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Abstra
t. In 1950 Bang proposed a 
onje
ture whi
h be
ame known as \the

plank 
onje
ture": Suppose that a 
onvex set S 
ontained in the unit 
ube of

<

n

and tou
hing all its sides is 
overed by planks. (A plank is a set of the form

f(x

1

; : : : ; x

n

) : x

j

2 Ig for some j 2 f1; : : : ; ng and a measurable subset I of

[0;1℄. Its width is de�ned as jIj.) Then the sum of the widths of the planks

is at least 1. We 
onsider a version of the 
onje
ture in whi
h the planks are

fra
tional. Namely, we look at n-tuples f

1

; : : : ; f

n

of nonnegative-valuedmea-

surable fun
tions on [0;1℄ whi
h 
over the set S in the sense that

P

f

j

(x

j

) � 1

for all (x

1

; : : : ; x

n

) 2 S. The width of a fun
tion f

j

is de�ned as

R

1

0

f

j

(x)dx.

In parti
ular, we shall be interested in 
onditions on a 
onvex subset of the

unit 
ube in <

n

whi
h ensure that it 
annot be 
overed by fra
tional planks

(fun
tions) whose sum of widths (integrals) is less than 1. We shall prove

that this (and, a-fortiori, the plank 
onje
ture) is true for sets whi
h tou
h

all edges in
ident with two antipodal points in the 
ube. For general 
onvex

bodies ins
ribed in the unit 
ube in <

n

we prove that the sum of widths must

be at least

1

n

(the true bound is 
onje
tured to be

2

n

).

1. Introdu
tion

In 1950 Bang [4, 5℄ proved the following 
onje
ture of Tarski: if a 
onvex body

of width 1 in <

n

is 
overed by slabs, then the sum of the widths of the slabs is at

least 1 (in other words, the most e
onomi
al way to 
over the body is by just one

slab). He then asked the following, more demanding question. Let S be a 
onvex

body in <

n

, and let T

1

; : : : ; T

m

be slabs whose union 
overs S. Is it true that the

sum of the relative widths of the slabs is at least 1? (The relative width of the

slab with respe
t to S is the ratio of the width of the slab to the width of S in

the same dire
tion). This 
onje
ture gained the name \the plank 
onje
ture", for

obvious reasons. It has a number of equivalent formulations, in
luding a geometri


pigeonhole prin
iple suggested by Davenport and generalized by Alexander [2℄.

For the version of the 
onje
ture whi
h will be used here we shall need a few

de�nitions. The unit 
ube in <

n

will be denoted by Q

n

(to avoid trivial ex
eptions,

we shall assume throughout that n � 2). A subset of Q

n

is 
alled pa
ked in the


ube if it tou
hes all fa
ets (sides) of the 
ube. A plank P (of type j) in Q

n

is a

set of the form fx 2 Q

n

: x

j

2 Ig for some measurable subset I of [0; 1℄. (The

notation x will hen
eforth be reserved for a point (x

1

; x

2

; : : : ; x

n

) in Q

n

.) We shall

write then P = P l

j

(I). The width jP j of the plank is jIj, the Lebesgue measure of

I. Given a subset S of Q

n

, a family P = (P

1

; : : : ; P

n

) of planks (where P

j

is of
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type j) is 
alled a plank 
over of S if its union 
ontains S. The total width jPj of

the family is the sum of the widths of the planks in it.

Conje
ture 1.1 (The plank 
onje
ture). A plank 
over of a pa
ked 
onvex set in

Q

n

has total width at least 1.

This 
onje
ture is known to be true for n = 2 [6℄ and when the set is 
entrally

symmetri
 [3℄. We note that it is 
ustomary to reserve the term "plank" for the 
ase

when the set I (whi
h we allow to be an arbitrary measurable subset of [0; 1℄) is

an interval. It is straightforward to redu
e our formulation of the plank 
onje
ture

to one whi
h uses only interval-planks, but allows any number of them in ea
h

dire
tion.

A plank of type j 
an be viewed as a 0; 1 fun
tion f

j

(x

j

) on the interval [0; 1℄.

Viewing planks this way, it is natural to ask what happens when ea
h plank P l

j

is

repla
ed by a nonnegative real valued measurable fun
tion f

j

(x

j

), instead of a 0; 1

fun
tion. The 
overing 
ondition is then that

P

f

j

(x

j

) � 1 for ea
h point x 2 S.

If this 
ondition holds then we say that the system f

1

; : : : ; f

n

is a fra
tional plank


over of S.

Notation. For a measurable fun
tion f from < to < and a measurable subset

T of its domain, we denote by f(T ) the integral

R

T

f(x)dx. If T is an interval [a; b℄,

we abbreviate and write f [a; b℄ for f([a; b℄).

The width jf

j

j of a fra
tional plank f

j

is f

j

[0; 1℄. Given a system f

1

; : : : ; f

n

of

fra
tional planks, the total width of the system is de�ned as

P

jf

j

j. The in�mum

of the total width over all fra
tional plank 
overs of S is 
alled the fra
tional plank


overing number of S. By standard arguments (see [9, Theorem 2.21℄) this in�mum

is attained, that is, it is a minimum. This minimum is denoted by �

�

(S). The

sour
e of this notation is in 
ombinatori
s. To explain it, we shall need the following

terminology (a standard referen
e for whi
h is, say [7℄). A hypergraph is a familyH

of subsets (
alled edges) of some ground set (whose elements are 
alled verti
es). A

fra
tional 
over of H is a system of nonnegative real weights on the verti
es whi
h

sums up to at least 1 on ea
h edge. The minimal sum of weights over all fra
tional


overs is 
alled the fra
tional 
overing number ofH, and is denoted by �

�

(H). Now,

a subset S of Q

n


an be viewed as a hypergraph H = H(S). The ground set is the

disjoint union of n 
opies of [0; 1℄, and ea
h point x 2 S 
orresponds to an edge

of H(S), namely the subset fx

1

; x

2

; : : : ; x

n

g of that union. The fra
tional plank


overing number is thus a 
ontinuous version of the fra
tional 
overing number of

the hypergraph.

In this terminology the plank 
overing number of S (that is, the in�mum of the

total width over all plank 
overs of S), is the analogue of the \
overing number"

of the hypergraph, whi
h is the minimal number of verti
es whi
h meet all edges.

Hen
e it is appropriate to assign to it the usual notation for this parameter, namely

� (S). (We believe, but 
annot prove, that � (S) is in fa
t a minimum, that is, that

there exists a plank 
over attaining it, for every measurable subset S of Q

n

.)

