ON A THEOREM OF LOVASZ ON
COVERS IN r»-PARTITE HYPERGRAPHS
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ABSTRACT. A theorem of Lovdsz asserts that 7(H)/7*(H) < r/2 for every r-partite
hypergraph H (where 7 and 7* denote the covering number and fractional covering
number respectively). Here it is shown that the same upper bound is valid for a
more general class of hypergraphs: those which admit a partition (Vi,..., V%) of the
vertex set and a partition p; + - - 4 pg of r such that |[e N Vj| < p; < r/2 for every
edge e and every 1 < ¢ < k. Moreover, strict inequality holds when r > 2, and in
this form the bound is tight. The investigation of the ratio 7/7* is extended to some
other classes of hypergraphs, defined by conditions of similar flavour. Upper bounds
on this ratio are obtained for k-colourable, strongly k-colourable and (what we call)
k-partitionable hypergraphs.

1. INTRODUCTION

A hypergraph H is an ordered pair H = (V, E), where V = V(H) is a finite set
(the set of vertices) and E = E(H) is a non-empty collection of non-empty subsets
of V called edges. The set V is called the vertez set of H, the set E is the edge set
of H. The rank of H is r(H) = max {|e| : e € E(H)}. If all edges of H are of size
r, then H is r-uniform, or simply an r-graph. (Z) denotes the hypergraph with
vertex set V and edge set E, consisting of all subsets of V' of size r.

The set {1,...,n} is denoted by [n].

A set T C V is called a cover (or a transversal) of the hypergraph H = (V, E) if
T Ne #  for every e € E(H). The minimum cardinality of a cover of H is called
the covering number of H and denoted by 7(H). E.g., T([:L]) =n —r + 1 for all
positive integers n > r.

A set M C E is called a matching in the hypergraph H = (V, E) if all edges of
M are pairwise disjoint. The maximum cardinality of a matching in H is called the
matching number of H and denoted by v(H).

Many problems of combinatorics can be formulated as the determination of the
covering number of a hypergraph. The exact calculation of the covering number
of an arbitrary hypergraph is known to be NP-hard. Hence the question of ‘good’
approximation of the covering number is of great importance. One of the simplest
ways to estimate the covering number is by using the linear programming bound.
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A fractional cover of the hypergraph H = (V,E) is a function g : V. — R™
such that ) _ g(v) > 1 for every e € E(H). The value of the fractional cover
gis |g| = X ,cv 9(v). The minimum of |g| over all fractional covers of H is the
fractional covering number of H, denoted by 7*(H).

Similarly, a fractional matching in H = (V, E) is a function f : E — R™ such
that » .5, f(e) < 1 for every v € V(H). The value of the fractional matching f
is |f| = > .cg f(e). The maximum of |f| over all fractional matchings of H is the
fractional matching number of H, denoted by v*(H).

For every hypergraph H one has : 7(H) > 7*(H), v*(H) > v(H). It is easy
to see that the above two problems are in fact a pair of dual linear programming
problems. The Duality Theorem of Linear Programming asserts that:

(i) for every fractional cover g and every fractional matching f one has: |g| >
|f1;
(i) T =v%;
(#2) if g is an optimal fractional cover (i.e., |g| = 7*) and f is an optimal frac-
tional matching (i.e., |f| = v*), then:

f(e) > 0 implies Zg(v) =1,
1 vEe
®) g(v) > 0 implies Zf(e) =1.

esv

(These are the so called complementary slackness conditions.)

Example 1. H = ([:f]).
Define a fractional cover g : V — R* by g(v) = 1/r for every v € V and a
fractional matching f : E — RY by f(e) = 1/("_1) for every e € E. Then

r—1
lg| = |f| =n/r, so g and f are an optimal fractional cover and fractional matching,
respectively, and 7* = v* = n/r.

As mentioned above, the fractional covering number may be used as an estimate
for the covering number. It is natural to ask how good this estimate is, or, in other
words, how large the ratio 7/7* can be for certain types of hypergraphs. A very
useful upper bound on the ratio 7/7* was obtained independently by Lovasz([3]),
Sapozhenko([6]) and Stein([7]); this bound asserts that /7" < 1 4 log D, where
D = max,cv |{e 1V € e}| - the maximum degree in the hypergraph H.

In this paper we focus on bounds based on the rank » = »(H). Since the union
of a maximum matching forms a cover, we have 7 < rv, so 7 < r7*. Even more is
true([5]): r7* > 7+r—1,s0 7/7* < r for every r > 1. The hypergraph H, = ([:f]),
n — oo, with 7(H,) =n —r + 1, 7*(H,) = n/r shows that the bound 7/7* < r is
tight for general hypergraphs of rank r.

However, for certain types of hypergraphs this trivial bound can be improved.
For example, the famous theorem of Konig asserts that 7 = 7* for any bipartite
graph (r = 2) G = (AU B, E). This result motivates looking at the ratio 7/7* in
hypergraphs that admit a vertex partition of some kind.

A natural generalization of bipartite graphs is r-partite hypergraphs. An r-graph
H = (V,E),r > 2, is called r-partite if there exists a partition of the vertex set V'
into subsets Vi,...,V, such that for every edge e € E one has: |eNV;| =1, 1 <
1 < r. In 1975 Lovész proved([4]):
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Theorem. 7(H)/7*(H) <r/2 for every r-partite hypergraph H.

This generalizes the Konig Theorem. Since the proof of the theorem is based on
an idea which turns out to be very fruitful, it is worthwhile to give an outline of
the proof here.

Proof ([4], see also [1]). Let H = (V, E) be an r-partite hypergraph with a vertex
partition (V1,...,V;). Since 7*(H) is defined to be the value of an optimal solution
of an LP problem with integral coeflicients there exists a minimal fractional cover
g:V — RT such that g(v) is rational for every v € V. Therefore we can choose an
integer d (as large as we want) so that g(v)d is integral for every v € V. Define a
new function ¢t : V — {0, 1,... ,d} by putting ¢(v) := g(v)d.

It is easy to see that for all integers r > 2, m > 0 there exists an » X (m + 1)
matrix A = (a;j)i=1,...,r, j=0,....,m With the following properties:

(i) every row of A is a permutation of {0, 1,... ,m};

(#) the sum of every column is at most [ 75" ].

