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Abstra
t

For every �xed k � 3 we des
ribe an algorithm for de
iding k-
olorability, whose expe
ted

running time in polynomial in the probability spa
e G(n; p) of random graphs as long as the

edge probability p = p(n) satis�es p(n) � C=n, with C = C(k) being a suÆ
iently large


onstant.

1 Introdu
tion

A graph G = (V;E) is 
alled k-
olorable if there exists a 
oloring f : V ! f1; : : : ; kg so that

no edge of G is mono
hromati
 under f . The 
hromati
 number of G, denoted by �(G), is the

minimal k � 1 for whi
h G is k-
olorable.

Graph 
oloring ([9℄) has long been one of the 
entral notions in Graph Theory and Combi-

natorial Optimization. Great many diverse problems 
an be formulated in terms of �nding a


oloring of a given graph in a small number of 
olors or 
al
ulating, exa
tly or approximately, the


hromati
 number of the graph. Unfortunately, it turns out that these 
omputational problems

are very hard. Karp proved already in 1972 [11℄ that is it NP-
omplete to de
ide, for any �xed

k � 3, whether a given graph G is k-
olorable. Re
ent results show that one should not even hope

to obtain an eÆ
ient algorithm whi
h approximates the 
hromati
 number within a non-trivial

approximation ratio. Spe
i�
ally, Feige and Kilian proved [6℄ that, unless 
oRP = NP , there is

no approximation algorithm for the 
hromati
 number whose approximation ratio over graphs on

n verti
es is less than n

1��

, for any �xed � > 0.

These hardness results, 
ombined with the extreme importan
e and wide appli
ability of graph


oloring, have been stimulating the development of algorithms, performing well on average, as op-

posed to the somewhat pessimisti
 worst 
ase s
enario. When dis
ussing the average performan
e

of a parti
ular algorithm A, it is usually assumed that a probability distribution on the set of all

inputs of A is de�ned. In this 
ase, the expe
ted running time of A is

P

G

Pr[G℄R

A

(G), where

the summation runs over all possible inputs of A, Pr[G℄ is the probability of a graph G in the
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underlying probability spa
e, and R

A

(G) is the running time of A on G. A 
ru
ial advantage of

the notion of average running time is that in order for A to have a polynomial expe
ted running

time, A should be polynomial for most (in the probability sense) input graphs, while it 
an allow

an exponential slowdown for an exponentially small fra
tion of the inputs.

Several papers ([15℄, [2℄, [5℄, [14℄, [7℄, [12℄, to mention just a few) dis
ussed 
oloring algorithms

with expe
ted polynomial time. In some of them, the input spa
e was 
omposed of all k-
olorable

graphs with 
ertain probability distribution de�ned on them, and the task was to �nd a k-
oloring.

In this paper, we 
onsider a di�erent probability distribution, that 
orresponding to the

binomial random graph G(n; p). In this distribution, the ground spa
e is 
omposed of all la-

beled graphs on n verti
es f1; : : : ; ng, where the probability assigned to a graph G = (V;E) is

Pr[G℄ = p

jE(G)j

(1� p)

(

n

2

)

�jE(G)j

. Another way of des
ribing the random graph G(n; p) is to say

that ea
h pair of verti
es 1 � i 6= j � n is 
hosen to be an edge of G independently and with

probability p. Due to this des
ription the parameter p is usually 
alled the edge probability. Note

that p may by a fun
tion of the number of verti
es n: p = p(n). When p = 1=2, all labeled graphs

on n verti
es are equiprobable in G(n; 1=2), and thus the task of determining the probability of

a property P is essentially equivalent to that of 
ounting the number of graphs having P . Usual

asymptoti
 assumptions and notation apply when 
onsidering G(n; p). In parti
ular, the number

of verti
es n is assumed to tend to in�nity. Also, a graph property P holds almost surely, or

a.s. for brevity, in G(n; p) if the probability that a graph G, drawn a

ording to the distribution

G(n; p), possesses P tends to 1 as n tends to in�nity. A re
ent monograph [8℄ 
an be used as a

basi
 referen
e for the theory of random graphs.

While designing 
oloring algorithms that work well on average over the probability spa
e

G(n; p), it is useful to keep in mind an asymptoti
 behavior of the 
hromati
 number of G(n; p).