Sin
e the notion of fra
tional plank 
overs is more general than that of ordinary

plank 
overs, �

�

� � , and in fa
t usually stri
t inequality obtains. Thus there are

pa
ked 
onvex sets in Q

n

with �

�

< 1. In fa
t, �

�

may be as low as

2

n

for su
h sets,

as the following example shows:
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Denote by �

n

the standard (n � 1)-dimensional simplex in <

n

, namely the set

of all points x 2 Q

n

su
h that

P

x

j

= 1.

Let f

j

(x) = (

2

n

� x)

+

(j = 1; : : : ; n), that is: f

j

(x) =

2

n

� x for 0 � x �

2

n

,

f

j

(x) = 0 for

2

n

< x � 1. Then, for ea
h point x 2 �

n

we have:

X

f

j

(x

j

) � n

2

n

�

X

x

j

= 1:

The total width of the system is

P

f

j

[0; 1℄ =

2

n

, implying that �

�

(�

n

) �

2

n

.

Later we shall see that, in fa
t, �

�

(�

n

) =

2

n

, and that if the plank 
onje
ture is

true then �

�

�

2

n

for all pa
ked 
onvex sets in Q

n

.

2. A dual 
on
ept

A measure mat
hing on a measurable subset S of Q

n

is a nonnegative measure

de�ned on the Lebesgue-measurable subsets of Q

n

, whose support is 
ontained in S,

and whose marginal measure on ea
h of the 
oordinates has density at most 1. That

is, the measure of any plank of width Æ is at most Æ. (A similar 
on
ept, 
on�ned to

probabilitymeasures, was introdu
ed by Gardner [8℄ as a tool for studying the plank


onje
ture; he used the term \relative width measure for the 
oordinate dire
tions".)

In the dis
rete 
ase this 
orresponds to a system of nonnegative real weights on the

points of S, su
h that for ea
h 
oordinate j and ea
h u 2 [0; 1℄ the sum of the weights

of the points x satisfying x

j

= u is at most 1. The name used in 
ombinatori
s for

su
h a system is a fra
tional mat
hing of the hypergraph represented by S. The

supremum of �(S) over all measure mat
hings � on S is 
alled the measure mat
hing

number of S, and is denoted (following the 
ombinatorial 
onvention) by �

�

(S). By

standard measure theoreti
al arguments (see [9, Theorem 2.19℄) it follows that if S

is 
ompa
t then �

�

(S) is attained.

Given a measure mat
hing � on S with marginals �

1

; : : : ; �

n

and a fra
tional

plank 
over f

1

; : : : ; f

n

, one 
learly has:

�(S) �

Z

S

X

j

f

j

(x

j

)d�(x) =

X

j

Z

1

0

f

j

(x

j

)d�

j

(x

j

) �

X

j

f

j

[0; 1℄:(1)

This implies that �

�

(S) � �

�

(S). An analogue of the duality theorem of linear

programming [9, Corollary 2.18℄ yields that �

�

= �

�

for all measurable subsets of

Q

n

.

3. A fra
tional version of the plank 
onje
ture

A hypergraph is 
alled n-partite if it admits a partition of the vertex set into n

parts, su
h that every edge 
onsists of a 
hoi
e of one vertex from ea
h part. In [10℄

Lov�asz proved that for n-partite hypergraphs the inequality � �

n

2

�

�

holds. Sin
e,

as noted above, subsets of Q

n

may be viewed as n-partite hypergraphs, the same

inequality holds for them, too.

Theorem 3.1.

� (S) �

n

2

�

�

(S)

for any measurable subset S of Q

n

.

The proof below is a 
ontinuous version of Lov�asz' proof. At its base lies the

following observation, whi
h is a spe
ial 
ase of Proposition 2 in [1℄:
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Lemma 3.2. There exists a measure mat
hing � on �

n

whose support is 
ontained

in the interse
tion of �

n

with the 
ube fx : 0 � x

j

�

2

n

; 1 � j � ng, and whose

marginal measure in ea
h dire
tion x

j

has density 1 on the interval 0 � x

j

�

2

n

.

Proof. The lemma is trivial for n = 2. We shall �rst prove the 
ase n = 3. There

are many ways of 
onstru
ting a measure on �

3

whi
h do the job. One of them

uses the following:

Theorem 3.3 (Ar
himedes). On the unit disk there exists a positive measure with


onstant marginals in all dire
tions.

In fa
t, the measure is given by a fun
tion: the fun
tion

1

p

1� kxk

2

has the property that its integrals on interse
tions of lines with the unit disk are

all equal. Applying the theorem to the disk ins
ribed in the triangle �

3

, and

normalizing the measure suitably, yields the desired measure.

As the lemma is true for n = 2; 3, to prove it in general it suÆ
es to note that

if it is true for two values ` and m of n, then it holds also for ` +m. Indeed, the

Cartesian produ
t

`

`+m

�

`

�

m

`+m

�

m

naturally embeds in �

`+m

. On ea
h of the

fa
tors of this produ
t we have, by assumption, a suitable measure, and the produ
t

of those measures satis�es the requirements on �

`+m

. 2

Remark. The lemma shows that �

�

(�

n

) �

2

n

, and 
ombining this with the re-

verse inequality proved in the introdu
tion, �

�

(�

n

) = �

�

(�

n

) =

2

n

for n � 2.

Proof of Theorem 3.1. Let f

1

; f

2

; : : : ; f

n

be a fra
tional plank 
over for the set

S, with total width w. We shall prove that there exists a plank 
over with total

width at most

n

2

w.

For ea
h point x 2 �

n

we shall de�ne a plank 
over for S, as follows. For ea
h

1 � j � n let I

j

= I

j

(x) be the set of points x 2 [0; 1℄ for whi
h f

j

(x) � x

j

. Let

P

j

= P l

j

(I

j

).

Sin
e

P

x

j

= 1, and sin
e

P

f

j

(s

j

) � 1 for all points s = (s

1

; s

2

; : : : s

n

) 2 S,

it follows that for ea
h point s 2 S there exists a j � n for whi
h s 2 P

j

, i.e.

P(x) = P

1

; : : : ; P

n

is a plank 
over.

