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Abstra
t

We dis
uss approximation algorithms for the 
oloring problem and the maximum independent

set problem in 3-uniform hypergraphs. An algorithm for 
oloring 3-uniform 2-
olorable hypergraphs

in

~

O(n

1=5

) 
olors is presented, improving previously known results. Also, for every �xed 
 > 1=2,

we des
ribe an algorithm that, given a 3-uniform hypergraph H on n verti
es with an independent

set of size 
n, �nds an independent set of size

~


(min(n; n

6
�3

)). For 
ertain values of 
 we are

able to improve this using the Lo
al Ratio Approa
h. The results are obtained through Semide�nite

Programming relaxations of these optimization problems.

1 Introdu
tion

An r-uniform hypergraph H is an ordered pair H = (V;E), where V is a �nite non-empty set (the

set of verti
es), and E is a 
olle
tion of distin
t r-subsets of V (the set of edges). Thus a 2-uniform

hypergraph is just a graph. A subset I � V (H) is 
alled independent if I does not 
ontain any edge

of H. The maximal size of an independent set in H is 
alled the independen
e number of H and is

denoted by �(H). A k-
oloring of H is a partition V (H) = C

1

[ : : : [ C

k

so that ea
h 
olor 
lass C

i

is an independent set. The 
hromati
 number of H, denoted by �(H), is the minimal k for whi
h H

admits a k-
oloring. We use standard notation f(n) =

~

O(g(n)) if there exists a 
onstant 
 > 0 so that

f(n) = O(g(n) log




n). Similarly, f(n) =

~


(g(n)) if g(n) =

~

O(f(n)).

In this paper we dis
uss algorithmi
 problems of approximating the 
hromati
 number and the

independen
e number of k-uniform hypergraphs. The 
ase k = 2 
orresponds to the very extensively

�

An extended abstra
t of this paper appeared in the Pro
eedings of the 12

th

Annual Symposium on Dis
rete Algorithms

(SODA'2001).

y

Department of Mathemati
s, Raymond and Beverly Sa
kler Fa
ulty of Exa
t S
ien
es, Tel Aviv University, Tel Aviv

69978, Israel. Email: krivelev�math.tau.a
.il. Supported by a USA-Israeli BSF grant.

z

Department of Computer S
ien
e, Raymond and Beverly Sa
kler Fa
ulty of Exa
t S
ien
es, Tel Aviv University, Tel

Aviv 69978, Israel. Email: ramn�math.tau.a
.il.

x

Department of Mathemati
s, Prin
eton University, Prin
eton, NJ 08540, USA and Institute for Advan
ed Study,

Prin
eton, NJ 08540, USA. Email address: bsudakov�math.prin
eton.edu. Resear
h supported in part by NSF grant and

by the State of New Jersey.

1



studied problems of approximating the 
hromati
 number /the independen
e number of graphs, two

of the most important problems in Combinatorial Optimization. For the 
oloring problem, the best

known result belongs to Halld�orsson who obtained in [12℄ a 
oloring algorithm with approximation ratio

O(n(log logn)

2

= log

3

n) for graphs on n verti
es. On the negative side, Feige and Kilian showed [9℄

that, for any �xed � > 0, the 
hromati
 number of graphs on n verti
es is not approximable within a

fa
tor of n

1��

unless NP = ZPP . If a graph on n verti
es is 3-
olorable, then one 
an 
olor it using

O(n

3=14

log

O(1)

n) 
olors [5℄ but it is NP -hard to 
olor it using four 
olors [17℄. As for approximating

the independen
e number of a graph, Boppana and Halld�orsson presented an algorithm ([6℄) with

approximation ratio O(n= log

2

n) for graphs on n verti
es, based on the so 
alled Lo
al Ratio Approa
h,

to be dis
ussed later in this paper. If a graph 
ontains an independent set of size 
n+m, for a 
onstant

0 < 
 < 1=2, then an independent set of size

~

O(m

3



+1

) 
an be found in polynomial time [1℄. On the

other hand, H�astad proved [14℄ that it is impossible to approximate �(G) within a fa
tor of n

1��

, unless

NP = ZPP . Even stronger non-approximability result has been obtained re
ently by Engebretsen and

Holmerin [8℄. The reader 
an 
onsult [3℄ for the a

ount of the state of the art in these two optimization

problems.

