Lemma

3.7. This is a typi
al state of a�airs when proving that a property has a sharp threshold.

We want to show that the property is not \lo
al". It is relatively simple to rule out

trivial lo
al reasons (e.g. the existen
e of a modest graph whi
h is Ramsey) and most
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of the e�ort is in proving that there do not exist subtle lo
al e�e
ts, i.e. small lo
al

pertubations resulting in a global 
hange of the graph's properties.

We now need a long list of de�nitions, notions and notations. Let r � 2 be a �xed

integer throughout this se
tion, 0 < � < 1 be a �xed 
onstant and H be a �xed SSB

graph. We will say a graph G has the Ramsey property (or \G is Ramsey") if G! H

v

r

.

A 
oloring of the verti
es of a graph with no mono
hromati
 
opy of H will be 
alled a

proper 
oloring.

Assume that Theorem 1.3 fails for a �xed H. Then we 
an apply Corollary 2.3.

By the above mentioned result of  Lu
zak, Ru
i�nski and Voigt [7℄ we know that the


riti
al probability p = p




(n) from Corollary 2.3 has order p � n

�1=m

1

H

. Let G

�

be

the "in
uential" graph whose existen
e is guaranteed by Corollary 2.3. Throughout this

se
tion we denote jV (H)j = k, jV (G

�

)j = j. We also �x arbitrary orderings of the verti
es

of H and G

�

.

For a �xed graph G we will say that an ordered j-tuple of verti
es (v

i

1

; : : : ; v

i

j

) is bad

if (G [ a 
opy of G

�

added on (v

i

1

; : : : ; v

i

j

)) ! H: If G! H then every j-tuple is bad.

We denote by B = B(G) the family of all bad j-tuples.

An ordered j-tuple (A

1

; : : : ; A

j

) of vertex disjoint (hen
eforth v.d. for brevity) subsets of

V (G) is 
alled B-
omplete if for every 
hoi
e of v

i

2 A

i

, 1 � i � j, the resulting ordered

j-tuple (v

1

; : : : ; v

j

) belongs to B. We say that a family of v.d. k-sets fA

1

; : : : ; A

C

g hits B

if there exists an ordered subset of indi
es i

1

; : : : ; i

j

2 f1; : : : ; Cg su
h that (A

i

1

; : : : ; A

i

j

)

forms a B-
omplete system.

For a given graph G a subset V

0

� V (G) is 
alled extendible to H in G if after turning

V

0

into a 
omplete graph, the resulting graph on V (G) 
ontains a 
opy of H with at least

two verti
es inside V

0

and at least one vertex outside V

0

. Also, we 
all V

0

empty in G if

the set of edges it spans is empty.

Let C be an integer and G be a graph. Choose uniformly at random C v.d. ordered

k-sets of verti
es A

1

; : : : ; A

C

and add on ea
h of them a 
opy of H a

ording to the

�xed ordering of its verti
es. Denote the resulting graph by G

0

. Let Q

1

= Q

1

(G); Q

2

=

Q

2

(G); Q

3

= Q

3

(G) be the following three events:

Q

1

= (G

0

6! H):

Q

2

= (

[

i=1;:::;C

A

i

is empty and not extendible to H in G):

Q

3

= (fA

1

; : : : ; A

C

g hits B(G)):

Let

Q = Q(G) = Q

1

^Q

2

^ Q

3

: (5)
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Our proof rests on the following two lemmas whi
h of 
ourse immediately show that the

Ramsey property has a sharp threshold:

Lemma 3.1 If the Ramsey property has a 
oarse threshold, then there exist a graph G

0

and an integer C su
h that Pr[Q(G

0

)℄ > 0, where the probability is over the random


hoi
es of A

1

; : : : ; A

C

.

Lemma 3.2 For any integer C and graph G one has Pr[Q(G)℄ = 0, i.e. it is impossible

for Q

1

; Q

2

and Q

3

to o

ur simultaneously.

3.1 Proof of Lemma 3.1

Our main te
hni
al tool is an ordered version of a theorem of Erd}os and Simonovits

about supersaturated hypergraphs [4℄. Let B be a family of ordered j-tuples of distin
t

elements of f1; : : : ; ng. Re
all that an ordered j-tuple (A

1

; : : : ; A

j

) of pairwise disjoint

subsets of f1; : : : ; ng is 
alled B-
omplete if for every 
hoi
e of v

i

2 A

i

, 1 � i � j, the

resulting ordered j-tuple (v

1

; : : : ; v

j

) belongs to B. We denote the number of ordered

j-tuples in f1; : : : ; ng by (n)

j

= n(n � 1) : : : (n� j + 1).

Lemma 3.3 For every pair of integers j; k � 2 and for every 
onstant � > 0 there exist

a 
onstant �

0

= f(�; j; k) > 0 and an integer n

0

= g(�; j; k) su
h that for every n � n

0

the

following holds. Let B be a family of ordered j-tuples of distin
t elements of f1; : : : ; ng

of 
ardinality jBj � �(n)

j

. If an ordered j-tuple (A

1

; : : : ; A

j

) of disjoint subsets of size

k of f1; : : : ; ng is 
hosen uniformly at random, then (A

1

; : : : ; A

j

) is B-
omplete with

probability at least �

0

.