In order to show that there exists a plank 
over of width at most

n

2

w it suÆ
es

to show that the normalized �-average over all x 2 �

n

of the widths of P(x) is

at most that number (where � is a measure on �

n

satisfying the requirements of

Lemma 3.2). For ea
h j we have

Z

jP

j

jd� =

Z

jfx : f

j

(x) � x

j

gjd� =

Z
2

n

0

jfx : f

j

(x) � ygjdy =

Z

1

0

min

�

2

n

; f

j

(x)

�

dx � jf

j

j:

(The se
ond equality follows from the equidistribution of the marginal of � in the

j-th 
oordinate, between 0 and

2

n

. The third equality is a general property of

integrals.)
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Thus

R

jP(x)jd� �

P

jf

j

j = w, and sin
e � is of total weight

2

n

, it follows that

the normalized �-average of jPj is at most

n

2

w, as promised. 2

By Theorem 3.1, if the plank 
onje
ture is true then the following 
onje
ture

also holds:

Conje
ture 3.4. �

�

(S) �

2

n

for any 
onvex set S whi
h is pa
ked in Q

n

.

As already noted, the simplex �

n

is an example where equality holds in Con-

je
ture 3.4. In fa
t, the simplex is but one member of a family of sets in whi
h

equality obtains. We name the members of this family \generalized o
tahedra",

and they are de�ned as follows.

Let 
 = (


1

; 


2

; : : : 


n

) be a point in Q

n

, and let P (
) be the set of proje
tions of


 on the 2n fa
ets of Q

n

. Any 
onvex set S whi
h satis�es 
onv(P (
) n f
g) � S �


onv(P (
)) is 
alled a generalized o
tahedron, with 
enter 
. (Here and elsewhere


onv(A) denotes the 
onvex hull of the set A. The de�nition is devised so as to


ope with the spe
ial 
ase in whi
h the 
enter is a vertex of the 
ube, in whi
h


ase it is one of its own proje
tions. This in
ludes the 
ase of the simplex, but also

that of the body 
onsisting of the simplex together with all points below it, i.e., the


onvex hull of the simplex and the vertex of the 
ube whi
h it en
loses.)

Generalized o
tahedra play a spe
ial role with respe
t to � and �

�

. First, as al-

ready mentioned, they satisfy �

�

=

2

n

, namely they are extreme 
ases in Conje
ture

3.4. We suspe
t that these are the only extreme 
ases for n � 3.

Generalized o
tahedra are also the only pa
ked 
onvex sets we know, in whi
h

there exists a family of more than one plank 
overing the set, with total width 1

(i.e., these are the only 
ases known in whi
h the bound 1 in the plank 
onje
ture

is attained in a non-trivial way).

Still another fa
t about generalized o
tahedra is that in the 
ase n = 2 they

are the only pa
ked 
onvex sets in Q

2

in whi
h measure mat
hings, rather than

fun
tions, are really needed. That is, we 
an prove that these are the only pa
ked


onvex sets in the square for whi
h no measure mat
hing with mass 1 on the set


an be represented as the integral of a fun
tion with respe
t to the 2-dimensional

Lebesgue measure.

In the original plank 
onje
ture there is no dimension-independent 
onstant lower

bound known. In 
ontrast, Conje
ture 3.4 
an be proved to within a fa
tor of 2.

In fa
t, we shall prove a little more: not only that �

�

of every 
onvex set pa
ked

in Q

n

is at least

1

n

, but also �, the mat
hing number of the set, is at least

1

n

. But

�rst we have to de�ne this notion:

De�nition 3.5. Given a segment T in <

n

, we denote by �(T ) the minimum among

the lengths of its proje
tions on the axes.

De�nition 3.6. The mat
hing number �(S) of a subset S of Q

n

is the supremum

of

P

T2T

�(T ), where T ranges over all �nite families of segments 
ontained in S,

whose proje
tions on all axes are pairwise disjoint.

This de�nition is obtained from the standard de�nition of the mat
hing number

of hypergraphs, by dis
retisation. Note that the supremum in this de�nition is not

always attained, not even if we allow in�nite families of segments. An example

in whi
h the supremum is not attained is the set of points in Q

2

satisfying the
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inequality y � 2jx �

1

2

j. The mat
hing number of this set is 1, but it has no

mat
hing in the sense of De�nition 3.6 with full proje
tions.

It is easily seen that �(S) � �

�

(S): put a uniform measure with total mass �(T )

on ea
h segment T 2 T . Hen
e the following theorem implies that �

�

(S) �

1

n

for

all pa
ked 
onvex subsets S of Q

n

:

Theorem 3.7. �(S) �

1

n

for every 
onvex set S whi
h is pa
ked in Q

n

.

Proof. Without loss of generality we may assume that S is 
losed. The di�eren
e

body K = S � S of S is then 
onvex, 
ompa
t, 
entrally symmetri
 and pa
ked in

the 
ube [�1; 1℄

n

. As noted above, Ball [3℄ proved the plank 
onje
ture for su
h

bodies. Hen
e, denoting by D

j

the open plank P l

j

((�

1

n

;

1

n

)) (1 � j � n), the set K

is not 
ontained in the union of the planks D

j

(whose sum of widths is 2). (We have

used here also the 
ompa
tness of K.) Thus there exists a point k = u � v 2 K

not belonging to any D

j

, where u;v 2 S. The segment whose endpoints are u and

v is 
ontained in S, and its proje
tions on all axes are all no shorter than

1

n

. 2

Remark 1. The 
onvex hull of the midpoints of all fa
ets of the 
ube shows that

1

n

is the best lower bound possible on � of a single segment 
ontained in a pa
ked


onvex body in Q

n

.

Remark 2. A 
onje
ture of Ryser and Lov�asz (see [7, p. 105℄) states that � �

(n � 1)� for any n-partite hypergraph. Combining this with the plank 
onje
ture

would yield that �(S) �

1

n�1

for every 
onvex set S whi
h is pa
ked in Q

n

. But it

is quite possible that this is not the best bound for n � 3. Indeed, �

n

, whi
h we


onje
ture to be extreme for �

�

, has � >

1

n�1

. Let us 
al
ulate it for n = 3:

Proposition 3.8. �(�

3

) =

3

5

.

Proof. We shall prove here only one dire
tion, namely we shall 
onstru
t a

mat
hing in �

3

with � =

3

5

. The other dire
tion is rather 
ompli
ated, and is

omitted.

Let p

1

= (0;

1

5

;

4

5

);q

1

= (

1

5

;

2

5

;

2

5

), and let p

2

;p

3

be the two 
y
li
 permutations

of p

1

, and q

2

;q

3

the two 
y
li
 permutations of q

1

. Finally, let I

j

(j = 1; 2; 3) be

the segments joining p

j

with q

j

. Then it is easy to 
he
k that the proje
tions of

the three segments on ea
h axis have disjoint interiors, while �(I

j

) =

1

5

, yielding

�(�

3

) �

3

5

. 2

4. Hefty sets

One aim of this paper is to study 
onditions whi
h imply that a subset of Q

n

has

�

�

= 1.

