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Abstra
t. It is known that random k-SAT instan
es with at least 
n


lauses where 
 = 


k

is a suitable 
onstant are unsatis�able (with high

probability). We 
onsider the problem to 
ertify eÆ
iently the unsatis-

�ability of su
h formulas. A result of Beame et al. shows that k-SAT

instan
es with at least n

k�1

= log n 
lauses 
an be 
erti�ed unsatis�able

in polynomial time. We employ spe
tral methods to improve on this:

We present a polynomial time algorithm whi
h 
erti�es random k-SAT

instan
es for k even with at least 2

k

� (k=2)

7

� (ln n)

7

� n

k=2

= n

(k=2)+o(1)


lauses as unsatis�able (with high probability).

Introdu
tion

We study the 
omplexity of 
ertifying unsatis�ability of random k-SAT instan
es

(or k-CNF formulas) over n propositional variables. (All our dis
ussion refers to

k �xed and then letting n be suÆ
iently large.) The probability spa
e of random

k-SAT instan
es has been widely studied in re
ent years for several good reasons.

The most re
ent literature is [A
2000℄,[Fr99℄, [Be et al98℄.

One of the reasons for studying random k-SAT instan
es is that they have

the following sharp threshold behaviour [Fr99℄: There exists a 
onstant 
 = 


k

su
h that for any " > 0 formulas with at most (1� ") � 
 �n 
lauses are satis�able

whereas formulas with at least (1+") �
 �n are unsatis�able with high probability

(that means with probability tending to 1 when n goes to in�nity). In fa
t, it is

by now not proven that 


k

is a 
onstant. It might be that 


k

= 


k

(n) depends on

n. However, it is known that 


k

is at most 2

k

� ln 2 and the general 
onje
ture is

that 


k


onverges to a 
onstant. For formulas with at least 2

k

�(ln 2)�n 
lauses the

expe
ted number of satisfying assignments of a random formula tends to 0 and

the formulas are unsatis�able with high probability. For 3-SAT instan
es mu
h

e�ort is spent to approximate the value of 


3

. The 
urrently best results are that




3

is at least 3:125 [A
2000℄ and at most 4:601 [KiKrKrSt98℄. In [Du et al2000℄

it is 
laimed that 


3

� 4:501. (For k = 2 we have 


2

= 1 [ChRe92℄, [Go96℄.)

?
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The algorithmi
 interest in this threshold is due to the empiri
al obeserva-

tion that random k-SAT instan
es at the threshold, i.e. with around 


k

n random


lauses are hard instan
es. The following behaviour has been reported 
onsis-

tently in experimental studies with suitably optimized ba
ktra
king algorithms

sear
hing for a satisfying assignment,see for example [SeMiLe96℄ [CrAu96℄: The

average running time is quite low for instan
es below the threshold. For 3-SAT

instan
es we observe: Formulas with at most 4n 
lauses are satis�able and it is

quite easy to �nd a satisfying assignment. A pre
ipitous in
rease in the average

running time is observed at the threshold. For 3-SAT: About half of the formulas

with 4:2n 
lauses are satis�able and it is diÆ
ult to de
ide if a formula is sat-

is�able or not. Finally a speedy de
line to lower 
omplexity is observed beyond

the threshold. For 3-SAT: All formulas with 4:5n 
lauses are unsatis�able and

the running time de
reases again (in spite of the fa
t that now always the whole

ba
ktra
king tree must be sear
hed.)

There are no general 
omplexity theoreti
al results relating the threshold to

hardness. The following observation is trivial: If we 
an eÆ
iently 
ertify almost

all instan
es with dn 
lauses where d is above the threshold as unsatis�able, then

we 
an eÆ
iently 
ertify almost all instan
es with d

0

n 
lauses where d

0

> d as

unsatis�able by simply 
hopping o� the super
uous 
lauses. The analogous fa
t

holds below the threshold, where we extend a given formula by some random


lauses. Analogous observations apply to the number of literals in 
lauses.

The relationship of hardness and thresholds is rather general and not re-

stri
ted to satis�ability. It is known for k-
olourability of random graphs with a

linear number of edges. In [PeWe89℄ a peak in running time seemingly related to

the threshold is reported. The existen
e of a threshold is proved in [A
Fr99℄ but

again the value and 
onvergen
e to a 
onstant are only known experimentally.