The proof of the above statement is essentially the same as that of the original theo-

rem, and we omit it.

For given �; j; k we de�ne �

0

= f(�=2; j; k) and require in the sequel that the number of

verti
es n satis�es n � g(�=2; j; k). Here the fun
tions f and g 
ome from the formulation

of Lemma 3.3. We also set C to be the minimal integer divisible by j for whi
h (1��

0

)

C=j

�

�=8.

As H is strongly stri
tly balan
ed (and therefore balan
ed) and the edge probability

p




satis�es p




� n

�1=m

1

H

, the expe
ted number of 
opies of H in G(n; �p




) is linear in n.

By well known results (see, e.g., [2℄) G(n; �p




) 
ontains almost surely a linear in n number

of 
opies of H. It is also easy to show that in fa
t G(n; �p




) 
ontains almost surely a

linear number of vertex disjoint 
opies of H. In parti
ular, for large enough n we have:

Pr[G(n; �p




) does not 
ontain C v.d. 
opies of H℄ �

�

8

: (6)
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Now we use the full strength of our assumption about H being strongly stri
tly

balan
ed (SSB). Re
all that for a given graph G = (V;E) on n verti
es, a subset V

0

� V

is 
alled extendible to H in G if after turning V

0

into a 
omplete graph the resulting graph

on n verti
es 
ontains a 
opy of H with at least two verti
es inside V

0

and at least one

vertex outside V

0

. Also, V

0

is empty if G[V

0

℄ has an empty set of edges. Let P = P (G)

be the following property of graphs on n verti
es:

We will say a graph G has property P if

Pr[Ck random verti
es of G are empty and non-extendible to H℄ � 1�

�

8

:

As H is strongly stri
tly balan
ed and p




� n

�1=m

1

H

, a random subset of G(n; p




) of a

�xed size is almost surely non-extendible to H. Indeed, let H

0

be a subgraph of H with

jV (H

0

)j = k

0

verti
es, where 2 � k

0

< k. Then, for a �xed subset F � V (G) of a


onstant size, the probability that G(n; p) 
ontains a 
opy of H, whose interse
tion with

F is exa
tly H

0

, is at most O(n

k�k

0

p

jE(H)j�jE(H

0

)j

= O(n

k�k

0

�

(j(E(H)j�jE(H

0

)j)k

jE(H)j�1

). Re
alling

the de�nition of an SSB graph, we 
on
lude that the exponent of n in the last expression

is negative, implying that F is almost surely non-extendible to H. Also, as the number

of edges in G(n; p




) is almost surely sub-quadrati
 in n, a random subset of a �xed size

is almost surely empty. Therefore, for large enough n we get:

Pr[(G(n; p




) does not have P ℄ �

�

2

: (7)

Lemma 3.4 Let the 
on
lusions of Corollary 2.3 hold. Let also p � n

�1=m

1

H

. Then for

in�nitely many n there exists a graph G

0

on n verti
es, having the following properties:

1. G

0

6! H;

2. G

0

has property P ;

3. Pr[G

0

[G

�

! H℄� Pr[G

0

[G(n; �p




) ! H℄ �

�

2

.

Here the probability spa
e G

0

[G

�

is 
reated by pla
ing a random 
opy of G

�

on top

of G

0

. (Re
all Remark 2.2 about the equivalen
e of adding a �xed or a random 
opy

of G

�

to G(n; p).) Similarly, G

0

[ G(n; �p




) is obtained by adding edges of the random

graph G(n; �p




) to those of G

0

.

Proof: We have

� � Pr[G(n; p




) [G

�

! H℄� Pr[G(n; p




) [G(n; �p




) ! H℄

�

X

G

0

has P

Pr[G(n; p




) = G

0

℄(Pr[G

0

[G

�

! H℄� Pr[G

0

[G(n; �p




) ! H℄)

+Pr[G(n; p




) does not have P ℄
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Therefore by (7)

X

G

0

has P

Pr[G(n; p




) = G

0

℄(Pr[G

0

[G

�

! H℄� Pr[G

0

[G(n; �p




) ! H℄) � �=2 :

Then there exists a graph G

0

whi
h possesses P and for whi
h

Pr[G

0

[G

�

! H℄� Pr[G

0

[G(n; �p




) ! H℄ � �=2:

In parti
ular, Pr[G

0

[G(n; �p




) ! H℄ � 1� �=2, implying that G

0

6! H.

2

Re
all that the eventQ was de�ned as the interse
tion of the eventsQ

1

; Q

2

; Q

3

de�ned

in (5). The following lemma shows that for a graph G

0

su
h as des
ribed by Lemma 3.4

there is a positive probability of all three o

urring simultaneously.