De�nition 4.1. A measurable subset S of Q

n

is 
alled hefty if �

�

(S) = 1.

Proposition 4.2. The following four 
onditions on a measurable subset S of Q

n

are

equivalent:

(1) S is hefty.

(2) There exists a probability measure on S with uniform marginals (i.e., the

marginal on ea
h axis is the ordinary Lebesgue measure on [0; 1℄).

(3) Given any system �

1

; �

2

; : : :�

n

of measurable fun
tions on [0; 1℄, if

P

�

j

(x

j

) �

1 for ea
h point (x

1

; x

2

; : : :x

n

) 2 S, then

P

�

j

[0; 1℄� 1.

(4) Given any system �

1

; �

2

; : : :�

n

of measurable fun
tions on [0; 1℄, if

P

�

j

(x

j

) �

0 for ea
h point (x

1

; x

2

; : : :x

n

) 2 S, then

P

�

j

[0; 1℄� 0.



FRACTIONAL PLANKS 7

Proof. The equivalen
e between (1) and (2) follows from Se
tion 2. That (3)

implies (1) is 
lear, sin
e the 
on
lusion in both is the same, while the 
ondition in

(1) is stronger - there is the additional 
ondition that the fun
tions are nonnegative-

valued.

The equivalen
e of (3) and (4) is also easy: assuming that (3) holds, given a

system of fun
tions �

j

as in (4) de�ne �

1

= �

1

+ 1; �

j

= �

j

for j > 1. Applying

(3) to the system �

j

yields then (4). The reverse impli
ation is similar.

It remains to show that (2) implies (3). Assume that there exists a probability

measure � on S with uniformmarginals. Let �

1

; : : :�

n

be fun
tions as in (3). Write

the analogue of (1) for the fun
tions �

j

:

1 = �(S) �

Z

S

X

j

�

j

(x

j

)d�(x) =

X

j

Z

1

0

�

j

(x

j

)d�

j

(x

j

) =

X

j

�

j

[0; 1℄:

Note that while in (1) the nonnegativity of the fun
tions f

j

was needed to obtain

the right-hand inequality, here it is not ne
essary that the fun
tions �

j

be nonneg-

ative, sin
e the marginals �

j

are known to be equal to the Lebesgue measure. 2

5. The spe
ial role of the 
enter

Notation. For a real number t we shall denote by

�!

t the ve
tor all of whose entries

are t (the dimension of the ve
tor is to be understood from the 
ontext).

It turns out that the 
enter of the 
ube, the point

�!

1

2

, plays a spe
ial role with

regard to heftiness:

Proposition 5.1. A 
losed 
onvex hefty set 
ontains

�!

1

2

.

Proof. If S is 
losed and 
onvex and

�!

1

2

62 S, then there exist real numbers

r

1

; : : : ; r

n

and a positive � su
h that

P

r

j

x

j

�

P

1

2

r

j

+ � for all points x 2 S.

Applying 
ondition (4) of Proposition 4.2 to the fun
tions �

j

(x

j

) = r

j

(x

j

�

1

2

)�

�

n

yields a 
ontradi
tion to the heftiness of S. 2

The 
onverse of the proposition is false. Even the ball B

n

ins
ribed in Q

n

is

not hefty, for n � 4. (B

3

is hefty, a fa
t whi
h was known already to Ar
himedes

- the measure mat
hing showing this is similar to that appearing in the proof

of Theorem 3.3.) The following proposition settles in the negative a problem of

Gardner [8℄:

Proposition 5.2. For n � 4 the ball B

n

is not hefty.

Proof. A point x 2 B

n

satis�es

P

i

(x

i

�

1

2

)

2

�

1

4

, whi
h implies, by the Cau
hy-

S
hwartz inequality,

X

i

jx

i

�

1

2

j �

p

n

2

:

Hen
e, de�ning for every 1 � i � n

f

i

(x) =

r

1

4n

� jx�

1

2

j;

we have
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X

f

i

(x

i

) �

p

n

2

�

p

n

2

= 0:(2)

But, as is easily seen,

P

f

i

[0; 1℄ =

p

n

2

�

n

4

, the last expression being negative

for n > 4 and 0 for n = 4. Thus, for n > 4 the proposition follows from Propo-

sition 4.2. In the 
ase n = 4, note that equality is attained in (2) only at a �nite

number of points. Hen
e by 
hanging one of the fun
tions f

i

(x) slightly in a small

neighborhood of some value of x

i

su
h that there is no point with equality having

that value of x

i

, we 
an still maintain property (2), while having negative sum of

integrals. 2

The following proposition presents a 
ase in whi
h the 
onverse of Proposition

5.1 is true:

Proposition 5.3. If a set of verti
es of Q

n

has

�!

1

2

in its 
onvex hull, then the


onvex hull is hefty.

Proof. Let V = fv

k

: k 2 Kg be the set of verti
es in question, with v

k

=

(v

k

1

; : : : ; v

k

n

). Write

�!

1

2

=

P

k2K

�

k

v

k

, where �

k

� 0 and

P

�

k

= 1. For ea
h

k 2 K let T

k

be the segment 
onne
ting v

k

with

�!

1

2

, and distribute uniformly

on T

k

a measure with total mass �

k

. Let � be the measure on 
onv(V ) whi
h

is 
on
entrated on the union of the segments T

k

and is the sum of all the above

measures. We shall show that � is a measure mat
hing: this will 
omplete the

proof, sin
e obviously the mass of � is 1.

Let 1 � j � n. Sin
e

P

f�

k

: v

k

j

= 1g =

P

f�

k

: v

k

j

= 0g =

1

2

, the mass of � on

P l

j

[0;

1

2

℄ is

1

2

. Sin
e � is evenly distributed on ea
h segment T

k

, it follows that this

mass of

1

2

is evenly distributed on [0;

1

2

℄, whi
h means that �(P l

j

(I)) = jIj for every

interval I � [0;

1

2

℄. The same is true for all subintervals of [

1

2

; 1℄, whi
h implies the

desired 
on
lusion. 2

Another result in the 
onverse dire
tion to that of Proposition 5.1 was proved in

[1℄. A subset of Q

n

will be 
alled hexagonal if it is pa
ked, and is the interse
tion

of a hyperplane with Q

n

. (The sour
e of the name is that in the 
ase n = 3 su
h a

set has a (possibly degenerate) hexagonal shape.)

Theorem 5.4. A hexagonal set 
ontaining

�!

1

2

is hefty.

