
Sparse graphs usually have exponentially many optimal 
olorings
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hael Krivelevi
h

�

Abstra
t

A proper 
oloring of a graph G = (V;E) is 
alled optimal if the number of 
olors used is the

minimal possible one, i.e., it 
oin
ides with the 
hromati
 number of G.

We investigate a typi
al behavior of the number of distin
t optimal 
olorings of a random

graph G(n; p), for various values of the edge probability p = p(n). Our main result shows that

for every 
onstant 1=3 < a < 2, most of the graphs in the probability spa
e G(n; p) with p = n

�a

have exponentially many optimal 
olorings.

Given a graph G = (V;E), an unordered partition V = V

1

[: : :[V

k

is 
alled a k-
oloring, if ea
h of

the 
olor 
lasses V

i

is an independent set of G. It is important to observe that we 
onsider unordered

partitions only, and therefore two k-
olorings (V

1

; : : : ; V

k

) and (U

1

; : : : ; U

k

), for whi
h there exists

a permutation � 2 S

k

satisfying V

i

= U

�(i)

, 1 � i � k, are 
onsidered to be indistinguishable. A

k-
oloring (V

1

; : : : ; V

k

) of G is optimal, if the number of 
olors is the minimal possible, i.e. k = �(G),

where �(G) denotes as usually the 
hromati
 number of G. Here are two simple examples to illustrate

the above de�nitions: a) the graph G = K

n

� e has 
hromati
 number �(G) = n� 1 and a unique

optimal 
oloring; b) De�ne G = (V;E) as follows: V = A [ B, A \B = ;, jAj � 1, jBj = n � 2; �x

two distin
t verti
es u; v 2 B and de�ne E(G) = f(a; b) : a 2 A; b 2 Bg [ f(u; v)g. Then it is easy

to see that �(G) = 3 and G has exa
tly 2

n�2

optimal 
olorings, where ea
h optimal 
oloring has the

following form: (V

1

; V

2

; V

3

), where V

1

= A, u 2 V

2

, v 2 V

3

.

How many optimal 
olorings does a typi
al graph G on n verti
es with given density p =

jE(G)j=

�

n

2

�

have? In order to address this question quantitatively we need to introdu
e a proba-

bility spa
e of graphs on n verti
es to make the notion of a "typi
al graph" meaningful. We will

make use of the probability spa
e G(n; p) of binomial random graphs. G(n; p) is a random graph on n

labeled verti
es f1; : : : ; ng, where ea
h pair 1 � i < j � n is 
hosen to be an edge independently and

with probability p = p(n). Sometimes with some abuse of notation we will use G(n; p) to denote also

a random graph on n verti
es 
hosen a

ording to the distribution indu
ed by G(n; p). As 
ustomary

we will study asymptoti
 properties of the random graph G(n; p). This means in parti
ular that the

number of verti
es n will be assumed as large as ne
essary.

�

Department of Mathemati
s, Sa
kler Fa
ulty of Exa
t S
ien
es, Tel Aviv University, Tel Aviv 69978, Israel. E-mail:

krivelev�post.tau.a
.il. Supported by a USA-Israeli BSF grant and by a Bergmann Memorial Award.

1



Equipped with this notation we 
an now reformulate our main question as follows: what is a

typi
al behavior of the number of optimal 
olorings of a random graph drawn from G(n; p)? As

our main result shows this number is exponentially large in n for small and moderate values of the

edge probability p = p(n). For simpli
ity we assume here that p(n) has the form p(n) = n

�a

for a


onstant a > 0.

Theorem 1 Let � > 0. Let p(n) = n

�a

for a 
onstant a > 0.

1. If

1

3

< a �

1

2

, then with probability at least 1 � � a random graph G(n; p) has at least

exp

n

�

2

10

n

3a�1

2

o

optimal 
olorings;

2. If

1

2

< a < 1, then with probability at least 1 � � a random graph G(n; p) has at least

exp

n

(1�a)�

2

20

n

a

2

lnn

o

optimal 
olorings.

Thus for 1=3 < a < 1 we get exponentially many optimal 
olorings in a typi
al graph from

G(n; n

�a

), where the exponent in the estimate of the number of optimal 
olorings grows with a. To


omplement the result observe that for all 1 � a < 2 the graph G(n; p) 
ontains almost surely (i.e.

with probability tending to 1 as n tends to in�nity) �(n) isolated verti
es and is non-empty. These

two 
onditions imply easily that the number of optimal 
olorings is e

�(n)

. With some e�ort Theorem

1 
an be strengthened to the "almost sure" form, i.e. the graph G(n; p) will have exponentially many

optimal 
olorings not only with probability at least 1 � �, but also almost surely; this would result

in some loss in the exponent.

Now we will prove our main result, Theorem 1. Denote

N =

 

n

2

!