Lemma 3.5 Let G

0

be the graph guaranteed by Lemma 3.4. Then

1. Pr[Q

1

(G

0

)℄ >

�

4

:

2. Pr[Q

2

(G

0

℄ � 1 �

�

8

:

3. Pr[Q

3

(G

0

)℄ � 1 �

�

8

:

In parti
ular Pr[Q℄ > 0.

Proof of lemma 3.5:

1. 
onditioning on the event that G(n; �p




) 
ontains C v.d. 
opies of H, these 
opies

are uniformly distributed. Therefore, taking into a

ount (6) and Part 3 of Lemma

3.4, we get

Pr [G

0

+ C random v.d. 
opies of H 6! H℄

� Pr[G

0

[ G(n; �p




) 6! HjG(n; �p




) 
ontains C v.d. 
opies of H℄

� Pr[G

0

[ G(n; �p




) 6! H℄�

Pr[G(n; �p




) does not 
ontain C v.d. 
opies of H℄

�

�

2

�

�

8

>

�

4

(8)

(we use the inequality Pr[AjB℄ � Pr[A \B℄ � Pr[A℄� Pr[

�

B℄).

This proves the �rst assertion of the lemma.
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2. Note that the set of verti
es on whi
h C random v.d. 
opies of H lie form a

randomly 
hosen subset of size Ck. Re
alling that G

0

has property P , we derive

the se
ond part of the lemma:

Pr

�

union of C random v.d. 
opies of H is empty

and non-extendible to H in G

0

�

� 1�

�

8

: (9)

3. Now is the point in our proof where we use the ni
e Erd}os-Simonovits theorem.

This usage may tend to be less noti
eable by the reader when surrounded by all

the 
al
ulations and te
hni
alities, but we wish to stress that the proof is tailored

espe
ially to use this essential notion, without whi
h we were not able to rea
h our

goal.

Re
all the de�nition of B, the family of all bad sets of verti
es in V (G

0

), those on

whi
h pla
ing a 
opy of G

�

results in a Ramsey graph. Returning again to Part 3

of Lemma 3.4, we see that

Pr[G

0

[G

�

! H℄ � �=2

therefore, jBj � (�=2)(n)

j

.

When pla
ing C random 
opies of H on top of G

0

, we 
an pla
e them in groups of

size j, group after group, trying to hit B. From Lemma 3.3 the probability of ea
h

su
h group being B-
omplete, (thus implying that fA

1

; : : : ; A

C

g hits B,) is at least

�

0

. Thus from the de�nition of C and �

0

Pr[C random 
opies of H do not hit B℄ � (1 � �

0

)

C

j

�

�

8

: (10)

Equations (8), (9) and (10) are the assertions of Lemma 3.5, thus we have 
ompleted the

proof of the existen
e of the graph G

0

of Lemma 3.1 under the assumption of a 
oarse

threshold.

2

3.2 Proof of Lemma 3.2

Our �rst step in the proof is to observe that as G

�

is modest for p




and H is strongly

stri
tly balan
ed, it is reasonably easy to 
olor the verti
es of G

�

without 
reating a

mono
hromati
 
opy of H.
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De�nition 3.6 A graph G is 
alled Ramsey-2-
hoosable (or Ramsey-2-
hoosable with

respe
t to H) if for every assignment of a list of two 
olors to ea
h vertex of G there

exists a 
oloring of the verti
es of G whi
h assigns to ea
h vertex a 
olor from its list in

su
h a way that there is no mono
hromati
 
opy of H.

Lemma 3.7 Let H be strongly stri
tly balan
ed and let p = 
n

�1=m

1

H

. Let G

�

be modest

for this value of p. Then G

�

is Ramsey-2-
hoosable with respe
t to H.

Proof: Let m = m

1

H

. For a vertex v 2 H let d(v) denote the degree of v in H. From

the fa
t that H is SSB it follows easily that d(v) > m for any vertex v in H. On the

other hand, from the modesty of G

�

it follows that e

G

�

=v

G

�

= m and that this ratio is

no larger for any subgraph of G

�

. Hen
e G

�

has a vertex of degree at most 2m, and the

same is true for every subgraph of it (i.e. G

�

is 2m-degenerate.) Hen
e one 
an order the

verti
es of G

�

: u

1

; u

2

; : : : ; u

j

so that for ea
h vertex the number of prede
essors in this

ordering who are its neighbors in G

�

is no more than 2m. Now, given lists of two 
olors

for ea
h vertex in G

�

it is easy to supply a proper 
oloring: 
olor the verti
es indu
tively

a

ording to the 
hosen ordering. Assume that the 
olor list of the 
urrent vertex u

i


ontains 
olors 


1

and 


2

. If 
oloring u

i

in 


1

(


2

, resp.) 
reates a mono
hromati
 
opy

of H in G

�

, then u

i

is 
onne
ted with at least m + 1 verti
es whi
h have already been


olored in 


1

(


2

, resp.) (re
all that the minimal degree in H ex
eeds m). But then u

i

is


onne
ted to more than 2m prede
essors { a 
ontradi
tion. This shows that at least one


olor in f


1

; 


2

g is available for 
oloring u

i

.

