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Abstra
t. A theorem of Lov�asz asserts that � (H)=�

�

(H) � r=2 for every r-partite

hypergraph H (where � and �

�

denote the 
overing number and fra
tional 
overing

number respe
tively). Here it is shown that the same upper bound is valid for a

more general 
lass of hypergraphs: those whi
h admit a partition (V

1

; : : : ; V

k

) of the

vertex set and a partition p

1

+ � � � + p

k

of r su
h that je \ V

i

j � p

i

� r=2 for every

edge e and every 1 � i � k. Moreover, stri
t inequality holds when r > 2, and in

this form the bound is tight. The investigation of the ratio �=�

�

is extended to some

other 
lasses of hypergraphs, de�ned by 
onditions of similar 
avour. Upper bounds

on this ratio are obtained for k-
olourable, strongly k-
olourable and (what we 
all)

k-partitionable hypergraphs.

1. Introdu
tion

A hypergraph H is an ordered pair H = (V;E), where V = V (H) is a �nite set

(the set of verti
es) and E = E(H) is a non-empty 
olle
tion of non-empty subsets

of V 
alled edges. The set V is 
alled the vertex set of H, the set E is the edge set

of H. The rank of H is r(H) = maxfjej : e 2 E(H)g. If all edges of H are of size

r, then H is r-uniform, or simply an r-graph.

�

V

r

�

denotes the hypergraph with

vertex set V and edge set E, 
onsisting of all subsets of V of size r.

The set f1; : : : ; ng is denoted by [n℄.

A set T � V is 
alled a 
over (or a transversal) of the hypergraph H = (V;E) if

T \ e 6= ; for every e 2 E(H). The minimum 
ardinality of a 
over of H is 
alled

the 
overing number of H and denoted by � (H). E.g., �

�

[n℄

r

�

= n � r + 1 for all

positive integers n � r.

A set M � E is 
alled a mat
hing in the hypergraph H = (V;E) if all edges of

M are pairwise disjoint. The maximum 
ardinality of a mat
hing in H is 
alled the

mat
hing number of H and denoted by �(H).

Many problems of 
ombinatori
s 
an be formulated as the determination of the


overing number of a hypergraph. The exa
t 
al
ulation of the 
overing number

of an arbitrary hypergraph is known to be NP-hard. Hen
e the question of `good'

approximation of the 
overing number is of great importan
e. One of the simplest

ways to estimate the 
overing number is by using the linear programming bound.
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A fra
tional 
over of the hypergraph H = (V;E) is a fun
tion g : V ! R

+

su
h that

P

v2e

g(v) � 1 for every e 2 E(H). The value of the fra
tional 
over

g is jgj =

P

v2V

g(v). The minimum of jgj over all fra
tional 
overs of H is the

fra
tional 
overing number of H, denoted by �

�

(H).

Similarly, a fra
tional mat
hing in H = (V;E) is a fun
tion f : E ! R

+

su
h

that

P

e3v

f(e) � 1 for every v 2 V (H). The value of the fra
tional mat
hing f

is jf j =

P

e2E

f(e). The maximum of jf j over all fra
tional mat
hings of H is the

fra
tional mat
hing number of H, denoted by �

�

(H).

For every hypergraph H one has : � (H) � �

�

(H), �

�

(H) � �(H). It is easy

to see that the above two problems are in fa
t a pair of dual linear programming

problems. The Duality Theorem of Linear Programming asserts that:

(i) for every fra
tional 
over g and every fra
tional mat
hing f one has: jgj �

jf j;

(ii) �

�

= �

�

;

(iii) if g is an optimal fra
tional 
over (i.e., jgj = �

�

) and f is an optimal fra
-

tional mat
hing (i.e., jf j = �

�

), then:

(1)

f(e) > 0 implies

X

v2e

g(v) = 1;

g(v) > 0 implies

X

e3v

f(e) = 1 :

(These are the so 
alled 
omplementary sla
kness 
onditions.)

Example 1. H =

�

[n℄

r

�

.

De�ne a fra
tional 
over g : V ! R

+

by g(v) = 1=r for every v 2 V and a

fra
tional mat
hing f : E ! R

+

by f(e) = 1

.

�

n�1

r�1

�

for every e 2 E. Then

jgj = jf j = n=r, so g and f are an optimal fra
tional 
over and fra
tional mat
hing,

respe
tively, and �

�

= �

�

= n=r.

As mentioned above, the fra
tional 
overing number may be used as an estimate

for the 
overing number. It is natural to ask how good this estimate is, or, in other

words, how large the ratio �=�

�


an be for 
ertain types of hypergraphs. A very

useful upper bound on the ratio �=�

�

was obtained independently by Lov�asz([3℄),

Sapozhenko([6℄) and Stein([7℄); this bound asserts that �=�

�

� 1 + logD, where

D = max

v2V

j

�

e : v 2 e

	

j - the maximum degree in the hypergraph H.

In this paper we fo
us on bounds based on the rank r = r(H). Sin
e the union

of a maximum mat
hing forms a 
over, we have � � r�, so � � r�

�

. Even more is

true([5℄): r�

�

� � + r�1, so �=�

�

< r for every r > 1. The hypergraph H

n

=

�

[n℄

r

�

,

n!1, with � (H

n

) = n� r + 1, �

�

(H

n

) = n=r shows that the bound �=�

�

< r is

tight for general hypergraphs of rank r.

However, for 
ertain types of hypergraphs this trivial bound 
an be improved.

For example, the famous theorem of K�onig asserts that � = �

�

for any bipartite

graph (r = 2) G = (A [ B;E). This result motivates looking at the ratio �=�

�

in

hypergraphs that admit a vertex partition of some kind.

A natural generalization of bipartite graphs is r-partite hypergraphs. An r-graph

H = (V;E); r � 2, is 
alled r-partite if there exists a partition of the vertex set V

into subsets V

1

; : : : ; V

r

su
h that for every edge e 2 E one has: je \ V

i

j = 1; 1 �

i � r. In 1975 Lov�asz proved([4℄):
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Theorem. � (H)=�

�

(H) � r=2 for every r-partite hypergraph H.

This generalizes the K�onig Theorem. Sin
e the proof of the theorem is based on

an idea whi
h turns out to be very fruitful, it is worthwhile to give an outline of

the proof here.