Sin
e, in fa
t, Proposition 2 in [1℄ is formulated a bit di�erently, we shall give

here an outline of the proof. The proof will use the following easy observation

(whi
h is needed if one wants to translate Proposition 2 of [1℄ into the terms of

Theorem 5.4).

Lemma 5.5. (i) If a hyperplane a

1

x

1

+ a

2

x

2

+ : : :+ a

n

x

n

= 
 meets all fa
ets of

Q

n

then

ja

i

j �

X

j 6=i

ja

j

j(3)

for all 1 � i � n.
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(ii) If a hyperplane a

1

x

1

+ a

2

x

2

+ : : :+ a

n

x

n

= 
 passes through

�!

1

2

and satis�es

(3), then it meets all fa
ets of the 
ube. 2

Outline of proof of Theorem 5.4. For n = 3 it is possible to provide 
on
retely

a measure mat
hing with total mass 1 on the hexagon, 
on
entrated on 
ertain of

its diagonals.

The 
ase n > 3 is done by indu
tion on n. Let X be a hexagonal set, namely X

is the set of points x 2 Q

n

satisfying the equation a

1

x

1

+ a

2

x

2

+ : : :+ a

n

x

n

= 
.

Without loss of generality, assume that 0 � a

1

� a

2

� � � � � a

n

. Now, \join"

the �rst two variables, i.e., look at the hyperplane H in <

n�1

de�ned by (a

1

+

a

2

)y +

P

i>2

a

i

x

i

= 
. Sin
e n > 3, H satis�es (3). Hen
e, by the indu
tion

hypothesis, the interse
tion of H with Q

n�1

is hefty, and the probability measure

on this interse
tion readily yields a probability measure on the original hexagonal

set. 2

6. Other 
onditions implying heftiness

As already mentioned, the plank 
onje
ture is true for n = 2. Sin
e the 
om-

binatorial interpretation of this 
ase is that of bipartite graphs, and sin
e for su
h

graphs � = �

�

= � , this implies that all 
onvex sets pa
ked in Q

2

are hefty. (Gard-

ner [8℄ rea
hed the same 
on
lusion by 
onstru
ting measure mat
hings for su
h

sets.) As noted above, for n > 2 this is no longer true. It is tempting to as
ribe

the di�eren
e between the two 
ases to the fa
t that in the 
ase n = 2 \fa
ets" and

\edges" 
oin
ide, and thus being pa
ked means not only tou
hing the fa
ets of the


ube, but also the edges. Indeed, it is not hard to prove the following:

Proposition 6.1. A 
onvex subset of Q

n

tou
hing all of its edges is hefty.

In fa
t, a mu
h weaker 
ondition (though equivalent in the 
ase n = 2) suÆ
es:

De�nition 6.2. A subset S of Q

n

is 
alled strongly pa
ked if there exist two an-

tipodal verti
es of Q

n

su
h that S tou
hes all 2n edges in
ident with them.

The main theorem of this paper is:

Theorem 6.3. A strongly pa
ked 
onvex subset of Q

n

is hefty.

In order to understand the intuition behind this theorem, note, �rst, that a subset

of Q

n


ontaining a main diagonal (a segment 
onne
ting two antipodal verti
es) is

hefty (this will be shown below). The idea behind the theorem is that the property

of having a hefty 
onvex hull is preserved upon repla
ing ea
h of these two verti
es

by n points on the edges in
ident with it. That is, the n \splinters" of the vertex

do the work that the single vertex had done. In fa
t, we believe that this is true in

general, namely:

Conje
ture 6.4. If a vertex v of the 
ube belongs to a set S having the property

that its 
onvex hull is hefty, then repla
ing v by n points on the edges in
ident with

it preserves this property of S.

It will also be useful to have a name for the operation in this 
onje
ture:

De�nition 6.5. A repla
ement as in the 
onje
ture is 
alled splitting of v.

For the property of having

�!

1

2

in the 
onvex hull, the analogue of Conje
ture 6.4

is indeed true:
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Proposition 6.6. If

�!

1

2

2 
onv(S) and S

0

is obtained by splitting a vertex in S,

then

�!

1

2

2 
onv(S

0

).

Proof. We may assume that the split vertex is

�!

0 . Then there exists a point

u 2 
onv(S n f

�!

0 g) su
h that

�!

1

2

is on the segment 
onne
ting

�!

0 and u. Let z be

the point on the line 
onne
ting

�!

0 and

�!

1

2

whi
h lies on the hyperplane spanned

by the n splinters of

�!

0 . Clearly, the order of the points on the line (t; t; : : : ; t) is

�!

0 ; z;

�!

1

2

;u, and thus

�!

1

2

is on the segment 
onne
ting z and u, and thus is in the


onvex hull of S

0

. 2

The remainder of the paper will be mainly devoted to the proof of Theorem 6.3.

The main tool used in the proof will be a 
ertain property of families of sub-boxes

of Q

n

, whi
h we shall study in the next se
tion.

7. �

�

-determining and volume-determining families of boxes

A main tool in our investigations will be that of �

�

-determining families of boxes.

These are families of sub-boxes of Q

n

having the property that if a given set S is

hefty relative to every box in the family, then S is hefty in Q

n

. We shall �nd a sur-

prising equivalent 
ondition: that the boxes 
annot all be enlarged simultaneously

by in�nitesimal 
hanges in their boundaries.

Here are pre
ise de�nitions of these notions. By a box in <

n

we always mean

a box whose sides are parallel to the axes. For su
h a box B we shall denote by

I

j

(B) (1 � j � n) the interval whi
h is the proje
tion of B on the x

j

-axis, and by

`

j

(B) the length of I

j

(B). Unless otherwise stated, we shall assume that boxes are

not degenerate, namely `

j

(B) > 0 for all j. By vol(B) we denote the volume of B.

Given a box B and a system F = (f

1

; f

2

; : : : ; f

n

) of measurable real valued fun
-

tions, where the domain of f

j


ontains I

j

(B), we shall write t(B;F) =

P

j

f

j

(I

j

(B))

`

j

(B)

.

This is a \normalized" version of the linear fun
tional

P

f

j

[0; 1℄ whi
h is used in

the de�nition of �

�

(and indeed, 
oin
ides with it when B = Q

n

). If the fun
tions

in F are nonnegative valued, and if

P

j

f

j

(x

j

) � 1 for ea
h point x 2 S \ B, then

we say that F is a fra
tional plank 
over of S relative to B.

The minimum of t(B;F) over all fra
tional plank 
overs of S relative to B will

be denoted by �

�

B

(S). An equivalent de�nition is that �

�

B

(S) is �

�

of the subset

of Q

n

obtained by stret
hing S \ B by a fa
tor of

1

`

j

(B)

in the dire
tion of ea
h


oordinate j.