:

Let 1 � t � n, T > t be integers.

For 0 � i � N we denote

a

i

= Pr[jE(G)j = i℄ ;

b

i

= b

i

(t) = Pr[�(G) � t= jE(G)j = i℄ ;




i

= 


i

(t; T ) = Pr[G has at least

1

2

e

T

t

�

T

n

t-
olorings= jE(G)j = i; �(G) � t℄ :

Proposition 2 With the above notation, if i � N � T and b

i

> 0, then 


i

�

2b

i+T

b

i

� 1.

Proof. De�ne an auxiliary bipartite graph H = (X [ Y; F ). The vertex set of H is a disjoint union

of sets X and Y , where

X = fG : jV (G)j = n; jE(G)j = i; �(G) � tg ;

Y = fG : jV (G)j = n; jE(G)j = i + T; �(G) � tg ;
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and two graphs G 2 X, G

0

2 Y are 
onne
ted by an edge in H if E(G) � E(G

0

). The de�nition

of b

i

implies that jXj = b

i

�

N

i

�

, jY j = b

i+T

�

N

i+T

�

. As the property of being t-
olorable is monotone

de
reasing, for every graph G 2 Y every subgraph of G with i edges is t-
olorable. Hen
e we obtain:

jF j = jY j

 

i + T

i

!

= b

i+T

 

N

i + T

! 

i + T

i

!

:

Let X

0

=

n

G 2 X : deg

H

(G) �

1

2

�

N�i

T

�

o

. Then

jF j � jX

0

j

1

2

 

N � i

T

!

+ jX nX

0

j

 

N � i

T

!

= jXj

 

N � i

T

!

�

1

2

jX

0

j

 

N � i

T

!

= b

i

 

N

i

! 

N � i

T

!

�

1

2

jX

0

j

 

N � i

T

!

:

It follows from the above two estimates on jF j that

jX

0

j �

2b

i

�

N

i

��

N�i

T

�

� 2b

i+T

�

N

i+T

��

i+T

i

�

�

N�i

T

�

= 2(b

i

� b

i+T

)

 

N

i

!

: (1)

Now we will prove that every graph in X n X

0

has the required number of t-
olorings. Indeed,

let G 2 X nX

0

. Clearly, if E(G) � E(G

0

) and G

0

is t-
olorable, then some t-
oloring of G is a valid


oloring of G

0

as well. For a �xed t-
oloring V (G) = V

1

[ : : :[V

t

of G, the number of graphs G

0

with

i + T edges and with E(G) � E(G

0

), for whi
h (V

i

)

t

i=1

is a proper 
oloring, is at most

 

N � i�

P

t

i=1

�

jV

i

j

2

�

T

!

�

 

N � i�

n

2

�

n

t

� 1

�

T

!

by 
onvexity of the fun
tion f(x) =

�

x

2

�

. As by the de�nition of X

0

the number of t-
olorable graphs

G

0

with i+T edges for whi
h E(G) � E(G

0

) is at least

1

2

�

N�i

T

�

, we derive that the number of proper

t-
olorings of G is at least

1

2

�

N�i

T

�

�

N�i�

n

2

(

n

t

�1

)

T

�

�

1

2

exp

(

nT

2

�

n

t

� 1

�

N � i

)

�

1

2

exp

(

nT

2

�

n

t

� 1

�

N

)

=

1

2

exp

(

T

�

n

t

� 1

�

n� 1

)

�

1

2

e

T

t

�

T

n

(we used the bound

�

x

y

�

.

�

x�z

y

�

� e

yz=x

in the �rst inequality above). It follows then from the

de�nition of 


i

and from bound (1) that




i

�

jX nX

0

j

jXj

�

b

i

�

N

i

�

� 2(b

i

� b

i+T

)

�

N

i

�

b

i

�

N

i

�

= 1�

2(b

i

� b

i+T

)

b

i

=

2b

i+T

b

i

� 1 :

The proposition is proven. 2

Re
alling the above mentioned monotoni
ity of the property of being t-
olorable, we obtain that

if b

i

= 0 for some i, then also b

j

= 0 for all j > i. Therefore, the 
on
lusion of Proposition 2 
an be

rewritten in the following form.
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Corollary 3 If i � N � t, then b

i




i

� 2b

i+T

� b

i

.

Lemma 4 Let 1 � t � n, t < T = o(n

2

p) be integers. Denote � = Pr[�(G) � t℄. Then

Pr[G has at least

1

2

e

T

t

�

T

n

t-
olorings=�(G) � t℄ � 1 � (1 + o(1))

2T

�n

p

p

:

Proof. We will use again the notation de�ned before Proposition 2. Observe �rst that it follows

from the de�nitions of �, a

i

's and b

i

's that

� =

N

X

i=0

a

i

b

i

:

Also,

N

X

i=N�T+1

a

i

b

i

�

N

X

i=N�T+1

a

i

= Pr[jE(G)j > N � T ℄ = o

 

T

n

p

p

!