Let m = L@J For every 0 < j < m define a set T} as follows:

T
T; = U{'v € V;:t(v) > aij}.
i=1
Then every T} is a cover. Indeed, suppose on the contrary that there exists an
edge e = {'ul,...,'ur} € E(H) such that e N T; = 0. It means that ¢(v;) < a;; for
every 1 <1 <r. But then

: * i) _ Shas _ 121 U] aoa
D glv) =) S =TS = d s -5 <1
=1 =1

N[

- a contradiction, since g is a fractional cover.

Since each row of the matrix A is a permutation, for every v € V we have
{0 <j <m:veTj}| <t(v). Then Z;-n:o 1T5| <> yev t(v) = dr*. Since every T
is a cover, we obtain:

<Z;‘n:0|Tj|< dr*
- m+1 — 2(d-1)°

If d — oo, we obtain:
T < Py d
2

Of course, for » = 2 the bound of the previous theorem is tight, but for arbitrary
r the tightness question was open. We will answer it in the affirmative by building
an appropriate family of examples in Section 2 (see Example 2).

Let us make one step further and generalize the concept of an r-partite hyper-
graph in the following manner. An r-graph H = (V, E) is called a (p1,. .., pr)-graph
for fixed positive integers py,...,pr with Zle p; = r if there exists a vertex parti-
tion (V1,..., Vi) such that for every e € E one has [eNV;| = p;, 1 <17 < k. If every
p; = 1 we are back to the definition of an r-partite hypergraph. We will use an even
more general concept: a hypergraph H = (V, E) is (p1,...,pr)-bounded for fixed
positive integers pi,...,px if there exists a vertex partition (Vi,...,V%) such that
for every e € E one has |[eNV;| < p;, 1 <14 < k. The question is again what can be
said about the upper bound on the ratio 7/7* for these types of hypergraphs. We
managed to obtain a complete answer which is contained in the following theorems.
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Theorem 1. Let py,...,pr be positive integers with Zle p; =1 > 2 and suppose
that p; < /2 for every 1 <1 < k. If H is (p1,...,pkr)-bounded then:

This bound is tight (even for (p1,...,pr)-graphs).

Theorem 2. Let py,...,pr be positive integers with Zle p; =1 > 2 and suppose
that p;, > r/2 for some 1 <19 < k. If H is (p1,...,pr)-bounded then:

7(H)
T (H)

< Piy

This bound is tight (even for (p1,...,pr)-graphs).

The above cited theorem of Lovész is a special case of our Theorem 1 (all p; = 1).
Moreover, Theorem 1 shows that the weak inequality sign in Lovasz’ theorem can
be replaced by strong inequality. We prove these theorems in Section 2.

Let us turn now to hypergraphs that admit a vertex partition induced by hyper-
graph colouring.

A k-colouring of the hypergraph H = (V, E) is a partition (Cy,...,C}) of the
set of vertices V into k classes (colours) such that every edge (of size at least two)
meets at least two classes of the partition. H is called k-colourable if it admits a
k-colouring.

Clearly, a k-colourable hypergraph of rank at most r is (p1,...,pr)-bounded,
with p; = --- = p, = — 1. Thus, Theorem 1 provides an upper bound on 7/7* for
such hypergraphs. But here the rank r is much smaller than Zle pi, so we can do
much better. The upper bound on the ratio 7/7* for k-colourable hypergraphs of
rank at most r is given by the following two theorems.

Theorem 3. Let 2 < k < r be integers. If H is a k-colourable hypergraph of rank
at most r, then:
7(H)

-1
T*(H) <r

This bound is tight.

Theorem 4. Let 2 < r < k be integers. If H is a k-colourable hypergraph of rank
at most r, then:

7(H) k—1
() = &

T

This bound is tight.

These results are described in Section 3. In a subsequent paper [2] the above two
theorems are applied to the design of approximation algorithms for the set covering
problem.

A strong k-colouring of the hypergraph H = (V, E) is a partition (Cy,...,Cf) of
the set of vertices V into k classes (colours) such that no colour appears more than
once in the same edge. H is strongly k-colourable if it admits a strong k-colouring.
Note that if & = r then the definition of a strongly k-colourable r-graph coincides
with that of an r-partite hypergraph.
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A strongly k-colourable hypergraph is (1,...,1)-bounded (with &k 1’s). Hence,
by Theorem 1, the ratio 7/7* cannot exceed k/2 in such a hypergraph. Thus, for
the ratio 7/7* in a strongly k-colourable hypergraph of rank at most » we have two
upper bounds: k/2 and r. (We may improve on the latter by observing that strong
k-colourability implies k-colourability and invoking Theorem 4.) But we can do
better than the minimum of the above two bounds.

For the case k > (r — 1)r we succeeded to find the exact upper bound for the
ratio 7/7*:

Theorem 5. Let k,r > 2 be integers and suppose k > (r — 1)r. If H is a strongly
k-colourable hypergraph of rank at most r, then:

7(H) < k—r—+ 1'r

T™(H) — k

This bound is tight.

In the case r < k < (r — 1)r the situation is not so clear. The best result we
succeeded to obtain is formulated in the following theorem.

Theorem 6. Let k,r > 2 be integers and suppose 7 < k < (r — 1)r. If H is a
strongly k-colourable hypergraph of rank at most r, then:

7(H) kr (k-7 r
T < e min (BT, L0 - ) ),

where u = k?/(k +7) and {u} = u — |u].

This result motivates

Conjecture 1. Let k,r > 3 be integers and suppose r < k < (r —1)r. If H is a
strongly k-colourable hypergraph of rank at most r, then :

7(H) < kr

7*(H) k+r

We also conjecture that this bound is tight.

The bound of the above conjecture coincides with the bound of Lovasz’ theorem
for k = r and with the bound of Theorem 5 for £k = (r —1)r. It should be mentioned
that the difference between the bounds of Theorem 6 and Conjecture 1 does not
exceed 3 — 2v/2. We consider this problem in Section 4.

We introduce now another generalization of r-partite hypergraphs. A hypergraph
H = (V,E) is called k-partitionable if there exists a vertex partition (74,...,T%)
of the vertex set V into k covers T3, 1 < 2 < k. Again, in the case k = r an
r-partitionable r-graph is just an r-partite hypergraph.

