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Abstra
t

Random d-regular graphs have been well studied when d is �xed and the number

of verti
es goes to in�nity. We obtain results on many of the properties of a random

d-regular graph when d = d(n) grows more qui
kly than

p

n. These properties in
lude


onne
tivity, hamiltoni
ity, independent set size, 
hromati
 number, 
hoi
e number, and

the size of the se
ond eigenvalue, amongst others.

1 Introdu
tion

The 
on
ept of random graphs is one of the 
entral notions in modern Dis
rete Mathemati
s.

Random graphs have been studied intensively during the last 40 years, with thousands of pa-

pers and two ex
ellent monographs by Bollob�as [8℄ and by Janson,  Lu
zak and Ru
i�nski [19℄

devoted to the subje
t and its diverse appli
ations.

Stri
tly speaking, the term \random graph" 
omprises several models of random graphs

whi
h are quite di�erent in many aspe
ts. A 
ommon feature of pra
ti
ally all of these

models is that the ground set of the probability spa
e is 
omposed of all graphs on n labeled

verti
es. Usually asymptoti
 properties of random graphs are studied, that is, the number of

verti
es n is assumed tending to in�nity. Putting di�erent probabilities on n-vertex graphs

results in di�erent probability spa
es.

The most 
ommonly used model of random graphs, sometimes synonymous with the

term \random graphs", is the so-
alled binomial random graph G(n; p). This is a probability
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spa
e of all labeled graphs on n verti
es, where the probability assigned to a graph G =

(V;E) is p(G) = p

jEj

(1 � p)

(

n

2

)

�jEj

. It is easy to see that G(n; p) is in fa
t a produ
t

probability spa
e, in whi
h every edge is 
hosen independently and with probability p =

p(n). The relative simpli
ity of the above de�nition indi
ates that this model is quite

a

essible, and indeed many properties of the random graph G(n; p) are known and well

understood. Below we state just a few of them, dire
tly relevant to the 
ontents of this

paper. We will use the notation G(n; p) to denote both the probability spa
e de�ned above,

and a random graph on n verti
es 
hosen from the probability spa
e.

As mentioned above, asymptoti
 properties of G(n; p) are usually of interest. We thus

will assume that the number of verti
es n tends to in�nity. A sequen
e of graph properties

fA

n

g holds asymptoti
ally almost surely in G(n; p), or a.a.s. for brevity, if A

n

is a set of

graphs on n verti
es and lim

n!1

P

G(n;p)

[A

n

℄ = 1.

Here is a list of some of the asymptoti
 properties of G(n; p) relevant to the topi
 of the

present paper. Let 
 be any 
onstant satisfying 0 < 
 < 1.

- If p(n) � 
 and np!1 then a.a.s. in G(n; p) the independen
e number is:

�(G) = (1 + o(1))

2 log(np)

log

1

1�p

(see Bollob�as and Erd}os [10℄, Matula [28℄ and Frieze [15℄);

- If p(n) � 
 and np!1 then a.a.s. in G(n; p) the 
hromati
 number of G is:

�(G) = (1 + o(1))

n log

1

1�p

2 log(np)

(see Bollob�as [9℄ and  Lu
zak [23℄);

- The 
hoi
e number (also known as the list-
hromati
 number) of a graph G is the minimum

k su
h that G is k-
hoosable, whi
h means that if ea
h vertex v of G is given a list L

v

of k permitted 
olors, there is (for every 
hoi
e of su
h lists) a proper vertex 
oloring

of G su
h that for ea
h vertex v, the 
olor of v is a member of L

v

. If p(n) � 
 and

np!1 then a.a.s. in G(n; p) the 
hoi
e number �

l

(G) of G satis�es:

�(G) � �

l

(G) � (2 + o(1))�(G)

(see Krivelevi
h and Vu [22℄). If, moreover, p(n) � n

�1=4+�

for some � > 0, then a.a.s.

in G(n; p) the 
hoi
e number of G and its 
hromati
 number have the same asymptoti


value (see Alon [1℄ and Krivelevi
h [21℄);

- If p(n) =

logn+!(n)

n

, where !(n) is any fun
tion tending to in�nity arbitrarily slowly with

n, then a.a.s. G(n; p) is 
onne
ted (see Erd}os and R�enyi [14℄). Also, for arbitrary
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p(n), a.a.s. in G(n; p) the vertex 
onne
tivity of G is equal to its minimal degree (see

Bollob�as and Thomason [11℄);

- If p(n) =

logn+log logn+!(n)

n

for any fun
tion !(n) tending to in�nity arbitrarily slowly

with n, then a.a.s. G(n; p) is hamiltonian (see Koml�os and Szemer�edi [20℄);

- Let �

1

� �

2

� : : : � �

n

be the eigenvalues of the adja
en
y matrix of G and let p(n) = 
.

Then a.a.s. in G(n; p)

�

1

= (1 + o(1))np and max

2�i�n

j�

i

j = 2

p

pqn + O(n

1=3

logn)

(see F�uredi and Koml�os [17℄).

In this paper we study a di�erent model of random graphs | random regular graphs.

For a positive integer-valued fun
tion d = d(n) we de�ne the model G

n;d

of random regular

graphs 
onsisting of all regular graphs on n verti
es of degree d with the uniform probability

distribution. We say that an event holds a.a.s. in G

n;d

if its probability tends to 1 as n!1,

with n restri
ted to those integers for whi
h dn is even. As with G(n; p), we will use the

notation G

n;d

to denote both the probability spa
e and a random graph in it.

Properties of random regular graphs were �rst studied in the late 70's, almost all the

results being obtained using the 
on�guration or pairing model of random regular graphs

introdu
ed in its simplest form by Bollob�as [6℄. This model is only amenable for d relatively

small 
ompared to n, and at the present time nothing has really been published for d bigger

than

p

n. However, Boldi and Vigna [5℄ and Cooper et al. [13℄ have obtained su
h results

simultaneously with the present paper.

