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Abstra
t

The 
hoi
e number of a hypergraph H = (V;E) is the least integer s for whi
h for every

family of 
olor lists S = fS(v) : v 2 V g, satisfying jS(v)j = s for every v 2 V , there exists a


hoi
e fun
tion f so that f(v) 2 S(v) for every v 2 V , and no edge of H is mono
hromati


under f . In this paper we 
onsider the asymptoti
 behavior of the 
hoi
e number of a random

k-uniform hypergraph H(k; n; p). Our main result states that for every k � 2 and for all values

of the edge probability p = p(n) down to p = O(n

�k+1

) the ratio between the 
hoi
e number

and the 
hromati
 number of H(k; n; p) does not ex
eed k

1=(k�1)

asymptoti
ally. Moreover,

for large values of p, namely, when p � n

�(k�1)

2

=(2k)+�

for an arbitrary positive 
onstant �, the


hoi
e number and the 
hromati
 number ofH(k; n; p) have almost surely the same asymptoti


value.

1 Introdu
tion

A hypergraph H is an ordered pair H = (V;E), where V is a �nite set, 
alled the vertex set of

H , and E is a family of distin
t subsets of V (the edge set). A hypergraph is k-uniform, if all

edges have 
ardinality k. Thus, for k = 2 the notion of a k-uniform hypergraph 
oin
ides with

the familiar notion of a graph.

A random k-uniform hypergraph H(k; n; p) is a k-uniform hypergraph on n labeled verti
es

V = f1; : : : ; ng, where ea
h k-subset of V is 
hosen to be an edge of H independently and with

probability p = p(n). Note that for k = 2 we get the well studied model G(n; p) of random graphs.

In this paper we will study asymptoti
 properties of H(k; n; p), that is, the number of verti
es n

will tend to in�nity, while the uniformity parameter k will be kept �xed. A hypergraph property

A holds almost surely in H(k; n; p), or a.s. for brevity, if the probability that a hypergraph H

drawn from H(k; n; p) has A tends to 1 as n tends to in�nity.
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Following the notation adopted in the paper [9℄ of Krivelevi
h and Sudakov, for every integer

1 � 
 � k � 1, we de�ne a 
-independent set in a k-uniform hypergraph H = (V;E) as a subset

I � V su
h that every edge of H interse
ts I in at most 
 verti
es. The 
-independen
e number

�




(H) is the maximal size of a 
-independent set in H . A 
-
oloring of H is a partition of the

vertex set V into 
-independent sets (
olors). The 
-
hromati
 number �




(H) is the minimal

number of 
olors in a 
-
oloring of H . The most popular 
hoi
es for 
 are 
 = k � 1, in whi
h


ase we get what is usually 
alled the weak 
hromati
 number of H , and 
 = 1, 
orresponding to

the strong 
hromati
 number of H . Comparing the situation again with the 
ase of graphs, note

that for k = 2 both notions of the weak and the strong 
hromati
 number redu
e to the notion of

the 
hromati
 number of a graph, one of the most 
entral 
on
epts in graph theory.

In this paper we will dis
uss 
hoosability properties of random hypergraphs. Fix a parameter

1 � 
 � k � 1. Given a k-uniform hypergraph H = (V;E) and a family of 
olor lists S =

fS(v) : v 2 V g, we say that H is S-
hoosable, if there exists a 
hoi
e fun
tion f , a
ting on the

verti
es of H , so that f(v) 2 S(v) for every vertex v 2 V , and for ea
h 
olor 
 2

S

v2V

S(v),

the set U




= fv 2 V : f(v) = 
g forms a 
-independent set. H is 
alled s-
hoosable, if it is

S-
hoosable for every family of 
olor lists S = fS(v) : v 2 V g, meeting the restri
tion jS(v)j = s

for every v 2 V . Finally, the 
hoi
e number of H , denoted by 
h(H), is the least s for whi
h H

is s-
hoosable. In this paper we will 
on
entrate mostly on the 
ase 
 = k � 1 and therefore will

usually omit the value of 
. Thus, our de�nition of the 
hoi
e number is a generalization of the

notion of a weak 
hromati
 number. We would like to note here that the notation of this paper is

di�erent from this of [14℄, where the 
ase 
 = 1 is dis
ussed. Again, for the 
ase k = 2 we get the

de�nition of the 
hoi
e number of a graph, introdu
ed in the seventies independently by Erd}os,

Rubin and Taylor [7℄ and by Vizing [12℄.

It is easy to see that for every hypergraph H we have 
h(H) � �(H). Thus it is quite natural

to 
ompare the asymptoti
 behavior of the 
hoi
e number of random uniform hypergraphs with

that of the 
hromati
 number. Extending the results of Bollob�as [5℄ and  Lu
zak [10℄ for the

graph 
ase, Shamir [11℄ and Krivelevi
h and Sudakov [9℄ established the asymptoti
 value of the


hromati
 number of H(k; n; p) for all values of p in the range Cn

�k+1

� p(n) � 0:9. Their results


an be formulated in the following form. Let

t

0

= t

0

(n; p) = max

(

t :

 

n

t

!