In 
ontrast, mu
h less is known on the hypergraph versions of these problems. Krivelevi
h and

Sudakov [19℄ developed a 
oloring algorithm with approximation ratio O(n(log log n= log n)

2

) for r-

uniform hypergraphs on n verti
es. Algorithms for 
oloring k-uniform 2-
olorable hypergraphs have

been proposed in [2, 7, 19℄. As for negative results, it is fairly easy to show that for every �xed k � 3,

approximating the 
hromati
 number of a k-uniform hypergraph is at least as hard as the 
orresponding

problem for graphs [15, 19℄. Very re
ently, Guruswami, H�astad and Sudan showed [11℄ that for any


onstant 
 it is NP-hard to 
olor 4-uniform 2-
olorable hypergraphs using 
 
olors. Naturally, this

result stresses the importan
e of developing good approximation algorithms for 
oloring 2-
olorable

hypergraphs. The only paper on approximating the independen
e number of uniform hypergraphs we

are aware of is [15℄, whose main result is signi�
antly weaker than those known for graphs. Also,

essentially the same redu
tion as for the 
hromati
 number shows that approximating the independen
e

number of r-uniform hypergraphs is at least as hard as the graph 
ase r = 2 [19℄.

Here we propose approximation algorithms for 
oloring and independent set problems in 3-uniform

hypergraphs. It appears that the 3-uniform 
ase stands apart from other uniformity numbers k � 4,

as in this 
ase the powerful ma
hinery of Semide�nite Programming 
an be applied to produ
e better

approximation algorithms (see [2℄ for a relevant dis
ussion). In Se
tion 2 we dis
uss an algorithm

for �nding a large independent set in hypergraphs on n verti
es with an independent set of size at

least 
n, for a 
onstant 
 > 0. There we propose an algorithm for �nding an independent set of size

~


(min(n; n

6
�3

)) in su
h a hypergraph. Then in the next se
tion we show how to improve our results

from Se
tion 2 for some values of 
, using the Lo
al Ratio approa
h. In Se
tion 4 we use algorithm

developed in Se
tion 2 as a subroutine to 
olor 3-uniform 2-
olorable hypergraphs using

~

O(n

1=5

) 
olors

in polynomial time, thus improving the

~

O(n

9=41

) algorithm from [19℄ and the previous results from [2℄,
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[7℄. The �nal se
tion is devoted to 
on
luding remarks. Throughout the paper we assume, whenever

this is needed, that n is suÆ
iently large. We also omit all 
oor and 
eiling signs whenever these are

not 
ru
ial, to simplify the presentation.

2 Finding large independent sets

In this se
tion we dis
uss an algorithm for approximating the maximum independent set in a 3-uniform

hypergraph. We will assume that an input hypergraph H on n verti
es 
ontains an independent set of

size 
n, where 0 < 
 < 1 is a 
onstant. The performan
e of our algorithm depends on 
. The graph

version of this problem has been ta
kled by Boppana and Halld�orsson [6℄ using the subgraph ex
lusion

argument, and then by Alon and Kahale [1℄ based on the Lov�asz �-fun
tion. We obtain the following

result:

Theorem 1 Let H be a 3-uniform hypergraph on n verti
es, m edges and with an independent set of

size at least 
n, for some 
onstant 
 > 0. There exists a polynomial time algorithm whi
h �nds in H

an independent set of size

~


(min(n; n

3�3


=m

2�3


)).

Proof. We will pro
eed as follows: �rst a relevant semide�nite program is formulated; solving it will

enable us to �nd a set of unit ve
tors in R

n

with large angles between ea
h pair of them; then a rounding

pro
edure will �nd a large independent set in the 
orresponding subset of verti
es.

We �rst formulate a Semide�nite Programming relaxation of the maximum independent set problem

as follows:

max

X

i

1� v

T

0

v

i

2

s:t: kv

0

k = kv

i

k = 1 ; for 1 � i � n ;

v

T

i

v

j

+ v

T

i

v

k

+ v

T

j

v

k

� v

T

0

(v

i

+ v

j

+ v

k

) ; for fi; j; kg 2 E(H) :

The semide�nite program written above is indeed a relaxation of the independent set problem sin
e,

for any independent set I, assigning v

0

= �1, v

i

= 1 if i 2 I and v

i

= �1 otherwise yields that

P

i

1�v

T

0

v

i

2

= jIj. It is also easy to verify that, sin
e I is an independent set, the 
onstraints of the

relaxation are satis�ed. For every � > 0, the above semide�nite program 
an be solved within an

absolute error of � in time polynomial in n and log(1=�) (see e.g. [10℄).

Fix Æ = 1= log n and let v

0

; v

1

; : : : ; v

n

be an optimal solution of the above semide�nite program. For

every integer 1 � t �

2�2


Æ

+ 1, we de�ne

S

t

= f1 � i � nj � 1 + (t� 1)Æ � v

T

0

v

i

� �1 + tÆg :

Note that there are at most

2

Æ

+ 1 su
h sets and also the sets S

t

split the ve
tors v

i

into subsets with

almost equal inner produ
ts with v

0

.