2

We now are in a position to show that for any C and G

0

the event Q = Q[G

0

℄ is an

impossibility. Let C be an integer and G

0

a graph. Assume the probability of Q is

positive. This means there exists a pla
ement of C v.d. 
opies of H on top of G

0

,

resulting in a graph G

0

0

su
h that Q

1

; Q

2

; Q

3

hold. Let us �x su
h a pla
ement and let

the vertex sets of the C 
opies of H be denoted by A

1

; : : : ; A

C

. By the de�nition of Q

3

these C 
opies hit B. (Re
all that B is the family of all bad sets of verti
es in V (G

0

),

those on whi
h pla
ing a 
opy of G

�

results in a Ramsey graph.) Hen
e there exists an

ordered j-subset of f1; : : : :Cg, say f1; : : : ; jg, so that (A

1

; : : : ; A

j

) is B-
omplete.

As G

0

0

6! H, there exists a proper 
oloring � : V (G

0

0

) ! f1; : : : ; rg. A

ording to the


hoi
e of �, none of the sets A

1

; : : : ; A

j

is mono
hromati
 under �. For 1 � i � j, let S

i

be

(some) list of two 
olors used by � on A

i

. By Lemma 3.7 G

�


an be 
olored from the lists

fS

i

g

j

i=1

without 
reating a mono
hromati
 
opy of H. Let  : f1; : : : ; jg ! f1; : : : ; rg be

su
h a 
oloring. For 1 � i � j let v

i

be a vertex of A

i

, 
olored by � in 
olor  (i) (su
h

a vertex exists by the de�nition of the lists S

i

). Re
all that the j-tuple (A

1

; : : : ; A

j

) is
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B-
omplete. Therefore (v

1

; : : : ; v

j

) is bad, and when adding to G

0

an ordered 
opy of G

�

on those verti
es (v

1

; : : : ; v

j

), we 
reate a graph G

00

0

, whi
h is Ramsey with respe
t to H.

However, we will see now that � gives a proper 
oloring of G

00

0

, whi
h is a 
ontradi
tion.

By de�nition � does not 
reate mono
hromati
 
opies of H in G

0

. By our 
hoi
e of

(v

i

)

j

i=1

it follows that � indu
es the 
oloring  on the 
opy of G

�

supported by them

(i.e., �(v

i

) =  (i)). Re
alling the de�nition of  and the fa
t that fv

1

; : : : ; v

j

g spans an

empty set in G

0

by Property Q

2

, we 
on
lude that G

00

0

[fv

1

; : : : ; v

j

g℄ does not 
ontain a

mono
hromati
 
opy of H. The only remaining 
han
e to get a mono
hromati
 
opy of

H in G

00

0

under � is to take some (at least two) verti
es from fv

1

; : : : ; v

j

g and some (at

least one) from outside. But the union of A

1

; : : : ; A

j

is not extendible to H in G

0

. Hen
e

this possibility also fails. Thus, � is a 
oloring of G

00

0

without a mono
hromati
 
opy of

H, 
ontradi
ting our previous assumptions. The proof of Lemma 3.2 and Theorem 1.3

is 
omplete.

2

4 The Edge Coloring Case

In this se
tion we will prove Theorem 1.4. First note that if T is a star of degree k then,

by the pigeon hole prin
iple, for any r a graph is Ramsey if it has a vertex of degree at

least r(k � 1) + 1. One 
an use this to show that this Ramsey property has a 
oarse

threshold. We will refer to the 
ase of P

4

later. Our general strategy will be similar

to that of the previous se
tion: we will 
ompare the e�e
t of adding a �xed graph to

G(n; p) to that of adding a large number of random edges and show that the 
onditions

of Corollary 2.3 
annot hold.

Proof: For a start let us deal with the 
ase of r = 2, two 
olors whi
h we will 
all bla
k

and white, and T , the tree de�ning the property not being a path (and as stated in the


onditions of the theorem, not a star.)

Let us assume the 
onditions of Corollary 2.3 hold. Note that by Theorem 1.2, p = p




is of order 1=n. Therefore a modest graph G

�

must be a disjoint union of uni
y
li



omponents. Let jV (G

�

)j = j, and let the maximal degree in G

�

be d. Partition the

verti
es of G(n; p) into two sets: V = fv

1

; : : : ; v

j

g, the verti
es on whi
h we will build

G

�

, and V

0

, the rest. Let G(V

0

; p) be the restri
tion of G(n; p) to V

0

.

Remark 4.1 Throughout this se
tion we will be 
onsidering graphs whi
h are the result

of a random 
onstru
tion. These graphs will always have G(V

0

; p) as a subgraph, but

often the 
onstru
tion will 
onsist of several independent stages, the �rst of whi
h will

be the 
onstru
tion of G(V

0

; p) followed by stages where additional edges or verti
es are
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added in either a random or a deterministi
 manner. For any resulting su
h graph R we

will use the notation Adv(R), (short for the advantage of R) to denote

Adv(R) = Pr[R ! T jG(V

0

; p) 6! T ℄:

The probabilities are taken with respe
t to the pro
ess that generates R. All probabilities

and expe
tations 
al
ulated in this se
tion are 
onditional, with the 
ondition G(V

0

; p) 6!