The situation here is similar to that of the previous problem. For the case
r > (k — 1)k we know a complete answer:

Theorem 7. Let k > 2,7 > 3 be integers and suppose r > (k — 1)k. If H is a
k-partitionable hypergraph of rank at most r, then:

7(H)

—k+1
7_*(H)<r +

This bound is tight.
For the case k <r < (k — 1)k our result is:
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Theorem 8. Let k,» > 2 be integers and suppose k < r < (k—1)k. If H is a
k-partitionable hypergraph of rank at most r, then:

T(H) _ ’i + min (’"2_kk{u},1—{u})

(with {u} defined as in Theorem 6).
But we believe that the following is true:
Conjecture 2. Let k,r > 3 be integers and suppose k <r < (k—1)k. If H is a
k-partitionable hypergraph of rank at most r, then:
7(H) < r?
7*(H) k+r

We also conjecture that this bound is tight.
Again, at the endpoints of the interval £ < < (k— 1)k this conjecture coincides

with the previously cited results: the case k = r is again Lovasz’ theorem while in
the case r = (k— 1)k we obtain the bound from Theorem 7. The difference between
the bounds of Theorem 8 and Conjecture 2 is not more than 1. We discuss this
problem in Section 5.

Before starting our proofs let us write a few words about the ideas we are going
to use. Our main instrument is in a sense a generalization of the core idea of Lovasz’
proof. It is described in the following lemma.

Lemma 1. Let H = (V,E) be a hypergraph with a vertez partition (Vi,...,Vk).
Let g : V — R™T be an optimal fractional cover of H with value |g| = 7*(H).
Suppose § > 0, and the set B C [0,8]* is such that for every # = (z1,...,2;) € B
the set

7(z) = U{v € Vi:g(v) > =1}

is a cover of H. If there exists a probability measure p defined on B (u(B) = 1)
such that all marginal distributions u;, 1 <1 < k, are uniform on the interval [0, 6]

(that is, if € B is randomly chosen according to the measure p, then Pr(a < z; <
b) = (b—a)/é for every 0 <a <b< 4 ), then:

<

Proof. Let z € B be randomly chosen from B according to the measure u. Define
a random variable Y = |T(z)| where T'(Z) is as defined above. Let us estimate the
expectation of Y. Due to linearity of expectation E(Y) = i E(Y,), where Y,
is the indicator random variable for v € V being selected to T'. Since p has uniform
marginal distributions on the interval [0, §], for every 1 < ¢ < k and for every v € V;
we have:

E(Y,) = Pr(v € T) = Pr(g(v) > ;) = min (1,g(v)/5) < g(v)/5

Then
BY) = Y B < Y g(0)/s =7 /5

veEV veEV
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Therefore there exists £ € B such that |T'(z)| < 7*/4, and since T'(Z) is a cover for
every Z € B it follows that 7 < 7*/§. O

Of course, a probability measure g having uniform marginal distributions y; is a
continuous analog of the matrix A from Lovasz’ proof. For each particular problem
considered in this paper, our strategy is to find an appropriate set B and a measure
¢ and to use Lemma 1. In some cases, when we will prove a strict inequality for
the ratio 7/7*, we will use not only the existence of such a measure, but also its
structure.

Although the above probabilistic method could be used to prove all our results,
in some cases we chose to present a proof by a more constructive method. That
other method proceeds by induction on the number of vertices and uses the above
mentioned complementary slackness conditions (1).

2. THE RATIO 7/7" IN (p1,...,Pr)-BOUNDED HYPERGRAPHS

Recall first that a hypergraph H = (V, E) is (p1,...,pkr)-bounded, for a fixed k-
tuple of positive integers (p1,...,pk), if there exists a vertex partition (V1,...,V%)
such that for every edge e € E one has [eNV;| < p;, 1 <i<k. Itisa (p1,...,pk)-
graph if all these weak inequalities hold as equalities.

We begin this section with two families of examples of (p1,...,pr)-graphs which
will be used later on to show that the bounds of Theorems 1 and 2 are tight.

Example 2. Let » > 2 be fixed. For every positive integer n define an r-partite
hypergraph H,, = (V,E) as follows. For every 1 < i < rlet V; = {&;; : 1<
73 <n}U{y; : 1<j<nr}lee V=L,V Define a weight function
h:V —={0,...,n} by

h(zij) =7, 1<i<rl1<j<m;
h(yij) =0, 1<i:<r1<j<nr

Now a set e C V is an edge of H,, if and only if the following holds:

(i) lenV;| =1 for every 1 <1 <r;

(i) Yoc. h(v) > 2.

Obviously, H,, is an r-partite hypergraph. To estimate from above its fractional
covering number, define a fractional cover g : V. — R™T by putting g(v) = h(v) /%
for every v € V. Then

2 wev P(v)

nr

2

7(H,) < lg| = =n+1.

Now we have to evaluate the covering number of H,,. Since the set Ty = {'u ev:
h(v) > [n/2]} is obviously a cover we obtain that 7(H,) < |To| = r(|n/2] + 1) <
nr. Let us prove that 7(H,) > %*. Let T C V be an optimal cover of H,,

2
|T| = 7(Hy) <nr. Then V; \ T # 0 for every 1 < i < r. Define

li:max{h(v):vEW\T}, 1< <r.

Then |T' NV;| > n — ;. From the definition of H,, and the fact that T is a cover it
follows that > 7, I; < 2. Therefore

|T|:Z|THVQ|ZZ(n—li):nr—Zli>nr—n2—r:%
=1 =1 =1
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Now, when n — oo the ratio :*(g; )) >

fixed € > 0.

nr/2
n+1

becomes larger than (r/2 — €) for every

Example 3. For every k-tuple of positive integers (p1,...,pr) (k > 2) and every in-
teger n > p; we define a hypergraph H™ = H"(py,... ,pk) = (V, E) in the following
way. Let V be the union of the pairwise dls_]omt sets V;, 1 <1 < k, of sizes |V1| = n,

|V| - (pl)pZ)
2 <1 < k. For every 2 <1 < k partition the set V; into (;1) classes U},... ,U-(Pl),

each of size p;. Let A%,... ,A(P';) be the edges of the hypergraph (Zi) Define now
for every 1 < j < (;1) an edge e; € E(H") as

k
ej =AU U}

=2

Then for every e,e' € E(H™) one has eNe’ C Vy, so every subset of V; of size p; has
its own continuation in the sets Va,..., V4. The function g : V — RY, g(v) := 1/py
for every v € Vi, g(v) := 0 for every v ¢ V; is obviously a fractional cover of H”,
so 7*(H™) < |g| = n/p1. It is easy to see that there exists an optimal cover T of
size |T| = 7(H™) such that T C V; (if v € T'\ Vi, then there exists a unique edge
e € E(H™) such that v € e, but then the set T' = (T\ {'u}) U {u} is an optimal