For the subset sum problem whi
h is of a quite di�erent nature we have also this

relationship between threshold and hardness: The threshold is known and some

dis
ussion related to hardness is found in [ImNa96℄.

Abandoning the general 
omplexity theoreti
 point of view and looking at


on
rete algorithms the following results are known for random k-SAT instan
es:

All progress approximating the threshold from below is based on the analysis

of rather simple polynomial time heuristi
s. In fa
t the most advan
ed heuristi


being analyzed [A
2000℄ only �nds a satisfying assignment with probability of at

least " where " > 0 is a small 
onstant for 3-SAT formulas with at most 3:145n


lauses. The heuristi
 in [FrSu96℄ �nds a satisfying assignment for 3-SAT almost

always for 3-SAT instan
es with at most 3:003n 
lauses. On the other hand the

progress made in approximating the threshold from above does not provide us

at all with eÆ
ient algorithms 
ertifying the unsatis�ability of the formula at

hand. Only the expe
tation of the number of satisfying assignments is 
al
ulated

and is shown to tend to 0.

In fa
t beyond the threshold we have negative results: For arbitrary but

�xed d � 2

k

� ln 2 random k-SAT instan
es with dn 
lauses (are unsatis�able

and) have only resolution proofs with an exponential number, that is with at

least (1+")

n

= 2


(n)


lauses [ChSz88℄. This has been improved upon by [Fu98℄,
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[BePi96℄, and [Be et al98℄ all proving (exponential) lower bounds for somewhat

larger 
lause/variable ratios. Note that a lower bound on the size of resolution

proofs provides a lower bound on the number of nodes in any 
lassi
al ba
ktra
k-

ing tree as generated by any variant of the well known Davis-Putnam pro
edure.

Provably polynomial time results beyond the threshold are rather limited

by now: In [Fu98℄ it is shown that k-SAT formulas with at least n

k�1


lauses

allow for polynomial size resolution proofs and thus 
an be 
erti�ed unsatis�able

eÆ
iently. This is strengthened in [Be et al98℄ to the best result known by now:

For at least n

k�1

= log n random 
lauses a ba
ktra
king based algorithm proves

unsatis�ability in polynomial time with high probability. (In fa
t the result of

Beame et al. is slightly stronger as it applies to formulas with 
(n

k�1

= logn)

random 
lauses.)

We extend the number of 
lauses for whi
h a provably polynomial time algo-

rithm exists. We give an algorithm whi
h works when the number of 
lauses is

only n to a 
onstant fra
tion on k (with high probability). Our algorithm 
erti�es

k-SAT instan
es for k even with at least 2

k

� (k=2)

7

� (lnn)

7

� n

k=2

= n

(k=2)+o(1)


lauses as unsatis�able. We thus get the �rst improvement of existing bounds

for k = 4. To obtain our result we leave the area of stri
tly 
ombinatorial al-

gorithms 
onsidered by now. Instead we asso
iate a graph with a given formula

and show how to 
ertify unsatis�ability of the formula with the help of the

eigenvalue spe
trum of a 
ertain matrix asso
iated to this graph. Note that the

eigenvalue spe
trum 
an be 
al
ulated in polynomial time by standard linear

algebra methods.

Eigenvalues are used in two ways in the algorithmi
 theory of random stru
-

tures: They 
an be used to �nd a solution of an NP-hard problem in a random

instan
e generated in su
h a way that it has a solution (not known to the al-

gorithm). An example for 3-
olourability is [AlKa94℄. They 
an also be used to

prove the absen
e of a solution of an NP-problem. However these appli
ations

are somewhat rare at the moment. The most prominent example here is the

expansion property of random regular graphs [AlSp92℄. Note that the expansion

property is 
oNP-
omplete [Bl et al81℄ and the eigenvalues 
ertify the absen
e

of a non-expanding subset of verti
es (whi
h is the solution in this 
ase). Our

result is an example of the se
ond kind.