(1� p)

(

t

k

)

� 1

)

:

Then a.s. in H(k; n; p) one has

�(H) = (1 + o(1))

n

t

0

;

where the o(1) term tends to 0 as the produ
t n

k�1

p tends to in�nity. It is a routine exer
ise to

�gure out the asymptoti
 behavior of the 
hromati
 number from the above de�nition of t

0

. It

gives the following results: when p(n) is an absolute 
onstant, then a.s. in H(k; n; p), �(H) =

2



(1+o(1))n=(k! lnn= ln(1=(1�p)))

1=(k�1)

; and when p(n) = o(1), then denoting d

�

= (k�1)

�

n�1

k�1

�

p,

one gets that a.s. �(H) = (1 + o(1))(d

�

=(k ln d

�

))

1=(k�1)

.

Re
ently there has been a 
onsiderable amount of interest in 
hoosability properties of random

graphs. Kahn (see [1℄) showed that for every 
onstant edge probability p, the 
hoi
e number and

the 
hromati
 number of G(n; p) have almost surely the same asymptoti
 value. His result has

been extended by Krivelevi
h [8℄ to all values of p, satisfying p(n) � n

�1=4+�

, for any � > 0. Alon,

Krivelevi
h and Sudakov [2℄ and independently Vu [13℄ proved that for all values of p, the 
hoi
e

number and the 
hromati
 number of G(n; p) have asymptoti
ally the same order of magnitude.

However, not mu
h has been known about 
hoosability in random hypergraphs. The only

paper about this subje
t we are aware about is that of the se
ond author [14℄, in whi
h the

asymptoti
 behavior of the 
hoi
e number of random hypergraphs for the 
ase 
 = 1 is addressed.

The goal of this paper is to 
lose the gap between the graph and the hypergraph 
ase. We

prove the following two main results.

Theorem 1 Let k � 2 be a �xed integer. Let the edge probability p = p(n) satisfy C=n

k�1

�

p(n) � 0:9, where C > 0 is a large enough 
onstant. Then almost surely in H(k; n; p)


h(H) � (1 + o(1))k

1

k�1

�(H) ;

where the o(1) term tends to 0 as n

k�1

p tends to in�nity.

Theorem 2 Let k � 2 be an integer. Let 0 < � < (k � 1)

2

=(2k). If the edge probability p = p(n)

satis�es n

�(k�1)

2

=(2k)+�

� p � 0:9, then almost surely in H(k; n; p)


h(H) = (1 + o(1))�(H) :

Hen
e the 
hoi
e number and the 
hromati
 number of random hypergraphs have the same order

of magnitude for all values of p. Note that it follows from Theorem 1 that for the graph 
ase

k = 2 the ratio between the 
hoi
e number and the 
hromati
 number is bounded asymptoti
ally

by 2 { the best known fa
tor (see bounds in [2℄ and [13℄).

The idea of the proofs of both theorems above is essentially an adaptation of the main idea

of [8℄ to the hypergraph 
ase. Some additional ideas will be required to prove the results for all

values of p.

The paper is organized as follows. In the next se
tion we prove te
hni
al lemmas needed for

the proof of the main results. The proof of Theorems 1 and 2 is given in Se
tion 3. The �nal

Se
tion 4 is devoted to 
on
luding remarks.

Throughout the paper we omit routinely the 
oor and the 
eiling signs for the sake of 
onve-

nien
e. All logarithms are natural. We denote

d = d(n; p) = n

k�1

p

and assume d large enough whenever needed.
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2 Preliminaries

In this se
tion we provide a te
hni
al ba
kground for proving Theorems 1 and 2. The se
tion

is divided into three subse
tions. In the �rst of them we deal with the distribution of edges in

random hypergraphs. In the se
ond subse
tion we dis
uss the distribution of independent sets.

Finally, the third subse
tion shows how the Lo
al Lemma 
an be applied to show 
hoosability of

hypergraphs from 
olor lists satisfying 
ertain 
onditions.

2.1 Edge distribution

Four lemmas of this subse
tion are aimed to show essentially that the edge distribution in random

uniform hypergraphs does not deviate mu
h from its expe
ted behavior. All possibly strangely

looking and somewhat 
umbersome expressions in the formulations of these statements are de-

signed so as to �t together smoothly in the 
ourse of proving Theorems 1 and 2.

Lemma 2.1 For every 
onstant 
 > 0 a.s. in H(k; n; p) every subset W � V of size jW j �


n log

3

d=d spans at most (logd)

3k

jW j edges.

Proof. The probability of the existen
e of a subset W � V violating the lemma 
an be estimated

from above by


n log

3

d

d

X

s=k

 

n

s

! 

�

s

k

�

(logd)

3k

s

!

p

(logd)

3k

s

�


n log

3

d

d

X

s=k

2

4

en

s

 

es

k�1

p

(logd)

3k

!