Proof ([4℄, see also [1℄). Let H = (V;E) be an r-partite hypergraph with a vertex

partition (V

1

; : : : ; V

r

). Sin
e �

�

(H) is de�ned to be the value of an optimal solution

of an LP problem with integral 
oeÆ
ients there exists a minimal fra
tional 
over

g : V ! R

+

su
h that g(v) is rational for every v 2 V . Therefore we 
an 
hoose an

integer d (as large as we want) so that g(v)d is integral for every v 2 V . De�ne a

new fun
tion t : V !

�

0; 1; : : : ; d

	

by putting t(v) := g(v)d.

It is easy to see that for all integers r � 2, m � 0 there exists an r � (m + 1)

matrix A = (a

ij

)

i=1;:::;r; j=0;:::;m

with the following properties:

(i) every row of A is a permutation of

�

0; 1; : : : ;m

	

;

(ii) the sum of every 
olumn is at most d

rm

2

e.

Let m = b

2(d�1)

r


. For every 0 � j �m de�ne a set T

j

as follows:

T

j

=

r

[

i=1

�

v 2 V

i

: t(v) > a

ij

	

:

Then every T

j

is a 
over. Indeed, suppose on the 
ontrary that there exists an

edge e =

�

v

1

; : : : ; v

r

	

2 E(H) su
h that e \ T

j

= ;. It means that t(v

i

) � a

ij

for

every 1 � i � r. But then

r

X

i=1

g(v

i

) =

r

X

i=1

t(v

i

)

d

�

P

r

i=1

a

ij

d

�

d

rm

2

e

d

=

l

r

2

b

2(d�1)

r




m

d

�

d� 1

d

< 1

- a 
ontradi
tion, sin
e g is a fra
tional 
over.

Sin
e ea
h row of the matrix A is a permutation, for every v 2 V we have

j

�

0 � j � m : v 2 T

j

	

j � t(v). Then

P

m

j=0

jT

j

j �

P

v2V

t(v) = d�

�

. Sin
e every T

j

is a 
over, we obtain:

� �

P

m

j=0

jT

j

j

m+ 1

�

d�

�

2(d�1)

r

:

If d!1, we obtain:

� �

r

2

�

�

: �

Of 
ourse, for r = 2 the bound of the previous theorem is tight, but for arbitrary

r the tightness question was open. We will answer it in the aÆrmative by building

an appropriate family of examples in Se
tion 2 (see Example 2).

Let us make one step further and generalize the 
on
ept of an r-partite hyper-

graph in the following manner. An r-graphH = (V;E) is 
alled a (p

1

; : : : ; p

k

)-graph

for �xed positive integers p

1

; : : : ; p

k

with

P

k

i=1

p

i

= r if there exists a vertex parti-

tion (V

1

; : : : ; V

k

) su
h that for every e 2 E one has je\V

i

j = p

i

; 1 � i � k. If every

p

i

= 1 we are ba
k to the de�nition of an r-partite hypergraph. We will use an even

more general 
on
ept: a hypergraph H = (V;E) is (p

1

; : : : ; p

k

)-bounded for �xed

positive integers p

1

; : : : ; p

k

if there exists a vertex partition (V

1

; : : : ; V

k

) su
h that

for every e 2 E one has je\ V

i

j � p

i

, 1 � i � k. The question is again what 
an be

said about the upper bound on the ratio �=�

�

for these types of hypergraphs. We

managed to obtain a 
omplete answer whi
h is 
ontained in the following theorems.
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Theorem 1. Let p

1

; : : : ; p

k

be positive integers with

P

k

i=1

p

i

= r > 2 and suppose

that p

i

� r=2 for every 1 � i � k. If H is (p

1

; : : : ; p

k

)-bounded then:

� (H)

�

�

(H)

<

r

2

:

This bound is tight (even for (p

1

; : : : ; p

k

)-graphs).

Theorem 2. Let p

1

; : : : ; p

k

be positive integers with

P

k

i=1

p

i

= r > 2 and suppose

that p

i

0

� r=2 for some 1 � i

0

� k. If H is (p

1

; : : : ; p

k

)-bounded then:

� (H)

�

�

(H)

< p

i

0

:

This bound is tight (even for (p

1

; : : : ; p

k

)-graphs).

The above 
ited theorem of Lov�asz is a spe
ial 
ase of our Theorem 1 (all p

i

= 1).

Moreover, Theorem 1 shows that the weak inequality sign in Lov�asz' theorem 
an

be repla
ed by strong inequality. We prove these theorems in Se
tion 2.

Let us turn now to hypergraphs that admit a vertex partition indu
ed by hyper-

graph 
olouring.

A k-
olouring of the hypergraph H = (V;E) is a partition (C

1

; : : : ; C

k

) of the

set of verti
es V into k 
lasses (
olours) su
h that every edge (of size at least two)

meets at least two 
lasses of the partition. H is 
alled k-
olourable if it admits a

k-
olouring.

Clearly, a k-
olourable hypergraph of rank at most r is (p

1

; : : : ; p

k

)-bounded,

with p

1

= � � � = p

k

= r� 1. Thus, Theorem 1 provides an upper bound on �=�

�

for

su
h hypergraphs. But here the rank r is mu
h smaller than

P

k

i=1

p

i

, so we 
an do

mu
h better. The upper bound on the ratio �=�

�

for k-
olourable hypergraphs of

rank at most r is given by the following two theorems.

Theorem 3. Let 2 � k < r be integers. If H is a k-
olourable hypergraph of rank

at most r, then:

� (H)

�

�

(H)

< r � 1 :

This bound is tight.

Theorem 4. Let 2 � r � k be integers. If H is a k-
olourable hypergraph of rank

at most r, then:

� (H)

�

�

(H)

�

k � 1

k

r :

This bound is tight.

These results are des
ribed in Se
tion 3. In a subsequent paper [2℄ the above two

theorems are applied to the design of approximation algorithms for the set 
overing

problem.

A strong k-
olouring of the hypergraphH = (V;E) is a partition (C

1

; : : : ; C

k

) of

the set of verti
es V into k 
lasses (
olours) su
h that no 
olour appears more than

on
e in the same edge. H is strongly k-
olourable if it admits a strong k-
olouring.

Note that if k = r then the de�nition of a strongly k-
olourable r-graph 
oin
ides

with that of an r-partite hypergraph.



COVERS IN r-PARTITE HYPERGRAPHS 5

A strongly k-
olourable hypergraph is (1; : : : ; 1)-bounded (with k 1's). Hen
e,

by Theorem 1, the ratio �=�

�


annot ex
eed k=2 in su
h a hypergraph. Thus, for

the ratio �=�

�

in a strongly k-
olourable hypergraph of rank at most r we have two

upper bounds: k=2 and r. (We may improve on the latter by observing that strong

k-
olourability implies k-
olourability and invoking Theorem 4.) But we 
an do

better than the minimum of the above two bounds.