For 
omparison with the results given above about G(n; p), we note here that for �xed

d � 3, G

n;d

is a.a.s. d-
onne
ted, as shown by Bollob�as [7℄ and Wormald [33℄, and hamilto-

nian as shown by Robinson and Wormald [29, 30℄. For properties su
h as independent set

size and 
hromati
 number, various bounds are known. Wormald [34℄ gave a des
ription of

what is known about these and other properties. Note that G

n;d

is not a monotone model, so

monotone properties whi
h are a.a.s. true in G

n;d

are not ne
essarily so in G

n;d+1

. However,

this statement is true for every �xed d ex
ept d = 1, by 
ontiguity (see [19℄ and [34℄).

Our aim here is to provide a range of results for random regular graphs of high degree, by

whi
h we mean d rather larger than

p

n. Some of our arguments 
ould easily be extended

below this lower bound, whilst others did not rea
h that low. We use this as a general


uto� mainly be
ause results already in the literature for �xed d have a reasonable 
han
e

to be extended up to

p

n. This is be
ause the swit
hing method has already provided

quite a

urate results for su
h d (as by M
Kay and Wormald [24℄ for example), as well as

permitting enumeration of graphs with given degrees up to this point as by M
Kay and

Wormald [26℄. We fo
us on some of the main properties, su
h as those given above for

3



G(n; p). Sin
e the standard model is diÆ
ult to analyze for su
h d we use other tools, of

whi
h there are two main ones. The �rst is the method of swit
hings, whi
h we extend in

the present paper to give information on random regular graphs with degrees o(n). This

is less not powerful enough to give an asymptoti
 formula for the number of d-regular

graphs but is suÆ
ient for our purposes. The se
ond main tool is the asymptoti
 formula

for the number of near-regular graphs of degrees approximately 
n given by M
Kay and

Wormald [25℄. Additionally, we are able to transfer properties of G(n; p) to G

n;d

in some


ases using bounds on the numbers of regular graphs obtained by Shamir and Upfal [31℄.

Our results overlap partly with those in [13℄, whi
h obtains similar results on 
onne
tivity

and hamiltoni
ity but for a di�erent range of d (3 � d � 
n for some small 
onstant 
). One

of the main results in [5℄ is similar to some of ours, being that in G

n;d

for n= logn < d = o(n),

a.a.s. every three verti
es have at least one neighbour in 
ommon (
.f. Theorem 2.1). The

method used there is basi
ally the use of the asymptoti
 formula mentioned above.

We 
lose this se
tion with some 
onventions and notation. The vertex set of graphs with

n verti
es is assumed to be f1; 2; : : : ; ng = [n℄. A fun
tion whi
h tends to in�nity arbitrarily

slowly with n is denoted !(n). If log has no suÆx, it denotes the natural logarithm. The

neighborhood N(u) of a vertex u is the set of verti
es adja
ent to it. The 
odegree of two

verti
es u and v is 
odeg(u; v) = jN(u) \N(v)j.

2 Results and 
onsequen
es

The proofs of the main results in this se
tion are given in the appropriate later se
tions.

Theorem 2.1 (i) Suppose that d

2

=n > !(n) logn and d < n�
n= logn for some 
onstant


 > 2=3. Then in G

n;d

,

P(max

u;v

j
odeg(u; v)� d

2

=nj < Cd

3

=n

2

+ 6d

p

logn=

p

n) ! 1

where C is some absolute 
onstant. If d is bounded below by 
n= logn, then C 
an be

de�ned to be 0.

(ii) For any Æ > 0, there exists � > 0 su
h that if 3 � d = O(n

1�Æ

) we have that a.a.s. for

all u and v in [n℄, 
odeg(u; v) < maxfd

1��

; 3g.

For the 
ase d � n

1=3

, the asymptoti
 behaviour of the independen
e number of G

n;d

was 
omputed by Frieze and  Lu
zak [16℄.

Theorem 2.2 Let

p

n logn < d = d(n) < n�
n= logn for some 
onstant 
 > 2=3. Then for

some fun
tion g(n) ! 0, the independen
e number of G

n;d

is a.a.s. at most (2 + g(n)) log

b

d

where b = n=(n � d).
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Theorem 2.3 Let � > 0. If n

6

7

+�

� d � 0:9n, then there exists a fun
tion h(n) ! 0 so

that a.a.s. in G

n;d

every subset V

0

� V (G) of size jV

0

j � n= log

4

n 
ontains an independent

set of size at least (2� h(n)) log

b

d, where b = n=(n� d).

The above two theorems 
learly imply that in the range n

6=7+�

� d � 0:9n the asymp-

toti
 value of the independen
e number of G

n;d

is 2 log

b

d with b = n=(n � d). An easy

analysis shows that this value 
oin
ides with the asymptoti
 value of the independen
e

number of the binomial random graph G(n; p) with edge probability p = d=n.

In [34℄ it was 
onje
tured that G

n;d

is a.a.s. d-
onne
ted provided 3 � d � n � 4. The

following result overlaps with one of the main results of [13℄ to prove this 
onje
ture.

Theorem 2.4 Let G 2 G

n;d

and let

p

n logn < d � n � 4. Then a.a.s. G is d-
onne
ted

and hamiltonian.

The statement of the theorem trivially holds (using say Dira
's theorem for hamiltoni
ity)

also for d > n� 4 ex
ept for d-
onne
tivity, when d = n � 3. In that 
ase the 
omplement

of G

n;d

is a random 2-regular graph whi
h with nonzero probability has a 
y
le of length 4.

Deleting the other n � 4 verti
es from G gives a dis
onne
ted graph.

For large d we 
an show, using the greedy algorithm 
ombined with the bound on the

independen
e number, that �(G

n;d

) = (1 � o(1))�(G(n; d=n)). The same 
an be done for

the 
hoi
e number.

Theorem 2.5 For every 
onstant � > 0, if n

6=7+�

� d � 0:9n, then a.a.s. in G

n;d

�(G) = (1 + o(1))n=2 log

b

d;

where b = n=(n � d).