(log d)

3k

3

5

s

�


n log

3

d

d

X

s=k

2

4

np

1

k�1

(logd)

3k(logd)

3k

(O(1)s

k�1

p)

(logd)

3k

�

1

k�1

3

5

s

=


n log

3

d

d

X

s=k

2

4

d

1

k�1

(logd)

3k(logd)

3k

(O(1)s

k�1

p)

(logd)

3k

�

1

k�1

3

5

s

:

Denote the s-th summand in the last sum by a

s

. Then, if s

k�1

p � 1= logn, we have a

s

�

(O(1)s

k�1

p)

s

� (O(1)= logn)

s

. If s

k�1

p � 1= logn, then s

k�1

d � n

k�1

= logn, thus implying

s � n

1=2

or d � n

1=3

. But then, re
alling the assumption s � 
n log

3

d=d, we get

a

s

�

2

4

d

1

k�1

(logd)

3k(logd)

3k

(O(1) logd)

3(k�1)(logd)

3k

3

5

s

�

�

1

logd

�

s log d

= o(

1

n

) :

Therefore

P


n log

3

d=d

s=k

a

s

= o(1). 2

Lemma 2.2 Let p(n) satisfy p(n) � n

�k+1+k=(k+1)+o(1)

. Then for every 
onstant 
 > 0 a.s. in

H(k; n; p) every subsetW � V of size jW j � 
n log

4

d=d

1+1=k

spans at most (2k=(2k

2

�4k+1))jW j

edges.
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Proof. Denote B = 2k=(2k

2

� 4k + 1) = 1=(k � 2 + 1=(2k)). The probability that the lemma's

assertion fails is at most


n log

4

d

d

1+1=k

X

s=k

 

n

s

! 

�

s

k

�

Bs

!

p

Bs

�


n

d

1+1=k

X

s=k

�

en

s

�

s

 

es

k�1

p

B

!

Bs

�


n log

4

d

d

1+1=k

X

s=k

�

O(1)n

s

(s

k�1

p)

B

�

s

:

Denote the s-th summand of the last sum by a

s

. In the 
ase s � logn we get a

s

� (O(1)np

B

(logn)

(k�1)B

)

s

.

But np

B

� n

1+(1+k=(k+1)�k+o(1))B

. Note that 1+(1+k=(k+1)�k)B = 1�((k

2

�k�1)=(k+1))B =

�(k � 1)=(2k

3

� 2k

2

� 3k + 1) < 0. Therefore is this 
ase a

s

= o(1= logn). If s � logn, we 
an

estimate a

s

as follows:

a

s

�

2

4

O(1)d

1+

1

k

log

4

d

 

n

k�1

p(logd)

4(k�1)

d

(1+

1

k

)(k�1)

!

B

3

5

s

=

�

(logd)

O(1)

d

1+

1

k

�(k�1�

1

k

)B

�

s

:

But 1 + 1=k � (k � 1 � 1=k)B = (�k + 1)=(2k

3

� 4k

2

+ k) < 0. Hen
e is this 
ase a

s

�

((logd)

O(1)

d

�
(1)

)

s

= o(1=n). Thus we derive

P


n=d

1+1=k

s=k

a

s

= o(1). 2

Lemma 2.3 A.s in H(k; n; p) for every subset W � V of size jW j � n= log

4

d, the spanned

subhypergraph H [W ℄ 
ontains at most (5k log

3

d=d)jW j verti
es of degree at least d=log

3

d.

Proof. Denote d

0

= d=log

3

d. Assume that some subset W � V violates the assertion of the

lemma. Then there exists a subset U � W of size jU j = (5k log

3

d=d)jW j su
h that all verti
es of

U have degree at least d

0

in H [W ℄. But then at least d

0

jU j=k edges are in
ident to U in H [W ℄.

Denote t = t(s) = (5k log

3

d=d)s. Then the probability of existen
e of a set W violating the

lemma is at most

n

log

4

d

X

s=k

 

n

s

! 

s

t

! 

t

�

s�1

k�1

�

d

0

t

k

!

p

d

0

t

k

�

n

log

4

d

X

s=k

�

en

s

�

s

2

s

 

eks

k�1

p

d

0

!

d

0

t

k

=

n

log

4

d

X

s=k

�

6n

s

�

s

 

O(1)s

k�1

p log

3

d

d

!

5s

=

n

log

4

d

X

s=k

2

4

O(1)

n

s

 

s

k�1

log

3

d

n

k�1

!

5

3

5

s

=

n

log

4

d

X

s=k

"

O(1)

�

s

n

�

5(k�1)�1

log

15

d

#

s

�

n

log

4

d

X

s=k

"

O(1)

�

s

n

�

4

log

15

d

#

s

:

Denote the s-th summand of the last sum by a

s

. If s � n

1=2

, then a

s

� O(1) log

15

d=n

2

= o(1=n).