For the 
ase k � (r � 1)r we su

eeded to �nd the exa
t upper bound for the

ratio �=�

�

:

Theorem 5. Let k; r � 2 be integers and suppose k � (r � 1)r. If H is a strongly

k-
olourable hypergraph of rank at most r, then:

� (H)

�

�

(H)

�

k � r + 1

k

r :

This bound is tight.

In the 
ase r < k < (r � 1)r the situation is not so 
lear. The best result we

su

eeded to obtain is formulated in the following theorem.

Theorem 6. Let k; r � 2 be integers and suppose r � k � (r � 1)r. If H is a

strongly k-
olourable hypergraph of rank at most r, then:

� (H)

�

�

(H)

�

kr

k + r

+min

�

k � r

2k

fug;

r

k

(1� fug)

�

;

where u = k

2

=(k + r) and fug = u� bu
.

This result motivates

Conje
ture 1. Let k; r � 3 be integers and suppose r � k < (r � 1)r. If H is a

strongly k-
olourable hypergraph of rank at most r, then :

� (H)

�

�

(H)

<

kr

k + r

:

We also 
onje
ture that this bound is tight.

The bound of the above 
onje
ture 
oin
ides with the bound of Lov�asz' theorem

for k = r and with the bound of Theorem 5 for k = (r�1)r. It should be mentioned

that the di�eren
e between the bounds of Theorem 6 and Conje
ture 1 does not

ex
eed 3� 2

p

2. We 
onsider this problem in Se
tion 4.

We introdu
e now another generalization of r-partite hypergraphs. A hypergraph

H = (V;E) is 
alled k-partitionable if there exists a vertex partition (T

1

; : : : ; T

k

)

of the vertex set V into k 
overs T

i

; 1 � i � k. Again, in the 
ase k = r an

r-partitionable r-graph is just an r-partite hypergraph.

The situation here is similar to that of the previous problem. For the 
ase

r � (k � 1)k we know a 
omplete answer:

Theorem 7. Let k � 2; r � 3 be integers and suppose r � (k � 1)k. If H is a

k-partitionable hypergraph of rank at most r, then:

� (H)

�

�

(H)

< r � k + 1 :

This bound is tight.

For the 
ase k � r � (k � 1)k our result is:
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Theorem 8. Let k; r � 2 be integers and suppose k � r � (k � 1)k. If H is a

k-partitionable hypergraph of rank at most r, then:

� (H)

�

�

(H)

�

r

2

k + r

+min

�

r � k

2k

fug; 1� fug

�

(with fug de�ned as in Theorem 6).

But we believe that the following is true:

Conje
ture 2. Let k; r � 3 be integers and suppose k � r � (k � 1)k. If H is a

k-partitionable hypergraph of rank at most r, then:

� (H)

�

�

(H)

<

r

2

k + r

:

We also 
onje
ture that this bound is tight.

Again, at the endpoints of the interval k � r � (k�1)k this 
onje
ture 
oin
ides

with the previously 
ited results: the 
ase k = r is again Lov�asz' theorem while in

the 
ase r = (k�1)k we obtain the bound from Theorem 7. The di�eren
e between

the bounds of Theorem 8 and Conje
ture 2 is not more than 1. We dis
uss this

problem in Se
tion 5.

Before starting our proofs let us write a few words about the ideas we are going

to use. Our main instrument is in a sense a generalization of the 
ore idea of Lov�asz'

proof. It is des
ribed in the following lemma.

Lemma 1. Let H = (V;E) be a hypergraph with a vertex partition (V

1

; : : : ; V

k

).

Let g : V ! R

+

be an optimal fra
tional 
over of H with value jgj = �

�

(H).

Suppose Æ > 0, and the set B � [0; Æ℄

k

is su
h that for every �x = (x

1

; : : : ; x

k

) 2 B

the set

T (�x) =

k

[

i=1

�

v 2 V

i

: g(v) � x

i

	

is a 
over of H. If there exists a probability measure � de�ned on B (�(B) = 1)

su
h that all marginal distributions �

i

; 1 � i � k, are uniform on the interval [0; Æ℄

(that is, if �x 2 B is randomly 
hosen a

ording to the measure �, then Pr(a � x

i

�

b) = (b � a)=Æ for every 0 � a � b � Æ ), then:

� (H)

�

�

(H)

�

1

Æ

:

Proof. Let �x 2 B be randomly 
hosen from B a

ording to the measure �. De�ne

a random variable Y = jT (�x)j where T (�x) is as de�ned above. Let us estimate the

expe
tation of Y . Due to linearity of expe
tation E(Y ) =

P

v2V

E(Y

v

), where Y

v

is the indi
ator random variable for v 2 V being sele
ted to T . Sin
e � has uniform

marginal distributions on the interval [0; Æ℄, for every 1 � i � k and for every v 2 V

i

we have:

E(Y

v

) = Pr(v 2 T ) = Pr(g(v) � x

i

) = min

�

1; g(v)=Æ

�

� g(v)=Æ :

Then

E(Y ) =

X

v2V

E(Y

v

) �

X

v2V

g(v)=Æ = �

�

=Æ :
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Therefore there exists �x 2 B su
h that jT (�x)j � �

�

=Æ, and sin
e T (�x) is a 
over for

every �x 2 B it follows that � � �

�

=Æ. �

Of 
ourse, a probability measure � having uniform marginal distributions �

i

is a


ontinuous analog of the matrix A from Lov�asz' proof. For ea
h parti
ular problem


onsidered in this paper, our strategy is to �nd an appropriate set B and a measure

� and to use Lemma 1. In some 
ases, when we will prove a stri
t inequality for

the ratio �=�

�

, we will use not only the existen
e of su
h a measure, but also its

stru
ture.

Although the above probabilisti
 method 
ould be used to prove all our results,

in some 
ases we 
hose to present a proof by a more 
onstru
tive method. That

other method pro
eeds by indu
tion on the number of verti
es and uses the above

mentioned 
omplementary sla
kness 
onditions (1).