De�nition 7.1. A subset S of Q

n

is 
alled B-hefty if �

�

B

(S) = 1.

De�nition 7.2. A family B of sub-boxes of Q

n

is �

�

-determining if for ea
h fam-

ily F = (f

1

; : : : ; f

n

) of nonnegative-valued measurable fun
tions the inequalities

t(B;F) � 1; B 2 B, imply the inequality t(Q

n

;F) � 1.

Remark. Similarly to Proposition 4.2, it is easy to show that equivalently one


an remove the nonnegativity 
ondition, while requiring that t(B;F) � 0; B 2 B,

imply t(Q

n

;F) � 0.

The de�nition implies:

Lemma 7.3. If a family B of sub-boxes of Q

n

is �

�

-determining then any set whi
h

is B-hefty for all boxes B 2 B is hefty. 2
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Let B be a �nite family of boxes in <

n

. We write M (B) for the smallest box


ontaining all boxes in B. We shall denote by P(B) the set of hyperplanes perpen-

di
ular to the axes and supporting the boxes in B. For ea
h j, these hyperplanes

partition I

j

(M (B)) into m

j

(B) intervals I

k

j

; 1 � k � m

j

(B), ea
h being of length

(say) `

k

j

. Let K

j

(B) denote the set of those k for whi
h the box B 
ontains points

with x

j

2 I

k

j

(i.e., I

j

(B) is the union of the intervals I

k

j

; k 2 K

j

(B)).

Assigning a variable w

k

j

to ea
h interval I

k

j

, we 
an de�ne a linear form t

B

(B)(w)

by

t

B

(B)(w) =

X

j

P

k2K

j

(B)

w

k

j

P

k2K

j

(B)

`

k

j

:

Using this terminology, we obtain the following 
hara
terization of a �

�

-determining

family.

Lemma 7.4. Let B be a family of sub-boxes of Q

n

. Let

^

B = B [ fQ

n

g. Then the

following are equivalent:

(i) B is �

�

-determining.

(ii) t

^

B

(Q

n

) is a 
onvex 
ombination of t

^

B

(B); B 2 B:

(iii) t

^

B

(Q

n

) is a nonnegative linear 
ombination of t

^

B

(B); B 2 B: 2

Two families of boxes C and D will be 
alled similar if m

j

(C) = m

j

(D) for ea
h

1 � j � n, and if there is a bije
tion � : C ! D su
h that K

j

(�(C)) = K

j

(C); j =

1; : : : ; n, for all C 2 C. An equivalen
e 
lass of the relation of similarity will be


alled a 
on�guration of boxes.

A 
on�guration of boxes � will be 
alled volume-determining if for every two

families of boxes C;D 2 �, if vol(C) � vol(�(C)) for all C 2 C (where � is as

above) then vol(M (C)) � vol(M (D)).

A 
on�guration of boxes � will be 
alled �

�

-determining if every C 2 � satisfying

M (C) = Q

n

is �

�

-determining. A somewhat surprising fa
t is that these two


onditions are equivalent:

Theorem 7.5. A 
on�guration of boxes is �

�

-determining if and only if it is volume-

determining.

Proof. Let � be a volume-determining 
on�guration of boxes in <

n

, 
hoose B 2 �

and let C = M (B). Consider the expressions vol(B); B 2 B, as fun
tions of the

variables `

k

j

(the lengths of the intervals in the partitions indu
ed by P(B)). By

the assumption that � is volume-determining, for ea
h ve
tor v in <

P

j

m

j

(B)

, if all

fun
tions vol(B), B 2 B in
rease in the dire
tion of v, then so does the fun
tion

vol(C) =

Q

j

P

k

`

k

j

. It follows that for all v, if rvol(B) � v > 0 for ea
h B 2 B

then rvol(C) � v � 0. Repla
ing v by v +

�!

� for � > 0 and letting � tend to 0, it

follows that already rvol(B) �v � 0 for ea
h B 2 B impliesrvol(C) �v � 0. By the

theory of linear inequalities this means that rvol(C) is a nonnegative 
ombination

of the ve
tors rvol(B); B 2 B. When C = Q

n

, this is easily seen to be equivalent

to 
ondition (iii) in Lemma 7.4.

For the proof of the 
onverse, assume that the 
on�guration � is �

�

-determining,

and let C;D be two families in � with a 
orresponden
e � : C ! D between them.

We have to show that if
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vol(C) � vol(�(C))(4)

for every C 2 C, then vol(M (C)) � vol(M (D)). Without loss of generality, we

assume that M (C) = Q

n

.

For ea
h C 2 C let

p(C) =

 

P

k2K

j

(C)

`

0

k

j

P

k2K

j

(C)

`

k

j

!

1�j�n

where `

k

j

= `

k

j

(C) and `

0

k

j

= `

k

j

(D).

The inequality (4) 
an be written as:

n

Y

j=1

P

k2K

j

(C)

`

0

k

j

P

k2K

j

(C)

`

k

j

� 1:

But this means that the points p(C); C 2 C, belong to the 
onvex subset AH (the

notation standing for \above hyperbola") of the positive orthant of <

n

, 
onsisting

of those points whose produ
t of 
oordinates is at least 1.

Apply now 
ondition (ii) of Lemma 7.4 to the family C, substituting `

0

k

j

for w

k

j

.

The 
on
lusion obtained is that the point (

P

k

`

0

k

j

)

1�j�n

is a 
onvex 
ombination

of the points p(C), and sin
e AH is 
onvex, this point belongs to AH. But this

means pre
isely that vol(M (D)) � 1 = vol(M (C)), as required. 2

The proof yields a little more: it suÆ
es to 
onsider volume 
hanges 
orrespond-

ing to in�nitesimal 
hanges in the partitions. This leads to:

Corollary 7.6. A family B of sub-boxes of Q

n

satisfying M (B) = Q

n

is �

�

-

determining if and only if one 
annot move the hyperplanes in P(B), while �xing

those supporting Q

n

itself, in su
h a way that all boxes in B stri
tly grow in volume.

2

Corollary 7.7. If B is a family of sub-boxes of Q

n

satisfying M (B) = Q

n

whose


on�guration is �

�

-determining, then

S

B = Q

n

(we say then that B is 
overing).

Proof. Assume that all boxes in B miss some 
ell C in the partition of Q

n

formed

by the hyperplanes in P(B). Then one 
an move the boundaries of C so as to make

C �ll almost all of Q

n

, while all boxes in B get smaller. This 
ontradi
ts Corollary

7.6, applied to the new family of boxes. 2

Note that a family of sub-boxes whi
h is �

�

-determining does not have to be


overing: take the two boxes x; y �

1

2

and x; y �

1

2

in Q

2

.