If s � n

1=2

, then re
alling that s � n= log

4

d, we get a

s

� (O(1)= logd)

n

1=2

= o(1=n). 2

Lemma 2.4 For every 
onstant 
 > 0 a.s. in H(k; n; p) for every subset W � V of size

jW j = 
n log

3

d=d the number of verti
es v 2 V n W for whi
h deg(v;W ) � d

1=k

does not ex-


eed n log

4

d=d

1+1=k

.
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Proof. If the lemma fails, there exist disjoint subsets U;W of sizes jU j = n log

4

d=d

1+1=k

, jW j =


n log

3

d=d, for whi
h the number of edges interse
ting both U and W is at least jU jd

1=k

=k. Denote

s = 
n log

3

d=d, t = n log

4

d=d

1+1=k

. Then the probability of su
h event 
an be bounded from

above by

 

n

s

! 

n

t

! 

stn

k�2

td

1=k

k

!

p

td

1=k

k

�

�

en

s

�

2s

 

eksn

k�2

p

d

1=k

!

td

1=k

k

=

�

O(1)d

log

3

d

�

O(1)n log

3

d

d

 

O(1)n

k�1

p log

3

d

d

1+1=k

!

n log

4

d

kd

� d

O(1)n log

3

d

d

 

O(1) log

3

d

d

1=k

!

n log

4

d

kd

= o(1) : 2

2.2 Large independent sets

In this subse
tion we show that almost surely every suÆ
iently large subset of verti
es of H(k; n; p)


ontains a large independent set. In the dense 
ase (i.e. when the edge probability p = p(n)

is high enough), we 
an show that a. s. every large enough subset of verti
es 
ontains an

independent set of an asymptoti
ally optimal size. This is done by a quite standard by now

appli
ation of the Janson inequality. In the general 
ase we prove that a. s. every subset of size

n= ln

4

d spans an independent set, whose size is smaller than the independen
e number by a fa
tor

asymptoti
ally not ex
eeding k

1=(k�1)

. This result is a
hieved by analyzing the performan
e of

the greedy algorithm for �nding independent sets.

In this se
tion we use the notation [x℄

r

= x(x� 1) : : :(x� r + 1).

Let us de�ne now the following quantities. Let

�

0

= �

0

(n; p) = max

(

� :

 

n

log

6

d

�

!

(1� p)

(

�

k

)

> 1

)

; (1)

�

1

= �

1

(n; p) = max

(

� :

 

�

k � 1

!

�

�

0

� k + 1

k�

0

 

�

0

k � 1

!)

; (2)

�

2

= �

2

(n; p) = max

(

� :

 

n

ln

4

d

�

!

(1� p)

(

�

k

)

� (100)

�

n

8

)

: (3)

We would like to note that �

0

and �

2

are equal (1 + o(1))t

0

, where t

0

is de�ned in the

Introdu
tion. It follows readily from the above mentioned results of Shamir [11℄ and of Krivelevi
h

and Sudakov [9℄, that almost surely �

1

and �

2

satisfy �

1

= (1 � o(1))�(H)=k

1=(k�1)

and �

2

=

(1� o(1))�(H).

Lemma 2.5 There exists a 
onstant C > 0 so that if the edge probability p = p(n) satis�es

C

n

k�1

� p � 0:9, then a. s. in H(k; n; p) every subset V

0

of size jV

0

j � n= ln

4

d 
ontains an

independent set of size �

1

.

6



Proof. Let

m =

n

ln

4

d

:

Observe that by de�nition (1) of �

0

 

m

�

0

!

(1� p)

(

�

0

k

)

�

[

n

log

4

d

℄

�

0

[

n

log

6

d

℄

�

0

� (100 logd)

�

0

; (4)

provided d is suÆ
iently large.

Sin
e there are

�

n

m

�

� (en=m)

m

subsets of m elements, it suÆ
es to show that for a �xed

subset V

0

of size jV

0

j = m

Pr[V

0


ontains an independent set of size �

1

℄ � 1� o((en=m)

�m

) = 1� o((e log

4

d)

�m

): (5)

Set t = m=2�

1

. It is 
lear, by the greedy algorithm, that if V

0

fails to 
ontain an independent

set of size �

1

, then it should 
ontain t pairwise disjoint sets A

1

, A

2

, . . . , A

t

satisfying the following

two properties:

(i) Ea
h A

i

is independent and jA

i

j < �

1

;

(ii) For any v 2 V

0

n [

t

i=1

A

i

and any 1 � i � t, there is an edge in A

i

[ v 
ontaining v.

We 
all a 
olle
tion A = fA

1

; : : : ; A

t

g bad if A

i

are pairwise disjoint sets, jA

i

j < �

1

and (ii)

holds. To prove (5), it suÆ
es to show that

Pr[V

0


ontains a bad 
olle
tion℄ = o((e log

4

d)

�m

): (6)

First we estimate the 
han
e that a �xed 
olle
tion A = fA

1

; : : : ; A

t

g, where A

i

are pairwise

disjoint and jA

i

j < �

2

, is bad. We say that a point v 2 B = V

0

n[

t

i=1

A

i

is stu
k if for all 1 � i � t,

A

i

[ v 
ontains an edge 
ontaining v. The probability that v is stu
k is

t

Y

i=1

(1� (1� p)

(

jA

i

j

k�1

)

) � exp(�

t

X

i=1

(1� p)

(

jA

i

j

k�1

)

) � exp(�t(1� p)

(

�

1

k�1

)

) : (7)

To make A bad, all v 2 B should be stu
k. Be
ause jBj � m=2, it follows from (7) that

Pr[A bad℄ � e

�t(1�p)

(

�

1

k�1

)

m=2

; (8)

sin
e the events that the points in B are stu
k are mutually independent. By (4)

(

em

�

0

)

�

0

(1� p)

(

�

0

k

)

�

 

m

�

0

!