1 From random formulas to random graphs

We use the following notation throughout: Form

n;k;m

is our probabilisti
 model

of k-SAT instan
es with m 
lauses over n propositional variables. Most of the

time we assume that k is even. Form

n;k;m

is de�ned as follows: The probability

spa
e of 
lauses of size k, Clause

n;k

, is the set of orderd k-tuples of literals

over n propositional variables v

1

; : : : ; v

n

. We write l

1

_ : : : _ l

k

with l

i

= x or

l

i

= :x where x is one of our variables. Our de�nition of Clause

n;k

allows for


lauses 
ontaining the same literal twi
e and 
lauses whi
h 
ontain a variable

and its negation in order to simplify the subsequent presentation. We 
onsider

Clause

n;k

as endowed with the uniform probability distribution: The probability

3



of a 
lause is given by P ( l

1

_ : : : _ l

k

) = (1=(2n))

k

. Form

n;k;m

is the m-

fold 
artesian produ
t spa
e of Clause

n;k

. We write F = C

1

^ : : : ^ C

m

and

P (F ) = (1=(2n))

k�m

. There are several ways of de�ning k-SAT probability

spa
es. Our results refer to these spa
es, too. We dis
uss this matter after the

presentation of the algorithm.

Our algorithm uses the following graphs:

De�nition 1. Let F 2 Form

n;k;m

be given. The graph G = G

F

depends only

on the sequen
e of all-positive 
lauses of F :

{ The set of verti
es of G is V = V

F

= fx

1

_ : : :_ x

k=2

jx

i

a variableg. We

have jV j = n

k=2

and V is independent of F .

{ The set of edges ofG,E = E

F

is given by: For two di�erent verti
es x

1

_: : :_

x

k=2

and y

1

_ : : :_y

k=2

we have that fx

1

_ : : :_x

k=2

; y

1

_ : : :_y

k=2

g 2 E i�

x

1

_: : :_x

k=2

_y

1

_: : :_y

k=2

(or y

1

_: : :_y

k=2

_x

1

_: : :_x

k=2

) is a 
lause of F:

Note that it is possible that jEj < m as a 
lause might indu
e no edge or

two 
lauses indu
e the same edge. Our de�nition does not allow for loops or

multiple edges.

The graph H

F

is de�ned in a totally analogous way for the all-negative 
lauses

of F . ut

Re
all that an independent set of a graph G is a subset of verti
es W of G

su
h that we have no edge fv; wg in G where both v; w 2W . The independen
e

number of the graph G denoted by �(G) is the number of verti
es in a largest

independent set. It is NP-hard to determine �(G).

Lemma 2. If F 2 Form

n;k;m

is satis�able then

�(G

F

) � (n=2)

k=2

= (1=2)

k=2

� jV j or �(H

F

) � (1=2)

k=2

� jV j:

As k remains 
onstant when n gets large this means that we have independent

sets 
onsisting of a 
onstant fra
tion of all verti
es of G

F

of H

F

.

Proof. Let A be an assignment of the n underlying variables with the truth

values 0; 1 (where 0 = false and 1 = true) whi
h makes F true. We assume

that A assigns 1 to at least n=2 variables. Let S be this set of variables then F

has no all-negative 
lause 
onsisting only of literals over S. Therefore H

F

has an

independent set with at least jSj

k=2

� (1=2)

k=2

�n

k=2

verti
es. If the assignment

assigns more than half of the variables a 0 the analogous statement applies to

G

F

. ut

In the subsequent dis
ussion we refer mainly to G

F

. Of 
ourse everything applies

also to H

F

. We need to show that the distribution of G

F

is just the distribution

of a usual random graph. To this end let be G

n;m

be the probability spa
e of

random graphs with n labelled verti
es and m di�erent edges. Ea
h graph is

equally likely, that is the probability of G is P (G) = 1=

�

(

n

2

)

m

�

.
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Lemma 3. (1) Conditional on the event in Form

n;k;m

that jE

F

j = r the graph

G

F

is a random member of the spa
e G

�;r

where � = n

k=2

is the number of

verti
es of G

F

.

(2) Let " > 0. For F 2 Form

n;k;m

the number of edges of G

F

is between m �

(1=2)

k

� (1 � ") and m � (1=2)

k

� (1 + ") with high probability.