2. The ratio �=�

�

in (p

1

; : : : ; p

k

)-bounded hypergraphs

Re
all �rst that a hypergraph H = (V;E) is (p

1

; : : : ; p

k

)-bounded, for a �xed k-

tuple of positive integers (p

1

; : : : ; p

k

), if there exists a vertex partition (V

1

; : : : ; V

k

)

su
h that for every edge e 2 E one has je \ V

i

j � p

i

, 1 � i � k. It is a (p

1

; : : : ; p

k

)-

graph if all these weak inequalities hold as equalities.

We begin this se
tion with two families of examples of (p

1

; : : : ; p

k

)-graphs whi
h

will be used later on to show that the bounds of Theorems 1 and 2 are tight.

Example 2. Let r � 2 be �xed. For every positive integer n de�ne an r-partite

hypergraph H

n

= (V;E) as follows. For every 1 � i � r let V

i

= fx

ij

: 1 �

j � ng [ fy

ij

: 1 � j � nrg; let V =

S

r

i=1

V

i

. De�ne a weight fun
tion

h : V ! f0; : : : ; ng by

h(x

ij

) = j; 1 � i � r; 1 � j � n;

h(y

ij

) = 0; 1 � i � r; 1 � j � nr:

Now a set e � V is an edge of H

n

if and only if the following holds:

(i) je \ V

i

j = 1 for every 1 � i � r;

(ii)

P

v2e

h(v) �

nr

2

.

Obviously, H

n

is an r-partite hypergraph. To estimate from above its fra
tional


overing number, de�ne a fra
tional 
over g : V ! R

+

by putting g(v) = h(v)

Æ

nr

2

for every v 2 V . Then

�

�

(H

n

) � jgj =

P

v2V

h(v)

nr

2

= n+ 1 :

Now we have to evaluate the 
overing number of H

n

. Sin
e the set T

0

=

�

v 2 V :

h(v) � dn=2e

	

is obviously a 
over we obtain that � (H

n

) � jT

0

j = r

�

bn=2
+ 1

�

�

nr. Let us prove that � (H

n

) >

nr

2

. Let T � V be an optimal 
over of H

n

,

jT j = � (H

n

) � nr. Then V

i

n T 6= ; for every 1 � i � r. De�ne

l

i

= max

�

h(v) : v 2 V

i

n T

	

; 1 � i � r :

Then jT \ V

i

j � n� l

i

. From the de�nition of H

n

and the fa
t that T is a 
over it

follows that

P

r

i=1

l

i

<

nr

2

. Therefore

jT j =

r

X

i=1

jT \ V

i

j �

r

X

i=1

(n � l

i

) = nr �

r

X

i=1

l

i

> nr �

nr

2

=

nr

2

:
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Now, when n!1 the ratio

�(H

n

)

�

�

(H

n

)

>

nr=2

n+1

be
omes larger than (r=2� �) for every

�xed � > 0.

Example 3. For every k-tuple of positive integers (p

1

; : : : ; p

k

) (k � 2) and every in-

teger n � p

1

we de�ne a hypergraphH

n

= H

n

(p

1

; : : : ; p

k

) = (V;E) in the following

way. Let V be the union of the pairwise disjoint sets V

i

, 1 � i � k, of sizes jV

1

j = n,

jV

i

j =

�

n

p

1

�

p

i

;

2 � i � k. For every 2 � i � k partition the set V

i

into

�

n

p

1

�


lasses U

1

i

; : : : ; U

(

n

p

1

)

i

,

ea
h of size p

i

. Let A

1

; : : : ; A

(

n

p

1

)

be the edges of the hypergraph

�

V

1

p

1

�

. De�ne now

for every 1 � j �

�

n

p

1

�

an edge e

j

2 E(H

n

) as

e

j

= A

j

[

k

[

i=2

U

j

i

:

Then for every e; e

0

2 E(H

n

) one has e\e

0

� V

1

, so every subset of V

1

of size p

1

has

its own 
ontinuation in the sets V

2

; : : : ; V

k

. The fun
tion g : V ! R

+

, g(v) := 1=p

1

for every v 2 V

1

, g(v) := 0 for every v =2 V

1

is obviously a fra
tional 
over of H

n

,

so �

�

(H

n

) � jgj = n=p

1

. It is easy to see that there exists an optimal 
over T of

size jT j = � (H

n

) su
h that T � V

1

(if v 2 T n V

1

, then there exists a unique edge

e 2 E(H

n

) su
h that v 2 e, but then the set T

0

=

�

T n

�

v

	�

[

�

u

	

is an optimal


over too, where u is any vertex from e \ V

1

), so � (H

n

) = � (

�

V

1

p

1

�

) = n � p

1

+ 1.

When n ! 1, the ratio

�(H

n

)

�

�

(H

n

)

�

n�p

1

+1

n=p

1

be
omes larger than (p

1

� �) for every

�xed � > 0.

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1. Let us �rst prove the 
ase k = 2. In this 
ase a

ording to

the theorem's 
onditions p

1

= p

2

= r=2 > 1. Let H = (V;E) be a hypergraph

with a vertex partition (V

1

; V

2

) su
h that je \ V

i

j � r=2 for every e 2 E; i = 1; 2.

Suppose g : V ! R

+

is an optimal fra
tional 
over of H with value jgj = �

�

(H).

De�ne a set B and a measure � as required in Lemma 1 in the following way:

B =

�

(x

1

; x

2

) 2 [0; 2=r℄

2

: x

1

+ x

2

= 2=r

	

(see Fig.1), � is the uniform probability

measure on B (�(B) = 1). It is easy to see that for every �x = (x

1

; x

2

) 2 B the set

T (�x) =

�

v 2 V

1

: g(v) � x

1

	

[

�

v 2 V

2

: g(v) � x

2

	

is a 
over of H (if there were an edge e 2 E(H) su
h that e \ T (�x) = ; then we

would have g(v) < x

1

for every v 2 e \ V

1

and g(v) < x

2

for every v 2 e \ V

2

,

so

P

v2e

g(v) < x

1

je \ V

1

j + x

2

je \ V

2

j � x

1

r=2 + x

2

r=2 = 1 - a 
ontradi
tion

sin
e g is a fra
tional 
over). Also, it is 
lear that � has marginal distributions

�

i

; i = 1; 2, uniform on the interval [0; 2=r℄. Hen
e as in Lemma 1 we obtain that

if �x is randomly 
hosen from B a

ording to the measure � then

� (H) � E(jT (�x)j) =

X

v2V

min

�

1; g(v)r=2

�

� r=2jgj = r=2 �

�

(H) :

We want to show more: � (H) < r=2 �

�

(H). Note that if there exists a vertex

v 2 V with g(v) > 2=r, then E(jT (�x)j) < r=2 �

�

(H), so suppose in the sequel
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Fig. 1. The set B and the points �x

�

and �y

�

from the proof of the 
ase

k = 2 of Theorem 1.

that g(v) � 2=r for every v 2 V . Also, we may assume that every set T whi
h is

realized as T (�x) with positive probability has size jT j = r=2 �

�

(H), sin
e otherwise

� (H) � minfjT (�x)j : �x 2 Bg < E(jT (�x)j) = r=2 �

�

(H).