It is important to observe that by the results in [9℄ and [23℄, the 
hromati
 number

of G(n; p) also has asymptoti
 value n=2 log

b

d with d = np and b = n=(n � d). (For the


ase d = o(1) we get a more familiar expression �(G) = (1 + o(1))d=2 logd). Therefore

the 
hromati
 numbers in the random regular graph model G

n;d

and the binomial random

graph model G(n; p) of the 
orresponding density p = d=n 
oin
ide asymptoti
ally.

A similar estimate for �(G

n;d

) was given in [16℄ for small d, d � n

1=3�Æ

, where Æ is an

arbitrary positive 
onstant less than 1=3. It was shown that for d in this range again the


hromati
 numbers in G

n;d

and in G(n; d=n) are asymptoti
ally equal.

It was proved in [21℄ that for n

3=4+�

� p(n)n � 0:9n, the 
hoi
e number of the random

graph G(n; p) has the same asymptoti
 value as its 
hromati
 number. A 
ru
ial te
hni
al

instrument of the argument in [21℄ was an exponential estimate on the probability of non-

existen
e of an independent set of an almost optimal size in G(n; p), parallel to our Theorem
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2.3. Using the te
hnique developed in [21℄, we 
an show a similar result for the 
hoi
e number

of G

n;d

.

Theorem 2.6 Let d satisfy n

6=7+�

� d � 0:9n for a positive 
onstant �. Then a.a.s. in

G

n;d

�

l

(G) = (1 + o(1))�(G) = (1 + o(1))

n

2 log

b

d

;

where b = n=(n � d).

We omit the details of the proof.

For the remaining 
ases, we do not know the asymptoti
 behaviour of �(G

n;d

) and

�

l

(G

n;d

). However, we 
an show that a.a.s. they both have the same order of magnitude

as �(G(n; d=n)). It is, of 
ourse, plausible to think that all three are a.a.s. asymptoti
ally

equal.

Theorem 2.7 Let 0 < � < 1=2 be a positive 
onstant; then for any n

�

< d < n

1��

, a.a.s.


(d= logd) = �(G

n;d

) � �

l

(G

n;d

) = O(d= logd):

Let �

1

(G

n;d

) � �

2

(G

n;d

) � � � � � �

n

(G

n;d

) be the eigenvalues of the adja
en
y matrix

of G

n;d

. Sin
e a graph in G

n;d

is d-regular and a.a.s. 
onne
ted, it is 
lear by the Perron-

Frobenius theorem that �

1

(G

n;d

) = d and it has multipli
ity 1, a.a.s. The really ex
iting

parameter is, in fa
t, �(G

n;d

) = max(j�

2

(G

n;d

)j; j�

n

(G

n;d

)j). The following theorem says

that a.a.s., �(G

n;d

) is signi�
antly less than d.

First set x = K

p

n logn=d if d > 
n= logn or !(n)

p

n logn � d < n

3=4

log

1=4

n and

x = Kd=n if 
n= logn � d � n

3=4

log

1=4

n, where K is a suÆ
iently large 
onstant so that

almost surely the number of 
ommon neighbors of any two verti
es is at most (1 + x)d

2

=n

(see Theorem 2.1). It is 
lear that x = o(1).

Theorem 2.8 For all d satisfying the assumption of Theorem 2.1 and x de�ned as above,

a.a.s.

�(G

n;d

) = O

 

d

 

n

1=4

d

1=2

+ x

1=4

!!

= o(d):

For a d-regular graph G, the quantity �(G)=d is 
alled the mixing rate of G. Theorem 2.8

implies that in most regular d-regular graphs, a random walk, starting from a �xed vertex

(say 1), mixes very fast. Here we say that a random walk mixes in T steps, if after T steps,

the variation distan
e between the obtained distribution and the stationary distribution is

at most 1=2.
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Corollary 2.9 For all d > !(n)

p

n logn, set s = (

n

1=4

d

1=2

+ x

1=4

)

�1

. Then a.a.s. in G

n;d

, a

random walk starting from a �xed vertex mixes in O(log

s

n) steps.

The isoperimetri
 number of a graph G, I(G), is the minimumvalue of the ratio j�X j=jXj

over all subsets X � V with at most n=2 verti
es, where �X is the set of edges with exa
tly

one point in X .

Corollary 2.10 For all d > !(n)

p

n logn, a.a.s. I(G

n;d

) � (

1

2

� o(1))d.

Proof. Given a d-regular graph G, the 
ondu
tan
e �(G) is de�ned as the minimum of

nj�X j

djX jjV nX j

over all subsets X � V with at most n=2 verti
es. It is well known (see [18℄) that

�(G) � 1� �(G)=d:

By Theorem 2.8, it follows that �(G

n;d

) � 1�o(1) a.a.s. On the other hand, I(G) � d�(G)=2

by de�nition and this 
ompletes the proof. It is also 
lear that the 
onstant

1

2

is best possible.

For a spe
ial value of d, Theorem 2.8 also has a 
onsequen
e for the number of indu
ed


opies of a �xed graph. Assume that G is n=2-regular and �(G) = o(n). For su
h G, it has

been proved that for any �xed graph H on r verti
es, the number of indu
ed 
opies of H

in G is (1 + o(1))n

r

2

�

(

r

2

)

. (See, e.g., Alon and Spen
er [4, Chapter 9℄.)

Corollary 2.11 For any �xed graph H on r verti
es, the number of indu
ed 
opies of H

in G

n;n=2

is a.a.s. (1 + o(1))n

r

2

�

(

r

2

)

.

3 Bounds on 
odegrees and independent sets

When d is not o(n), we will need the following 
orollary of the asymptoti
 formula for the

number of graphs with given degrees whi
h was proved in [25℄. Let N(d

1

; : : : ; d

n

) denote the

number of labeled simple graphs of order n with degree sequen
e (d

1

; d

2

; : : : ; d

n

). Then [25,

Theorem 3℄ implies the following.