Proof. (1) Let V = fx

1

_ : : : _ x

k=2

jx

i

a variableg be the set of verti
es. Let

G = (V; E) be a graph with jEj = r. We show further below that the probability

of the event that F 2Form

n;k;m

indu
es the edges set E, denoted by P (F ;E

F

=

E), depends only on r, but is independent of the a
tual edge set E. This implies

the 
laim be
ause

P (F ;E

F

= Ej jE

F

j = r) =

P (F ;E

F

= E)

P (jE

F

j = r)

= 1=

�

�

�

2

�

r

�

;

where the last equation holds be
ause P (F ;E

F

= E) is independent of E and

therefore must be the same for all E with r edges.

It remains to show that P (F ;E

F

= E) is independent of E. To this end we

show that

P (F ;E

F

= E jF has exa
tly s all-positive 
lauses)

is independent of E. This implies the 
laim be
ause by 
onditioning

P (F ;E

F

= E) =

X

s�0

P (F ;F has s positive 
lauses )

�P (F ;E

F

= E jF has s positive 
lauses):

The distribution of Form

n;k;m


onditional on the set of formulas with exa
tly

s all-positive 
lauses is the uniform one. We therefore just need to 
ount the

number of formulas F with exa
tly s positive 
lauses su
h that E

F

= E.

Ea
h su
h formula F with E

F

= E is obtained exa
tly on
e by the follow-

ing 
hoosing pro
ess: 1. Pi
k a sequen
e of s positive 
lauses with k literals

(C

1

; : : : ; C

s

) 2 (Clause

n;k

)

s

whi
h indu
e the edge set E. 2. Pi
k s positions

from the m positions available and put the 
lauses (C

1

; : : : ; C

s

) from left to

right into the 
orresponding slots. 3. Fill the remaining m � s positions of F

with 
lauses 
ontaining at least one negative literal.

For 2 edge sets E,E

0

with r edges there is a natural (but te
hni
ally not easy

to des
ribe) bije
tive 
orresponden
e between the (C

1

; : : : ; C

s

) for E and the

(C

0

1

; : : : ; C

0

s

) for E

0

pi
ked in step 1. Therefore the number of 
hoosing possibil-

ities is independent of the a
tual set E and we are done.

(2) The 
laim follows from the following statements whi
h we prove further

below:

{ Let " > 0 be �xed. The number of all-positive 
lauses of F 2 Form is between

(1� ") � (1=2)

k

�m and (1 + ") � (1=2)

k

�m with high probability.
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{ The number of all-positive 
lauses like x

1

_ : : :_ x

k=2

_ x

1

_ : : :_ x

k=2

, that

is with the same �rst and se
ond half, is o(m).

{ The number of unordered pairs of positions of F on whi
h we have positive


lauses whi
h indu
e only one edge, that is pairs of 
lauses fx

1

_: : :_x

k

; y

1

_

: : :_y

k

g where fx

1

_ : : :_x

k=2

; x

k=2+1

_ : : :_x

k

g = fy

1

_ : : :_y

k=2

; y

k=2+1

_

: : :_ y

k

g is also o(m) with high probability.

This implies the 
laim of the lemma with " slightly lower than the " from the

�rst statement above be
ause we have only o(m) 
lauses indu
ing no additional

edge.

The �rst statement: This statement follows with Cherno� bounds be
ause the

probability that a 
lause at a �xed position is all-positive is (1=2)

k

and 
lauses

at di�erent positions are independent. The se
ond statement: The probability

that the 
lause at position i has the same �rst and se
ond half is (1=n)

k=2

. The

expe
ted number of su
h 
lauses in a random F is therefore m�(1=n)

k=2

= o(m).

The third statement: We �x 2 positions i 6= j of F . The probability that the


lauses at these positions have the same set of �rst and se
ond halves is 2 �(1=n)

k

and the expe
ted number of su
h unordered pairs is at most m

2

� 2 � (1=n)

k

=

O(m=n) provided m = O(n

k�1

) whi
h we 
an assume. Let X be the random

variable 
ounting the number of unordered pairs of positions with 
lauses with

the same �rst and se
ond half and let " > 0. Markov's inequality gives us

P (X > n

"

�EX) � EX=(n

"

�EX) = 1=n

"

:

Therefore we get that with high probability X � n

"

� (m=n) = o(m). ut

2 Spe
tral 
onsiderations

Eigenvalues of matri
es asso
iated with general graphs are somewhat less 
om-

mon at least in Computer S
ien
e appli
ations than those of regular graphs. The

monograph [Ch97℄ is a standard referen
e for the general 
ase. The easier regular


ase is dealt with in [AlSp92℄. The ne
essary Linear Algebra details 
annot all

be given here. They are very well presented in the textbook [St88℄.