;fi)) =n-p+1L
When n — oo, the ratio Z((H")) > nn71+1 becomes larger than (p; — €) for every
fixed € > 0.

cover too, where u is any vertex from e N V1), so 7(H™) = T((

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1. Let us first prove the case £ = 2. In this case according to
the theorem’s conditions p; = ps = r/2 > 1. Let H = (V, E) be a hypergraph
with a vertex partition (V1,V3) such that eNV;| <r/2 foreveryec E, 1=1,2.
Suppose g : V — R™ is an optimal fractional cover of H with value |g| = 7*(H).
Define a set B and a measure p as required in Lemma 1 in the following way:
B = {(ml,af:z) €10,2/r]2 i 21 +xy = 2/r} (see Fig.1), p is the uniform probability
measure on B (u(B) = 1). It is easy to see that for every Z = (z1,22) € B the set

z) ={veVi:g(v) >z} U{veVr:g(v)>a}

is a cover of H (if there were an edge e € E(H) such that e N T(z) = 0 then we
would have g(v) < #; for every v € eNV; and g(v) < z5 for every v € e N V3,
S0 Y ,ce 9(v) < z1le N V1| 4+ z2le N V2| < 217/2 4 227/2 = 1 - a contradiction
since g is a fractional cover). Also, it is clear that p has marginal distributions
ti, ¢ = 1,2, uniform on the interval [0,2/r]. Hence as in Lemma 1 we obtain that
if z is randomly chosen from B according to the measure g then

T(H) < E(|T(2)]) = ) min (1,g(v)r/2) <r/2lg| =r/27"(H)

We want to show more: 7(H) < r/27*(H). Note that if there exists a vertex
v € V with g(v) > 2/r, then E(|T(Z)|) < r/27*(H), so suppose in the sequel
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Fic. 1. The set B and the points z* and y* from the proof of the case
k =2 of Theorem 1.

that g(v) < 2/r for every v € V. Also, we may assume that every set T which is
realized as T'(Z) with positive probability has size |T'| = r/27*(H), since otherwise
7(H) <min{|T(z)|:z € B} < E(|T(z)|) =r/27*(H).

Let vo € V be a vertex with positive weight g(vg) > 0. Suppose without loss of
generality that vo € V;. Let 2" = (2],23) € B be such that ] = g(vo). Since g
attains only a finite number of values, there exists a point §* = (y;,y;) € B such
that y; < ] and there are no vertices in V; with weight g(v) strictly between z;
and y}, 1 = 1,2 (see Fig. 1). Therefore the set T(z) = T remains unchanged in the
open interval between the points z* and §*. Note that every v € V4 with g(v) > z7
and every v € V, with g(v) > z; belongs to T. In particular, vo € T. Since the
open interval between z* and §* has positive measure we have |T'| = r/27*(H).
We claim that 7' = T \ {vo} is also a cover of H. Indeed, suppose on the contrary
that there exists an edge e € F such that e N T' = (). Since T is a cover we have
eNT = {vo}. But then g(v) < z} for every v € eN V4 \ {vo} and g(v) < z} for
every v € e N Vs, so

Y gw)=glw)+ Y. o)+ Y glv) <ai+(r/2-1)a +r/2a; =1

vEe v€eNVi\{vo} vEeNVy

- a contradiction. Hence we have 7(H) < |T'| = |T| -1 < r/27*(H) and the case
k = 2 of the inequality has been established.

Now we are about to prove our theorem for the case k > 3. First, we reduce this
general case to the case k = 3. The reduction is based on the following simple

Observation. Let p1,...,pr, k > 3, be positive integers with Zle p; = r and
suppose p; < r/2 for every 1 < i < k. Then there ezists a partition of the set [k]
into three non-empty subsets Iy, Iy, I3 such that ZieI,- p; <7/2 for 7 =1,2,3.

Using this observation, we can prove
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Proposition 1. Let pi,...,px be as above. If H = (V,E) is a (p1,...,pr)-bounded
hypergraph then there exist positive integers si,82,83 with s;1 + s3 + s3 = r and
81,82,83 < 1/2 such that H is an (s1, s2, s3)-bounded hypergraph.

It follows immediately from the above proposition that it suffices to prove the
bound for the case k = 3. Moreover, the case when k£ = 3 and one of the s; equals
r/2 may be further reduced, in a similar way, to the case k = 2 which was already
handled above. So it remains to treat the case when k =3 and s; < /2, j =1,2,3.

Suppose H = (V, E) is an (s1, 82, s3)-bounded hypergraph with s; + s2 +s3 =7
and suppose without loss of generality that 0 < s3 < sy < 87 < r/2. Let (V1,V2,V3)
be a partition of the vertex set V such that enV;| < s;, ¢ =1,2,3, for every
ecC E. Let g: V — R™ be an optimal fractional cover of H and f : E — R™ be an
optimal fractional matching in H with value |g| = |f| = 7"(H).