(1� p)

(

�

0

k

)

� (100 logd)

�

0

:

The above inequality and the de�nition of �

1

yield

em

�

0

(1� p)

(

�

1

k�1

)

�

em

�

0

(1� p)

(

�

0

k�1

)

(�

0

�k+1)=(k�

0

)

=

em

�

0

(1� p)

(

�

0

k

)

=�

0

� 100 logd: (9)
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Sin
e t = m=2�

1

, it follows from (8) and (9) that

Pr[A bad℄ � e

�4m log d

: (10)

On the other hand, the number of 
olle
tions in 
on
ern is at most

 

�

1

�1

X

s=1

 

m

s

!!

t

�

 

m

�

1

!

t

� (em=�

1

)

�

1

t

� (6d)

�

1

t

� e

m logd

; (11)

be
ause em=�

1

� 6d (trivial) and �

1

t � m=2. Inequalities (10) and (11) show that the probability

that there is a bad 
olle
tion is at most e

�3m log d

, whi
h satis�es the requirement of (6). This


ompletes the proof. 2

Lemma 2.6 For every 
onstant � > 0, if the edge probability p = p(n) satis�es n

�(k�1)

2

=2k+�

�

p � 0:9, then a. s. in H(k; n; p) every subset V

0

of size jV

0

j � n= log

4

d 
ontains an independent

set of size �

2

.

Proof. Denote again m = n= log

4

d. De�nition (3) of �

2

and the inequality (em=�

2

)

�

2

�

�

m

�

2

�

imply

em

�

2

(1� p)

(

�

2

k

)

=�

2

� 100n

8=�

2

� 100: (12)

The probability that a �xed set V

0

of size m does not 
ontain an independent set of size �

2

is

at most e

��

2

=(�+�)

, a

ording to Janson's inequality (see, e.g., [3℄, Ch.8), where

� =

 

m

�

2

!

(1� p)

(

�

2

k

)

;

� = �

2

�

2

�1

X

j=k

 

�

2

j

! 

m� j

�

2

� j

! 

m

�

2

!

�1

(1� p)

�

(

j

k

)

:

Let a

j

denote the term with index j in the above sum. One 
an 
hoose a suÆ
iently small

positive 
onstant � and a suÆ
iently large positive 
onstant K so that

m

1��

� 2�

2��

2

and

 

�

2

=K

k � 1

!

�

 

�

2

k

!

�=�

2

:

Assume that j � �

2

=K. By a routine simpli�
ation, estimate (12) and the de�nition of �

a

j

a

j+1

=

(m� j)(j + 1)

(�

2

� j)

2

(1� p)

(

j

k�1

)

�

m

�

2

2

(1� p)

(

�=K

k�1

)

�

m

�

2

2

(1� p)

(

�

k

)

�=�

2

�

m

�

2

(

�

2

m

)

�

� 2: (13)
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Moreover, if �

2

=K � j � �

2

=5, then

a

j

a

j+1

=

(m� j)(j + 1)

(�

2

� j)

2

(1� p)

(

j

k�1

)

�

m

K�

2

(1� p)

(

�

2

=5

k�1

)

�

m

K�

2

(1� p)

(

�

2

k

)

=2�

2

�

m

K�

2

(100n

8=�

2

�

2

=em)

1=2

� (

m

K

2

�

2

)

1=2

� 2; (14)

given that �

2

and m;n are suÆ
iently large. Inequalities (13) and (14) yield that for all j � �

2

=5

one has

a

j

a

j+1

� 2;

whi
h implies that

�

2

=5

X

j=k

a

j

� 2a

k

:

To estimate the rest of the sum, 
onsider a

j

with j > �

2

=5. Again, after a routine simpli�
ation,

we have

a

j

=

[�

2

℄

2

j

j![m℄

j

(1� p)

�

(

j

k

)

�

�

2j

2

(j=e)

j

(m=2)

j

(1� p)

(

j

k

)

� (10e

�

2

m

(1� p)

�

(

j

k

)

=j

)

j

: (15)

using the fa
t �

2

=j < 5. Furthermore, sin
e j < �

2

,

10e

�

2

m

(1� p)

�

(

j

k

)

=j

� 10e

�

2

m

(1� p)

�

(

�

2

k

)

=�

2

(16)

It follows from (12) and (16) that

a

j

� (n

�8=�

2

)

j

� n

�8=5

;

sin
e j > �

2

=5. Together we have (taking into a

ount that in this range of p, �

2

� n

1=2

)