Bollob�as [3℄ and  Lu
zak [13℄ showed that almost surely the 
hromati
 number of G satis�es

�(G) = (1 + o(1))n log

2

(1=(1� p))= log

2

n for a 
onstant p, and �(G) = (1 + o(1))np=(2 ln(np))

for C=n � p(n) � o(1), where the o(1) term tends to 0 as np tends to in�nity.

The algorithmi
 task we 
onsider here is formulated as follows: given a �xed integer k � 3,

design an algorithm for de
iding k-
olorability in expe
ted polynomial time over the probability

spa
e G(n; p), for various values of the edge probability p = p(n). Note that if p � C(k)=n with

a large enough 
onstant C(k) > 0 then a.s. G(n; p) is not k-
olorable, and thus almost all graphs

should be reje
ted by the algorithm. This observation however still leaves the task of distinguishing

between the typi
al instan
es (i.e. those G with �(G) > k) and non-typi
al ones open. It is easy to

see that, for a 
onstant edge probability p, the probability that G(n; p) is k-
olorable is extremely

small (about e

��(n

2

)

) and an algorithm should reje
t an overwhelming majority or input graphs.

Thus we may hope to devise a very eÆ
ient algorithm for this 
ase. And indeed, Wilf showed in

[15℄ that for p = 1=2 a simple ba
ktra
king algorithm for k-
olorability has average running time

bounded by an absolute 
onstant that depends on k only. In parti
ular, when k = 3, a ba
ktra
k

sear
h tree has about 197 nodes on average. Another possible way of designing su
h an algorithm
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would be to sear
h for small instan
es of non-k-
olorable subgraphs (for example, for 
liques of

size k + 1). On
e su
h a subgraph is found, we know that the input graph is not k-
olorable, and

the algorithm may safely reje
t it. The probability that no su
h subgraph will be found is only

e

��(n

2

)

, whi
h gives us enough time to 
he
k all potential k-
olorings exhaustively.

The situation be
omes more 
ompli
ated when the edge probability p(n) tends to zero with

n tending to in�nity. Bender and Wilf proved [2℄ that in this 
ase the ba
ktra
k algorithm has

expe
ted running time e

�(1=p)

, i.e., be
omes exponential in n. Also, one 
an easily show that for

every �xed k � 3, if the edge probability p satis�es p(n) = o(n

�2=k

), then a.s. every subgraph

of G(n; p) with a bounded number of verti
es is k-
olorable, and thus one 
annot hope to �nd a


erti�
ate for non-k-
olorability by performing lo
al sear
h only.

Here we present an algorithm for de
iding k-
olorability in expe
ted polynomial time in G(n; p)

for every �xed k � 3, as long as p(n) � C=n, where C = C(k) > 0 is a suÆ
iently large 
onstant.

Our algorithm 
an be immediately extended for larger values of p(n). Note that if C is suÆ
iently

large, the random graph G(n; p) is not k-
olorable with probability 1 � e

��(n)

. Therefore the

algorithm still reje
ts most of the graphs from G(n; p). In order to be able to reje
t an input

graph, the algorithm needs some graph parameter whose value 
an serve as a 
erti�
ate for non-

k-
olorability. This parameter should be 
omputable in polynomial time. The parameter we will

use in our algorithm is the so 
alled ve
tor 
hromati
 number of a graph [10℄. Besides being


omputable in polynomial time, the ve
tor 
hromati
 number turns out to be extremely robust,

and the probability that its value is small is exponentially small in n. This will enable us to invest

exponential time in "ex
eptional" graphs, i.e. those with small ve
tor 
hromati
 number. More

details are given in the subsequent se
tions.

The rest of the paper is organized as follows. In the next se
tion we provide a ne
essary

ba
kground on the vertex 
hromati
 number. In Se
tion 3 we present our algorithm and analyze

its properties. Se
tion 4 is devoted to 
on
luding remarks.

Throughout the paper, the number of verti
es n is assumed to be as large as ne
essary. We

routinely omit 
oor and 
eiling signs for the sake of 
larity of presentation. No serious attempt

is made to optimize the involved 
onstants.