Let v

0

2 V be a vertex with positive weight g(v

0

) > 0. Suppose without loss of

generality that v

0

2 V

1

. Let �x

�

= (x

�

1

; x

�

2

) 2 B be su
h that x

�

1

= g(v

0

). Sin
e g

attains only a �nite number of values, there exists a point �y

�

= (y

�

1

; y

�

2

) 2 B su
h

that y

�

1

< x

�

1

and there are no verti
es in V

i

with weight g(v) stri
tly between x

�

i

and y

�

i

; i = 1; 2 (see Fig. 1). Therefore the set T (�x) = T remains un
hanged in the

open interval between the points �x

�

and �y

�

. Note that every v 2 V

1

with g(v) � x

�

1

and every v 2 V

2

with g(v) > x

�

2

belongs to T . In parti
ular, v

0

2 T . Sin
e the

open interval between �x

�

and �y

�

has positive measure we have jT j = r=2 �

�

(H).

We 
laim that T

0

= T n fv

0

g is also a 
over of H. Indeed, suppose on the 
ontrary

that there exists an edge e 2 E su
h that e \ T

0

= ;. Sin
e T is a 
over we have

e \ T =

�

v

0

	

. But then g(v) < x

�

1

for every v 2 e \ V

1

n

�

v

0

	

and g(v) � x

�

2

for

every v 2 e \ V

2

, so

X

v2e

g(v) = g(v

0

) +

X

v2e\V

1

nfv

0

g

g(v) +

X

v2e\V

2

g(v) < x

�

1

+ (r=2 � 1)x

�

1

+ r=2x

�

2

= 1

- a 
ontradi
tion. Hen
e we have � (H) � jT

0

j = jT j � 1 < r=2 �

�

(H) and the 
ase

k = 2 of the inequality has been established.

Now we are about to prove our theorem for the 
ase k � 3. First, we redu
e this

general 
ase to the 
ase k = 3. The redu
tion is based on the following simple

Observation. Let p

1

; : : : ; p

k

; k � 3; be positive integers with

P

k

i=1

p

i

= r and

suppose p

i

� r=2 for every 1 � i � k. Then there exists a partition of the set [k℄

into three non-empty subsets I

1

; I

2

; I

3

su
h that

P

i2I

j

p

i

� r=2 for j = 1; 2; 3.

Using this observation, we 
an prove



10 RON AHARONI, RON HOLZMAN AND MICHAEL KRIVELEVICH

Proposition 1. Let p

1

; : : : ; p

k

be as above. If H = (V;E) is a (p

1

; : : : ; p

k

)-bounded

hypergraph then there exist positive integers s

1

; s

2

; s

3

with s

1

+ s

2

+ s

3

= r and

s

1

; s

2

; s

3

� r=2 su
h that H is an (s

1

; s

2

; s

3

)-bounded hypergraph.

It follows immediately from the above proposition that it suÆ
es to prove the

bound for the 
ase k = 3. Moreover, the 
ase when k = 3 and one of the s

j

equals

r=2 may be further redu
ed, in a similar way, to the 
ase k = 2 whi
h was already

handled above. So it remains to treat the 
ase when k = 3 and s

j

< r=2; j = 1; 2; 3:

Suppose H = (V;E) is an (s

1

; s

2

; s

3

)-bounded hypergraph with s

1

+ s

2

+ s

3

= r

and suppose without loss of generality that 0 < s

3

� s

2

� s

1

< r=2. Let (V

1

; V

2

; V

3

)

be a partition of the vertex set V su
h that je \ V

i

j � s

i

; i = 1; 2; 3, for every

e 2 E. Let g : V ! R

+

be an optimal fra
tional 
over of H and f : E ! R

+

be an

optimal fra
tional mat
hing in H with value jgj = jf j = �

�

(H).

De�ne now a set B � [0; 2=r℄

3

. Fix four points

Q

1

=

�

s

1

+ s

2

� s

3

s

1

r

; 0;

2

r

�

;

Q

2

=

�

2

r

;

s

2

+ s

3

� s

1

s

2

r

; 0

�

;

Q

3

=

�

s

1

+ s

3

� s

2

s

1

r

;

2

r

; 0

�

;

Q

4

=

�

0;

s

1

+ s

2

� s

3

s

2

r

;

2

r

�

in [0; 2=r℄

3

and denote

B

1

= [Q

1

Q

2

℄;

B

2

= [Q

3

Q

4

℄;

B

3

= [Q

1

Q

3

℄;

B

4

= [Q

2

Q

4

℄;

where [Q

i

1

Q

i

2

℄ denotes the 
losed interval between the points Q

i

1

and Q

i

2

(see Fig.

2). Now let

B = B

1

[B

2

[B

3

[B

4

:

It is easy to 
he
k that the 
oordinates of the points Q

1

; Q

2

; Q

3

; Q

4

satisfy the

equation s

1

x

1

+ s

2

x

2

+ s

3

x

3

= 1, and therefore this equation is satis�ed by every

point �x = (x

1

; x

2

; x

3

) 2 B. Then it follows that the set

T (�x) =

�

v 2 V

1

: g(v) � x

1

	

[

�

v 2 V

2

: g(v) � x

2

	

[

�

v 2 V

3

: g(v) � x

3

	

is a 
over for every �x = (x

1

; x

2

; x

3

) 2 B.