�

2

�1

X

j=k

a

j

� 2a

k

+ �

2

n

�8=5

= 2a

k

+ o(n

�1

): (17)

Sin
e p � 0:9, a

k

� 10�

2k

2

=k!m

k

. Re
alling that �

2

= 
((

1

p

)

1=(k�1)

) = 
(n

(k�1)=2k��=(k�1)

), and

m = n= log

4

d, it follows that

a

k

= O(n

�1�Æ

); (18)

for some positive 
onstant Æ = Æ(�; k). Together (17) and (18) imply that

P

�

2

�1

j=k

a

j

= o(n) whi
h

in turn shows that �

2

=(� + �) = !(n). Therefore, the probability that a �xed set V

0

does not


ontain an independent set of the required size is e

�!(n)

. Sin
e there are less than 2

n

possibilities

to 
hoose V

0

, our proof is 
omplete. 2

9



2.3 Applying the Lo
al Lemma

In this subse
tion we show how the Lov�asz Lo
al Lemma [6℄ 
an be applied to prove the existen
e

of a 
oloring from given lists. This appli
ation of the Lo
al Lemma is very similar in spirit to

that in [8℄.

Lemma 2.7 Let H = (V;E) be a k-uniform hypergraph. Suppose that a family of 
olor lists

S = fS(v) : v 2 V g is given with all lists S(v) of 
ardinality l. For a 
olor 
 denote U




= fv 2 V :


 2 S(v)g. If for ea
h 
olor 
 and ea
h vertex v 2 U




the degree of v in the indu
ed subhypergraph

H [U




℄ does not ex
eed (l=6)

k�1

, then H is S-
hoosable.

Proof. For every vertex v 2 V 
hoose a 
olor 
 2 S(v) uniformly at random, making independent


hoi
es for di�erent verti
es. For an edge e and a 
olor 
 su
h that 
 appears in the 
olor lists of

all the verti
es of e let I

e;


be the event "all verti
es of e are 
olored 
". As jS(v)j = l for every v,

we get Pr[I

e;


℄ = l

�k

. The event I

e;


is independent of all other events I




0

;e

0

but those for whi
h

e \ e

0

6= ; and e

0

� U




0

. The number of su
h events 
an be estimated from above by

X

v2e

X




0

2S(v)

d

H [U




0

℄

(v) � kl

�

l

6

�

k�1

=

kl

k

6

k�1

:

Sin
e for k � 2 we have k6

1�k

< 1=e, by the so-
alled symmetri
 version of the Lo
al Lemma,

with positive probability none of the events I

e;


takes pla
e. But this means exa
tly that there

exists a proper 
oloring of H from S. 2

3 Proofs of Theorems 1 and 2

Having �nished all te
hni
al preparations, we 
an now present the proofs of Theorems 1 and 2.

These theorems are immediate 
onsequen
es of the following two deterministi
 statements.

Theorem 3 Let n be an integer and let p satisfy 0 < p < 1. Denote d = n

k�1

p and assume that

d is large enough. Let H = (V;E) be a k-uniform hypergraph on n verti
es, having the properties

stated in Lemmas 2.1{2.5. Let �

1

= �

1

(n; p) be as de�ned in (2). Then


h(H) �

n

�

1

+

�

d

log

2

d

�

1

k�1

:

Theorem 4 Let n be an integer and let p satisfy 0 < p < 1. Denote d = n

k�1

p and assume that

d is large enough. Let H = (V;E) be a k-uniform hypergraph on n verti
es, having the properties

stated in Lemmas 2.1{2.4, 2.6. Let �

2

= �

2

(n; p) be as de�ned in (3). Then


h(H) �

n

�

2

+

�

d

log

2

d

�

1

k�1

:
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Indeed, it is easy to derive from the bounds on the 
hromati
 number of H(k; n; p) in [11℄, [9℄

and our de�nitions (2), (3) of �

1

, �

2

, that a.s. in H(k; n; p)

�

d

log

2

d

�

1

k�1

= o(�(H)) ;

n

�

1

= (1 + o(1))k

1

k�1

�(H) ;

n

�

2

= (1 + o(1))�(H) :

Therefore Theorem 3 and 4 imply Theorems 1 and 2, respe
tively.

A 
ru
ial part of the proofs of both above theorems is the following lemma.

Lemma 3.1 Let n be an integer and let p satisfy 0 < p < 1. Denote d = n

k�1

p and assume

that d is large enough. Let H = (V;E) be a k-uniform hypergraph on n verti
es whi
h has

properties stated in Lemmas 2.1{2.4. Suppose that for a subset U � V a family of 
olor lists

S = fS(v) : v 2 Ug is given with all lists S(v) of 
ardinality jS(v)j = (d= log

2

d)

1=(k�1)

. Suppose

further that no 
olor appears in more than n= log

4

d lists. Then the indu
ed subhypergraph H [U ℄

is S-
hoosable.