Lemma 2 There exists an index t su
h that jS

t

j �

nÆ

2

2(2+Æ)

= 
(

n

log

2

n

).
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Proof. Suppose that for all t, jS

t

j <

nÆ

2

2(2+Æ)

. Sin
e there are at most

2

Æ

+ 1 su
h sets we obtain that

j [

t

S

t

j < Æn=2. Therefore all but at most Æn=2 ve
tors v

i

satisfy that v

T

0

v

i

> 1 � 2
 + Æ. Sin
e for all

other ve
tors v

T

0

v

i

� �1, this implies that the value of the semide�nite relaxation is at most

X

i

1� v

T

0

v

i

2

< (n� Æn=2)(
 � Æ=2) + Æn=2 = 
n� Æ(
 � Æ=2)n=2 < 
n:

This 
ontradi
ts the fa
t that the size of the maximum independent set in H is at least 
n. 2

We have shown that there exists a set S

t

of size jS

t

j = 
(n= log

2

n). Let S

0

be su
h a set, and

let H

1

be a subhypergraph of H indu
ed by S

0

. By de�nition H

1

is a 3-uniform hypergraph with

n

1

=

~


(n) verti
es and m

1

� m edges. We show how to �nd a large independent set in H

1

. Note that

the s
alar produ
ts v

T

0

v

i

are roughly the same for all i from S

0

and in the worst 
ase their values are

at most (1 � 2
) + 1= log n. As 
 > 1=2, the inner produ
ts v

T

0

v

i

are negative. We will show that this

observation 
an be used to �nd a large independent set inside S

0

. Let u

i

be the normalized proje
tion

of the ve
tors v

i

2 S

0

on the subspa
e orthogonal to v

0

. Then these ve
tors have the following property.

Lemma 3 If (i; j; k) 2 E(H

1

), then

u

T

i

u

j

+ u

T

i

u

k

+ u

T

j

u

k

�

3(1 � 2
)

2(1� 
)

+O(1= log n):

Proof. By the de�nition of S

0

there exists a real a � 1� 2
 su
h that a � v

T

0

v

i

� a+ 1= log n for all

i 2 S

0

. In addition, as fi; j; kg � S

0

is an edge of H, we have that v

T

i

v

j

+v

T

i

v

k

+v

T

j

v

k

� v

T

0

(v

i

+v

j

+v

k

) �

3a + O(1= log n). As v

T

i

vj + v

T

i

v

k

+ v

T

j

v

k

= (kv

i

+ v

j

+ v

k

k

2

� kv

i

k

2

� kv

j

k

2

� kv

k

k

2

)=2 � �3=2, we

may assume that a � �1=2 +O(1= log n), sin
e otherwise S

0


ontains no edges and we are done. Let a

ve
tor u

0

i

= v

i

� (v

T

0

v

i

)v

0

be the proje
tion of v

i

on the subspa
e orthogonal to v

0

. The ve
tors u

i

are

obtained by normalizing the ve
tors u

0

i

. Sin
e the s
alar produ
ts v

T

0

v

i

are roughly equal a, this implies

that jju

0

i

jj

2

� 1� a

2

�O(1= log n). Therefore

u

T

i

u

j

+ u

T

i

u

k

+ u

T

j

u

k

)

1� a

2

�O

�

1

log n

�

� u

0T

i

u

0

j

+ u

0T

i

u

0

k

+ u

0T

j

u

0

k

= v

T

i

v

j

�(v

T

i

v

0

)(v

T

j

v

0

)+v

T

i

v

k

�(v

T

i

v

0

)(v

T

k

v

0

)+v

T

j

v

k

�(v

T

j

v

0

)(v

T

k

v

0

)

� v

T

i

v

j

+ v

T

i

v

k

+ v

T

j

v

k

� 3a

2

+O

�

1

log n

�

� v

T

0

(v

i

+ v

j

+ v

k

)� 3a

2

+O

�

1

log n

�

� 3a� 3a

2

+O

�

1

logn

�

:

This yields

u

T

i

u

j

+ u

T

i

u

k

+ u

T

j

u

k

�

3a� 3a

2

1� a

2

+O

�

1

logn

�

=

3a

1 + a

+O

�

1

log n

�

�

3(1 � 2
)

2(1 � 
)