Define now a set B C [0,2/r]®. Fix four points

51—|—32—S3 2)
)

@ (o
(% 32—|—53—51’ 0)’
s (o
o=

51—|—S3—32 2 )
)

0,514—32—53’%)

in [0,2/7]* and denote

= [@:1Q2],
= [@sQ4],
= [@1Qs]
[QZQ‘I])

where [Q;, Q;,] denotes the closed interval between the points Q;, and Q;, (see Fig.
2). Now let

b

B=B'UB*UB*UB*
It is easy to check that the coordinates of the points @)1, Qs, @3, Qs satisfy the

equation s;z; + saxy + sz3xs = 1, and therefore this equation is satisfied by every
point & = (z1,z2,23) € B. Then it follows that the set

TE)={veVi:glv) >z }U{veVa:gw) >z} U{veVs:g(v)>as}

is a cover for every Z = (z1,z2,23) € B.
Define now a probability measure g on B. Let p*, 1 <1 < 4, be the uniform
measures on the intervals B* such that
(s1+ 53 — s2)(s2 + 53 — 1)
2s3(s1 + s2 — s3)

(s2 —s3)(s2 + 83 — 51)
ss(s1 + s2 — s3)
(s1 —s3)(s1 + 83 — 52)
ss(s1 + s2 — s3)

B (B) = (B) =

b

' (B°) =

b

p(B*) =

b
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Fic. 2. The set B and the points z* and y* from the proof of the case
k = 3 of Theorem 1.

and let p = p' + p? + p® + p*. (Note that p® vanishes when s = s3, in this case
1 = 1/r along the interval B3. Also, p* vanishes when s; = sy = s3, in this case
z3 = 1/r along the interval B*.) Since Z;l:l p*(B%) = 1, we have u(B) = 1. Now
we have to check that p indeed has marginal distributions p;, 1 <7 < 3, uniform
on the interval [0,2/r]. For ps this is quite clear from Fig. 2. Since p; is obviously
0’ 51+53—52]’ [51+53—52 51+52—53]’ [51+52—53 2]’

uniform on each of the intervals
81T 817 ? 817 817 )

and since in the first and the last of these three intervals the situation is the same
(recall p!(B') = u?(B?)) we have only to check that

3 3 S1+82—83 _ s1+83—82
('B ) 817 8§17

'uz(Bz) s1+83—82 ’

817

which indeed holds. In a similar way one can check that the marginal distribution
2 is uniform on the interval [0,2/r], too.

At this moment, we have a set B C [0,2/r]® such that T'(Z) is a cover for every
Z € B and a probability measure p, defined on B and having marginal distributions
uniform on the interval [0,2/r]. Hence if Z € B is randomly chosen according to
the measure p then, as shown in Lemma 1,

r(H) < BT(@))) = 3 min (1,9(v)r/2) < r/27"(H)
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Recall that our aim is to prove that 7(H) < r/27*(H). Again, if there exists
a vertex v € V with g(v) > 2/r then E(|T(z)|) < r/27*(H), so suppose that
g(v) < 2/r for every v € V. Also, we may assume that every set 7" which is realized
as T'(z) with positive probability has size |T'| = »/27*(H). If all vertices v € V
with g(v) > 0 belong to V3, then for the set Tp = {'u i g(v) > 0} C V5 we obtain
using the complementary slackness conditions (1)

Tol =D 1= fle)=>_ fle)lenTo| <> fle)ss = s37"(H) ,

v€ETy vETH edv eckE ecE

and thus 7(H) < |To| < s37*(H) < r/27*(H). So suppose that there exists a
vertex vo € V3 UV, with g(v) > 0, say, vo € Vi (the argument is similar in case
vo € Va). It is easily verified that we can always choose one of the intervals B® with
p*(B%) > 0 and a point z* = (z¥,z3,23) € B® in such a way that z} = g(vo) and
one of the variables x5 or z3 varies in the same direction as z; along B? (that is,
if we move along B? in the direction of decreasing 1, then z3 or z3 decreases too)
(see Fig. 2); suppose this variable is z2 (the argument is similar if it is z3). Since
g attains only a finite number of values, there exists a point ¥* = (y7,y3s,v:) € B®
with y; < 2] and y; < z} such that there are no vertices v in V; with weight g(v)
strictly between z} and y}, i = 1,2,3 (see Fig. 2). Therefore the set T'(z) = T
remains unchanged in the open interval between the points £* and y*. Note that
every v € Vi with g(v) > z] and every v € V5 with g(v) > 23 and every v € V;
with g(v) > z3 belongs to T. Since u([Zy]) > 0, we have |T'| = r/27*(H). We
claim that 7' = T'\ {'uo} is also a cover. If it is not, then there exists an edge e € E
such that eNT' =0, and soeNT = {'uo}. Hence g(v) < 2] for every v € en V4,
g(v) < z3 for every v € e N Va, g(v) < z} for every v € e N V3, but then

Zg(v): Z g(v) + Z g(v) + Z g(v) < syzi + sezy + szzy =1

vEe v€EeNVy v€EeNVs v€EeNVs

and we reach a contradiction. So we have 7(H) < |T'| = |T| -1 < r/27*(H).
The tightness of the proven bound follows from Example 2. This example shows
also that the bound remains tight even for the class of r-partite hypergraphs. [

Remark. Using the observation and the proof of the theorem we can prove the
following general proposition, which will be used in the sequel.

Proposition 2. Let pi,...,pr be positive integers with Zle p; = 7 and suppose
pi < r/2 for every 1 < i < k. Then there ezists a k-dimensional random vari-
able ¢ = (&1,...,€k) whose values lie in the set {E = (#1,...,2) € [0,2/r]% :

Zle Py = 1}, such that each &;, 1 = 1,...,k, 1s uniformly distributed on [0,2/7].

Proof. If k = 2 (and then p; = p, = r/2), let € be distributed uniformly on the
interval joining (0,2/r) and (2/r,0). If & > 3 then, according to the observation,
there exists a partition of the set [k] into three non-empty subsets I1, I5, I3 such that
ZieI,- pi=8; <7/2, 7 =1,2,3. Let { = ((1,(2,(3) be a 3-dimensional random
variable whose distribution is given by the measure p defined in the course of the
proof of Theorem 1. Now, define ¢; = (; if + € I;. The resulting k-dimensional

random variable £ = (&1,...,&x) is easily seen to satisfy the requirements. O

Proof of Theorem 2. Theorem 2 is a straightforward consequence of Theorem 1.
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Let H be a (p1,...,pr)-bounded hypergraph with Zle p; = r and suppose
p1 > /2. Denote p}, = p1, ph = p2+2p1 —7, p} = pi, 3 <3 <k, ' = Y1, pl = 2p1.
Then H is obviously a (p!,...,p})-bounded hypergraph with p; < »'/2 for every
1 <1< k. So it follows from Theorem 1 that 7(H) < r'/27*(H) = p17*(H).

