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Abstract

We discuss approximation algorithms for the coloring problem and the maximum independent
set problem in 3-uniform hypergraphs. An algorithm for coloring 3-uniform 2-colorable hypergraphs
in O(nl/ %) colors is presented, improving previously known results. Also, for every fixed v > 1/2,
we describe an algorithm that, given a 3-uniform hypergraph H on n vertices with an independent
set of size yn, finds an independent set of size Q(min(n,n%Y~3)). For certain values of y we are
able to improve this using the Local Ratio Approach. The results are obtained through Semidefinite
Programming relaxations of these optimization problems.

1 Introduction

An r-uniform hypergraph H is an ordered pair H = (V, E), where V is a finite non-empty set (the
set of vertices), and F is a collection of distinct r-subsets of V' (the set of edges). Thus a 2-uniform
hypergraph is just a graph. A subset I C V(H) is called independent if I does not contain any edge
of H. The maximal size of an independent set in H is called the independence number of H and is
denoted by a(H). A k-coloring of H is a partition V(H) = C; U ... U Cj so that each color class C;
is an independent set. The chromatic number of H, denoted by x(H), is the minimal k for which H
admits a k-coloring. We use standard notation f(n) = O(g(n)) if there exists a constant ¢ > 0 so that
F(n) = O(g(n) log®n). Similarly, f(n) = Q(g(n)) if g(n) = O(f (n)).

In this paper we discuss algorithmic problems of approximating the chromatic number and the

independence number of k-uniform hypergraphs. The case kK = 2 corresponds to the very extensively
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studied problems of approximating the chromatic number /the independence number of graphs, two
of the most important problems in Combinatorial Optimization. For the coloring problem, the best
known result belongs to Halldérsson who obtained in [12] a coloring algorithm with approximation ratio
O(n(loglogn)?/log®n) for graphs on n vertices. On the negative side, Feige and Kilian showed [9]
that, for any fixed € > 0, the chromatic number of graphs on n vertices is not approximable within a

factor of nl—¢

unless NP = ZPP. If a graph on n vertices is 3-colorable, then one can color it using
O(n3/110g°M) n) colors [5] but it is NP-hard to color it using four colors [17]. As for approximating
the independence number of a graph, Boppana and Halldérsson presented an algorithm ([6]) with
approximation ratio O(n/ log? n) for graphs on n vertices, based on the so called Local Ratio Approach,
to be discussed later in this paper. If a graph contains an independent set of size yn +m, for a constant
0 < v < 1/2, then an independent set of size O(m%) can be found in polynomial time [1]. On the
other hand, Hastad proved [14] that it is impossible to approximate a(G) within a factor of n! =€, unless
NP = ZPP. Even stronger non-approximability result has been obtained recently by Engebretsen and
Holmerin [8]. The reader can consult [3] for the account of the state of the art in these two optimization
problems.

In contrast, much less is known on the hypergraph versions of these problems. Krivelevich and
Sudakov [19] developed a coloring algorithm with approximation ratio O(n(loglogn/logn)?) for -
uniform hypergraphs on n vertices. Algorithms for coloring k-uniform 2-colorable hypergraphs have
been proposed in [2, 7, 19]. As for negative results, it is fairly easy to show that for every fixed k > 3,
approximating the chromatic number of a k-uniform hypergraph is at least as hard as the corresponding
problem for graphs [15, 19]. Very recently, Guruswami, Hastad and Sudan showed [11] that for any
constant c¢ it is NP-hard to color 4-uniform 2-colorable hypergraphs using ¢ colors. Naturally, this
result stresses the importance of developing good approximation algorithms for coloring 2-colorable
hypergraphs. The only paper on approximating the independence number of uniform hypergraphs we
are aware of is [15], whose main result is significantly weaker than those known for graphs. Also,
essentially the same reduction as for the chromatic number shows that approximating the independence
number of r-uniform hypergraphs is at least as hard as the graph case r = 2 [19].