Proposition 3.1 Let d

j

= d

j

(n), 1 � j � n be integers su
h that minf�; 1� �g > 
= logn

for some 
 >

2

3

, where

P

n

j=1

d

j

= �n(n� 1) is an even integer, and j�n� d

j

j = O(n

1=2+�

)

uniformly over j for suÆ
iently small �xed � > 0. Then

N(d

1

; : : : ; d

n

) = f(d

1

; : : : ; d

n

)(�

�

(1� �)

1��

)

(

n

2

)

n

Y

j=1

 

n � 1

d

j

!

where
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(i) f(d

1

; : : : ; d

n

) = O(1), and

(ii) if maxfj�n � d

j

j = o(

p

n) then f(d

1

; : : : ; d

n

) �

p

2e

1=4

(uniformly over the 
hoi
e of

su
h d

j

).

The restri
tion on � is perhaps arti�
ial sin
e this result is known to hold also for � =

o(n

�1=2

), and it is 
onje
tured in [25℄ to hold for all � for whi
h n

2

minf�; 1� �g !1.

Proof of Theorem 2.1. We begin with (i). For ea
h of the following two 
ases (whi
h

have a non-trivial overlap), let u; v 2 [n℄ and let C

k

denote the set of d-regular graphs on n

verti
es with 
odeg(u; v) = k. Let G 2 C

k

.

Case 1: d = o(n). For this 
ase we use swit
hings (see [34℄) of the type introdu
ed by

M
Kay and Wormald [27℄.

An operation 
alled a forward swit
hing 
onsists of 
hoosing a vertex w 2 N(u)\N(v),

and edges xy and x

0

y

0

of G, deleting the edges uw, vw, xy and x

0

y

0

and inserting new edges

xu, yw, y

0

w and x

0

v so as to obtain another d-regular graph H on the same vertex set.

Choi
es of w, x, y, x

0

and y

0

whi
h would 
ause multiple edges, where for instan
e xu is

already an edge, or unwanted dupli
ation of verti
es su
h as x and y or y

0

, are forbidden.

Cases 
ausing a multiple edge number at most O(kd

3

n), and those with a dupli
ated vertex

are O(kd

2

n). So the number of forward swit
hings possible is

kd

2

n

2

� O(kd

3

n):

Note that the 
onstant impli
it in O() here is independent of k. A reverse swit
hing is

applied to H 2 C

k�1

by 
hoosing x 2 N(u) n N(v), x

0

2 N(v) n N(u) and a path ywy

0

.

Delete the edges xu, yw, y

0

w and x

0

v and insert uw, vw, xy and x

0

y

0

. Again 
hoi
es 
ausing

any of these verti
es to be repeated, or multiple edges to o

ur, are forbidden, and are

O(d� k)

2

d

3

in number. So the number of reverse swit
hings is

(d� k)

2

nd

2

�O(d� k)

2

d

3

:

It follows that

jC

k

j

jC

k�1

j

=

(d� k)

2

kn

(1 + O(d=n)): (1)

So de�ne k

0

to be the (real) solution of (d� k)

2

= kn. Then

k

0

=

d

2

n

�

1 + O

�

d

n

�

�

: (2)

We 
an now 
hoose a C suÆ
iently large that for k > k

0

+ Cd

3

=n

2

+ xd=

p

n, (1) implies

jC

k

j

jC

k�1

j

<

(d� k

0

)

2

k

0

n

�

1

1 + x

p

n=d

< e

�x

p

n=2d

8



for x = o(d=

p

n). It follows that for k

1

= k

0

+ Cd

3

=n

2

+ Bd

p

logn=

p

n and k

2

= k

1

+

Bd

p

logn=

p

n,

jC

k

2

j

jC

k

1

j

< n

�B

2

=2

:

By (1), jC

k

j < jC

k

2

j for k > k

2

. Thus P(
odeg(u; v) > k

2

) = O(n

1�B

2

=2

). The lower tail is

bounded in exa
tly the same way, again using (1). Choosing B = 3 and noting (2) gives

P(j
odeg(u; v)� k

0

j > Cd

3

=n

2

+ 6d

p

logn=

p

n) = o(n

�2

): (3)

Case 2: minfd; n�dg > 
n= logn for 
 > 2=3. Assume �rstly that u and v are nonadja
ent.

Delete u and v from G to obtain a graph with k verti
es of degree d� 2, 2d� 2k of degree

d� 1 and the rest of degree d. Su
h graphs are in one-one 
orresponden
e with elements of

C

k

provided that the verti
es of degree d� 1 are divided into two 
lasses: d� k whi
h were

the neighbours of u and the rest whi
h were the neighbours of v. The number of graphs

with su
h a degree sequen
e is given asymptoti
ally by Proposition 3.1 (ii). Multiplying by

the number of orderings of the degrees of the verti
es and the sele
tion of the two 
lasses

as above gives

jC

k

j �

(n� 2)!

p

2e

1=4

(�

�

(1� �)

1��

)

(

n�2

2

)

k!(d� k)!

2

(n� 2� 2d + k)!

 

n� 3

d

!

n�2�2d+k

 

n� 3

d� 1

!

2d�2k

 

n� 3

d� 2

!

k

where � =

d(n�4)

(n�2)(n�3)

. The asymptoti
s is uniform over all k. So letting t

n;d;k

denote the

produ
t of the fa
torials and binomials in the above formula, we only have to bound t

n;d;k

for k away from d

2

=n. Note that

t

n;d;k

t

n;d;k�1

=

(d� k)

2

k(n� 2d+ k)

�

1 + O(

1

k

) + O(

1

d�k

)

�

and so this ratio is 1 if k = d

2

=n + O(1). The rest of the argument is as in Case 1 to

obtain (3) with C = 0.

If u and v are adja
ent, almost the same argument gives the same result.

Finally, in both Case 1 and Case 2, summing (3) over all pairs (u; v) gives an upper

bound on the probability required for part (i) of the theorem.