T ):

The proof will 
onsist of a series of impli
ations, beginning with the assumption that the

Ramsey property has a 
oarse threshold, and ending with a 
ontradi
tion. We will now

present a series of statements, and show that ea
h of them follows from the previous ones

and from the assumption that the threshold is 
oarse. These statements and impli
ations

are understood to hold for in�nitely many values of n, and therefore we may assume when

needed that n is suÆ
iently large. The notation used in the statements will be explained

later, for now this list may be 
onsidered by the reader as an outline of the steps of the

proof. Here is the list of statements:

Assume the Ramsey property (with respe
t to T ) has a 
oarse threshold. Then there

exist a 
onstant � > 0, a fun
tion p = p




(n), a graph G

�

whi
h is modest for p




(n) and

in�nitely many values of n su
h that:

1. Adv(G(V

0

; p) [G(V

0

; �p)) � 1� �:

2. Adv(G(n; p) [G

�

) � �:

3. Adv(G(n; p) [G

�

with 
anoni
al 
oloring) � �:

4. Adv(G(V

0

; p) + white stars + bla
k stars) �

6

7

�:

5. Adv(G(V

0

; p) + one large white star + one large bla
k star) �

5

7

�:

6. Adv(G(V

0

; p) + one large white star + many large trees) �

3

7

�:

7. Adv(G(V

0

; p) + white star [G(V

0

; Æp)) �

2

7

�:

8. Adv(G(V

0

; p) [G(V

0

; Æp) [ G(V

0

; Æp)) �

1

7

�:

9. Adv(G(V

0

; p) [G(V

0

; �p)) � 1� �=2:

Note that the �rst and last statements are 
ontradi
tory as promised.

The \nibbling" in the probabilities on the right hand side of statements 3-8 will be

a
hieved by repeated use of

Pr[AjB℄ � Pr[A \ B℄ � Pr[A℄� Pr[

�

B℄: (11)
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We now pro
eed to explain the statements one by one and for ea
h of them prove that

they follow from our initial assumption.

Statements (1) and (2) : In statement (2) we refer to a �xed 
opy of G

�

added on

the verti
es outside V

0

. Let p = p




. Let us use the notation

P = [G(n; p) [G

�

! T ℄

and

Q = [G(n; p) [G(n; �p) ! T ℄:

Corollary 2.3 gives

Pr[P ℄� Pr[Q℄ � �:

But

Pr[P ℄ = Pr[G(V

0

; p) ! T ℄ � Pr[G(n; p) [ G

�

! T jG(V

0

; p) ! T ℄

+ Pr[G(V

0

; p) 6! T ℄ � Pr[G(n; p) [ G

�

! T jG(V

0

; p) 6! T ℄

and

Pr[Q℄ = Pr[G(V

0

; p) ! T ℄ � Pr[G(n; p) [G(n; �p) ! T jG(V

0

; p) ! T ℄

+ Pr[G(V

0

; p) 6! T ℄ � Pr[G(n; p) [G(n; �p! T jG(V

0

; p) 6! T ℄:

Taking the di�eren
e between these two expressions and dividing by Pr[G(V

0

; p) 6! T ℄

we get

Adv(G(n; p) [G

�

) �Adv(G(n; p) [ G(n; �p)) � �:

This implies statement (2) immediately. Similarly we get

Adv(G(n; p) [G(n; �p)) � 1 � �:

Statement (1) now follows simply from the observation that if G 6! T then G

0

6! T for

any G

0

� G.

Statement (3): First, for every graph with a partial 
oloring of its edges we will say that

the graph is Ramsey if in every 
oloring of the graph 
onsistent with the partial 
oloring

there is a mono
hromati
 
opy of T . We may assume without altering our 
al
ulations

that G(n; p) has no edges within the vertex set of G

�

, as this happens with Probability

1� o(1). We now de�ne a 
oloring of the edges of G

�

and of the edges adja
ent to it. We

refer to this 
oloring as the 
anoni
al 
oloring. It has the property that it does not 
reate

any mono
hromati
 
opies of T . Re
all that the modesty of G

�

implies that it is a disjoint

union of uni
y
li
 
omponents. We will assume from here on that G

�

is 
onne
ted, as
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Figure 1: The 
oloring of G

�

and the adja
ent edges.

this will not result in loss of generality. The 
anoni
al 
oloring is as follows: 
olor the

edges of the 
y
le in G

�

bla
k, all those adja
ent to those white, all those adja
ent to

those bla
k, et
. Ex
ept for the bla
k 
y
le all other mono
hromati
 
omponents formed

by this partial 
oloring are stars. Therefore indeed there are no mono
hromati
 
opies of

T in the 
anoni
al 
oloring. Statement (3) should now be 
lear: the event in question is

whether every 
oloring of G(n; p




)[G

�

that is 
onsistent with the 
anoni
al 
oloring has

a mono
hromati
 
opy of T . Sin
e these 
olorings are a subset of all 
olorings the proba-

bility of this must be at least as large as that of the same statement with no restri
tions.