The tightness of the bound follows from Example 3. [

3. THE RATIO 7/7* IN k-COLOURABLE HYPERGRAPHS

In this section we prove Theorems 3 and 4. First we show that the bounds given
in these theorems cannot be improved. For Theorem 3, consider the hypergraphs
H™ = H™(r — 1,1) - as constructed in Example 3. Clearly, H" is 2-colourable (V;
and V2 may be taken as the colour classes) and hence k-colourable for every k > 2.
As shown in the analysis of Example 3, when n — oo we have 7(H™)/7*(H™) > r —
1 — € for every fixed € > 0. For Theorem 4, consider the hypergraph H = ([(T_Tl)k]).
A k-colouring of H is obtained by partitioning V(H) into k classes of size r — 1
each. As shown in Example 1,

7(H) (r—l)k—r—l—l_k—l

(H)  (r—Dk/r  k

T

Proof of Theorems 3 and 4. The proofs of the two theorems go along the same
lines, so we present them jointly, indicating the differences where relevant.

Suppose that the theorem fails, and let H = (V, E) be a counterexample with
smallest number of vertices. Then we must have (J,.pe = V(H). Let g : V(H) —
R* be a minimal fractional cover of H and f : E(H) — R™ be a maximal fractional
matching in H with value |g| = |f| = 7*(H). Consider two possible cases.

Case 1: g(v) > 0 for every v € V, and |e| > 2 for every e € E.

Then according to the complementary slackness conditions (1)

Vi=) 1= > fle) =) fle)lel <r) fle)=rr*(H) ,

SO

(2) i) > Y

T

On the other hand, the union of every (k — 1) colour classes of H is obviously a
cover of H, so

k-1

(3) T(H) < T|V|
(2) and (3) yield
7(H) < k—1
~H) Sk

and since kk;lr <r—11if & < r we obtain a contradiction to the choice of H.
Case 2: either there exists a vertex uo with g(uo) = 0, or there exists an edge eg
with |eg| = 1.
We establish first the existence of a vertex vo with g(vo) > 1/(r — 1). If the
first subcase holds, let eg be an arbitrary edge containing uo. Since |eg| < » and
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Y vce, 9(v) > 1, there exists a vertex vy € eo such that g(vo) > 1/(r —1). If the
second subcase holds with ey = {'uo}, then g(vo) =1>1/(r —1).

Let vo satisfy g(vo) > 1/(r —1). If {'uo} is a cover of H then 7(H) =7*(H) =1
and H is not a counterexample. So we may consider the hypergraph H' = H — v
obtained by deleting vy and the edges going through it. Since H' is also k-colourable
and of rank at most r, it follows from the choice of H that the theorem’s bound

holds true for H'. Obviously,
(4) T(H) <7(H') +1

(if T CV(H') is a cover of H', then T'U {'uo} is a cover of H). On the other hand,
the function g’ : V(H') — R™ defined by g¢'(v) := g(v) for every v € V(H') is a
fractional cover of H', so

1
r—1

(5) T (H') < |g'| = Ig] — g(vo) < 77(H) —
In the case k < r we have 7(H') < (r — 1)7*(H'), so it follows from (4) and (5)
that

7(H) < 7(H"+1 < (r—1)7*(H')+1 < (r—1) (T*(H) - i 1)—I—l =(r—1)7"(H),

while in the case k > r we have 7(H') < kk;er*(H') and so

1 , k1 1
* < * _
r7*(H')+1< p 'I"(T(H) r—1)+1

k—1 E—1 r _|_1<k—1
E r—1 - k

(H) < (@) +1< "

r7(H)
in both cases obtaining a contradiction to the choice of H. [

4. THE RATIO T/T* IN STRONGLY k-COLOURABLE HYPERGRAPHS

The hypergraph H = ([]:]) is strongly k-colourable and satisfies, as we have seen,
T(H)/m*(H) = k_kﬁr. In the case k& > (r — 1)r this example is extremal, as
asserted in Theorem 5.

Proof of Theorem 5. Suppose that the theorem is false, and let H = (V, E) be a
counterexample with smallest number of vertices. Then we must have J,.ze = V.
Let g : V — R™ be an optimal fractional cover of H and f : E — R™ be an optimal
fractional matching in H with value |g| = |f| = 7*(H). Consider two possible cases.
Case 1: g(v) > 0 for every v € V, and |e| = r for every e € E.
Then it follows by applying (1) to g and f (see Case 1 in the proof of Theorems
3 and 4) that

(© r () > 1
r
But the union of every (k — r 4+ 1) colour classes is obviously a cover of H, so

(7) r(H) < k—rtl

4
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Comparison of (6) and (7) gives

7(H) < k—r—+1
T(H) — k

T

- a contradiction to our assumption about H.

Case2: either there exists a vertex uo with g(ug) = 0, or there exists an edge eg
with |eg| <r — 1.

The argument in this case follows closely the one of Case 2 in the proof of
Theorems 3 and 4, so we omit the details. To get the argument started, observe
that in either one of the two subcases there is an edge eg such that |eg N {'u evV:
g(v) > 0}| < r—1, and therefore there is a vertex vg € eg with g(vo) > 1/(r—1). O

Proof of Theorem 6. Let H = (V, E) be a strongly k-colourable hypergraph of rank
at most r, with colour classes C1,...,C%. Let g : V — R™ be an optimal fractional
cover with value |g| = 7*(H).

Let o be the cyclic permutation on [k]. We shall refer below to the action of o
on R* which takes the form o(z1,22,...,2x) = (z2,23,..., 2k, 1)

We shall prove the theorem by establishing the conditions required in Lemma 1.
Since the general case involves some messy details, we present first the argument in

the case when u = kz/(k + ) is an integer. Then t = kr/(k + r) is also an integer,
T(H)

since u +t = k. We have to prove, in this case, that = () <t. Let
1 1
Ql = (Oa"'aOaZa"'aZ) )
% times H’_/
t times
1 1
QZ - (_a--'a_) ’
r r
N—_——
k times

and let B® = [Q1Q>], that is, B® is the closed interval in R* joining Q; and Q5.
Fori=1,...,k — 1, define B = 0*(B°), and let

k—1
B = U B .
=0

Clearly B C [0,1/t]*. It can be checked that for every Z = (z1,...,%x) € B the
sum of the largest » components equals 1, and hence the set

k

T(z) = U{v € C;:g(v) >z}

=1

is a cover of H.
Now, let u* be the uniform measure on B* with p*(B*) = 1/k, i =0,1,...,k—1,
and let p = Zfz_ol pt. Then p is a probability measure on B. For a given j, 1 <

j < k, there are u values of ¢ for which the marginal distribution ,u;'- is uniform

on [0, ] and ¢ values of ¢ for which ,u;'- is uniform on [%, }]. It follows that the

marginal distribution y; is uniform on [0, %] for every 1 < 7 < k. All the conditions
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of Lemma 1 are satisfied, and we conclude that TT*((I_II‘I)) < t. We remark that this

inequality can be shown to be strict except if ¥ = (r — 1)r ( by an argument similar
to that given for strict inequality in Theorem 1).