2 Ve
tor 
hromati
 number

As we have mentioned in the introdu
tion, the key te
hni
al notion for our algorithm is that of

a ve
tor 
hromati
 number, introdu
ed by Karger, Motwani and Sudan in [10℄. We start this

se
tion with relevant de�nitions.

Suppose we are given a graph G = (V;E) with vertex set V = f1; : : : ; ng. A ve
tor k-


oloring of G is an assignment of unit ve
tors v

i

2 R

n

to the verti
es of G so that for every

edge (i; j) 2 E(G) the standard s
alar produ
t of the 
orresponding ve
tors v

i

; v

j

satis�es the

inequality (v

i

; v

j

) � �

1

k�1

. The graph G is 
alled ve
tor k-
olorable if su
h a ve
tor k-
oloring
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exists. Finally, the ve
tor 
hromati
 number of G, whi
h we denote by v�(G), is the minimal real

k � 1 for whi
h G is ve
tor k-
olorable.

Karger, Motwani and Sudan established the 
onne
tion between the usual 
hromati
 number of

a graph, �(G), and its ve
tor 
hromati
 number, v�(G). Below we repeat some of their arguments

and 
on
lusions.

Proposition 2.1 If �(G) = k, then G is ve
tor k-
olorable. Thus, v�(G) � �(G).

Proof. The statement will follow easily from the 
laim below.

Claim 2.2 For every k � n+1, there exists a family fv

1

; : : : ; v

k

g of k unit ve
tors is R

n

satisfying

(v

i

; v

j

) = �

1

k�1

for every 1 � i 6= j � k.

Proof. The existen
e of su
h a family 
an be proven by indu
tion on n, as in [10℄. Here we

present an alternative proof.

Clearly it is enough to prove the 
laim for the 
ase k = n + 1 (if k < n + 1, �nd su
h a

family in R

k�1

and 
omplete the found ve
tors by zeroes in the last n� k + 1 
oordinates to get

the desired family). De�ne an n-by-n matrix A = (a

ij

) by setting a

ii

= 1 for 1 � i � n, and

a

ij

= �1=n for all 1 � i 6= j � n. Then A is a symmetri
 positive de�nite matrix (the eigenvalues

of A are �

1

= : : : = �

n�1

= 1 + 1=n, �

n

= 1=n). Therefore it follows from standard linear

algebra results that there exists a family fv

1

; : : : ; v

n

g of n ve
tors in R

n

so that a

ij

= (v

i

; v

j

) for

all 1 � i; j � n. In parti
ular, (v

i

; v

i

) = a

ii

= 1, so all members of this family are unit ve
tors.

Also, (v

i

; v

j

) = a

ij

= �1=n for all 1 � i 6= j � n. Set now v

n+1

= �(v

1

+ : : : + v

n

). Then

(v

n+1

; v

n+1

) = (v

1

+ : : :+ v

n

; v

1

+ : : :+ v

n

) = n � 1 + 2

�

n

2

�

(�1=n) = 1, and v

n+1

is a unit ve
tor as

well. Also, for all 1 � i � n, (v

i

; v

n+1

) = (v

i

;�v

1

� : : :� v

n

) = �1 + (n� 1)=n = �1=n. Hen
e,

fv

1

; : : : ; v

n

; v

n+1

g forms the desired family. 2.

Returning to the proof of the proposition, we argue as follows. Let V = C

1

[ : : : [ C

k

be a

k-
oloring of G. Based on the above 
laim, we 
an �nd a family fv

1

; : : : ; v

k

g of unit ve
tors in

R

n

so that (v

i

; v

j

) = �1=(k � 1) for all 1 � i 6= j � k. Now, for ea
h 
olor 
lass C

i

, every vertex

from C

i

gets the ve
tor v

i

assigned to it. The obtained assignment is 
learly a ve
tor k-
oloring

of G. 2

It is interesting to note that the ve
tor 
hromati
 number of a graph G is always upper

bounded by the so 
alled Lov�asz �-fun
tion of its 
omplement, �(

�

G), as shown in [10℄ (see also [1℄

for further dis
ussion). However we will not use this 
onne
tion in our analysis.

An important feature of the ve
tor 
hromati
 number, noti
ed by Karger et al., is stated in

the following proposition.