Here we propose approximation algorithms for coloring and independent set problems in 3-uniform
hypergraphs. It appears that the 3-uniform case stands apart from other uniformity numbers k& > 4,
as in this case the powerful machinery of Semidefinite Programming can be applied to produce better
approximation algorithms (see [2] for a relevant discussion). In Section 2 we discuss an algorithm
for finding a large independent set in hypergraphs on n vertices with an independent set of size at
least yn, for a constant v > 0. There we propose an algorithm for finding an independent set of size
Q(min(n,n%~3)) in such a hypergraph. Then in the next section we show how to improve our results
from Section 2 for some values of ~, using the Local Ratio approach. In Section 4 we use algorithm
developed in Section 2 as a subroutine to color 3-uniform 2-colorable hypergraphs using O(nl/ %) colors
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in polynomial time, thus improving the O(n algorithm from [19] and the previous results from [2],



[7]. The final section is devoted to concluding remarks. Throughout the paper we assume, whenever
this is needed, that n is sufficiently large. We also omit all floor and ceiling signs whenever these are

not crucial, to simplify the presentation.

2 Finding large independent sets

In this section we discuss an algorithm for approximating the maximum independent set in a 3-uniform
hypergraph. We will assume that an input hypergraph H on n vertices contains an independent set of
size yn, where 0 < v < 1 is a constant. The performance of our algorithm depends on . The graph
version of this problem has been tackled by Boppana and Halldérsson [6] using the subgraph exclusion
argument, and then by Alon and Kahale [1] based on the Lovédsz #-function. We obtain the following

result:

Theorem 1 Let H be a 3-uniform hypergraph on n vertices, m edges and with an independent set of
size at least yn, for some constant v > 0. There exists a polynomial time algorithm which finds in H

an independent set of size Q(min(n,n? 37 /m2-37)).

Proof. We will proceed as follows: first a relevant semidefinite program is formulated; solving it will
enable us to find a set of unit vectors in R" with large angles between each pair of them; then a rounding
procedure will find a large independent set in the corresponding subset of vertices.

We first formulate a Semidefinite Programming relaxation of the maximum independent set problem

as follows: .
1—vyv;
max ; —
s.t. lvol| = ||vill =1, for 1 <i<n,

vl vj + o] v + vl op <of (vi + v+ i), for {i,j,k} € E(H) .

The semidefinite program written above is indeed a relaxation of the independent set problem since,

for any independent set I, assigning vp = —1, v; = 1 if ¢ € I and v; = —1 otherwise yields that
—oT v,
O 1—1;0i = |I]. Tt is also easy to verify that, since I is an independent set, the constraints of the

relaxation are satisfied. For every € > 0, the above semidefinite program can be solved within an
absolute error of € in time polynomial in n and log(1/€) (see e.g. [10]).

Fix § = 1/logn and let vy, v1,...,v, be an optimal solution of the above semidefinite program. For
every integer 1 <t < %l + 1, we define

Si;={1<i<n|-14 (-1 <uvlv;<—-1+1t5}.

Note that there are at most % + 1 such sets and also the sets S; split the vectors v; into subsets with

almost equal inner products with vy.

Lemma 2 There exists an index t such that |Sy| > Q(Z(f(s) = Q(log@n).



Proof. Suppose that for all ¢, |S;| < 2(’5—‘_555). Since there are at most % + 1 such sets we obtain that
| Us S¢| < 0n/2. Therefore all but at most dn/2 vectors v; satisfy that vi v; > 1 — 2y + 4. Since for all

other vectors vf v; > —1, this implies that the value of the semidefinite relaxation is at most

—'UTU'
S E TR0 < /)y 5/2) + 5nf2 = Am — 6(y — /2)n/2 < m.

i

This contradicts the fact that the size of the maximum independent set in H is at least yn. a

We have shown that there exists a set S; of size |S;| = Q(n/log®n). Let S’ be such a set, and
let H; be a subhypergraph of H induced by S’. By definition H; is a 3-uniform hypergraph with
ny = fl(n) vertices and m1 < m edges. We show how to find a large independent set in H;. Note that
the scalar products v{ v; are roughly the same for all i from S’ and in the worst case their values are
at most (1 —2v) + 1/logn. As v > 1/2, the inner products v{ v; are negative. We will show that this
observation can be used to find a large independent set inside S’. Let u; be the normalized projection

of the vectors v; € S’ on the subspace orthogonal to vy. Then these vectors have the following property.