Let G = (V; E) be an undire
ted graph (loopless and without multiple

edges) with V = f1; : : : ; ng being a standard set of n verti
es. For 0 < p < 1 we


onsider the matrix A = A

G;p

as in [KrVu2000℄ and [Ju82℄ whi
h is de�ned as

follows:

The (n � n)-matrix A = A

G;p

= (a

i;j

)

1�i;j�n

has a

i;j

= 1 i� fi; jg =2 E

and a

i;j

= �(1 � p)=p = 1 � 1=p i� fi; jg 2 E. In parti
ular a

i;i

= 1. As A

is real and symmetri
 A has n real eigenvalues when 
ounting them with their

multipli
ities. We denote these eigenvalues by �

1

(A) � �

2

(A) � � � � � �

n

(A).

Now we have an eÆ
iently 
omputable upper bound for �(G):

Lemma 4. (Lemma 4 of [KrVu2000℄) For any possible p �

1

(A

G;p

) � �(G).

Proof. Proof: Let l = �(G): Then the matrix A

G;p

has an l � l-blo
k whi
h


ontains only 1's. This blo
k of 
ourse is indexed with the verti
es from a largest

6



independent set. It follows from interla
ing with a suitable l � n-matrix N (
f.

Lemma 31.5, page 396 of [vLWi℄) that �

1

(A

G;p

) is at least as large as l. This is

the 
laim. ut

In order to bound the size of the eigenvalues of A

G;p

when G is a random

graph we rely on a suitably modi�ed version of the following theorem:

Theorem 5. (Theorem 2 of [FuKo81℄) Let for 1 � i; j � n and i � j a

i;j

be independent , real valued random variables (not ne
essarily identi
ally dis-

tributed) satisfying the following 
onditions:

{ ja

i;j

j � K for all i � j,

{ the expe
tation Ea

i;i

= � for all i,

{ the expe
tation Ea

i;j

= 0 for all i < j,

{ the varian
e V a

i;j

= E[a

2

i;j

℄ � (Ea

i;j

)

2

= �

2

for all i < j,

where the values K; �; � are 
onstants independent of n.

For j � i let a

j;i

= a

i;j

and let A = (a

i;j

)

1�i;j�n

be the random (n � n)-

matrix de�ned by the a

i;j

. Let the eigenvalues of A be �

1

(A) � �

2

(A) � � � � �

�

n

(A). With probability at least 1 � (1=n)

10

the matrix A is su
h that

Maxfj�

i

(A)j j 1 � i � ng = 2 �� �

p

n + O(n

1=3

� logn) = 2 �� �

p

n � (1 + o(1)):

ut

We intend to apply this theorem to a random matrix A = A

G;p

where G is a

random graph from the probability spa
e G

n;m

. However, in this 
ase the entries

of A are not stri
tly independent and Theorem 5 
annot be dire
tly applied. We

�rst 
onsider random graphs from the spa
e G

n;p

and pro
eed to G

n;m

later on.

Re
all that a random graph G from G

n;p

is obtained by inserting ea
h possible

edge with probability p independently of other edges.

For p 
onstant and G a random member from G

n;p

the assumptions of The-

orem 5 
an easily be 
he
ked to apply to A

G;p

. However, for sparser random

graphs that is p = p(n) = o(1) the situation 
hanges. We have that a

i;j


an

assume the value �1=o(1) + 1 and thus is not any more bounded above by a


onstant. The same applies to the varian
e: �

2

= (1� p)=p = 1=o(1) � 1.