Here is an example, in Q

2

, of a 
on�guration whi
h is 
overing but not �

�

-

determining: 
hoose two points (a; b) and (
; d) in the unit square, where a < 
 and

b < d. Let B 
onsist of the four boxes 0 � x � 
; 0 � y � d; a � x � 1; b � y �

1; 0 � x � a; d � y � 1 and 
 � x � 1; 0 � y � b.

However, we 
onje
ture that for all n, if m

j

(B) = 2 for ea
h j, then the 
ondition

is suÆ
ient.

Another simple 
orollary of Theorem 7.5, whi
h 
an also be proved dire
tly, is:

Corollary 7.8. If the family of boxes B partitions Q

n

, then it is �

�

-determining.

2
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We shall mainly use one parti
ular �

�

-determining 
on�guration of boxes:

Lemma 7.9. Let a

1

; a

2

; : : : ; a

n

be numbers in the open interval (0; 1), and let B

0

=

Q

n

j=1

[0; a

j

℄, B

k

= P l

k

([a

k

; 1℄)(1 � k � n): Then the family B

i

; 0 � i � n, is �

�

-

determining.

Proof. Enlarging the volumes of the boxes B

i

; 1 � i � n, means making the a

i

's

smaller, whi
h means making B

0

smaller. By Corollary 7.6 the result follows.

It is also not hard to �nd the 
oeÆ
ients of the expression of t

^

B

(Q

n

) as a 
om-

bination of the t

^

B

(B

i

)'s:

Note that

t

^

B

(B

0

)(w) =

X

j

w

1

j

a

j

;

t

^

B

(B

i

)(w) =

w

2

i

1� a

i

+

X

k 6=i

(w

1

k

+w

2

k

) (1 � i � n):

Hen
e we have:

(

Y

j

a

j

)t

^

B

(B

0

)(w) +

n

X

i=1

(1� a

i

)(

Y

k 6=i

a

k

)t

^

B

(B

i

)(w) =

(

X

j

1

a

j

� (n � 1))(

Y

j

a

j

)

X

j

(w

1

j

+w

2

j

) = �t

^

B

(Q

n

)(w)

where � is some positive number. 2

8. Proof of Theorem 6.3

8.1. Splitting one vertex. We start with a basi
 observation, already used in the

spe
ial 
ase B = Q

n

:

Proposition 8.1. A set 
ontaining a main diagonal of B is B-hefty.

Proof. Let S be a set 
ontaining a main diagonalD ofB, and let F be a fra
tional

plank 
over of S relative to B.

Let x

j

(t) = a

j

+ t(b

j

� a

j

) (0 � t � 1) range over I

j

(B) in su
h a way that

(x

1

(t); : : : ; x

n

(t)) ranges over D. Sin
e

P

f

j

(x

j

) � 1 for every x 2 S \B, we have

P

R

1

0

f

j

(x

j

(t))dt � 1. But this means that t(B;F) � 1. 2

We �rst prove the theorem in the 
ase that just one of the two antipodal verti
es

is split. In this 
ase the theorem is:

Theorem 8.2. Let a

1

; : : : ; a

n

be real numbers between 0 and 1, and let p

j

= a

j

e

j

,

where e

j

is the j-th unit ve
tor, (0; : : : ; 1; : : : ; 0). Then the set

S = 
onvfp

1

; : : : ;p

n

;

�!

1 g

is hefty.



14 RON AHARONI, RON HOLZMAN, MICHAEL KRIVELEVICH, AND ROY MESHULAM

Proof. Let B

0

; B

1

; : : : ; B

n

be the sub-boxes of Q

n

as de�ned in Lemma 7.9, and

let F = (f

1

; : : : ; f

n

) be a system of nonnegative-valued fun
tions 
overing S. We

have to prove that

P

f

j

[0; 1℄� 1. For ea
h 0 � s � 1 let �(s) =

P

j

f

j

(s).

For ea
h pair i 6= j of 
oordinates let D

ij

be the degenerate box having the

segment between the points p

i

and p

j

as a main diagonal.

Note that ea
h B

i

; 1 � i � n, has a main diagonal 
ontained in S, and thus

S is B

i

-hefty for 1 � i � n. What is missing for an appli
ation of Lemma 7.9

is the B

0

-heftiness of S. This, as it turns out, is true for n = 3 (the proof of

this fa
t requires the theorem itself!) but fails in general for n > 3. However,

the diagonals of D

ij

are 
ontained in S, and t(B

0

;F) 
an be ni
ely expressed by

t(D

ij

;F) =

P

k 6=i;j

f

k

(0) +

f

i

[0;a

i

℄

a

i

+

f

j

[0;a

j

℄

a

j

. We have:

t(B

0

;F) =

1

n� 1

X

i<j

t(D

ij

;F)�

n� 2

2

�(0) �

n

2

�

n � 2

2

�(0):

This implies that if �(0) � 1 then we are done. On the other hand, if �(s) > 1

for all 0 � s � 1, then

P

j

f

j

[0; 1℄ = �[0; 1℄ > 1. This leads us to 
onsider s

0

=

inffs : �(s) � 1g. If the point

�!

s

0

= (s

0

; s

0

; : : : ; s

0

) lies on or above the hyperplane

H determined by p

1

; : : : ;p

n

then the segment [

�!

s

0

;

�!

1 ℄ is 
ontained in S, and hen
e

P

j

f

j

[0; 1℄ = �[0; s

0

℄ +�[s

0

; 1℄ � s

0

+1� s

0

= 1. Thus we may assume that

�!

s

0

lies

below H.

Let r � s

0

be su
h that �(r) � 1 and

�!

r = (r; r; : : : ; r) still lies below H.

Applying the above argument to the 
ube with the two antipodal verti
es

�!

r and

�!

1 we dedu
e that �[r; 1℄ � 1 � r. By the 
hoi
e of s

0

and the nonnegativity of

f

1

; : : : ; f

n

we obtain that �[0; 1℄ = �[0; s

0

℄ + �[s

0

; r℄ + �[r; 1℄ � s

0

+ 1 � r, and

letting r ! s

0

yields �[0; 1℄ � 1, as required. 2

In order to prove Theorem 6.3, we shall need a slight extension of Theorem 8.2,

where one of the splinters is allowed to lie outside the 
ube.