Proposition 2.3 If a graph G on n verti
es is ve
tor k-
olorable, then a ve
tor (k + �)-
oloring

of the graph 
an be 
onstru
ted in time polynomial in k; n and log

1

�

.
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In parti
ular, it follows from the above proposition that the ve
tor 
hromati
 number of G 
an

be approximated within any pres
ribed pre
ision � > 0 in time polynomial in n and log(1=�).

Karger et al. 
ombined Proposition 2.3 with 
lever rounding arguments to produ
e an al-

gorithm for approximate 
oloring of k-
olorable graphs, for any �xed k � 3. We will use their

algorithmi
 result in its existential form, as des
ribed below.

De�nition 2.4 Given a graph G = (V;E) on n verti
es and an integer 1 � t � n, a semi-
oloring

of G in t 
olors is a family (C

1

; : : : ; C

t

), where ea
h C

i

� V (G) is an independent set in G, the

subsets C

i

are pairwise disjoint, and j

S

t

i=1

C

i

j �

n

2

.

Proposition 2.5 For any k � 3, there exist 
 = 
(k) > 0; n

0

= n

0

(k) > 0 so that the following

holds. For any n > n

0

and for any graph G on n verti
es and with m > n edges, if v�(G) � k

then there exists a semi-
oloring of G in t 
olors, where

t � 


�

m

n

�

k�2

k

ln

1=2

�

m

n

�

:

Thus the assumption that the ve
tor 
hromati
 number of G is small enables to 
laim the

existen
e of many pairwise disjoint and large on average independent sets in G.

3 Algorithm

In this se
tion we des
ribe our algorithm for de
iding k-
olorability. As the reader will see im-

mediately, the algorithm is extremely simple and in a sense just 
al
ulates the ve
tor 
hromati


number of an input graph.

ALGORITHM

Input: An integer k � 3 and a graph G = (V;E) on n verti
es.

Step 1. Cal
ulate the ve
tor 
hromati
 number v�(G) of the input graph G;

Step 2. If v�(G) > k, output "G is not k-
olorable";

Step 3. Otherwise, 
he
k exhaustively all k

n

potential k-
olorings of G. If a proper k-
oloring of

G is found, output "G is k-
olorable", else output "G is not k-
olorable".

The 
orre
tness of the algorithm follows immediately from the properties of the ve
tor 
hro-

mati
 number, dis
ussed in Se
tion 2.

Proposition 3.1 The above algorithm always outputs a 
orre
t answer.
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Proof. If the answer is output at Step 2, then v�(G) > k. Therefore, by Proposition 2.1 G is

not k-
olorable, and the output answer is indeed 
orre
t. Otherwise the answer is output at Step

3 after having performed the exhaustive sear
h and is thus obviously 
orre
t. 2

Now we need to estimate the algorithm's expe
ted running time over the probability spa
e

G(n; p).

Theorem 3.2 If the edge probability p(n) satis�es p = C=n and C > 0 is large enough, then the

expe
ted running time of the above algorithm is polynomial in n.

Due to Proposition 2.3 Step 2 of the algorithm takes polynomial time. (An alert reader 
an

remark at this point that Proposition 2.3 talks about only approximating the value of v�(G)

instead of 
al
ulating it pre
isely. However, this does not pose any additional diÆ
ulty as instead

of 
omparing v�(G) with k we 
ould have 
ompared it with k + � for some small � > 0. The

only pri
e we would have to pay for it is a slight in
rease in the value of C. We prefer to "hide"

this te
hni
ality in order to make the suggested algorithm more transparent.) Noti
e that we get

to Step 3 only if v�(G) � k. At Step 3 we 
he
k exhaustively all k

n

potential k-
olorings of G,

and 
he
king ea
h potential 
oloring 
osts us time polynomial in n. Therefore it takes at most

k

n

poly(n) time to perform Step 3. The statement of the theorem is thus immediately implied by

the following proposition.

Proposition 3.3 If C = C(k) > 0 is large enough, and G is distributed a

ording to G(n; p) with

p = C=n, then

Pr[v�(G) � k℄ � k

�n

:

Proof. The proof is based on the following te
hni
al 
laims about the probability spa
e G(n; p).