It 
an however be 
he
ked that the proof of Theorem 5 as given in [FuKo81℄

goes through as long as we 
onsider matri
es A

G;p

where p = (lnn)

7

=n. In

this 
ase we have that K = n=(lnn)

7

� 1 and � = n=(lnn)

7

� 1. With this

modi�
ation and the other assumptions just as before the proof of [FuKo81℄

leads to:

Corollary 6. With probability at least 1� (1=n)

10

the random matrix A satis�es

Max fj�

i

(A)j j 1 � i � ng = 2�� �

p

n+O(n=(lnn)

22=6

) = 2�(1=(lnn)

7=2

)�n�(1+o(1)):

Proof. We sket
h the 
hanges whi
h need to be applied to the proof of Theorem

2 in [FuKo81℄. These 
hanges refer to the �nal estimations of the proof on page

237. We set

k := (�=K)

1=3

� n

1=6

= (lnn)

7=6

(1 + o(1));

7



in fa
t k should be the 
losest even number. We set the error term

v := 50 � n=(lnn)

22=6

:

We have

2 � � �

p

n = 2 � n=(lnn)

7=2

= 2 � n=(lnn)

21=6

whi
h implies that v = o(2 � � �

p

n). Con
erning the error estimate we get

v � k

2 � � �

p

n + v

=

50 � (lnn)

7=6

(lnn)

1=6

� (1 + o(1)) = 50 � lnn � (1 + o(1)):

This implies the 
laim. ut

Together with Lemma 4 we now get an eÆ
iently 
omputable 
erti�
ate bound-

ing the size of independent sets in random graphs from G

n;m

.

Corollary 7. Let G be a random member from G

n;m

where m = ((lnn)

7

=2) �n.

and let p = m=

�

n

2

�

= (lnn)

7

=(n� 1). We have with high probability that

�

1

(A

G;p

) � 2 � (1=(lnn)

7=2

) � n � (1 + o(1)):

Proof. The proof is a standard transfer from the random graph model G

n;p

to G

n;m

. For G random from G

n;p

the indu
ed random matrix A

G;p

satis�es

the assumptions of the last 
orollary. We have that with probability at least

1� (1=n)

10

the eigenvalues of A

G;p

are bounded by 2 � (1=(lnn)

7=2

) �n � (1+o(1)).

By the Lo
al Limit Theorem for the binomial distribution the probability

that a random graph from G

n;p

has exa
tly m edges is of 
(1=(n � p)

1=2

) =


(1=(lnn)

7=2

). This implies the 
laim as the probability in G

n;p

that the eigen-

value is not bounded as 
laimed is O((1=n)

10

) = o(1=(lnn)

7=2

). (We omit the

formal 
onditioning argument.) ut

3 The algorithm

We 
onsider the probability spa
e of formulas Form=Form

n;k;m

where k is even

and the number of 
lauses is

m = 2

k

� (lnn

k=2

)

7

� n

k=2

= 2

k

� (k=2)

7

� (lnn)

7

� n

k=2

:

Given a random formula F from Form the algorithm �rst 
onsiders the all-

positive 
lauses from F and 
onstru
ts the graph G

F

. From Lemma 3 we know

that G = G

F

is a random member of G

�;�

where � = n

k=2

and � � m � (1=2)

k

�

(1�") = (ln�)

7

�� � (1�"), where we �x " > 0 suÆ
iently small, in fa
t " = 1=2

will do. In 
ase the number of edges is smaller than this bound the algorithm

fails.

The algorithm determines the matrix A = A

G;p

where p = �=

�

�

2

�

�

(ln�)

7

=(� � 1). >From Corollary 7 we get that with high probability

�

1

(A) � 2 � (1=(ln�)

7=2

) � � � (1 + o(1)) < (1=2)

k=2

� �

8



for n suÆ
iently large. In 
ase the se
ond inequality does not hold the algorithm

fails. By Lemma 4 G

F

has no independent set with (1=2)

k=2

� � verti
es.

The algorithm pro
eeds in the same way for the all negative 
lauses and the

graph H

F

. In 
ase it su

eeds (whi
h happens with high probability) we have

that F is unsatis�able by Lemma 2.

In 
ase we want to apply this algorithm when the number of literals per


lause k is odd we �rst extend ea
h 
lause by a random literal. The algorithm

su

eeds when the number of 
lauses is 2

k+1

� ((k + 1)=2)

7

� (lnn)

7

� n

(k+1)=2

.