Statement (4): The intuition behind the passage from statement (3) to statement (4)

is that on
e one 
olors G

�

and the adja
ent edges by the 
anoni
al 
oloring, this forms

one mono
hromati
 
y
le that will not be part of any mono
hromati
 
opy of T (it is

bla
k and all edges adja
ent to it are white), and several mono
hromati
 stars that 
an

join other edges to form a mono
hromati
 
opy of T .

Re
all that j is the number of verti
es in G

�

and d is its maximal degree. De�ne j

1

and

j

2

a

ording to the 
anoni
al 
oloring: A subset of the verti
es of G

�

, let us 
all it W ,

had all edges from them to V

0


olored white, whereas the set of other verti
es, whi
h we

denote by B had all edges from them to V

0


olored bla
k. Let jW j = j

1

and jBj = j

2

.

A more pre
ise formulation of Statement (4) is as follows: There exist 
onstants M; j

1

; j

2

with j

1

+ j

2

= j su
h that the following holds: pi
k from the verti
es of G(V

0

; p) at

random j

1

sets W

1

; : : : ;W

j

1

of size M and j

2

su
h sets B

1

; : : : ; B

j

2

: For every su
h set

glue on to the graph a star of degree M + d by identifying M of the leaves with the

verti
es in the set. Now 
olor the edges of the stars glued on to the W sets white and

those of the B sets bla
k. Call the resulting graph R. Then Adv(R) �

6

7

�:

Now let us prove that this statement follows from Statement (3): Re
all that all 
al-


ulations here will be 
onditioned on (G(V

0

; p) 6! T .) For simpli
ity let us denote this
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by

N = (G(V

0

; p) 6! T ):

Re
alling that p




is of order 1=n, the expe
ted degree of a vertex in G(n; p) is 
onstant.

Therefore there exists a 
onstant M su
h that

Pr[9i � j su
h that degree(v

i

) > M jN ℄ <

�

7

:

Here degree(v

i

) is the degree in G(n; p). De�ne the events P and Q

P = (G(n; p




) [G

�

with 
anoni
al 
oloring ! T )

and

Q = (9i � j su
h that degree(v

i

) > M):

By the de�nition of M we have Pr[QjN ℄ <

�

7

:

Using (11) we get

Pr[P j

�

Q ^N ℄ � Pr[P jN ℄�

�

7

:

By monotoni
ity we have

Pr[P jN ^ (degree(v

i

) = M; i = 1; : : : ; j)℄ � Pr[P j

�

Q ^N ℄ � Pr[P jN ℄�

�

7

:

But in this 
ase the mono
hromati
 
omponents of G

�

and the adja
ent edges that join

G(V

0

; p) are white and bla
k stars of degree no more than d+M . Again from monotoni
ity

we may assume the degrees are exa
tly d +M , whi
h gives us Statement (4).

Statement (5): A pre
ise formulation of (5) is as follows: Let j

1

; j

2

;M be the 
onstants

from the previous statement. Pi
k W , a set of Mj

1

random verti
es in V

0

, and B, a

random set of size Mj

2

in V

0

. Glue on W a star of degree Mj

1

+ d 
olored white, and on

B a star of degree Mj

2

+d 
olored bla
k. Call the resulting graph R. Then Adv(R) �

5

7

�:

The explanation of why Statement (4) implies Statement (5) is simple: Consider

B

1

; B

2

; : : : ; B

j

2

, the sets of verti
es in V

0

that had stars glued on to them as in Statement

(4). As long as the distan
e in G(V

0

; p) between any two verti
es that have a star glued

to them is larger than the number of verti
es in T any 
opy of T 
an interse
t at most

one su
h set. In su
h a 
ase the e�e
t of gluing on the small bla
k stars is exa
tly the

same as that of gluing on one large bla
k star. Thus Statement (5) will follow by using

the nibble from (11) if we show that the probability of having any 2 verti
es 
loser than

this is less than

�

7

. This again follows easily from the fa
t that p




is of order 1=n. For any


onstant k the probability that the distan
e between two random verti
es in G(V

0

; p




) is

less than k is o(1). Therefore the probability that any two of the spe
ial verti
es 
hosen

17



have distan
e smaller than the number of verti
es in T is less than

�

7

for suÆ
iently large

n.