+O

�

1

logn

�

;
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where the last inequality follows from the fa
ts that �1 < a � 1 � 2
 and f(a) = 3a=(1 + a) is an

in
reasing fun
tion of a in this range. 2

Noti
e that as u

i

; u

j

; u

k

are all unit ve
tors, we have 0 � ku

i

+u

j

+u

k

k

2

= 3+2(u

T

i

u

j

+u

T

i

u

k

+u

T

j

u

k

),

implying that u

T

i

u

j

+u

T

i

u

k

+u

T

j

u

k

� �3=2. Then it follows from the above lemma that for 
 > 2=3 the

set S

0


ontains no edges, i.e. is independent. Thus in the remaining part of this se
tion we assume that


 � 2=3. We 
an also assume that m

1

> 3n

1

, sin
e otherwise a simple greedy algorithm, whi
h pi
ks

ea
h time a vertex of minimal degree and deletes all verti
es 
losing an edge with two already 
hosen

ones, �nds a linear size independent set in H

1

.

Next we show how to �nd a large independent set in S

0

, using the ve
tors u

i

. This rounding

algorithm is very similar to an algorithm of Karger, Motwani and Sudan [16℄ for 
oloring k-
olorable

graphs. Choose a random ve
tor r a

ording to the standard n-dimensional normal distribution, i.e.

ea
h 
omponent of r is an independent random variable with the standard normal distribution. Let

I = fi 2 S

0

j u

T

i

r � 
g, for some 
 whi
h we spe
ify later. Let n

0

= jIj be the size of I and let

m

0

= jf(i; j; k) 2 E j i; j; k 2 Igj be the number of edges 
ontained in I. An independent set I

0

of size

n

0

�m

0

is then easily obtained by removing one vertex from ea
h edge 
ontained in I. To �nish the

proof we will show that there exists a 
 su
h that the expe
ted size of I

0

is

~


(min(n

1

; n

3�3


1

=m

2�3


1

)) =

~


(min(n; n

3�3


=m

2�3


)).

Let N(x) =

R

1

x

�(y)dy, where �(x) =

1

p

2�

e

�

x

2

2

, denote the tail of the standard normal distribution.

It is well known that (

1

x

�

1

x

3

)�(x) � N(x) �

1

x

�(x), for every x > 0. It is also known that if v is an

arbitrary unit ve
tor in IR

n

, and r is a random ve
tor 
hosen a

ording to the standard n-dimensional

normal distribution, then the inner produ
t v

t

r is distributed a

ording to the standard one dimensional

normal distribution. Therefore

E[n

0

℄ = n

1

Pr[u

T

1

r � 
℄ = n

1

N(
) ;

E[m

0

℄ =

X

(i;j;k)2E(H

1

)

Pr[u

T

i

r � 
 and u

T

j

r � 
 and u

T

k

r � 
℄

�

X

(i;j;k)2E(H

1

)

Pr[(u

i

+ u

j

+ u

k

)

T

r � 3
℄ :

Fix an edge (i; j; k) 2 E(H

1

). Our aim is to estimate from above the probability Pr[(u

i

+u

j

+u

k

)

T

r � 3
℄.

If ku

i

+ u

j

+ u

k

k = 0, then for any positive 
 one has Pr[(u

i

+ u

j

+ u

k

)

T

r � 3
℄ = 0. Therefore we may

assume that ku

i

+ u

j

+ u

k

k > 0. In this 
ase a

ording to the said above

Pr[(u

i

+ u

j

+ u

k

)

T

r � 
℄ = N

 

3


ku

i

+ u

j

+ u

k

k

!

:

By Lemma 3 we know that

ku

i

+ u

j

+ u

k

k

2

� 3 + 3 �

1� 2


1� 


+O(1= log n) = 3 �

2� 3


1� 


+O(1= log n):

5



Consider �rst the 
ase 
 = 2=3. In this 
ase we obtain ku

i

+ u

j

+ u

k

k

2

= O(1= log n), implying:

Pr[(u

i

+ u

j

+ u

k

)

T

r � 3
℄ � N(3
 � 
(log

1=2

n)) = e

�
(


2

log n)

:

Choosing 
 to be a suÆ
iently large 
onstant we derive:

E[n

0

℄ = �(n

1

) = 


�

n

log

2

n

�

;

E[m

0

℄ = m

1

� e

�
(


2

log n)

= o(n

1

) :

and thus E[I

0

℄ = 
(n= log

2

n), proving the desired bound.

If 
 < 2=3, then for every edge (i; j; k) 2 E(H

1

) it follows that

Pr[i; j; k 2 I℄ � N

�

3


�

q

(1� 
)=(3(2 � 3
)) +O(1= log n)

�

�

:

Therefore

E[jI

0

j℄ � E[n

0

℄�E[m

0

℄ � n

1

N(
)�m

1

N

 

3


 

�

1� 


3(2 � 3
)

�

1

2

+O(1= log n)

!!