Proof. For a 
olor 
 2

S

v2U

S(v) denote U




= fv 2 U : 
 2 S(v)g. We say that a vertex

v 2 U and a 
olor 
 form a dangerous pair if 
 2 S(v) and the degree of v in the indu
ed

subhypergraph H [U




℄ is at least d=log

3

d. A vertex v 2 U is 
alled dangerous if it parti
ipates in

at least (d= log

2

d)

1=(k�1)

=2 dangerous pairs. Here is an (oversimpli�ed) outline of the proof. First

we show that the set W of dangerous verti
es is small. Then the set T of all verti
es having many

neighbors in W is even smaller. We show that then a.s. both T and W span a small number of

edges. We start our 
oloring pro
edure by �rst 
oloring T using its sparseness. Then we 
olor W

using sparseness arguments again. Finally, we destroy all dangerous pairs and 
olor the rest of U

by applying Lemma 2.7.

Let us �rst estimate from above the number of dangerous verti
es in U . Note that

P


2

S

v2U

S(v)

jU




j = jU j(d= log

2

d)

1=(k�1)

� n(d= log

2

d)

1=(k�1)

. A

ording to Lemma 2.3, a 
olor 


parti
ipates in at most (5k log

3

d=d)jU




j dangerous pairs. Therefore the total number of dangerous

pairs does not ex
eed

X


2

S

v2U

S(v)

5k log

3

d

d

jU




j =

5k log

3

d

d

X


2

S

v2U

S(v)

jU




j �

5kn log

3

d

d

�

d

log

2

d

�

1

k�1

:

Re
alling the de�nition of a dangerous vertex, we 
on
lude that the total number of dangerous

verti
es is at most 10kn log

3

d=d.

Denote by W the set of all dangerous verti
es. Let also T

0

= fv 2 U nW : deg(v;W )� d

1=k

g.

By Lemma 2.4 the 
ardinality of T

0

satis�es jT

0

j � n log

4

d=d

1+1=k

. If n < d

1+1=k

= log

4

d, the
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set T

0

is empty and we 
an skip to the next step in the proof. Otherwise, we may assume

n � d

1+1=k

= log

4

d, thus implying p � n

�k+1+k=(k+1)+o(1)

.

Next, we �nd a subset T � U of size jT j = O(n log

4

d=d

1+1=k

) in
luding T

0

and su
h that

every vertex v 2 U n T has small degree into T . We start with an arbitrary subset T � U of size

jT j = n log

4

d=d

1+1=k

in
luding T

0

. As long as there exists a vertex v 2 U nT with deg(v; T )� 5k

(where deg(v; T ) is the number of edges in
ident to both v and T ), we add to T the union of

some 5k edges 
ontaining v and interse
ting T . Note that ea
h time we add to T 5k edges and at

most 5k(k � 2) + 1 verti
es. This pro
ess stops after at most n log

4

d=d

1+1=k

iterations, be
ause

otherwise we get a subset T of 
ardinality at most (5k(k � 2) + 2)n log

4

d=d

1+1=k

with at least

5kn log

4

d=d

1+1=k

edges inside. But then jE(H [T ℄)j=jT j � 5k=(5k(k�2)+2) > 1=(k�2+1=(2k)),

thus 
ontradi
ting the statement of Lemma 2.2.

Invoking Lemma 2.2 on
e again, we noti
e that for every subset T

0

� T , the subhypergraph

H [T

0

℄ spans at most (2k=(2k

2

� 4k + 1))jT

0

j edges and therefore has a vertex of degree at most

2k

2

=(2k

2

� 4k + 1) � 8. Thus H [T ℄ is 8-degenerate. As every t-degenerate hypergraph 
an be

easily proven by indu
tion to be (t+ 1)-
hoosable (see, e.g. [1℄), we 
an �nd a proper 
oloring for

H [T ℄, using given lists fS(v) : v 2 Tg.

Now, for every v 2 U n T we delete from S(v) all those 
olors whi
h have been used to


olor the neighbors of v in T . As by our 
onstru
tion of T we have deg(v; T ) < 5k, we delete

at most 5k(k � 1) 
olors from S(v). The turn of W to be 
olored has arrived. Re
all that

jW j � 10kn log

3

d=d. Using a similar argument as before along with Lemma 2.1, we 
on
lude that

H [W ℄ is k(logd)

3k

-degenerate and hen
e (k(log

d

)

3k

+ 1)-
hoosable. As every list S(v) has still at

least (d= log

2

d)

1=(k�1)

� 5k(k � 1) � k(logd)

3k

+ 1, there is de�nitely a proper 
hoi
e of 
olors

for H [W ℄ as well.