De�ne now a probability measure � on B. Let �

i

; 1 � i � 4, be the uniform

measures on the intervals B

i

su
h that

�

1

(B

1

) = �

2

(B

2

) =

(s

1

+ s

3

� s

2

)(s

2

+ s

3

� s

1

)

2s

3

(s

1

+ s

2

� s

3

)

;

�

3

(B

3

) =

(s

2

� s

3

)(s

2

+ s

3

� s

1

)

s

3

(s

1

+ s

2

� s

3

)

;

�

4

(B

4

) =

(s

1

� s

3

)(s

1

+ s

3

� s

2

)

s

3

(s

1

+ s

2

� s

3

)

;
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Fig. 2. The set B and the points �x

�

and �y

�

from the proof of the 
ase

k = 3 of Theorem 1.

and let � = �

1

+ �

2

+ �

3

+ �

4

. (Note that �

3

vanishes when s

2

= s

3

, in this 
ase

x

1

= 1=r along the interval B

3

. Also, �

4

vanishes when s

1

= s

2

= s

3

, in this 
ase

x

2

= 1=r along the interval B

4

.) Sin
e

P

4

i=1

�

i

(B

i

) = 1, we have �(B) = 1. Now

we have to 
he
k that � indeed has marginal distributions �

i

; 1 � i � 3; uniform

on the interval [0; 2=r℄. For �

3

this is quite 
lear from Fig. 2. Sin
e �

1

is obviously

uniform on ea
h of the intervals

h

0;

s

1

+s

3

�s

2

s

1

r

i

,

h

s

1

+s

3

�s

2

s

1

r

;

s

1

+s

2

�s

3

s

1

r

i

,

h

s

1

+s

2

�s

3

s

1

r

;

2

r

i

,

and sin
e in the �rst and the last of these three intervals the situation is the same

(re
all �

1

(B

1

) = �

2

(B

2

)) we have only to 
he
k that

�

3

(B

3

)

�

2

(B

2

)

=

s

1

+s

2

�s

3

s

1

r

�

s

1

+s

3

�s

2

s

1

r

s

1

+s

3

�s

2

s

1

r

;

whi
h indeed holds. In a similar way one 
an 
he
k that the marginal distribution

�

2

is uniform on the interval [0; 2=r℄, too.

At this moment, we have a set B � [0; 2=r℄

3

su
h that T (�x) is a 
over for every

�x 2 B and a probability measure �, de�ned on B and having marginal distributions

uniform on the interval [0; 2=r℄. Hen
e if �x 2 B is randomly 
hosen a

ording to

the measure � then, as shown in Lemma 1,

� (H) � E(jT (�x)j) =

X

v2V

min

�

1; g(v)r=2

�

� r=2 �

�

(H) :
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Re
all that our aim is to prove that � (H) < r=2 �

�

(H). Again, if there exists

a vertex v 2 V with g(v) > 2=r then E(jT (�x)j) < r=2 �

�

(H), so suppose that

g(v) � 2=r for every v 2 V . Also, we may assume that every set T whi
h is realized

as T (�x) with positive probability has size jT j = r=2 �

�

(H). If all verti
es v 2 V

with g(v) > 0 belong to V

3

, then for the set T

0

=

�

v : g(v) > 0

	

� V

3

we obtain

using the 
omplementary sla
kness 
onditions (1)

jT

0

j =

X

v2T

0

1 =

X

v2T

0

X

e3v

f(e) =

X

e2E

f(e)je \ T

0

j �

X

e2E

f(e)s

3

= s

3

�

�

(H) ;

and thus � (H) � jT

0

j � s

3

�

�

(H) < r=2 �

�

(H). So suppose that there exists a

vertex v

0

2 V

1

[ V

2

with g(v) > 0, say, v

0

2 V

1

(the argument is similar in 
ase

v

0

2 V

2

). It is easily veri�ed that we 
an always 
hoose one of the intervals B

i

with

�

i

(B

i

) > 0 and a point �x

�

= (x

�

1

; x

�

2

; x

�

3

) 2 B

i

in su
h a way that x

�

1

= g(v

0

) and

one of the variables x

2

or x

3

varies in the same dire
tion as x

1

along B

i

(that is,

if we move along B

i

in the dire
tion of de
reasing x

1

, then x

2

or x

3

de
reases too)

(see Fig. 2); suppose this variable is x

2

(the argument is similar if it is x

3

). Sin
e

g attains only a �nite number of values, there exists a point �y

�

= (y

�

1

; y

�

2

; y

�

3

) 2 B

i

with y

�

1

< x

�

1

and y

�

2

< x

�

2

su
h that there are no verti
es v in V

i

with weight g(v)

stri
tly between x

�

i

and y

�

i

; i = 1; 2; 3 (see Fig. 2). Therefore the set T (�x) = T

remains un
hanged in the open interval between the points �x

�

and �y

�

. Note that

every v 2 V

1

with g(v) � x

�

1

and every v 2 V

2

with g(v) � x

�

2

and every v 2 V

3

with g(v) > x

�

3

belongs to T . Sin
e �([�x�y℄) > 0, we have jT j = r=2 �

�

(H). We


laim that T

0

= T n

�

v

0

	

is also a 
over. If it is not, then there exists an edge e 2 E

su
h that e \ T

0

= ;, and so e \ T =

�

v

0

	

. Hen
e g(v) � x

�

1

for every v 2 e \ V

1

,

g(v) < x

�

2

for every v 2 e \ V

2

, g(v) � x

�

3

for every v 2 e \ V

3

, but then

X

v2e

g(v) =

X

v2e\V

1

g(v) +

X

v2e\V

2

g(v) +

X

v2e\V

3

g(v) < s

1

x

�

1

+ s

2

x

�

2

+ s

3

x

�

3

= 1 ;

and we rea
h a 
ontradi
tion. So we have � (H) � jT

0

j = jT j � 1 < r=2 �

�

(H).

The tightness of the proven bound follows from Example 2. This example shows

also that the bound remains tight even for the 
lass of r-partite hypergraphs. �

Remark. Using the observation and the proof of the theorem we 
an prove the

following general proposition, whi
h will be used in the sequel.

Proposition 2. Let p

1

; : : : ; p

k

be positive integers with

P

k

i=1

p

i

= r and suppose

p

i

� r=2 for every 1 � i � k. Then there exists a k-dimensional random vari-

able

�

� = (�

1

; : : : ; �

k

) whose values lie in the set

�

�x = (x

1

; : : : ; x

k

) 2 [0; 2=r℄

k

:

P

k

i=1

p

i

x

i

= 1

	

, su
h that ea
h �

i

; i = 1; : : : ; k, is uniformly distributed on [0; 2=r℄.