:

Fix 
 to be

p

(4� 6
) ln(m

1

=n

1

) + �(1). Then by 
hoosing an appropriate 
onstant �(1) we 
an make

E[m

0

℄ � n

1

N(
)=2 = E[n

0

℄=2, and thus

E[jI

0

j℄ �

n

1

2

N(
) �

n

1

2

�

1




�

1




3

�

1

p

2�

e

�


2

=2

=

~




 

n

3�3


1

m

2�3


1

!

=

~




 

n

3�3


m

2�3


!

;

as promised. 2

Note that even though our algorithm is randomized, it 
an be easily derandomized using the te
h-

nique of Mahajan and Ramesh [20℄.

We will �nish this se
tion with the following immediate 
onsequen
e of the last theorem.

Corollary 4 If 
 > 1=2 and H is a 3-uniform hypergraph on n verti
es with an independent set of

size at least 
n, then there is a polynomial time algorithm whi
h �nds in H an independent set of size

~


(min(n; n

6
�3

)).

Proof. Note that in Theorem 1 the value of m in the worst 
ase is at most O(n

3

). 2

6



3 Using the Lo
al Ratio Approa
h

The so 
alled Lo
al Ratio Approa
h was pioneered by Bar-Yehuda and Even [4℄, who used it to develop an

approximate graph vertex 
over algorithm. Boppana and Halld�orsson [6℄ used the Lo
al Ratio Approa
h

in their algorithm for approximating the independen
e number of a graph. In [18℄, this approa
h has

been applied to a hypergraph approximation problem. Here we use the Lo
al Ratio Lemma to improve

the result of Theorem 1 for 
ertain values of the parameter 
. Our approa
h is similar in spirit to that

of [6℄.

Notation. For a hypergraph H = (V;E) the lo
al ratio of H is de�ned by:

lr(H) =

�(H)

jV (H)j

:

Lemma 5 (Lo
al Ratio Lemma.) Let H

0

= (V

0

; E

0

) be a �xed hypergraph with lr(H

0

) = 
. Let

H = (V;E) be a hypergraph on n verti
es with �(H) � 
n+m. Start with H

0

= H and as long as H

0


ontains a 
opy of H

0

, delete from H

0

all verti
es of this 
opy. Then the obtained hypergraph H

0

has

the following properties:

1. H

0

does not 
ontain a 
opy of H

0

;

2. jV (H

0

)j � �(H

0

) � 
jV (H

0

)j+m � m.

Proof. Property 1 is obvious from the 
onstru
tion of H

0

.

For the proof of Property 2, note that the �rst and the last inequalities hold trivially, so we need

to prove only the middle inequality. Denote jV (H

0

)j = n

0

and suppose we have deleted s � 0 
opies of

H

0

with vertex sets U

1

; : : : ; U

s

. Denote U

�

=

S

s

i=1

U

i

. As all U

i

are pairwise disjoint, we get jU

�

j = n

0

s

and thus jV (H

0

)j = n� n

0

s. Let I � V (H) be an independent set in H of size jIj = 
n+m. Then for

every 1 � i � s one has jI \ U

i

j � �(H

0

) = 
n

0

. Hen
e jI \ U

�

j � 
n

0

s. This implies that

�(H

0

) � jI n U

�

j = jIj � jI \ U

�

j � (
n+m)� 
n

0

s = 
(n� n

0

s) +m = 
jV (H

0

)j+m;

thus establishing Property 2. 2

Let fH

k

g

1

k=1

be the family of 3-uniform hypergraphs de�ned by the following re
ursive 
onstru
tion:

V (H

1

) = f1; 2; 3g, E(H

1

) = f(1; 2; 3)g; for all k � 2, V (H

k

) = f1; 2; : : : ; 2k + 1g, E(H

k

) = E(H

k�1

) [

f(i; 2k; 2k+1)j1 � i � 2k� 1g. Clearly the number of verti
es in H

k

is 2k+1 and it is easy to prove by

indu
tion that �(H

k

) = k + 1. Indeed, �rst note that the set f1; 3; : : : ; 2k � 1; 2k + 1g is independent

in H

k

. Next, if I is independent in H

k

, then either 2k; 2k + 1 2 I and then I \ f1; : : : ; 2k � 1g = ;, or

jI \ f2k; 2k+1gj � 1 and then by indu
tion jIj � 1+�(H

k�1

) � k+1. Therefore lr(H

k

) =

k+1

2k+1

. Note

that the hypergraph H

k


ontains all hypergraphs H

i

, 1 � i � k � 1, as subhypergraphs.