Lemma 3 If (i,j,k) € E(Hy), then

3(1 —2v)
2(1 =)

ul wj +ul up, + ufuk < + O(1/logn).

Proof. By the definition of S’ there exists a real a < 1 — 27 such that a < v{v; < a + 1/logn for all
i € S'. In addition, as {i, 5, k} C S'is an edge of H, we have that v v;+v] vy -I-vavk < of (vi+vj+og) <
3+ O(1/logn). As vTvj +oTvx + ooy = (s + vj + vell2 = ol = o 12 = llowl2)/2 = —3/2, we
may assume that a > —1/2+4 O(1/logn), since otherwise S’ contains no edges and we are done. Let a
vector u, = v; — (vg v;)vg be the projection of v; on the subspace orthogonal to vy. The vectors u; are
obtained by normalizing the vectors u}. Since the scalar products vl v; are roughly equal a, this implies

that ||u}||> > 1 —a? — O(1/logn). Therefore

T T T
w; wi + ug up + ug ug) < 1 >
) 7 j 1) < T, 1 T, 1 T, 1
— <wulu;+us U t+usu
1 —a? logn ¢ TR Tk

= UZTUJ'—(U;‘FUO)(U;‘FUO)JFU?%—(UiTvo)(UkTUo)Jrvak—(U]'TUO)(UIJ;UO)

IA

1
v vj +vf vy, + vavk —~3a*+ 0 (logn)

IN

1
vg (v; + vj +vg) — 3a® + O <logn>

§3a—3a2+0< ! >
logn

This yields

3a — 3a? 1 3a 1 3(1 —2v) ; 1
T T 1 + = +0 S
T, . ] up < ————+ 0 <
§ Uy T Uk T Uk S T <logn> I+a <logn> 2(1 =) <logn> ,

u
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where the last inequality follows from the facts that —1 < a < 1 — 2y and f(a) = 3a/(1 + a) is an

increasing function of @ in this range. o

Notice that as u;, u;, uy are all unit vectors, we have 0 < ||u; +uj+ug||® = 3+2(u! uj+u] ug -I-u;-ruk),
implying that ulTuj + uZTuk + u?uk > —3/2. Then it follows from the above lemma that for v > 2/3 the
set S’ contains no edges, i.e. is independent. Thus in the remaining part of this section we assume that
v < 2/3. We can also assume that my > 3ni, since otherwise a simple greedy algorithm, which picks
each time a vertex of minimal degree and deletes all vertices closing an edge with two already chosen
ones, finds a linear size independent set in Hj.

Next we show how to find a large independent set in S’, using the vectors u;. This rounding
algorithm is very similar to an algorithm of Karger, Motwani and Sudan [16] for coloring k-colorable
graphs. Choose a random vector r according to the standard n-dimensional normal distribution, i.e.
each component of r is an independent random variable with the standard normal distribution. Let
I ={iecS8 | ulr>c} for some ¢ which we specify later. Let n’ = |I| be the size of T and let
m' = |{(i,j,k) € E | i,j,k € I}| be the number of edges contained in I. An independent set I' of size
n' —m/ is then easily obtained by removing one vertex from each edge contained in I. To finish the
proof we will show that there exists a ¢ such that the expected size of I is Q(min(n, ni’_?"y/m%_?’v)) =
Q(min(n, n3 37 /m2-37)).

Let N(z) = [° ¢(y)dy, where ¢(z) = \/LQ—Wefé, denote the tail of the standard normal distribution.
It is well known that (1 — %)qﬁ(m) < N(z) < L¢(), for every z > 0. Tt is also known that if v is an
arbitrary unit vector in IR, and r is a random vector chosen according to the standard n-dimensional
normal distribution, then the inner product v'r is distributed according to the standard one dimensional

normal distribution. Therefore

E[n'] = mPrlulr>¢ = niN(c),
E[m'] = Z Pr[uiTr > c and u;rr > c and u{r > ]
(i,4,k)EE(H1)

Z Pr{(u; + u; +ug)'r > 3] .
(lsjak)eE(Hl)

IA

Fix an edge (i, j,k) € E(H;). Our aim is to estimate from above the probability Pr[(u;+u;+ug)”r > 3¢].
If ||u; + uj + ugl| = 0, then for any positive ¢ one has Pr[(u; +uj + ug)Tr > 3¢] = 0. Therefore we may

assume that |ju; + u;j + ugl| > 0. In this case according to the said above

3¢
¢ J

By Lemma 3 we know that

1—2y 2 — 3y
1/logn) =3 -
1_7+O(/0gn) 3 T

i 4+ uj 4+ g <343 + O(1/logn).