Claim 3.4 If C > 0 is large enough then

Pr[jE(G)j � 2n

2

p℄ � 1� o(k

�n

) :

Claim 3.5 For every �xed 
 > 0, k � 3, if C > 0 is large enough then the following is true in

G(n; p) with p = C=n. Let t = 
(2C)

k�2

k

ln

1=2

(2C). Then

Pr[G has a semi-
oloring in t 
olors℄ = o(k

�n

) :

Assuming the above two 
laims hold, we prove now Proposition 3.3 and thus Theorem 3.2.

By Claim 3.4 we may assume that G has at most 2n

2

p = 2Cn edges. If the ve
tor 
hromati


number of su
h a graph is at most k, then by Proposition 2.5 G has a semi-
oloring in t =


(m=n)

(k�2)=k)

ln

1=2

(m=n) � 
(2C)

(k�2)=k

ln

1=2

(2C) 
olors. However, by Claim 3.5 this happens

in G(n; p) with probability o(k

�n

).

It remains only to prove Claims 3.4 and 3.5.
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Proof of Claim 3.4.

Pr[jEj � 2n

2

p℄ �

 

�

n

2

�

2n

2

p

!

p

2n

2

p

�

 

en

2

2

2n

2

p

!

2n

2

p

p

2n

2

p

�

�

e

4p

�

2n

2

p

p

2n

2

p

=

�

e

4

�

2n

2

p

=

�

e

4

�

2Cn

= o(k

�n

)

for large enough C = C(k) > 0.

Proof of Claim 3.5. If G has a semi-
oloring with t 
olors, then there is a 
olle
tion (C

1

; : : : ; C

t

)

of pairwise disjoint independent sets in G, whose 
ardinalities sum up to n=2. For a given su
h


olle
tion (C

1

; : : : ; C

t

), the probability that ea
h C

i

is independent 
an be estimated from above

as follows:

Pr[C

1

; : : : ; C

t

are independent℄ =

t

Y

i=1

(1� p)

(

jC

i

j

2

)

� exp

(

�p

t

X

i=1

 

jC

i

j

2

!)

� exp

(

�pt

 

n

2t

2

!)

� exp

(

�

pn

2

9t

)

= exp

(

�

Cn

9
(2C)

k�2

k

ln

1=2

(2C)

)

� exp

(

�

C

2

k

n

lnC

)

(we used the 
onvexity of the fun
tion f(x) =

�

x

2

�

in the se
ond inequality above). As the total

number of su
h 
olle
tions is at most t

n

< C

n

, the union bound shows that the probability in

question is at most C

n

expf�C

2=k

n= lnCg = o(k

�n

) for large enough C = C(
; k). 2

4 Con
luding remarks

For every �xed k � 3 we have presented an algorithm for de
iding k-
olorability. The algorithm

always produ
es a 
orre
t answer and its expe
ted running time is polynomial over the probability

spa
e G(n; p), where p(n) � C(k)=n.

It would be very interesting to devise an algorithm (or a family of algorithms) for de
iding

k-
olorability, whose expe
ted running time is polynomial for any value of the edge probability

p(n). Note that if p(n) � 
=n with 
 = 
(k) > 0 suÆ
iently small, then G(n; p) is k-
olorable

almost surely, and the algorithm should thus a

ept most of the input graphs. The problem be-


omes espe
ially 
hallenging when p(n) is 
lose to the threshold probability for non-k-
olorability.

This is due to the widespread belief that typi
al instan
es at the un
olorability threshold are


omputationally hard (see, e.g. [4℄ for a relevant dis
ussion). We have 
ome 
lose to this 
riti
al

point by presenting an algorithm whi
h works well on average for edge probabilities of the same

order as the threshold probability for non-k-
olorability.

Another possible dire
tion of future resear
h is to develop algorithms for de
iding k-
olorability

on graphs on n verti
es, where the parameter k is a fun
tion on n: k = k(n). Unfortunately,
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the method of this paper, based on the notion of a ve
tor 
hromati
 number, seems to be no

longer appli
able in this 
ase as Proposition 2.5 degenerates to a trivial statement in this 
ase. A

di�erent approa
h is needed to ta
kle this problem.

Finally, it seems to be interesting to understand the asymptoti
 behavior of the ve
tor 
hro-

mati
 number v�(G) in the probability spa
e G(n; p), for various values of p(n).
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