Proof. If k = 2 (and then p

1

= p

2

= r=2), let

�

� be distributed uniformly on the

interval joining (0; 2=r) and (2=r; 0). If k � 3 then, a

ording to the observation,

there exists a partition of the set [k℄ into three non-empty subsets I

1

; I

2

; I

3

su
h that

P

i2I

j

p

i

= s

j

� r=2; j = 1; 2; 3. Let

�

� = (�

1

; �

2

; �

3

) be a 3-dimensional random

variable whose distribution is given by the measure � de�ned in the 
ourse of the

proof of Theorem 1. Now, de�ne �

i

= �

j

if i 2 I

j

. The resulting k-dimensional

random variable

�

� = (�

1

; : : : ; �

k

) is easily seen to satisfy the requirements. �

Proof of Theorem 2. Theorem 2 is a straightforward 
onsequen
e of Theorem 1.
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Let H be a (p

1

; : : : ; p

k

)-bounded hypergraph with

P

k

i=1

p

i

= r and suppose

p

1

� r=2. Denote p

0

1

= p

1

, p

0

2

= p

2

+2p

1

�r, p

0

i

= p

i

; 3 � i � k, r

0

=

P

k

i=1

p

0

i

= 2p

1

.

Then H is obviously a (p

0

1

; : : : ; p

0

k

)-bounded hypergraph with p

0

i

� r

0

=2 for every

1 � i � k. So it follows from Theorem 1 that � (H) < r

0

=2 �

�

(H) = p

1

�

�

(H).

The tightness of the bound follows from Example 3. �

3. The ratio �=�

�

in k-
olourable hypergraphs

In this se
tion we prove Theorems 3 and 4. First we show that the bounds given

in these theorems 
annot be improved. For Theorem 3, 
onsider the hypergraphs

H

n

= H

n

(r � 1; 1) - as 
onstru
ted in Example 3. Clearly, H

n

is 2-
olourable (V

1

and V

2

may be taken as the 
olour 
lasses) and hen
e k-
olourable for every k � 2.

As shown in the analysis of Example 3, when n!1 we have � (H

n

)=�

�

(H

n

) > r�

1� � for every �xed � > 0. For Theorem 4, 
onsider the hypergraph H =

�

[(r�1)k℄

r

�

.

A k-
olouring of H is obtained by partitioning V (H) into k 
lasses of size r � 1

ea
h. As shown in Example 1,

� (H)

�

�

(H)

=

(r � 1)k � r + 1

(r � 1)k=r

=

k � 1

k

r :

Proof of Theorems 3 and 4. The proofs of the two theorems go along the same

lines, so we present them jointly, indi
ating the di�eren
es where relevant.

Suppose that the theorem fails, and let H = (V;E) be a 
ounterexample with

smallest number of verti
es. Then we must have

S

e2E

e = V (H). Let g : V (H) !

R

+

be a minimal fra
tional 
over of H and f : E(H)! R

+

be a maximal fra
tional

mat
hing in H with value jgj = jf j = �

�

(H). Consider two possible 
ases.

Case 1: g(v) > 0 for every v 2 V , and jej � 2 for every e 2 E.

Then a

ording to the 
omplementary sla
kness 
onditions (1)

jV j =

X

v2V

1 =

X

v2V

X

e3v

f(e) =

X

e2E

f(e)jej � r

X

e2E

f(e) = r�

�

(H) ;

so

(2) �

�

(H) �

jV j

r

:

On the other hand, the union of every (k � 1) 
olour 
lasses of H is obviously a


over of H, so

(3) � (H) �

k � 1

k

jV j :

(2) and (3) yield

� (H)

�

�

(H)

�

k � 1

k

r ;

and sin
e

k�1

k

r < r � 1 if k < r we obtain a 
ontradi
tion to the 
hoi
e of H.

Case 2: either there exists a vertex u

0

with g(u

0

) = 0, or there exists an edge e

0

with je

0

j = 1.

We establish �rst the existen
e of a vertex v

0

with g(v

0

) � 1=(r � 1). If the

�rst sub
ase holds, let e

0

be an arbitrary edge 
ontaining u

0

. Sin
e je

0

j � r and
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P

v2e

0

g(v) � 1, there exists a vertex v

0

2 e

0

su
h that g(v

0

) � 1=(r � 1). If the

se
ond sub
ase holds with e

0

=

�

v

0

	

, then g(v

0

) = 1 � 1=(r � 1).

Let v

0

satisfy g(v

0

) � 1=(r � 1). If

�

v

0

	

is a 
over of H then � (H) = �

�

(H) = 1

and H is not a 
ounterexample. So we may 
onsider the hypergraph H

0

= H � v

0

obtained by deleting v

0

and the edges going through it. Sin
e H

0

is also k-
olourable

and of rank at most r, it follows from the 
hoi
e of H that the theorem's bound

holds true for H

0

. Obviously,

(4) � (H) � � (H

0

) + 1

(if T � V (H

0

) is a 
over of H

0

, then T [

�

v

0

	

is a 
over of H). On the other hand,

the fun
tion g

0

: V (H

0

) ! R

+

de�ned by g

0

(v) := g(v) for every v 2 V (H

0

) is a

fra
tional 
over of H

0

, so

(5) �

�

(H

0

) � jg

0

j = jgj � g(v

0

) � �

�

(H) �

1

r � 1

:

In the 
ase k < r we have � (H

0

) < (r � 1)�

�

(H

0

), so it follows from (4) and (5)

that

� (H) � � (H

0

)+1 < (r�1)�

�

(H

0

)+1 � (r�1)

�

�

�

(H) �

1

r � 1

�

+1 = (r�1)�

�

(H) ;

while in the 
ase k � r we have � (H

0

) �

k�1

k

r �

�

(H

0

) and so

� (H) � � (H

0

) + 1 �

k � 1

k

r �

�

(H

0

) + 1 �

k � 1

k

r

�

�

�

(H) �

1

r � 1

�

+ 1

=

k � 1

k

r �

�

(H) �

k � 1

k

r

r � 1

+ 1 �

k � 1

k

r �

�

(H) ;

in both 
ases obtaining a 
ontradi
tion to the 
hoi
e of H. �

4. The ratio �=�

�

in strongly k-
olourable hypergraphs

The hypergraphH =

�

[k℄

r

�

is strongly k-
olourable and satis�es, as we have seen,

� (H)=�

�

(H) =

k�r+1

k

r. In the 
ase k � (r � 1)r this example is extremal, as

asserted in Theorem 5.

Proof of Theorem 5. Suppose that the theorem is false, and let H = (V;E) be a


ounterexample with smallest number of verti
es. Then we must have

S

e2E

e = V .

Let g : V ! R

+

be an optimal fra
tional 
over of H and f : E ! R

+

be an optimal

fra
tional mat
hing in H with value jgj = jf j = �

�

(H). Consider two possible 
ases.