For a �xed integer k, let t

k

be the 
onstant whose value is de�ned by the re
ursion:

s

k;1

= 1; s

k;i+1

=

(k + 2)s

k;i

k � 1 + (2k + 1)s

k;i

; 1 � i � k � 1; t

k

= s

k;k

:

7



We prove the following theorem.

Theorem 6 Let H be a 3-uniform hypergraph with n verti
es and an independent set of size at least

(

k+1

2k+1

+ �(n))n, where �(n) = 
(1= log

�(1)

n). Then there exists a polynomial time algorithm whi
h �nds

in H an independent set of size

~


(n

t

k

).

Proof. Sin
e lr(H

k

) = (k + 1)=(2k + 1), by the Lo
al Ratio Lemma we 
an ex
lude all 
opies of H

k

from the hypergraph H and obtain a hypergraph H

0

with n

0

=

~


(n) verti
es and an independent set of

size at least

k+1

2k+1

n

0

+ �(n)n.

Now we show by indu
tion that, for all 1 � i � k, if H

0

is a hypergraph on n verti
es, not 
ontaining

a 
opy of the hypergraph H

i

, then there is a polynomial time algorithm whi
h either �nds in H

0

an

independent set of size

~


(n

s

k;i

), or outputs a subset U � V (H

0

) so that lr(H

0

[U ℄) < (k + 1)=(2k + 1).

Basis of indu
tion. If i = 1, then by the de�nition of H

1

we have that H

0


ontains no edges.

Therefore the vertex set of H

0

is an independent set of size n = n

s

k;1

, as desired.

Indu
tion step. Suppose �rst that the number of edges in H

0

satis�es:

m � n

3k+(4k+2)s

k;i

k�1+(2k+1)s

k;i

:

If lr(H

0

) � (k+1)=(2k+1), then by applying our algorithm from Se
tion 2 we 
an �nd an independent

set of size

~




0

�

n

3k

2k+1

m

k�1

2k+1

1

A

=

~




 

n

(k+2)s

k;i

k�1+(2k+1)s

k;i

!

=

~


(n

s

k;i+1

):

If the algorithm fails to output an independent set if size

~


(n

s

k;i+1

), then H

0

has lo
al ratio lr(H

0

) <

(k + 1)=(2k + 1), and we are done again.

On the other hand, if the number of edges satis�es

m � n

3k+(4k+2)s

k;i

k�1+(2k+1)s

k;i

;

then we 
learly 
an �nd a pair of verti
es u and v in H

0

su
h that d(u; v) � m=n

2

. Note that by

de�nition, the subhypergraph indu
ed by N(u; v) does not 
ontains a 
opy of H

i

. Therefore by applying

the indu
tion hypothesis to this hypergraph we will either �nd an independent set of size

~


 (jN(u; v)j

s

k;i

) �

~




��

m

n

2

�

s

k;i

�

�

~


(n

s

k;i+1

);

or a subset U so that lr(H

0

[U ℄) < (k + 1)=(2k + 1). This 
ompletes the proof of the indu
tion step.

Now we apply repeatedly the above algorithm with i = k. If the algorithm �nds a subset U for

whi
h lr(H

0

[U ℄) < (k + 1)=(2k + 1), then we delete U and pro
eed. Noti
e that by the Lo
al Ratio

Lemma deleting from H

0

su
h a subset U leaves the lo
al ratio of the obtained hypergraph above

(k+1)=(2k+1). Re
all that by our assumption lr(H

0

) � (

k+1

2k+1

+ �(n))n. Therefore during the repeated


alls of the algorithm the number of verti
es in the hypergraph is always as large as �(n)n =

~


(n).
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Hen
e at some point the algorithm will return an independent set of size at least

~


((�(n)n)

t

k

) =

~


(n

t

k

),

as desired. 2

It is easy to show by indu
tion that t

k

is always greater than 3=(2k + 1) for all k � 2. This implies

that the result of Theorem 6 improves Corollary 4. To 
on
lude, we present a table whi
h 
ompares

quantitatively these two results for the �rst few values of k.


 =

�(H)

jV (H)j

=

k+1

2k+1

2

3

3

5

4

7

5

9

6

11

Result of Corollary 4 1

3

5

= 0:6

3

7

= 0:428 : : :

1

3

= 0:333 : : :

3

11

= 0:272 : : :

Result of Theorem 6 1

2

3

= 0:666 : : :

25

53

= 0:471 : : :

4

11

= 0:363 : : :

2401

8121

= 0:295 : : :

Table 1: The exponents of the algorithms of Corollary 4 and of Theorem 6.

4 Coloring 2-
olorable hypergraphs

In this se
tion we present an algorithm for 
oloring 3-uniform 2-
olorable hypergraphs, whi
h improves

the previous results from [19℄, [2℄, [7℄. We will prove the following statement.