To verify part (ii), note that � > 0 and �

0

> 0 
an be 
hosen suÆ
iently small so that

for k � k

0

= bd

1�2�


 the ratio (1) is O(n

��

0

), and hen
e for �

0

(d

�

� 1) > 4,

P(
odeg(u; v) � d

1��

) �

X

k�d

1��

jC

k

j

jC

k

0

j

= O

�

n

�

n

��

0

�

d

�

�1

�

= O(n

�3

):

9



On the other hand, for bounded d, (1) gives P(
odeg(u; v) � 3) = O(n

�3

). Summing the

bounds over all u and v gives (ii).

Proof of Theorem 2.2.

Case 1: d = o(n). We use swit
hings as in Case 1 of the proof of Theorem 2.1. Let A � [n℄,

let a = jAj, and let C

k

denote the event that exa
tly k edges have both ends in A. For

G 2 C

k

with k > 0, 
hoose an edge uv with u, v 2 A and 
hoose two other edges u

0

v

0

and

u

00

v

00

of G. Delete these three edges and add the edges vu

0

, v

0

u

00

and v

00

u. This pro
edure

is 
alled a forward swit
hing if it produ
es a graph H in C

k�1

. The reverse swit
hing is

applied to su
h an H by 
hoosing two edges uv

00

and vu

0

in H where u, v 2 A, and an edge

v

0

u

00

, and deleting these three edges and adding edges uv, u

0

v

0

and u

00

v

00

(provided that a

member of C

k

results). The number of ways of applying a forward swit
hing is

kn

2

d

2

(1 + O(d=n)):

For a reverse swit
hing, it is

��

a

2

�

� (k � 1)

�

nd

3

(1 + O(d=n)): (4)

(Note that if the swit
hing is 
hosen to be the simpler version in whi
h only one random edge

is 
hosen, the reverse swit
hing 
ount is highly dependent on the graph H , in parti
ular,

on how many paths of length 3 have both ends in A.) Hen
e

jC

k

j

jC

k�1

j

�

�

a

2

�

d

kn

provided k = o(a

2

). Now �x k = b

�

a

2

�

d=n
 and assume k!1. Then

jC

k

j

jC

0

j

= e

o(k)

(

�

a

2

�

d=n)

k

=k! = e

k+o(k)

;

and hen
e P(C

0

) = e

�k+o(k)

. The probability there is at least one independent set of

verti
es of G of 
ardinality a is at most

�

n

a

�

P(C

0

) < (

en

a

)

a

e

�k+o(k)

. Summing this over

a > (2 + o(1))n logd=d for a suitable fun
tion o(1), and using (4) to show that values of k

larger than o(a

2

) really 
an be ignored, gives a result whi
h is o(1). So the theorem follows

in this 
ase sin
e log b = � log(1� d=n) � d=n.

Case 2: minfd; n� dg > 
n= logn for 
 > 2=3. We �rst give a lemma whi
h assumes only

that Proposition 3.1 holds for the values of d involved. In G

n;d

, de�ne X

a

to be the number

of independent sets of 
ardinality a.

Lemma 3.2 Assume that �(n) = d=(n� 1) satis�es the hypotheses of Proposition 3.1, and

suppose that a = O(n

1=2+�

) for � as in that proposition. Then

EX

a

� exp(

1

2

a(a� 1) log(1� �) + a logn + o(a logn))

where � = d=(n� 1).

10



The lemma is proved next. Combined with Markov's inequality, the lemma implies the

theorem in this se
ond 
ase, sin
e here log(1� �) � � log b and logn � logd.

Proof of Lemma 3.2. If the verti
es n�a+1; : : : ; n form an independent set in G 2 G

n;d

,

then deleting all these verti
es gives a graph with degree sequen
e d � h

1

; : : : ; d � h

n�a

where h

i

is the degree of i in the graph H 
onsisting of just those edges in
ident with

deleted verti
es. Hen
e, using Proposition 3.1(i) to bound the number of possibilities for

G�E(H), and (ii) to estimate jG

n;d

j,

EX

a

= O(1)

 

n

a

!

X

H

g(

~

�)

(n�a)(n�a�1)=2

g(�)

n(n�1)=2

 

n� 1

d

!

�a

n�a

Y

i=1

�

n�a�1

d�h

i

�

�

n�1

d

�
(5)

where

~

� =

d(n�2a)

(n�a)(n�a�1)

and g(x) = x

x

(1� x)

(1�x)

. Here

�

n

a

�

is the number of 
hoi
es of an

independent set.

We 
an bring order into 
haos by eliminating the summation over H . Note that

�

n�a�1

d�h

i

�

�

n�1

d

�
=

[d℄

h

i

[n� d� 1℄

a�h

i

[n� 1℄

a

�

d

h

i

(n� d� 1)

a�h

i

(n � 1)

a

�

n� 1

n � a

where [x℄

k

denotes x(x� 1) � � �(x� k + 1). An easy way to see why the inequality holds is

by 
onsidering the equivalent inequality

h

i

�1

Y

i=1

�

1�

i

d

�

a�h

i

�1

Y

i=1

�

1�

i

n� d� 1

�

�

a�2

Y

i=1

�

1�

i

n� 1

�

:

Rewrite the a � 2 fa
tors in the expression on the left hand side as s

1

� � � � � s

a�2

. The

number of these whi
h are stri
tly greater than 1 �

i

n�1

is less than or equal to b

id

n�1




from the �rst produ
t and less than or equal to b

i(n�1�d)

n�1


 from the se
ond produ
t. Hen
e

s

i

� 1�

i

n�1

, and the inequality follows. We now have

n�a

Y

i=1

�

n�a�1

d�h

i

�

�

n�1

d

�
�

d

ad

(n� d� 1)

a(n�a�d)

(n � 1)

a(n�a)

�

�

n� 1

n� a

�

n�a

= �

�a(n�1)

(1� �)

(1��)a(n�1)�a(a�1)

�

�

n� 1

n � a

�

n�a

: (6)

Also note that

~

��� = ��a(a�1)=((n�a)(n�a�1)), therefore using the Taylor expansion

of the fun
tion log g(�) we obtain

log g(

~

�)� log g(�) = �

a(a� 1)�

(n � a)(n� a� 1)

log

�

�

1� �

�

+ O(a

4

(1� �)

�1

n

�4

):
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Hen
e

g(

~

�)

(n�a)(n�a�1)=2

g(�)

n(n�1)=2

= g(�)

�an+a(a�1)=2

exp

�

�

a(a�1)�

2

log

�

1��

+ O(a

4

logn=n

2

)

�

= �

��an

(1� �)

(1��)(�an+a(a�1)=2)

exp(o(a logn)); (7)

where we used 1=(1� �) = O(logn), log(�=(1� �)) = o(logn) and a = o(n

2=3

).