Some te
hni
al matters 
ome up when this algorithm is applied to other

k�SAT probability spa
es used in the literature. The �rst problem arises when

the formulas are de�ned su
h that 
lauses are not allowed to 
ontain the same

literal several times. This implies that 
ertain edges are ex
luded from the graph

G

F

and we 
annot any more speak of a random graph.

The probability that a random 
lause from our spa
e Clause

n;k

has the same

literal several times is bounded from above by O(k

2

� (1=n)) = O(1=n) and

bounded from below by 1=n. Thus the expe
ted number of 
lauses with the

same literal several times in a formula from the spa
e Form

n;k;m

is O(m=n). Re-


all that m > n

k=2

for our algorithm to work so there are quite a few 
lauses

with double o

urren
es. By the Lo
al Limit Theorem for the binomial dis-

tribution with parameters m and �(1=n) the probability that a formula from

Form

n;k;m

has exa
tly the expe
ted number of 
lauses with double o

urren
es

is 
(1=(m=n)

1=2

). Let � = n

k=2

and m = �((ln �)

7

� �) then still we have that

O(1=�)

10

) = o(1=(ln�)

7=2

� 1=(m=n)

1=2

) 
f. the proof of Corollary 7.

Now, given a random sequen
e of 
lauses F

0

without double o

urren
es of

literals we add randomly exa
tly the expe
ted number of 
lauses with double

o

urren
es of literals to get the formula F . Then we apply our algorithm to the

resulting formula. With high probability (by the above lo
al limit 
onsideration)

the algorithm 
erti�es that G

F

has only independent sets with o(�) verti
es given

the number of 
lauses of F is m = 2

k

� (ln �)

7

��. After deleting the edges of G

F

whi
h are indu
ed by the O(m=n) double o

urren
e 
lauses any independent

set 
an only in
rease by O(2m=n) verti
es. This implies that we still have no

linear size independent set of verti
es in G

0

F

. This and the same 
onsideration

for the graph H

F

0


erti�es the unsatis�ability of F

0

.

The ramaining variants of probability spa
es (
lauses as sets, formulas as

sets, pi
king ea
h 
lause with a probability p) 
an more easily be dealt with.

Con
lusion

By now a large part of the algorithmi
 theory of random stru
tures is 
on
erned

with eÆ
ient algorithms �nding solutions to an NP-problem. Often the proba-

bility spa
es used are designed in su
h a way that we know a solution is present

and the algorithm then must �nd it (or any other solution).

The present paper is 
on
erned with the 
omplementary aspe
t. We 
ertify

eÆ
iently the absen
e of a solution to an NP-problem whi
h we know not to be

present by non-eÆ
ient means. It seems that this aspe
t is by now somewhat

9



negle
ted in the algorithmi
 theory of random stru
tures. We think it deserves

more attention as it may lead to natural questions about natural probability

spa
es. Spe
tral methods are one way to deal with these problems. A paper in

the same spirit is the re
ent [KrVu2000℄ where the non-existen
e of a 
olouring

with a given number of 
olours is 
erti�ed by spe
tral methods.

One problem whi
h 
an be dire
tly treated based on the ideas developed here

is the 3-
olouring problem of sparse random graphs: For random graphs with 
�n

edges the following fa
ts are known: For 
 � 1:932 graphs are 3-
olourable with

high probability [A
Mo97℄. For 
 � 2:522 graphs are not 3-
olourable [DuZi98℄

[A
Mo℄. There is a sharp threshold [A
Fr99℄ with experimental hardness.

The results of the present paper imply that for 
 = 
(n) � 1=2 � (lnn)

7

we


an eÆ
iently 
ertify that we do not have any more an independent set with n=3

verti
es (with high probability). Therefore we have no 3-
olouring.

The following two problems however seem to require new ideas: First, the

eÆ
ient 
erti�
ation of unsatis�ability of formulas with less than n

k=2


lauses.

The problem here is that the average degree in the graph G

F

now is o(1) and

the bounds on the eigenvalues make no sense. Se
ond, to improve the bound of

n

2

= logn known for 3-SAT.
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