Finally, for every v 2 Un(T[W ) we delete from S(v) the 
olors of all neighbors of v in W . From

our de�nition of T

0

and from the fa
t T

0

� T it follows that a vertex v 2 U n (T [W ) has at most

(k � 1)d

1=k

neighbors inside W . Therefore, we delete at most that many 
olors from S(v). Also,

for every v 2 U n (T [W ) we delete from S(v) all those 
olors 
 with whom v forms a dangerous

pair. As all dangerous verti
es were pla
ed in W , we delete at most (d= log

2

d)

1=(k�1)

=2 
olors

from ea
h list. A

umulating all deletions above, we 
on
lude that for ea
h v 2 U n (T [W ), the

list S(v) still has at least (d= log

2

d)

1=(k�1)

=3 
olors. If it has more 
olors, we 
hoose an arbitrary

subset of 
ardinality (d= log

2

d)

1=(k�1)

=3 and drop the rest.

Now we are in position to apply the Lo
al Lemma. The hypergraph H

1

= H [U n (T [W )℄ and

the family of lists S = fS(v) : v 2 U n (T [W )g, where the list S(v) are as de�ned in the previous

paragraph, are easily seen to satisfy the 
onditions of Lemma 2.7 with l = (d= log

2

d)

1=(k�1)

=3.

Then it follows from Lemma 2.7 that H

1

is S-
hoosable. This 
ompletes the 
oloring of H [U ℄.

The proof of Lemma 2.1 is �nished. 2
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Proof of Theorem 3. Given a family of 
olor lists S = fS(v : v 2 V g with all jS(v)j =

n=�

1

+ (d= log

2

)

1=(k�1)

, we need to show that H is S-
hoosable.

First, as long as there exists a 
olor 
 so that 
 appears in at least n= log

4

d lists S(v), we �nd

an independent set I of size jI j = �

1

in the subset U




= fv 2 V : 
 2 S(v)g. Su
h an independent

set exists by Lemma 2.5. We then 
olor all verti
es of I by 
, delete I and remove 
 from all lists

of the remaining verti
es.

Let U be the set of verti
es, still un
olored after the above des
ribed �rst phase. As the �rst

phase was repeated at most n=�

1

times, all lists fS(v) : v 2 Ug still have (d= log

2

d)

1=(k�1)


olors.

Moreover, ea
h 
olor appears in less than n= log

4

d lists. Then by Lemma 3.1 there exists a proper


hoi
e of 
olors for the verti
es of U from the lists fS(v) : v 2 Ug. 2

Proof of Theorem 4. The proof is essentially identi
al to the above presented proof of Theorem

3, with the only di�eren
e being that instead of using Lemma 2.5, here we apply Lemma 2.6.

Given a family of 
olor lists S = fS(v) : v 2 V g for the verti
es of H , we 
olor H in two stages.

First, as long as there is a 
olor 
, appearing in at least n=log

4

d lists, we �nd an independent set

I of 
ardinality jI j = �

2

in U




= fv 2 V : 
 2 S(v)g (su
h a set exists by Lemma 2.6), 
olor I by


, dis
ard I and remove 
 from all 
olor lists.

Denote now by U the set of still un
olored verti
es. Ea
h vertex v 2 U still has (d= log

2

d)

1=(k�1)


olors in its list S(v). Also, ea
h 
olor parti
ipates in less than n= log

4

d lists. Then we 
an 
om-

plete a 
oloring of H by applying Lemma 3.1. 2

4 Con
luding remarks

We have proven that for every uniformity number k � 2, essentially for all values of the edge

probability p = p(n) the 
hoi
e number of the random k-uniform hypergraph H(k; n; p) has

almost surely the same order of magnitude as its 
hromati
 number. Moreover, for the dense 
ase

the asymptoti
 values of these two parameters of the random hypergraph 
oin
ide.

Note that our proof of Theorem 1 is algorithmi
 in the following sense. Given a typi
al

hypergraph from the probability spa
e H(k; n; p) and a family of lists of 
olors S = fS(v) : v 2 V g,

where ea
h 
olor list has 
ardinality given by the bound on the 
hoi
e number of Theorem 1,

there exists a polynomial time randomized algorithm whi
h �nds with high probability a proper


oloring f : V (H) !

S

v2V

S(v), satisfying f(v) 2 S(v) for every v 2 V . Indeed, the argument

of Lemma 2.5 for �nding a large independent set is based on the greedy algorithm and is thus


onstru
tive. Lemma 2.7 
an be 
onverted to a polynomial time randomized algorithm using a

standard te
hnique for the "algorithmization" of the Lo
al Lemma, developed by Be
k in [4℄. The

proof of Theorem 2 relies on the existential Lemma 2.6 for �nding almost optimal independent sets

and is thus non-
onstru
tive. There is no apparent obsta
le to extending the s
ope of Theorem 2

to smaller values of the edge probability p. We thus 
onje
ture that for all values of p, the 
hoi
e
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number and the 
hromati
 number of H(k; n; p) have almost surely the same asymptoti
 value.

A more 
hallenging problem is to estimate from above the absolute di�eren
e between these two

parameters or even prove (or disprove) that almost surely the 
hoi
e number and the 
hromati


number are equal exa
tly.

Finally, we note that the methods presented in this paper 
an be used to show that for other

values of 
, the 
-
hoi
e number and the 
-
hromati
 number of H(k; n; p) are almost surely of

the same order, i.e. di�er by a 
onstant fa
tor.
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