Consider first the case v = 2/3. In this case we obtain ||u; + u; + ux||> = O(1/log n), implying:
Pr(ui + u; + up)Tr > 3] < N(3¢- Q(log"/? n)) = e~ logn)

Choosing ¢ to be a sufficiently large constant we derive:

Bl = @(n1)=Q< n )

log? n

—Q(c?logn)

Em'] = mi-e o(n1) .

and thus E[I'] = Q(n/log?n), proving the desired bound.
If v < 2/3, then for every edge (i,j,k) € E(H;) it follows that

Prfi,j,k € I] < N <3c(\/(1 —7)/(3(2 - 37)) + 0(1/1ogn))> .

Therefore

E[|I'|] > E[n] — E[m'] > n1N(c) — miN <3c <<ﬁ) 2 + O(1/log n))) .

Fix ¢ to be \/(4 — 67) In(m;/n1) + O(1). Then by choosing an appropriate constant ©(1) we can make
E[m'] <ni1N(e)/2 = E[n']/2, and thus

BV 2 5N 2 (G- 5) ae

as promised. O

Note that even though our algorithm is randomized, it can be easily derandomized using the tech-
nique of Mahajan and Ramesh [20].

We will finish this section with the following immediate consequence of the last theorem.

Corollary 4 If v > 1/2 and H is a 3-uniform hypergraph on n vertices with an independent set of
size at least yn, then there is a polynomial time algorithm which finds in H an independent set of size

Q(min(n, n87-3)).

Proof. Note that in Theorem 1 the value of m in the worst case is at most O(n?). a



3 Using the Local Ratio Approach

The so called Local Ratio Approach was pioneered by Bar-Yehuda and Even [4], who used it to develop an
approximate graph vertex cover algorithm. Boppana and Halldérsson [6] used the Local Ratio Approach
in their algorithm for approximating the independence number of a graph. In [18], this approach has
been applied to a hypergraph approximation problem. Here we use the Local Ratio Lemma to improve
the result of Theorem 1 for certain values of the parameter . Our approach is similar in spirit to that
of [6].

Notation. For a hypergraph H = (V, E) the local ratio of H is defined by:

a(H)
"D = v
Lemma 5 (Local Ratio Lemma.) Let Hy = (Vpy, Ey) be a fized hypergraph with Ir(Hy) = . Let
H = (V,E) be a hypergraph on n vertices with «(H) > yn + m. Start with H' = H and as long as H'
contains a copy of Hy, delete from H' all vertices of this copy. Then the obtained hypergraph H' has

the following properties:

1. H' does not contain a copy of Hy;
2. [V(H)| > a(H') > AV (H")| +m > m.

Proof. Property 1 is obvious from the construction of H'.

For the proof of Property 2, note that the first and the last inequalities hold trivially, so we need
to prove only the middle inequality. Denote |V (Hp)| = ny and suppose we have deleted s > 0 copies of
Hy with vertex sets Uy, ..., Us. Denote U* = |J;_; U;. As all U; are pairwise disjoint, we get |U*| = ngs
and thus |V (H')| =n — ngs. Let I C V(H) be an independent set in H of size |I| = yn + m. Then for
every 1 <i < s one has |[I NU;| < a(Hy) = yng. Hence |I NU*| < yngs. This implies that

a(H') > [INU*| = |I| = INU"| > (yn. 4+ m) = yngs = y(n — nos) +m = v|V(H')| + m,
thus establishing Property 2. O