Statement (6): For any integers r; t let T

r;t

be the r-ary tree of depth t. The pre
ise

formulation of Statement (6) is as follows: There exist 
onstants K; r and t su
h that

the following holds: Add a white star to G(V

0

; p




) as in the previous statement. Add K


opies of T

r;t

at random to the resulting graph. Denote the resulting graph by R. Then

Adv(R) �

3

7

�. To prove this statement we need the following lemma:

Lemma 4.2 For an integer 
 let s = 
(d + j

2

M). For every tree T there exist 
 and t

su
h that the following holds: Take the tree T

s;t

: Fix an arbitrary partition of the sons of

ea
h interior (non-leaf) vertex into 
 son-sets of size j

2

M + d. Then in every 
oloring of

the edges of T

s;t

by bla
k and white there either exists a white 
opy of T or a vertex su
h

that all of the edges from it to one of its son-sets are 
olored bla
k.

Proof: If for a given 
oloring there is no bla
k set of edges as required then for every

interior vertex in the tree and every son-set there is at least one white edge between

them. In su
h a 
oloring there exists a white T


;t

: Obviously for large enough values of t

and 
 this tree has T as a subtree.

2

Let us now make some additional de�nitions:

After 
onstru
ting G(V

0

; p) and gluing on the white star, de�ne a set of j

2

M verti
es in

V

0

to be bad if gluing a bla
k star of degree d + j

2

M on to them results in a Ramsey

graph.

Let T

0

be a 
opy of T

s;t

with vertex set within V

0

. If the distan
e in G(V

0

; p) between

every two verti
es of T

0

is larger than the number of verti
es in T 
all T

0

remote. If T

0

is remote and there exists a partition of the sons of every interior node in T

0

into sets all

of whi
h are bad we will say T

0

is bad. This de�nition is useful due to the following

Observation: >From Lemma 4.2 it follows that if after adding the white star to G(V

0

; p)

one adds to the graph a bad tree T

0

the resulting graph has the Ramsey property. In

any 
oloring of the graph one �nds within T

0

either a white 
opy of T or a bla
k star of

degree d + j

2

M with a bad set as a subset of its leaves and the rest of the verti
es far

enough in G(V

0

; p) to have the same e�e
t as gluing a bla
k star on to the bad set. (The

di�eren
e between gluing a star on or taking the rest of the verti
es of the star from V

0

is that a resulting 
opy of T may \wrap around itself" if the additional verti
es are too


lose to the bad set.)

To make a transition from Statement (5) to Statement (6) we will de�ne two random

variables � and �. They are de�ned as follows:

� = Pr[a random set of verti
es of size j

2

M is bad℄:

18



� = Pr[a random 
opy of T

s;t

is bad℄:

Here the probabilities are over the random 
hoi
e of verti
es in V

0

in the 
ase of � and

over the 
hoi
e of a 
opy of T

s;t

for �. The random pro
ess that de�nes the values of �

and � however is the 
hoi
e of edges in G(V

0

; p) and the 
hoi
e of where to glue on the

white star.

The expe
ted value of � is exa
tly the probability that (G(V

0

; p) + the two random stars)

is Ramsey. From Statement (5) it follows

Exp[�jG(V

0

; p) 6! T ℄ �

5

7

�

and sin
e � � 1 we also get from a Markov type 
al
ulation that

Pr[� �

�

7

jG(V

0

; p) 6! T ℄ �

4

7

�:

Now if n is suÆ
iently large and � is bounded away from 0, say � >

�

7

, then when

sampling subsets of V

0

to support a 
opy of T

s;t

we 
an disregard the e�e
t of sampling

with repetition and bound � from below. Keeping in mind that due to the fa
t that p

is of order 1=n a random 
opy of T

0

is almost surely remote, an elementary 
al
ulation

shows that

Claim: There exists a 
onstant 
 su
h that for suÆ
iently large n if � �

�

7

then � � �




.

(Essentially, if there are 
 subsets of the verti
es of T

s;t

that must be bad then � � �




.)

From this it follows

Pr[� � (

�

7

)




jG(V

0

; p) 6! T ℄ � Pr[� >

�

7

jG(V

0

; p) 6! T ℄ �

4

7

�:

Let (

�

7

)




= �

0

and K be su
h that 1� (1� �

0

)

K

>

3

4

. Thus, 
onditioning on G(V

0

; p) 6! T ,

adding K random 
opies of T

s;t

to (G(V

0

; p) + the white star) 
reates a Ramsey graph

with probability at least

4

7

� �

3

4

=

3

7

�: This 
ompletes the proof that Statement (5) implies

Statement (6).

Statement (7): The pre
ise statement is that for any Æ > 0, for suÆ
iently large value

of n it is true that Adv(G(V

0

; p)+ white star [G(V

0

; Æp)) �

2

7

�. This follows easily from

the previous statement: as Æp is of order 1=n it is well known (see e.g. [2℄) that for any

tree T

0

and any integer K G(n; Æp) almost surely has more than K vertex disjoint 
opies

of T

0

. So in parti
ular

Pr[G(n; Æp) has more than K disjoint 
opies of T

s;t

℄ > 1�

�

7
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and using (11) we nibble the right hand side of our estimates down to

2�

7

.

Statement (8): The passage from Statement (5) to Statement (7) repla
ed a bla
k star

by the addition of G(n; Æp). This argument 
an be repeated in more or less the same

manner to pass from statement (7) to statement(8).