In the case when v = kz/(k +r) and t = kr/(k + r) are not integers, we
establish the upper bound on 7(H)/7*(H) by giving two constructions satisfying
the conditions of Lemma 1, corresponding to two values of §, namely §; and 45,
where:

I kr k—r _kz—(k—r)LuJ
PR TR T Gl 2% ’
I kr r _r[u}
g_k+r+ﬁ(1_{u})_ E

The two constructions represent two different adaptations of the construction for
integral u described above, in which the role of u is played by the lower and upper
integer parts of u respectively.

First construction. The ([t] 4 1)-tuple (po,p1,...,P[s), where po = (r — [t])|u]
and p; = --- = ppy] = [t] satisfies the conditions of Proposition 2. Indeed, let us
denote by s the sum of the p;, i.e.,

Then, in order to check that each p; < s/2, it suffices to check that:

(1) (r—t])w] < [t]*,

(i) [t] > 2.
The first condition is equivalent (using |u| = k — [t]) to [¢t] > kr/(k + r), which
of course holds. If the second condition failed, it would mean that ¢ < 1 (since we
assume that ¢ is not an integer), so kr < k + 7, but this cannot be the case when
2<r<k.

Thus, according to Proposition 2, there exists a ([t| 4+ 1)- dimensional random
variable 7 = (10,71, ...,7¢) Whose values lie in the set

[t]
{7= (0,5, ,yr) € [0,2/s]"*1*: Zpiyi =1},
i—0

such that each n;, 0 < ¢ < [t], is uniformly distributed on [0,2/s]. Now, define a

k-dimensional random variable & = (&1,...,&) by:

;= s|u] or 1 = U
& kz—(k—'l“)LuJT]O fi 1a"'aLJa

s[t] 2|u]
Slutsi = gz = —r[e]™ " & (k—r)[u]

fori=1,...,[t] .

The parameters of this transformation were chosen so as to make &, 1 <1 < |u],
uniformly distributed on [0, %51] and &|,)14, 1 < ¢ < [t], uniformly distributed
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on [%51,51]. The sum of the largest » components of £ can be computed as:

[t]
s[t] ' 2| u] . s|u|
;(kz—(k—r)LuJ"’+kz—(k—r)LuJ)+( ek ™
[t]
) dufft] sl
CE ] 2P T ] R (ko] L

The same holds true for each of the permuted random variables ot (§),i=1,...,k—
1. Hence, denoting by B the range of o*(£), we know that for every 0 <7 <k —1
and for every = (z1,...,2;) € B the set

is a cover of H. Let the measure u* on B® be the distribution of o%(£). Let

B = Ufz_ol B* and let pu = %Zi:ol pt. Then it can be seen that the set B and the
probability measure p on it satisfy all the conditions of Lemma 1, enabling us to

conclude that 7(H)/7*(H) <1/4;.

Second construction. Let

k k
=(0,...,0

Ql ( ’ ‘a "I"[u—l’ "r[u})’

[4] times 4] tiames

1 1
QZZ(_a--'a_)a

T T

————

k times

and let B® = [Q1Q2]. The sum of the largest 7 components is % < f—z =1at @

and equals 1 at @2, and therefore is at most 1 at every point of B®. We may proceed
as in the integral case, taking B° and its cyclic shifts and the uniform measure on

them, verifying that the conditions of Lemma 1 are satisfied, and concluding that

r(H)/m*(H) < 1/6,. O

A few words about the bound in Theorem 6. As one can see, the deviation of

this bound from the conjectured bound *((H}}) < k—l—r is caused only by indivisibility

(of kr and k% by k + 7). As we have already mentioned in the introduction, this
deviation does not exceed the constant 3 — 24/2.
What about examples? Consider the first non-trivial case r = 3,k = 4. The

hypergraph H = ([ ]) has Z({I}}) = . In Example 2 (with » = 3) the ratio TT*((I_II‘I)) —
%. Using a variation of the construction in Example 2, we succeeded to build an

T(H)

example with the ratio () 1.7, which is not so far from the conjectured bound

12/7. But we do not have examples with ((H)) — 2. The best upper bound we

know for this case is 7/4, given by Theorem 6.



18 RON AHARONI, RON HOLZMAN AND MICHAEL KRIVELEVICH

5. THE RATIO 7/7* IN k-PARTITIONABLE HYPERGRAPHS

Recall that a hypergraph H = (V, E) is called k-partitionable if the vertex set
V can be partitioned into k covers T71,...,T%.
In order to see that the bound of Theorem 7 cannot be improved, consider the
hypergraphs
H"=H"(r—k+1,1,...,1)
N——

k—1 times

as constructed in Example 3. Clearly, H™ is k-partitionable and r-uniform. As
shown in the analysis of Example 3, when n — oo we have 7(H™)/7*(H™) >
r —k + 1 — € for every fixed € > 0.

Proof of Theorem 7. Let H = (V,E) be a k-partitionable hypergraph of rank at
most r, and let (T1,...,T%) be a partition of the vertex set V into k covers. Suppose
g:V — R is an optimal fractional cover with value |g| = 7*(H).

Define a set B C [0,1/(r — k + 1)]*. First define (k 4 1) points Q1,...,Q% Q.
in [0,1/(r — k + 1)]* as follows.

Qi =(0,...,0,1/(r —k+1),0,...,0), 1<i<k,
—_———

%

Qs = kE—1 kE—1 kE—1
2T \k(r—k+ 1) k(r—k+1)" k(r—k+1))
Now define k intervals B,..., B* by
B'=[Qi1Q], 1<i<k
and let
B=B'U---UB".