Let {Hj}32, be the family of 3-uniform hypergraphs defined by the following recursive construction:
V(Hy) ={1,2,3}, E(Hy) ={(1,2,3)}; for all k > 2, V(Hy) ={1,2,...,2k + 1}, E(Hg) = E(Hg—1) U
{(4,2k,2k +1)|1 < i < 2k —1}. Clearly the number of vertices in Hy is 2k + 1 and it is easy to prove by
induction that «(Hg) = k + 1. Indeed, first note that the set {1,3,...,2k — 1,2k + 1} is independent
in Hy. Next, if T is independent in Hy, then either 2k,2k + 1 € I and then IN{1,...,2k — 1} =0, or
|I N{2k,2k +1}| <1 and then by induction |I| < 1+ a(Hy—1) < k+ 1. Therefore Ir(Hy) = Qkk—t_ll Note
that the hypergraph Hj contains all hypergraphs H;, 1 <7 < k — 1, as subhypergraphs.

For a fixed integer k, let t; be the constant whose value is defined by the recursion:

Skyi+l = (3 2)a )
’ E—1+ 2k +1)sk,;

Ska =1, 1<i<k—-1, ty = Skk-

7



We prove the following theorem.

Theorem 6 Let H be a 3-uniform hypergraph with n vertices and an independent set of size at least

k41
(2k+1

in H an independent set of size Q(n').

+¢(n))n, where e(n) = Q(1/1og® Y n). Then there exists a polynomial time algorithm which finds

Proof. Since Ir(Hy) = (k +1)/(2k + 1), by the Local Ratio Lemma we can exclude all copies of Hj,

from the hypergraph H and obtain a hypergraph H' with n’ = Q(n) vertices and an independent set of
size at least Qkk—j_lln' + €(n)n.
Now we show by induction that, for all 1 < i < k, if H' is a hypergraph on n vertices, not containing
a copy of the hypergraph H;, then there is a polynomial time algorithm which either finds in H' an
independent set of size Q(n®*), or outputs a subset U C V(H') so that Ir(H'[U]) < (k +1)/(2k + 1).
Basis of induction. If i = 1, then by the definition of H; we have that H’ contains no edges.
Therefore the vertex set of H' is an independent set of size n = n®*1, as desired.

Induction step. Suppose first that the number of edges in H' satisfies:

3k+(4k+2)sy ;

m S nk71+(2k+l)sk,i .

Ifir(H') > (k+1)/(2k +1), then by applying our algorithm from Section 2 we can find an independent

set of size
- n2l§i1 - _ (ks -
Q — — Q nk_1+(2k+1)5k,i — Q(ns’”“).

m, 2k+1

If the algorithm fails to output an independent set if size Q(n®*i+1), then H' has local ratio Ir(H') <
(k+1)/(2k + 1), and we are done again.
On the other hand, if the number of edges satisfies

3k+(4k+2)sy, ;

m > nk71+(2k+l)sk,i’

then we clearly can find a pair of vertices u and v in H' such that d(u,v) > m/n% Note that by
definition, the subhypergraph induced by N (u,v) does not contains a copy of H;. Therefore by applying
the induction hypothesis to this hypergraph we will either find an independent set of size

QN o) 22 ((5) ) 2 e,

or a subset U so that Ir(H'[U]) < (k +1)/(2k + 1). This completes the proof of the induction step.
Now we apply repeatedly the above algorithm with ¢ = k. If the algorithm finds a subset U for
which Ir(H'[U]) < (k4 1)/(2k + 1), then we delete U and proceed. Notice that by the Local Ratio
Lemma deleting from H’ such a subset U leaves the local ratio of the obtained hypergraph above
(k+1)/(2k+1). Recall that by our assumption Ir(H') > (fk—"jrll +€(n))n. Therefore during the repeated
calls of the algorithm the number of vertices in the hypergraph is always as large as e(n)n = Q(n).



Hence at some point the algorithm will return an independent set of size at least Q((e(n)n)t) = Q(n'*),

as desired. O

It is easy to show by induction that t; is always greater than 3/(2k 4 1) for all £ > 2. This implies
that the result of Theorem 6 improves Corollary 4. To conclude, we present a table which compares

quantitatively these two results for the first few values of k.