It is 
onvenient to multiply the fa
tor

�

n�1

d

�

�a

in (5) by the number of terms in the

summation, whi
h is at most

�

n�a

d

�

a

sin
e ea
h vertex of the independent set 
hooses d

neighbors from the other n � a neighbors. This produ
t is

�

[n� d℄

a�1

[n � 1℄

a�1

�

a

< (1� �)

a(a�1)

: (8)

Thus (5) is bounded above by the produ
t of

�

n

a

�

, (6), (7) and (8). Using

�

n

a

�

< n

a

and

log

n�1

n�a

= a=n+o(a=n) gives the bound stated in the lemma (again using � log� = o(logn)

and � log(1� �) = o(logn)).

Proof of Theorem 2.3. Let p = d=n. We will 
ompare the probability that the random

graph G(n; p) 
ontains a subset V

0

of size jV

0

j = n= log

4

n without an independent set of

the desired size with the probability that G(n; p) is d-regular. The former probability will

be estimated from above using arguments whi
h are by now quite standard, to be presented

here in a somewhat abridged form.

Let k

0

= k

0

(n; p) be de�ned by

k

0

= max

(

k :

 

n= log

4

n

k

!

(1� p)

(

k

2

)

� n

3

)

:

One 
an show that k

0

satis�es k

0

� 2 log

b

d with b = n=(n� d).

Denote m = n= log

4

n and 
onsider a random graph G(m; p). Let X be the random

variable 
ounting the number of independent sets of size k

0

in G(m; p). Denoting the

expe
tation of X by � and re
alling the de�nition of k

0

, we get:

� =

 

m

k

0

!

(1� p)

(

k

0

2

)

� n

3

:

Let

� = 2

X

jSj;jS

0

j=k

0

2�jS\S

0

j�k

0

�1

P[S; S

0

form an independent set in G(m; p)℄ :

Then

� =

 

m

k

0

!

(1� p)

(

k

0

2

)

k

0

�1

X

i=2

 

k

0

i

! 

m� k

0

k

0

� i

!

(1� p)

(

k

0

2

)

�

(

i

2

)

= �

2

k

0

�1

X

i=2

g(i) ; where g(i) =

�

k

0

i

��

m�k

0

k

0

�i

�

(1� p)

�

(

i

2

)

�

m

k

0

�

:
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One 
an 
he
k that g(2) = �(k

4

0

=m

2

) is the dominating term in the above sum, while the

summands de
rease qui
kly as i goes away from the ends of the interval [2; k

0

� 1℄. This

implies that � = �(�

2

k

4

0

=m

2

). Also, as � � n

3

we get � � �. Then by the generalized

Janson inequality (see, e.g., [4, Chapter 7℄)

P[X = 0℄ � e

�

�

2

(1+o(1))

2�

= e

�


(

m

2

=k

4

0

)

:

Re
alling the de�nition of k

0

, we see that the exponent above is of order d

4

=n

2

polylogn.

We next need a lower bound on the probability that a random graph in G(n; p) is regular.

We use the result of Shamir and Upfal [31, equation (35)℄ with �(n) = d, � =

1

2

+Æ for some

Æ > 0, 
hoosing w(n) � �(n) = dw(n)

1�Æ

e, to dedu
e that the number of d-regular graphs

on n verti
es is at least

 

�

n

2

�

nd=2

!

exp(�O(nd

1=2+2Æ

)):

(Here there is a 
ondition on d(n); growing faster than log

2

n is suÆ
ient.) It follows that

for any �xed Æ > 0

P(G(n; d=n) is d-regular) � exp(�nd

1=2+Æ

): (9)

Comparing the last two exponents and using the assumption d � n

6=7+�

, we obtain that the

probability that G(n; d=n) is d-regular is mu
h higher asymptoti
ally than the probability

that G(n; d=n) 
ontains a large subset without an independent set of size k

0

. Therefore,

a.a.s. for G

n;d

where d lies in the range given in the theorem statement, every subset V

0

of

size jV

0

j � n= log

4

n spans an independent set of size k

0

. The theorem is proven.

4 Conne
tivity and hamiltoni
ity

In this se
tion we prove that dense d-regular graphs with some pseudo-random properties

are d-
onne
ted. As an immediate 
orollary we obtain that for

p

n logn < d � n � 4 a

random d-regular graph on n verti
es is a.a.s. d-
onne
ted and hamiltonian.

First we need the following lemma, whi
h is very similar in spirit to one obtained by

Alon et al. [2℄.

Lemma 4.1 Let G = (V;E) be a d-regular graph on n verti
es su
h that

p

n logn < d and

for all u 6= v 2 V , 
odeg(u; v) = (1 + o(1))d

2

=n. Then the number of edges between any two

B

1

; B

2

� V , satisfying jB

1

j � 
(n) and jB

2

j �

p

n, is at least (1 + o(1))

d

n

jB

1

jjB

2

j.