Theorem 7 Let H be a 3-uniform 2-
olorable hypergraph on n verti
es. Then there is a polynomial

time algorithm whi
h 
olors H using

~

O(n

1=5

) 
olors.

Proof. Let us start by de�ning terminology and notation to be used later. Given a 3-uniform hyper-

graph H = (V;E), for a pair of verti
es v; u 2 V we denote N(u; v) = fw 2 V : (u; v; w) 2 Eg

and also d(u; v) = jN(u; v)j. H is linear if every pair of edges of H has at most one vertex in


ommon, that is, d(u; v) � 1 for every u; v 2 V . Also, the neighborhood of v 2 V is de�ned as

N(v) = fu 2 V n fvg : 9w 2 V; (u; v; w) 2 E(H)g.

The algorithm is obtained by 
ombining Corollary 4 and the ideas from [19℄. To simplify the

presentation we avoid spe
i�
 
onstants and polylogarithmi
 fa
tors, hiding them in the standard

~

O;

~


-

notation. The exa
t form of these expressions 
an be easily �gured out. As usual, to produ
e an

~

O(n

1

5

)


oloring of H, it is enough to be able to �nd an independent set of size

~


(n

4=5

). Here is our plan: we

�rst redu
e all 
odegrees d(u; v) to n

4=5

; then in the obtained hypergraph we �nd a linear subhypergraph

with all degrees at least 
(n

4=5

); �nally we use this subhypergraph to �nd a subset V

0

� V (H) of size

9



jV

0

j = 
(n

4=5

) so that V

0


ontains an independent set two thirds of its size; �nally we use Corollary 4

to �nd an independent set of size

~


(n

4=5

) inside V

0

.

In our algorithm we will use the semide�nite programming subroutine of [7℄ and [2℄ to �nd large

independent sets. The analysis in these papers yields the existen
e of the following pro
edure:

Pro
edure Semidef(H)

Input: A 3-uniform 2-
olorable hypergraph H = (V;E) on n verti
es with m � n edges.

Output: An independent set I of size jIj =

~


(

n

9=8

m

1=8

).

(Both papers [7℄ and [2℄ show that a 3-uniform 2-
olorable hypergraph H = (V;E) with a maximal

degree � 
an be 
olored in

~

O(�

1=8

) 
olors (see, e.g. display (4) of [7℄ or Corollary 1 of [2℄). Given

a 3-uniform 2-
olorable hypergraph H = (V;E) with n verti
es and m edges, we �rst, as long as H


ontains a vertex of degree at least m=n, delete su
h a vertex and all in
ident edges. This pro
edure

will stop with a 3-uniform hypergraph H

0

� H with �(n) verti
es and with all degrees at most m=n.

Applying to this hypergraph the above mentioned result of [7℄, [2℄, we get the above stated pro
edure

Semidef(H).)

Our algorithm 
onsists of three main steps.

Step 1. Consider a pair of verti
es u; v su
h that d(u; v) � n

4=5

. If there is no su
h pair pro
eed

to Step 2. If N(u; v) 
ontains no edges of H, we are done, sin
e we have found an independent set

of size n

4=5

. Otherwise in any legal 2-
oloring of H the 
olors of u and v are di�erent. Delete all

edges of H 
ontaining both u and v and repla
e them by an edge (u; v). The obtained hypergraph is

still 2-
olorable. Repeat this pro
edure while there is su
h a pair of verti
es as above. Note that even

though this pro
ess 
reates edges of size two, this 
an be easily over
ome. We simply ignore all edges

of size two that appear in the 
ourse of the algorithm exe
ution. After having 
olored the hypergraph,

for every 
olor 
lass we are left with a bipartite graph that 
an easily be 
olored using two 
olors. We

therefore need at most double the number of 
olors to rea
h a legal 
oloring of H. Denote the 3-uniform

hypergraph obtained in the end of the �rst step by H

1

. It has a property that for any pair of verti
es

d(u; v) < n

4=5

.