_ oH) _ k+1 2 3 4 5 6
T= )] T 2641 3 5 7 9 11
Result of Corollary 4 1 =06 2-0428... | £=0333... | $=0272...

Result of Theorem 6 1 | 2=0666... |2 =0471... | {5 =0.363... | 219 =0.295...

Table 1: The exponents of the algorithms of Corollary 4 and of Theorem 6.

4 Coloring 2-colorable hypergraphs

In this section we present an algorithm for coloring 3-uniform 2-colorable hypergraphs, which improves

the previous results from [19], [2], [7]. We will prove the following statement.

Theorem 7 Let H be a 3-uniform 2-colorable hypergraph on n vertices. Then there is a polynomial

time algorithm which colors H using O(n/5) colors.

Proof. Let us start by defining terminology and notation to be used later. Given a 3-uniform hyper-
graph H = (V,E), for a pair of vertices v,u € V we denote N(u,v) = {w € V : (u,v,w) € E}
and also d(u,v) = |N(u,v)|. H is linear if every pair of edges of H has at most one vertex in
common, that is, d(u,v) < 1 for every u,v € V. Also, the neighborhood of v € V is defined as
Nw)={ueV\{v}:Jw eV, (u,v,w) € E(H)}.

The algorithm is obtained by combining Corollary 4 and the ideas from [19]. To simplify the
presentation we avoid specific constants and polylogarithmic factors, hiding them in the standard 0,9-
notation. The exact form of these expressions can be easily figured out. As usual, to produce an O(n%)
coloring of H, it is enough to be able to find an independent set of size Q(n4/ %). Here is our plan: we
first reduce all codegrees d(u,v) to n*/?; then in the obtained hypergraph we find a linear subhypergraph
with all degrees at least Q(n*/®); finally we use this subhypergraph to find a subset Vo C V (H) of size



Vol = Q(n*/®) so that Vj contains an independent set two thirds of its size; finally we use Corollary 4
to find an independent set of size Q(n*/°) inside V.
In our algorithm we will use the semidefinite programming subroutine of [7] and [2] to find large

independent sets. The analysis in these papers yields the existence of the following procedure:

Procedure Semidef(H)
Input: A 3-uniform 2-colorable hypergraph H = (V, E) on n vertices with m > n edges.
Output: An independent set I of size |T| = € n?/® )

mi’s

(Both papers [7] and [2] show that a 3-uniform 2-colorable hypergraph H = (V, E) with a maximal
degree A can be colored in O(A!/®) colors (see, e.g. display (4) of [7] or Corollary 1 of [2]). Given
a 3-uniform 2-colorable hypergraph H = (V, E) with n vertices and m edges, we first, as long as H
contains a vertex of degree at least m/n, delete such a vertex and all incident edges. This procedure
will stop with a 3-uniform hypergraph H' C H with O(n) vertices and with all degrees at most m/n.
Applying to this hypergraph the above mentioned result of [7], [2], we get the above stated procedure
Semidef(H).)

Our algorithm consists of three main steps.

Step 1. Consider a pair of vertices u,v such that d(u,v) > n*5. If there is no such pair proceed
to Step 2. If N(u,v) contains no edges of H, we are done, since we have found an independent set
of size n*/5. Otherwise in any legal 2-coloring of H the colors of u and v are different. Delete all
edges of H containing both u and v and replace them by an edge (u,v). The obtained hypergraph is
still 2-colorable. Repeat this procedure while there is such a pair of vertices as above. Note that even
though this process creates edges of size two, this can be easily overcome. We simply ignore all edges
of size two that appear in the course of the algorithm execution. After having colored the hypergraph,
for every color class we are left with a bipartite graph that can easily be colored using two colors. We
therefore need at most double the number of colors to reach a legal coloring of H. Denote the 3-uniform
hypergraph obtained in the end of the first step by Hy. It has a property that for any pair of vertices
d(u,v) < n*/5.