Proof. Let A be the adja
en
y matrix of G, let J be the all 1 matrix whose rows and


olumns are indexed by V and put H = A � (d=n)J = (h

uv

)

u;v2V

. An easy 
omputation

13



shows that the inner produ
t of any two 
olumns of H is relatively small. Indeed, if N(v)

and N(v

0

) denote the sets of all neighbors of v and v

0

, respe
tively, and v 6= v

0

then,

X

u2V

h

uv

h

uv

0

= jN(v)\N(v

0

)j �

d

n

(jN(v)j+ jN(v

0

)j) + n(d=n)

2

= o(d

2

=n):

Also note that for any vertex v we have

X

u2V

h

2

uv

= d(1� d=n)

2

+ (n� d)(d=n)

2

= d� d

2

=n < d:

Therefore

X

u2B

1

�

X

v2B

2

h

uv

�

2

�

X

u2V

�

X

v2B

2

h

uv

�

2

=

X

u2V

�

X

v2B

2

h

2

uv

+

X

v;v

0

2B

2

;v 6=v

0

h

uv

h

uv

0

�

=

X

v2B

2

X

u2V

h

2

uv

+

X

v;v

0

2B

2

;v 6=v

0

X

u2V

h

uv

h

uv

0

� jB

2

jd+ jB

2

j

2

o(d

2

=n):

Let e(B

1

; B

2

) denote the total number of edges of G between B

1

and B

2

. By the Cau
hy-

S
hwartz inequality and the last estimate

�

e(B

1

; B

2

)�

d

n

jB

1

jjB

2

j

�

2

=

�

X

u2B

1

X

v2B

2

h

uv

�

2

� jB

1

j

X

u2B

1

�

X

v2B

2

h

uv

�

2

� jB

1

jjB

2

jd + jB

1

jjB

2

j

2

o(d

2

=n):

Hen
e

e(B

1

; B

2

) �

d

n

jB

1

jjB

2

j �

q

jB

1

jjB

2

jd� jB

1

j

1=2

jB

2

jo(d=

p

n)

> (1 + o(1))

d

n

jB

1

jjB

2

j;

where the last inequality follows from the fa
ts that d >

p

n logn, jB

1

j � 
(n), jB

2

j �

p

n

and n is suÆ
iently large. This 
ompletes the proof.

Using this lemma we obtain the following result about 
onne
tivity of pseudo-random

graphs.

Proposition 4.2 Let G = (V;E) be a d-regular graph on n verti
es su
h that

p

n logn <

d � 3n=4 and the number of 
ommon neighbors for every two distin
t verti
es in G is

(1 + o(1))d

2

=n. Then the graph G is d-
onne
ted.
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Proof. Suppose that there is a subset S � V of size at most d� 1 su
h that the indu
ed

graph G[V � S℄ is dis
onne
ted. Denote by B

2

the set of verti
es of the smallest 
onne
ted


omponent of G[V � S℄ and set B

1

= V � (S [ B

2

). Then jB

1

j � 
(n), B

2


ontains at

least two verti
es and there is no edge between B

1

and B

2

. Therefore by Lemma 4.1 we

obtain jB

2

j <

p

n. Let u and v be any two distin
t verti
es in B

2

. Clearly all the neighbors

of these two verti
es belong to the set B

2

[ S whi
h has size at most d +

p

n. Sin
e the

degrees of v and u are equal to d, this implies that the number of 
ommon neighbors of

these two verti
es is at least 2d� (d +

p

n) = d�

p

n. This is asymptoti
ally mu
h bigger

than (1 + o(1))d

2

=n, a 
ontradi
tion.

Remark. Note that the same proof is valid for any upper bound on the degree d of the

form (1� Æ)n for any �xed Æ > 0.

To 
omplete the proof of Theorem 2.4 we need the following well known result of Chv�atal

and Erd}os [12℄.

Proposition 4.3 Let G be a k-
onne
ted simple graph su
h that G 
ontains no independent

set of size k + 1. Then G has a hamiltonian 
y
le.

Proof of Theorem 2.4. Sin
e by Theorem 2.1 for

p

n logn < d � 3n=4, G

n;d

almost

surely satis�es the 
onditions of Proposition 4.2, we obtain that a.a.s. it is d-
onne
ted.

This together with result of Chv�atal and Erd}os implies that for the same values of d, the

random d-regular graph almost surely 
ontains a hamiltonian 
y
le. Here we used the fa
t

that by Theorem 2.2, a.a.s. the size of the maximal independent set in G

n;d

is at most

O(n logd=d) = O(

p

n) < d.

Next we 
onsider the 
ase when 3n=4 � d � n�4. Sin
e it is well known that any graph

on n verti
es with minimum degree at least n=2 
ontains a hamiltonian 
y
le, we obtain

that G = G

n;d

is hamiltonian. Let G

0

be the 
omplement of G. Note that by de�nition

G

0

= G

n;d

0
is a random d

0

-regular graph with d

0

= n � 1 � d � 3. Suppose that there is a

subset S � V (G) of size at most d�1 su
h that the indu
ed graph G[V �S℄ is dis
onne
ted.

Denote by B

2

the set of verti
es of the smallest 
onne
ted 
omponent of G[V � S℄ and set

B

1

= V �(S[B

2

). Then obviously jB

1

j+jB

2

j = n�(d�1) = d

0

+2, B

2


ontains at least two

verti
es and there is no edge between B

1

and B

2

. This implies that G

0


ontains a 
omplete

bipartite graph with bipartition (B

1

; B

2

). We 
laim that this is a.a.s. impossible. Sin
e

jB

1

j � (jB

1

j + jB

2

j)=2 = (d

0

+ 2)=2 we 
on
lude that any two verti
es in B

2

have at least

(d

0

+ 2)=2 
ommon neighbors. Therefore if (d

0

)

�

> 2 then the number of 
ommon neighbors

is at least (d

0

+ 2)=2 > maxf(d

0

)

1��

; 3g. This 
ontradi
ts the assertion of Theorem 2.1. For

3 � d

0

� 2

1=�

note that the number of edges in the subgraph of G

0

indu
ed by B

1

[ B

2

is

at least 2d

0

> d

0

+ 2 = jB

1

j + jB

2

j. This again is a.a.s. not possible sin
e it is known (see,
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e.g., [34℄) that for a �xed d

0

, any subgraph on d

0

+ 2 verti
es of the random d

0

-regular graph

almost surely 
ontains at most d

0

+ 2 edges. This 
ompletes the proof of the theorem.