Statement (9): Follows from Statement (8) if the ratio between � and Æ is large enough.

In parti
ular, if L is su
h that

1 � (1�

�

7

)

L

> 1�

�

2

;

then statement (8) implies

Adv(G(V

0

; p)) [ 2L 
opies of G(V

0

; Æp)) > 1�

�

2

:

If furthermore we 
hoose Æ small enough so

1 � (1� Æp)

2L

< �p

we get Statement (9). This 
ompletes the proof for the 
ase where r = 2 and T is not a

star or a path.

If T = P

4

and r = 2 the threshold is 
oarse sin
e there exist modest (=uni
y
li
)

graphs G su
h that G ! (P

4

)

e

2

. Finding an example of su
h a graph is left as a simple

puzzle for the reader.

If T = P

k

, k > 4 the proof is very similar to the previous one. We will point out some

ne
essary modi�
ations, but leave the details to the interested reader.

� The 
oloring of G

�

and the edges adja
ent to it in this 
ase is as follows: Assume

that G

�

has a 
y
le of odd length (this is the harder 
ase.) Let the verti
es of

the 
y
le be v

1

; : : : ; v

q

and the edge from v

i

to v

(i+1)modq

be e

i

. Color e

1

bla
k

and also e

2

; e

4

; : : : ; e

q�1

. Color all the rest of the edges in the 
y
le white. Now


olor all the other edges adja
ent to v

1

white. Do the same for v

2

; v

4

; : : : ; v

q�1

. For

v

3

; v

5

; : : : ; v

q


olor the other edges adja
ent to them bla
k. Now 
ontinue to 
olor

the graph indu
tively by 
hoosing an edge that has been 
olored and 
oloring all

edges adja
ent to it that have not been previously 
olored by the opposite 
olor.

Note that this 
oloring has a bla
k path of length 3, but no mono
hromati
 path

of length larger than 3.

� De�ne a broom of degree d to be a graph 
onsisting of a path of two edges (the

\handle") and another d edges adja
ent to one end of the path (the \straws"). A

set of verti
es will now de�ned to be bad via the gluing to the straws of a 
opy of
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Figure 2: The 
oloring of G

�

and the adja
ent edges.

Figure 3: A broom

a bla
k broom rather than a 
opy of a bla
k star. Observe that if a set of verti
es

is suÆ
iently pairwise distant in G(V

0

; p) then it is bad i� the following holds:

In every proper 
oloring of the graph either one of the verti
es in the set is the

endpoint of a bla
k 
opy of P

k�3

or there exist two verti
es v and u in the set and

an integer x su
h that u is the endpoint of a bla
k 
opy of P

x

and v is the endpoint

of a bla
k 
opy of P

k�2�x

: (These are the reasons the bla
k broom may 
reate an

obstru
tion.)

� From this 
hara
terization of bad sets we get the following : if in G(V

0

p) there

are two bad sets su
h that the distan
e between any two verti
es in these sets is

suÆ
iently large (say, 2k), and one glues on a bla
k star with those sets as leaves

then there are no proper 
olorings left in the resulting graph. Why? Be
ause in

any proper 
oloring of the graph (without the star) one 
an �nd two verti
es in

these sets whi
h are the end points of suÆ
iently long disjoint bla
k paths: Either

a P

x

and a P

k�2�x

; or two 
opies of P

k�3

. The bla
k star then 
onne
ts these paths

into a path of length at least k. (We have used the fa
t that 2(k � 3) + 2 > k.)
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These are the modi�
ations ne
essary for the 
ase where T is a path.

Now to end the proof we must refer to the 
ase of r > 2, more than two 
olors. Here

the proof is essentially the same. Divide the 
olors 1; : : : ; r into two 
lasses, 
lass 1 whi
h


onsists of 
olor 1 and 
lass 2 whi
h 
onsists of all the rest. Substitute 
oloring G

�

with

two 
olors by a 
oloring using the two 
olor 
lasses, where the 
olors of 
lass 2 are 
hosen

arbitrarily. A bad set is now de�ned to be one where gluing on a star 
olored by any


ombination of 
olors of the se
ond 
lass leaves no proper 
olorings. The rest of the proof

remains the same mutatis mutandis.

2

5 Con
lusion

As is 
lear many 
hallenging questions are left open. One annoying issue that might

be no more than a te
hni
ality is getting rid of the SSB restri
tion in Theorem 1.3. A

possibly more diÆ
ult problem than this is the 
ase of edge 
oloring for graphs other

than trees, triangles being a natural 
andidate to start with. The 
riti
al p for this 
ase

is p = n

�1=2

. We �nd it hard to 
on
eive that adding a 
opy of, say, K

5

whi
h is modest

in this region, but 
an be bi-
olored with no mono
hromati
 triangle, 
an have a global

e�e
t, and 
hange the probability of a random graph being Ramsey, but we have not

been able to rule out this seemingly strange possibility.
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