;

due to the standard estimates on the upper tail of a binomial random variable. Hen
e,

N�T

X

i=0

a

i

b

i

� �� o

 

T

n

p

p

!

: (2)

The de�nitions of a

i

, b

i

, 


i

imply that

Pr[

�

G has at least

1

2

e

T

t

�

T

n

t-
olorings

�

&(�(G) � t)℄ =

N

X

i=0

a

i

b

i




i

:

Therefore,

Pr[G has at least

1

2

e

T

t

�

T

n

t-
olorings=�(G) � t℄

= Pr[

�

G has at least

1

2

e

T

t

�

T

n

t-
olorings

�

&(�(G) � t)℄(Pr[�(G) � t℄)

�1

(3)

=

1

�

N

X

i=0

a

i

b

i




i

�

1

�

N�T

X

i=0

a

i

b

i




i

: (4)

Our aim is to estimate from below the sum

P

N�T

i=0

a

i

b

i




i

. Re
all that by Corollary 3, b

i




i

� 2b

i+T

�b

i

.

Therefore

N�T

X

i=0

a

i

b

i




i

�

N�T

X

i=0

a

i

(2b

i+T

� b

i

) =

N�T

X

i=0

(a

i

b

i

� 2a

i

(b

i

� b

i+T

))

�

N�T

X

i=0

a

i

b

i

�

N�T

X

i=0

�

2 max

0�i�N

a

i

�

(b

i

� b

i+T

)

4



Using well known estimates of the binomial 
oeÆ
ients, one 
an easily prove that max

N

i=0

a

i

�

(n

p

p)

�1

. Then applying (2), we 
an bound the last expression from below by:

�� o

 

T

n

p

p

!

�

2

n

p

p

N�T

X

i=0

(b

i

� b

i+T

) = �� o

 

T

n

p

p

!

�

2

n

p

p

0

�

T�1

X

i=0

b

i

�

N

X

i=N�T+1

b

i

1

A

� �� (1 + o(1))

2T

n

p

p

:

Substituting the above estimate into (4), we obtain

Pr[G has at least

1

2

e

T

t

�

T

n

t-
olorings=�(G) � t℄ � 1� (1 + o(1))

2T

�n

p

p

;

as promised. 2

We are now in position to prove our main result, Theorem 1. The key ingredients in the proof

are results on the 
on
entration on the 
hromati
 number of G(n; p), due to Shamir and Spen
er [6℄,

 Lu
zak [4℄, and Alon and Krivelevi
h [1℄.

Re
all that p(n) = n

�a

for a > 1=3. Consider �rst the 
ase 1=3 < a � 1=2. Set �

0

= �=4. The

above mentioned result of Shamir and Spen
er and its proof imply that in this 
ase �(G(n; p)) is


on
entrated in width n

1=2

p ln(np), or spe
i�
ally, for large enough n there exists a t

0

= t

0

(n; p) so

that:

1. Pr[�(G) � t

0

℄ � �

0

;

2. Pr[t

0

� �(G) < t

0

+ n

1=2

p ln(np)℄ � 1 � �

0

.

Let t

0

be as above. Set I = [t

0

; t

0

+ n

1=2

p ln(np)). Noti
e that as the asymptoti
 value of

�(G(n; p)) is 
on
entrated in I, due to the results on the asymptoti
 behavior of �(G(n; p)) ([2℄, [3℄)

every t 2 I satis�es t = (1 + o(1))np=(2 ln(np)).

Now, set

T =

�

2

0

n

1=2

p

1=2

ln(np)

:

Then it is immediate that for all t 2 I,

1

2

exp

�

T

t

�

T

n

�

=

1

2

exp

8

>

<

>

:

(1 + o(1))

�

2

0

n

1=2

p

1=2

ln(np)

np

2 ln(np)

9

>

=

>

;

=

1

2

exp

(

(1 + o(1))

2�

2

0

n

1=2

p

3=2

)

> exp

(

�

2

10

n

3a�1

2

)

:

Set K = e

�

2

10

n

3a�1

2

. Let A denote the event "G has less than K optimal 
olorings". Let also A

t

be the event "G has less than K t-
olorings". Noti
e that for graphs G with �(G) = t the events A

5



and A

t


oin
ide. Then it follows from Lemma 4, the 
hoi
e of t

0

and the above estimate:

Pr[A℄ �

X

t62I

Pr[�(G) = t℄ +

X

t2I

Pr[�(G) = t℄Pr[Aj�(G) = t℄

=

X

t62I

Pr[�(G) = t℄ +

X

t2I

Pr[�(G) = t℄Pr[A

t

j�(G) = t℄

� �

0

+

X

t2I

Pr[�(G) = t℄

Pr[A

t

j�(G) � t℄

Pr[�(G) = tj�(G) � t℄

� �

0

+

X

t2I

Pr[�(G) = t℄

Pr[A

t

j�(G) � t℄

Pr[�(G) = t℄

� �

0

+

X

t2I

(1 + o(1))2T

np

1=2

Pr[�(G) � t℄

� �

0

+

(1 + o(1))2jIjT

�

0

np

1=2

= �

0

+

(1 + o(1))2n

1=2

p ln(np)

�

0

np

1=2

�

2

0

n

1=2

p

1=2

ln(np)

< 4�

0

= � :

The 
ase 1=3 < a � 1=2 is 
ompleted.