It is easy to check that under the theorem’s conditions (r > (k — 1)k) for every
point & = (z1,...,2%) € B and for every 1 < j < k we have (r—k)mj—l—Zi-czl z; < 1.
Therefore the set

T(@) = J{v € Ti: g(v) > v}

is a cover of H for every Z € B. (Indeed, suppose on the contrary that there exists
a point £ = (z1,...,zx) € B and an edge e € E(H) such that enNT(z) = (. This
means g(v) < z; for every v € eNT;, 1 < i < k. Let z; = max{mi 11 <1 < k}
Then since e NT;| > 1 for every 1 <7 < k and |e| < r, we have

k k
Zg(”) < Z leNTi|z; < (r — k)z; + Zmz <1
=1 i=1

vEe

-a contradiction since g is a fractional cover).
Define now a probability measure g on B. Let p*, 1 <1 < k, be the uniform
measures on the intervals B* such that p*(B*) =1/k, 1 <1 <k, and let

ll/:ll/l—l_"'—l_ll/k
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The marginal distributions of p are uniform on each of the two intervals [0, k%l T_,lc 3
and [k%ﬁ, ﬁ] Note that the first interval is (k — 1) times longer than

the second one. Since every coordinate z; runs through the first interval in every
B7, j +#1, and through the second one in B?, we obtain that all marginal distribu-
tions p;, 1 <14 <k, are uniform on the interval [0,1/(r — k + 1)].

Now, if z € B is randomly chosen from B according to the measure p we have
as in Lemma 1

T(H) < E(|T(2)]) < (r —k+1)7"(H) .
Using ideas similar to those in the proof of Theorem 1, one can show that
T(H) < (r—k+1)7"(H) .
We omit the details. O

Proof of Theorem 8. Let H = (V,e) be a k-partitionable hypergraph of rank at
most 7, and let (T%,...,Tx) be a partition of V into k covers. Let g : V — R™T be
an optimal fractional cover with value |g| = 7*(H).

The proof has a similar structure to that of Theorem 6. We prove the upper
bound on 7(H)/7*(H) by establishing the conditions required in Lemma 1. We
present first the argument in the case when u = k%/(k + r) is an integer. In this
case t = kr/(k + r) is also an integer (v +t = k), and so is w = rz/(k + 7) (note
that w = r — k 4+ u). We have to prove that 7(H)/7*(H) < w. Let

1 1
Ql :(Ea"'agaoa"'ao) )
5’_/ t times
4 times
1 1
QZ :(_a--'a_) )
T T
————
k times

and let B® = [Q1Q>]. For every point Z = (21,...,21) € B’ andforevery 1 < j < k
we have (r — k)z; + Zle z; <1 (the left-hand side is largest when 1 < j < u, and
then it equals 1). As explained in the proof of Theorem 7, this implies that the set

is a cover of H for every # € B°. We may proceed as in the proof of Theorem 6,
taking B C [0,1/w]* to be the union of B® and its cyclic shifts and using uniform
measures, verifying that the marginals are uniform on [0, 1/w], and concluding that
7(H)/m*(H) < w. We remark that this inequality can be shown to be strict except
if k=r=2.

In the case when u,t and w are not integers, we give two constructions satisfying
the conditions of Lemma 1, corresponding to two values of §, namely §; and 45,

where:
1 r2 r—k kr + (r — k)[t]
5 hir o e % )
1 r?

g:k_l_r—l—l—{u}:[uﬂ.

|
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First construction. The ([t] + 1)-tuple (po,p1,...,P[+), where po = |w||u]| and
p1 = -+ = pry] = [t| satisfies the conditions of Proposition 2. Indeed, let us denote
by s the sum of the p;, i.e.,

[t]

s =Y pi= wllu] + [¢]*.

Then in order to check that each p; < s/2, it suffices to check that
() [w]lu] <[t]*,
(i) [ > 2.
The first condition holds because wu = ¢2, and the second one is easy to check, too.

Thus, according to Proposition 2, there exists a ([t| 4+ 1)- dimensional random
variable 7 = (10,71, ...,7¢) Whose values lie in the set

[t]
{7= (0,5, ,yr) € [0,2/s]"*1*: Zpiyi =1},

such that each 7;, 0 < i < [t], is uniformly distributed on [0,2/s]. Now, define a

k-dimensional random variable & = (&1,...,&) by:
s|u| 2[t] .
= fori=1,..., ,
Sl e iy 8 12 K ey s B []

s|t
S+ = oy ('r[j K
The parameters of this transformation were chosen so as to make &, 1 <1 < |u],
uniformly distributed on [%51,51] and &|,)14, 1 <4 < [t], uniformly distributed
on [0, %51]. The maximum (over 1 < j < k) of (r — k)&; + Zle &; is attained
when 1 < j < |u], and then its value can be computed as:

fori=1,...,[t] .

s|u| 20t
(’"_kH“J)(kr+(r—k)m’7°+k - ) Zkr—l—r— W™
i 2[w][{] s+ 2w|[t]
~ kit (r Zp’"’ et (r— R[] krt(r—R)E

This guarantees that for every Z = (z1,...,%x) in B® (the range of £) the set

is a cover of H. The construction is completed in the usual way ( taking cyclic
shifts) to conclude that 7(H)/7*(H) < 1/é;.

Second construction. Let

1 1
Ql :(m,...,m,o,...,()),
—/_’{u} N [t] times
_ [£]
@ = (o g7

k times
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and let B® = [@Q1Q>]. For £ = (z1,...,z¢) € B°, the maximum (over 1 < j < k) of
(r—k)z; —|—2le z; is attained when 1 < j < [u], and then its value is 1 at ()1 and is

]:(L;J} < % = 1 at @5, and hence is at most 1 at every point of B®. The construction

is completed as above, leading to the conclusion that 7(H)/7*(H) < 1/§,. O

The difference between the theorem’s bound and the bound in Conjecture 2
stems from the indivisibility of k2,72 and kr by k + r. This difference is not more
than 1 for all values of k,r.

In the first interesting case, namely, k¥ = 3,r = 4, Example 2 (with » = 4)

provides the ratio T‘,;((I_II‘I)) — 2 and so does Example 3 with parameters (2,1,1). We
managed to build a 3-partitionable, 4-uniform hypergraph H, for which TT*((I_II‘I)) R

2.22. This is still smaller than the conjectured bound 16/7. The best upper bound
we know for this case is 7/3, given by Theorem 8.
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