Proposition 8.3. Suppose n � 3. Let a

1

; : : : ; a

n

be nonnegative real numbers, at

most one of whi
h ex
eeds 1, and let p

j

= a

j

e

j

. Then the set

S = 
onvfp

1

; : : : ;p

n

;

�!

1 g \Q

n

is hefty.

Proof. We may assume that a

j

� 1 for all j 6= 1. Let k be the least nonnegative

integer su
h that a

1

�

�

n�1

n�2

�

k

. We pro
eed by indu
tion on k. The 
ase k = 0

was handled in Theorem 8.2, so we assume that k � 1, i.e., a

1

> 1.

Consider the box B

0

=

Q

n

j=1

[0; b

j

℄, where b

1

= 1 and for 2 � j � n we have

b

j

= qa

j

, with q =

2�

1

a

1

n�1

. It is straightforward to 
he
k that the hyperplane

determined by p

1

; : : : ;p

n

passes through the 
enter of B

0

and meets all its fa
ets.

It follows by Theorem 5.4 that S is B

0

-hefty.

The box B

0

, together with the boxes B

j

= P l

j

([b

j

; 1℄) for 2 � j � n, forms a

�

�

-determining family of sub-boxes of Q

n

. (Note that be
ause we set b

1

= 1, the

box B

1

has vanished, but the argument showing that the family is �

�

-determining

remains valid.) Thus, it suÆ
es to show that S is B

j

-hefty for 2 � j � n. We show

this for j = n, for example.
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The set S 
ontains the set S

0

= 
onvfp

0

1

; : : : ;p

0

n

;

�!

1 g \B

n

, where

p

0

i

= (1� q)p

i

+ qp

n

for 1 � i � n� 1 and

p

0

n

= p

n

:

Now, S

0

relates to B

n

in the same way as S relates to Q

n

in the statement of the

proposition (up to a normalization in the n-th dire
tion). Moreover, denoting by

a

0

1

the �rst 
oordinate of p

0

1

, we have

a

0

1

= (1� q)a

1

<

n� 2

n� 1

a

1

�

�

n� 1

n� 2

�

k�1

:

Hen
e, by the indu
tion hypothesis, the set S

0

(and therefore S) is B

n

-hefty. 2

8.2. Proof of the general 
ase of Theorem 6.3. We may assume that n � 3,

and that the set S in question is of the form S = 
onvfp

1

; : : : ;p

n

; q

1

; : : : ;q

n

g,

where p

j

= a

j

e

j

and q

j

=

~

1� b

j

e

j

for some numbers a

j

; b

j

between 0 and 1. Let

F = (f

1

; : : : ; f

n

) be a system of nonnegative-valued fun
tions 
overing S. We have

to prove that

P

f

j

[0; 1℄ � 1, or equivalently, using the notation �(s) =

P

j

f

j

(s),

that �[0; 1℄ � 1. This is trivially true if fs : �(s) � 1g = ;, so we assume that this

set is non-empty, and 
onsider:

s

0

= inffs : �(s) � 1g;

s

1

= inffs : �(1� s) � 1g;

s

�

= minfs

0

; s

1

g:

Clearly, �[0; s

�

℄ + �[1� s

�

; 1℄ � 2s

�

, and it remains to prove that �[s

�

; 1� s

�

℄ �

1� 2s

�

.

Let us 
onsider the two points

�!

s

�

and

���!

1� s

�

on the diagonal of Q

n

, and the 
ube

B

�

having these two points as antipodal verti
es. Let us denote by H

0

(respe
tively

H

1

) the hyperplane determined by p

1

; : : : ;p

n

(respe
tively q

1

; : : : ;q

n

), and by I

the segment of the diagonal between H

0

and H

1

. We distinguish between several


ases 
on
erning the position of

�!

s

�

and

���!

1� s

�

relative to I.

Case 1. Both points lie in I.

In this 
ase the diagonal

h

�!

s

�

;

���!

1� s

�

i

of B

�

is 
ontained in S and hen
e �[s

�

; 1�

s

�

℄ � 1� 2s

�

.

Case 2. Exa
tly one of the points lies in I.

Let us assume without loss of generality that

���!

1� s

�

lies in I (and hen
e in S)

and that

�!

s

�

lies below H

0

. For 1 � i � n, let p

0

i

be the point on the interse
tion

of H

0

with the line parallel to the x

i

-axis going through

�!

s

�

. We 
he
k that p

0

i

is in B

�

, that is, its i-th 
oordinate a

0

i

does not ex
eed 1 � s

�

. Indeed, we have

1

a

i

a

0

i

+

P

j 6=i

1

a

j

s

�

= 1, and hen
e a

0

i

= a

i

�

1� s

�

P

j 6=i

1

a

j

�

� 1 � s

�

. Thus, we

may apply Theorem 8.2 to the 
ube B

�

and obtain that �[s

�

; 1� s

�

℄ � 1� 2s

�

.

Case 3. None of the points lies in I.

Let us assume without loss of generality that s

�

= s

0

. Let r � s

�

be su
h that

�(r) � 1 and

�!

r ;

���!

1� r still lie outside I. For 1 � i � n, let p

0

i

(respe
tively q

0

i

)
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be the point on the interse
tion of H

0

(respe
tively H

1

) with the line parallel to

the x

i

-axis going through

�!

r (respe
tively

���!

1� r). As was shown above, the points

p

0

i

all lie in the 
ube B = [r; 1� r℄

n

, and the same holds for the points q

0

i

.

We 
onsider a �

�

-determining family of sub-boxes of B as in Lemma 7.9. It


onsists of B

0

=

Q

j

[r; a

0

j

℄, where a

0

j

is the j-th 
oordinate of p

0

j

, and of B

k

=

[a

0

k

; 1� r℄�

Q

j 6=k

[r; 1� r℄; 1 � k � n. As it was shown in the proof of Theorem

8.2, the fa
t that �(r) � 1 implies that t(B

0

;F) � 1. To ea
h of the B

k

's we

may apply Proposition 8.3. Indeed, the set S 
ontains the splinters q

0

1

; : : : ;q

0

n

of

the vertex

���!

1� r of B

k

, as well as the antipodal vertex of B

k

, namely p

0

k

. Among

the splinters q

0

1

; : : : ;q

0

n

, only q

0

k

may lie outside B

k

. Thus, we 
on
lude from

Proposition 8.3 that S is B

k

-hefty for 1 � k � n. It follows that t(B;F) � 1, that

is, �[r; 1� r℄ � 1 � 2r. Using the nonnegativity of f

1

; : : : ; f

n

and letting r ! s

�

,

we obtain that �[s

�

; 1� s

�

℄ � 1� 2s

�

. 2
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