Step 2. Consider the hypergraph H;. If |[E(H;)| = O(n'3/%), then by applying Semidef we can find an
independent set of size Q(n*/). Otherwise, H, is a hypergraph with Q(n!3/5) edges in which there are

at most n4/ 5

edges containing any given pair of vertices. Therefore H; contains a linear subhypergraph
H{ with the same vertex set and Q(ng/ %) edges. This subhypergraph can be found by a simple greedy
procedure: start with F(H]|) = (). As long as there exists an edge e € F(Hy) \ F(H|) such that after
adding e to E(H1), Hj will still be linear, add e to E(H}). If this procedure stops with |E(H})| =t
edges, then 3tn*/® > |E(H,)| — t since for every edge in E(H!) there are at most 3n*/® other edges
intersecting it in two vertices. This yields that t = Q(n%°). We now repeatedly delete from H/ vertices
with degree at most ¢/2n, for as long as such vertices exist. The resulting subhypergraph is denoted by

Hj. The total number of deleted edges does not exceed (t/2n)n = t/2 and therefore E(Hs) # (). Also,

10



every vertex in Ho has degree at least t/2n = Q(n*/) and clearly H, is a linear hypergraph as well.

Step 3. Since H is a 2-colorable hypergraph, we can fix some 2-coloration V(H) = C; U Cy of H.
For a vertex v € V(Hs), let C(v) € {C1,C5} denote the color class of v in this coloring. Consider the

following sum

Y. (Nm@)\C@)|=2INg,()NCw)) = > [Nm,\C()|= Y 2[Nm(v)NC(v)|.
VeV (Ha) veV (Hy) veV (Hy)
Note that every edge e € E(H2) has exactly two vertices of one color and exactly one vertex of the
opposite color. Also, since Hj is linear, for every v € V(Hs) every vertex u € N(v) belongs to exactly
one edge incident with v. Therefore every edge e contributes 4 to the first sum of the right hand
side of the above equality and the same amount to the second sum. This observation shows that
the sum above is equal to zero, implying in turn that at least one of the summands in the left hand
side is non-negative. We infer that there exists a vertex vy € V(Ha) such that Ny, (vg) = Q(n*/%)
and |Ng,(vo) \ C(vo)| > (2/3)|Nm,(vo)|- This implies that at least 2/3 of the vertices of N, (vp)
belong to the same color class and thus form an independent set in H. Let Hs = H[Ng,(vg)] be
the induced subhypergraph of H, |V(Hz)| = Q(n*/®). Then Hj is 3-uniform, 2-colorable and satisfies
a(Hs) > (2/3)|V(Hs)|. Suppose we have this vertex vy at hand (we can check all the vertices in
polynomial time). Then we can use Corollary 4 from Section 2, with v = 2/3, to find an independent
set of H of size Q(n*/%) in V(Hs). This completes the proof of the theorem. O
Remark. It is easy to see that our algorithm can be also used to color 2-colorable hypergraph H of
dimension 3 (i.e. all the edges are of size 2 or 3) using only O(n'/%) colors. Here n is the number of
vertices of H. Indeed, we simply ignore all edges of size two in the course of the algorithm execution.
After having colored the hypergraph, for every color class we are left with a bipartite graph that can
easily be colored using two colors. We therefore need at most double the number of colors to reach a

legal coloring of the hypergraph.

5 Concluding remarks

We have presented approximation algorithms for coloring and finding a large independent set in 3-
uniform hypergraphs. Our coloring algorithm colors a 3-uniform 2-colorable hypergraph on n vertices is
O(n'/?) colors. For the independent set problem, we can find an independent set of size Q(min(n, n57=3))
in a 3-uniform hypergraph on n vertices with an independent set of size yn, where v > 0 is a constant.
Both these algorithms start by formulating and solving a Semidefinite Programming relaxation of the
corresponding problem and then round an optimal vector solution in order to find a good approximation
of the relevant parameter. For certain values of the parameter v we are able to improve the latter
algorithm, using the Local Ratio Approach.

A challenging question which remains open is to determine if there exists a polynomial time algorithm

which finds an independent set of size at least n¢, for some € > 0 in a 3-uniform hypergraph on n vertices
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and with independent set of size yn, where v < 1/2.

Also, it would be very interesting to develop good approximation algorithms for coloring and inde-

pendent set problems for k-uniform hypergraphs with & > 4.
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