Step 2. Consider the hypergraphH

1

. If jE(H

1

)j = O(n

13=5

), then by applying Semidef we 
an �nd an

independent set of size

~


(n

4=5

). Otherwise, H

1

is a hypergraph with 
(n

13=5

) edges in whi
h there are

at most n

4=5

edges 
ontaining any given pair of verti
es. Therefore H

1


ontains a linear subhypergraph

H

0

1

with the same vertex set and 
(n

9=5

) edges. This subhypergraph 
an be found by a simple greedy

pro
edure: start with E(H

0

1

) = ;. As long as there exists an edge e 2 E(H

1

) n E(H

0

1

) su
h that after

adding e to E(H

0

1

), H

0

1

will still be linear, add e to E(H

0

1

). If this pro
edure stops with jE(H

0

1

)j = t

edges, then 3tn

4=5

� jE(H

1

)j � t sin
e for every edge in E(H

0

1

) there are at most 3n

4=5

other edges

interse
ting it in two verti
es. This yields that t = 
(n

9=5

). We now repeatedly delete from H

0

1

verti
es

with degree at most t=2n, for as long as su
h verti
es exist. The resulting subhypergraph is denoted by

H

2

. The total number of deleted edges does not ex
eed (t=2n)n = t=2 and therefore E(H

2

) 6= ;. Also,

10



every vertex in H

2

has degree at least t=2n = 
(n

4=5

) and 
learly H

2

is a linear hypergraph as well.

Step 3. Sin
e H is a 2-
olorable hypergraph, we 
an �x some 2-
oloration V (H) = C

1

[ C

2

of H.

For a vertex v 2 V (H

2

), let C(v) 2 fC

1

; C

2

g denote the 
olor 
lass of v in this 
oloring. Consider the

following sum

X

v2V (H

2

)

(jN

H

2

(v) n C(v)j � 2jN

H

2

(v) \ C(v)j) =

X

v2V (H

2

)

jN

H

2

n C(v)j �

X

v2V (H

2

)

2jN

H

2

(v) \ C(v)j :

Note that every edge e 2 E(H

2

) has exa
tly two verti
es of one 
olor and exa
tly one vertex of the

opposite 
olor. Also, sin
e H

2

is linear, for every v 2 V (H

2

) every vertex u 2 N(v) belongs to exa
tly

one edge in
ident with v. Therefore every edge e 
ontributes 4 to the �rst sum of the right hand

side of the above equality and the same amount to the se
ond sum. This observation shows that

the sum above is equal to zero, implying in turn that at least one of the summands in the left hand

side is non-negative. We infer that there exists a vertex v

0

2 V (H

2

) su
h that N

H

2

(v

0

) = 
(n

4=5

)

and jN

H

2

(v

0

) n C(v

0

)j � (2=3)jN

H

2

(v

0

)j. This implies that at least 2=3 of the verti
es of N

H

2

(v

0

)

belong to the same 
olor 
lass and thus form an independent set in H. Let H

3

= H[N

H

2

(v

0

)℄ be

the indu
ed subhypergraph of H, jV (H

3

)j = 
(n

4=5

). Then H

3

is 3-uniform, 2-
olorable and satis�es

�(H

3

) � (2=3)jV (H

3

)j. Suppose we have this vertex v

0

at hand (we 
an 
he
k all the verti
es in

polynomial time). Then we 
an use Corollary 4 from Se
tion 2, with 
 = 2=3, to �nd an independent

set of H of size

~


(n

4=5

) in V (H

3

). This 
ompletes the proof of the theorem. 2

Remark. It is easy to see that our algorithm 
an be also used to 
olor 2-
olorable hypergraph H of

dimension 3 (i.e. all the edges are of size 2 or 3) using only

~

O(n

1=5

) 
olors. Here n is the number of

verti
es of H. Indeed, we simply ignore all edges of size two in the 
ourse of the algorithm exe
ution.

After having 
olored the hypergraph, for every 
olor 
lass we are left with a bipartite graph that 
an

easily be 
olored using two 
olors. We therefore need at most double the number of 
olors to rea
h a

legal 
oloring of the hypergraph.

5 Con
luding remarks

We have presented approximation algorithms for 
oloring and �nding a large independent set in 3-

uniform hypergraphs. Our 
oloring algorithm 
olors a 3-uniform 2-
olorable hypergraph on n verti
es is

~

O(n

1=5

) 
olors. For the independent set problem, we 
an �nd an independent set of size

~


(min(n; n

6
�3

))

in a 3-uniform hypergraph on n verti
es with an independent set of size 
n, where 
 > 0 is a 
onstant.

Both these algorithms start by formulating and solving a Semide�nite Programming relaxation of the


orresponding problem and then round an optimal ve
tor solution in order to �nd a good approximation

of the relevant parameter. For 
ertain values of the parameter 
 we are able to improve the latter

algorithm, using the Lo
al Ratio Approa
h.

A 
hallenging question whi
h remains open is to determine if there exists a polynomial time algorithm

whi
h �nds an independent set of size at least n

�

, for some � > 0 in a 3-uniform hypergraph on n verti
es

11



and with independent set of size 
n, where 
 � 1=2.

Also, it would be very interesting to develop good approximation algorithms for 
oloring and inde-

pendent set problems for k-uniform hypergraphs with k � 4.
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