Now we treat the remaining 
ase 1=2 < a < 1. The argument here is quite similar, with

only signi�
ant di�eren
e being the availability of a stronger 
on
entration result for the 
hromati


number.

Set �

0

= �=6. Alon and Krivelevi
h proved in [1℄ that for large enough n there exists a t

0

= t

0

(n; p)

so that

1. Pr[�(G) � t

0

℄ � �

0

;

2. Pr[�(G) 2 ft

0

; t

0

+ 1g℄ � 1 � �

0

.

(We would like to mention that Shamir and Spen
er [6℄ and  Lu
zak [4℄ proved somewhat weaker

results, still showing 
on
entration of �(G(n; p)) in an interval of a �xed length. Their results would

also suÆ
e for our purposes here.)

Let t

0

be as above. Set I = ft

0

; t

0

+ 1g. Again due to the results on the asymptoti
 value of

�(G(n; p)) one gets t

0

= (1 + o(1))np=(2 ln(np)).

Set this time

T = �

2

0

np

1=2

:

Then for both t 2 I,

1

2

exp

�

T

t

�

T

n

�

=

1

2

exp

(

(1 + o(1))

�

2

0

np

1=2

np

2 ln(np)

)

=

1

2

expf(1 + o(1))2�

2

0

p

�1=2

ln(n

1�a

)g

> exp

(

(1 � a)�

2

20

n

a=2

lnn

)

:
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Set K = e

(1�a)�

2

20

n

a=2

lnn

. Let A be the event "G has less than K optimal 
olorings". Let also

A

t

be the event "G has less than K t-
olorings". Then, similarly to the previous 
ase, Lemma 4

provides:

Pr[A℄ �

X

t62I

Pr[�(G) = t℄ +

X

t2I

Pr[�(G) = t℄Pr[A

t

j�(G) = t℄

� �

0

+

(1 + o(1))2jIjT

�

0

np

1=2

= �

0

+

(1 + o(1))4

�

0

np

1=2

�

2

0

np

1=2

< �

0

+ 5�

0

= 6�

0

= � :

The theorem is proven. 2

We have thus proven that most of the graphs in the probability spa
e G(n; p) with p = n

�a

,

1=3 < a < 2, have exponentially many optimal 
olorings. A 
lose examination of the proof reveals

that tighter 
on
entration results for the 
hromati
 number of G(n; p) would translate immediately

to better bounds on the number of optimal 
olors for the 
ase 1=3 < a � 1=2 and possibly would

enable to extend the result to higher values of the edge probability p(n), i.e. to smaller values of a.

So far the dense 
ase remains 
ompletely open. We 
onje
ture that almost surely the random graph

G(n; p) has at least superpolynomially many in n optimal 
olorings as long as the edge probability

p(n) satis�es p(n) � 1 � � for a 
onstant � > 0. A parti
ularly appealing 
ase is that of the edge

probability p = 0:5 { the most studied random graph.

In the opposite dire
tion, it would be quite interesting to bound from above a typi
al number of

optimal 
olorings. We believe that the bounds presented in Theorem 1 are very far from being tight,

but at present we are unable to improve them.

One may also study the stru
ture of optimal 
olorings in G(n; p). In parti
ular, how many pairs

of un
onne
ted verti
es are typi
ally rigid, i.e. are in the same 
olor 
lass in every optimal 
oloring of

G? Partial results 
an be obtained applying the ideas similar to those used in the proof of Theorem

1, but in general this remains open.

Information about the number of optimal 
olorings of a graph G is en
oded by the 
hromati


polynomial of G, p

G

(x) (see, e.g. [5℄). By de�nition, for a positive integer x � 1, the value p

G

(x)

is equal to the number of x-
olorings of G (this time ordered ones, for example p

K

n

(x) = x(x �

1) : : : (x� n + 1)). Studying 
oeÆ
ients and values of the 
hromati
 polynomial of a random graph

G(n; p) appears to be an attra
tive task, see [7℄ for some related results.

Finally, one 
an study similar quantitative questions about other graph parameters su
h as op-

timal independent sets or optimal mat
hings.
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