5 Coloring

Proof of Theorem 2.5. The lower bound on �(G) follows immediately from the upper

bound on the independen
e number, given by Theorem 2.2, and the inequality �(G) �

jV (G)j=�(G).

To prove the upper bound, we will apply the approa
h of Bollob�as [9℄ by �rst 
overing

most of the verti
es of the graph by independent sets of asymptoti
ally optimal size, and

then 
oloring the remaining subgraph using degenera
y arguments. We need the following

proposition.

Proposition 5.1 Let n

6=7+�

� d � 0:9n for a positive 
onstant �. Then a.a.s. in G

n;d

every s � n= log

4

n verti
es of G span less than sd= log

2

d edges.

Proof. Set p = d=n. The probability that the random graph G(n; p) 
ontains a subset of

size s � n= log

4

n spanning at least sd= log

2

d edges, 
an be bounded from above by

n= log

4

n

X

i=2d= log

2

d

 

n

i

! 

�

i

2

�

id

log

2

d

!

p

id

log

2

d

�

n= log

4

n

X

i=2d= log

2

d

2

4

en

i

 

ei log

2

d

2d

!

d

log

2

d

p

d

log

2

d

3

5

i

�

n= log

4

n

X

i=2d= log

2

d

2

4

n

 

O(1)ip log

2

d

d

!

d

log

2

d

3

5

i

� e

�

d

2

log

4

d

for n suÆ
iently large.

Comparing the above probability with the probability that G(n; p) is d-regular, whi
h is

bounded below in (9), and re
alling our assumption d � n

6=7+�

, we 
on
lude that a random

regular graph G

n;d

has a.a.s. the property stated in the proposition.

Re
all that a graph G is 
alled s-degenerate if every subgraph of it 
ontains a vertex

of degree at most s. It is easy to see that every s-degenerate graph is (s + 1)-
olorable.

Going ba
k to the above proposition we see that a.a.s. in G

n;d

every subset V

0

� V of size

jV

0

j � n= log

4

n spans a (2d= log

2

d� 1)-degenerate and thus 2d= log

2

d-
olorable subgraph.

Now we 
an present an argument for the upper bound on �(G

n;d

). As long as G still

has at least n= log

4

n un
olored verti
es, we �nd an independent set of size (2� o(1)) log

b

d,

whi
h exists a.a.s. by Theorem 2.3. We 
olor it by a fresh 
olor and dis
ard. If less

than n= log

4

n verti
es remain un
olored, then we 
olor the spanning subgraph of un
olored

verti
es by using at most 2d= log

2

d 
olors, based on Proposition 5.1. Altogether we use at

most (1 + o(1))n=2 log

b

d + 2d= log

2

d = (1 + o(1))n=2 log

b

d 
olors.
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Proof of Theorem 2.7. The upper bound �

l

(G

n;d

) = O(d= logd) is a simple 
orollary of

Theorem 2.1 and the following theorem, proved by Vu [32, Theorem 4.1℄. A similar result

was proved for d = 
(polylogn), by Alon et al. [3℄.

Theorem 5.2 Let G be a d-regular graph on n verti
es. Assume that the 
odegrees of G

are at most d

1��

, for some positive 
onstant �. Then

�

l

(G) = O(d= logd):

The lower bound 
(d= logd) = �(G

n;d

), for the 
ase d > n

1=2

logn, follows from the

upper bound on the independen
e number (Theorem 2.2). If n

�

� d � n

1=2

logn, the same

upper bound O(n logd=d) (with a more generous multipli
ative 
onstant) still holds (a.a.s.)

for the independen
e number. The proof is similar to that of Theorem 2.2 and is omitted.

6 The se
ond eigenvalue

Proof of Theorem 2.8. Let A(G

n;d

) be the adja
en
y matrix. Observe that

n

X

i=1

�

4

i

(G

n;d

) = tr(A

4

(G

n;d

)):

It follows that tr(A

4

(G

n;d

))�d

4

� �

4

(G

n;d

). On the other hand, tr(A

4

(G

n;d

)) is the number

of 
losed walks of length 4 in G

n;d

and 
an be expressed as follows

tr(A

4

(G

n;d

)) = nd

2

+ nd(d� 1) + 8C

4

(G

n;d

);

where C

4

(G

n;d

) is the number of 
y
les of length 4 in G

n;d

. By the de�nition of x,

C

4

(G

n;d

) �

1

2

 

n

2

! 

d

2

n

(1 + x)

2

!

;

and a routine 
al
ulation yields that

�

4

(G

n;d

) = O(nd

2

+ d

4

x):

The theorem follows.
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7 Con
luding remarks

One of the main obsta
les to deriving results on G

n;d

for large d is the la
k of an a

essible

model of dense random regular graphs. Su
h a model would be desired to simplify the


omputations su
h as those in the proof of Theorems 2.1 and 2.2. Even the asymptoti


probability that G(n; p) is regular for n

�1=2

< p = o(1= logn) is not known (but would

follow immediately from the asymptoti
 enumeration 
onje
ture in [25℄).

On 
oloring problems, the main unknowns remaining from the results in this paper are

the asymptoti
 values of �(G) and �

l

(G) for d below n

6=7+�

and the range of asymptoti


equality of these two parameters. The range of 
on
entration of �(G), �(G) and �

l

(G) is

yet to be established.

For the eigenvalues we still have no great knowledge of their asymptoti
 distribution

(though some results for small d o

ur in the referen
es to [34℄). In parti
ular, a result on

� whi
h sharpens Theorem 2.8, like that in [17℄ mentioned in Se
tion 1, would have useful

appli
ations.
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