Case 1: g(v) > 0 for every v 2 V , and jej = r for every e 2 E.

Then it follows by applying (1) to g and f (see Case 1 in the proof of Theorems

3 and 4) that

(6) �

�

(H) �

jV j

r

:

But the union of every (k � r + 1) 
olour 
lasses is obviously a 
over of H, so

(7) � (H) �

k � r + 1

k

jV j :
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Comparison of (6) and (7) gives

� (H)

�

�

(H)

�

k � r + 1

k

r

- a 
ontradi
tion to our assumption about H.

Case2: either there exists a vertex u

0

with g(u

0

) = 0, or there exists an edge e

0

with je

0

j � r � 1.

The argument in this 
ase follows 
losely the one of Case 2 in the proof of

Theorems 3 and 4, so we omit the details. To get the argument started, observe

that in either one of the two sub
ases there is an edge e

0

su
h that je

0

\

�

v 2 V :

g(v) > 0

	

j � r�1, and therefore there is a vertex v

0

2 e

0

with g(v

0

) � 1=(r�1). �

Proof of Theorem 6. Let H = (V;E) be a strongly k-
olourable hypergraph of rank

at most r, with 
olour 
lasses C

1

; : : : ; C

k

. Let g : V ! R

+

be an optimal fra
tional


over with value jgj = �

�

(H).

Let � be the 
y
li
 permutation on [k℄. We shall refer below to the a
tion of �

on R

k

, whi
h takes the form �(x

1

; x

2

; : : : ; x

k

) = (x

2

; x

3

; : : : ; x

k

; x

1

).

We shall prove the theorem by establishing the 
onditions required in Lemma 1.

Sin
e the general 
ase involves some messy details, we present �rst the argument in

the 
ase when u = k

2

=(k + r) is an integer. Then t = kr=(k + r) is also an integer,

sin
e u+ t = k. We have to prove, in this 
ase, that

�(H)

�

�

(H)

� t. Let

Q

1

= (0; : : : ; 0

| {z }

u times

;

1

t

; : : : ;

1

t

| {z }

t times

) ;

Q

2

= (

1

r

; : : : ;

1

r

| {z }

k times

) ;

and let B

0

= [Q

1

Q

2

℄, that is, B

0

is the 
losed interval in R

k

joining Q

1

and Q

2

.

For i = 1; : : : ; k � 1, de�ne B

i

= �

i

(B

0

), and let

B =

k�1

[

i=0

B

i

:

Clearly B � [0; 1=t℄

k

. It 
an be 
he
ked that for every �x = (x

1

; : : : ; x

k

) 2 B the

sum of the largest r 
omponents equals 1, and hen
e the set

T (�x) =

k

[

i=1

�

v 2 C

i

: g(v) � x

i

	

is a 
over of H.

Now, let �

i

be the uniform measure on B

i

with �

i

(B

i

) = 1=k; i = 0; 1; : : : ; k�1,

and let � =

P

k�1

i=0

�

i

. Then � is a probability measure on B. For a given j; 1 �

j � k, there are u values of i for whi
h the marginal distribution �

i

j

is uniform

on [0;

1

r

℄ and t values of i for whi
h �

i

j

is uniform on [

1

r

;

1

t

℄. It follows that the

marginal distribution �

j

is uniform on [0;

1

t

℄ for every 1 � j � k. All the 
onditions
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of Lemma 1 are satis�ed, and we 
on
lude that

�(H)

�

�

(H)

� t. We remark that this

inequality 
an be shown to be stri
t ex
ept if k = (r�1)r ( by an argument similar

to that given for stri
t inequality in Theorem 1).

In the 
ase when u = k

2

=(k + r) and t = kr=(k + r) are not integers, we

establish the upper bound on � (H)=�

�

(H) by giving two 
onstru
tions satisfying

the 
onditions of Lemma 1, 
orresponding to two values of Æ, namely Æ

1

and Æ

2

,

where:

1

Æ

1

=

kr

k + r

+

k � r

2k

fug =

k

2

� (k � r)bu


2k

;

1

Æ

2

=

kr

k + r

+

r

k

(1� fug) =

rdue

k

:

The two 
onstru
tions represent two di�erent adaptations of the 
onstru
tion for

integral u des
ribed above, in whi
h the role of u is played by the lower and upper

integer parts of u respe
tively.

First 
onstru
tion. The (dte+1)-tuple (p

0

; p

1

; : : : ; p

dte

), where p

0

= (r�dte)bu


and p

1

= � � � = p

dte

= dte satis�es the 
onditions of Proposition 2. Indeed, let us

denote by s the sum of the p

i

, i.e.,

s =

dte

X

i=0

p

i

= (r � dte)bu
+ dte

2

:

Then, in order to 
he
k that ea
h p

i

� s=2, it suÆ
es to 
he
k that:

(i) (r � dte)bu
 � dte

2

,

(ii) dte � 2 .

The �rst 
ondition is equivalent (using bu
 = k � dte) to dte � kr=(k + r), whi
h

of 
ourse holds. If the se
ond 
ondition failed, it would mean that t < 1 (sin
e we

assume that t is not an integer), so kr < k + r, but this 
annot be the 
ase when

2 � r � k.

Thus, a

ording to Proposition 2, there exists a (dte + 1)- dimensional random

variable �� = (�

0

; �

1

; : : : ; �

dte

) whose values lie in the set

�

�y = (y

0

; y

1

; : : : ; y

dte

) 2 [0; 2=s℄

dte+1

:

dte

X

i=0

p

i

y

i

= 1

	

;

su
h that ea
h �

i

; 0 � i � dte, is uniformly distributed on [0; 2=s℄. Now, de�ne a

k-dimensional random variable

�

� = (�

1

; : : : ; �

k

) by:

�

i

=

sbu


k

2

� (k � r)bu


�

0

for i = 1; : : : ; bu
 ;

�

bu
+i

=

sdte

k

2

� (k � r)bu


�

i

+

2bu


k

�

(k � r)bu


for i = 1; : : : ; dte :

The parameters of this transformation were 
hosen so as to make �

i

; 1 � i � bu
,

uniformly distributed on [0;

bu


k

Æ

1

℄ and �

bu
+i

; 1 � i � dte, uniformly distributed
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on [

bu


k

Æ

1

; Æ

1

℄. The sum of the largest r 
omponents of

�

� 
an be 
omputed as:

dte

X

i=1

�

sdte

k

2

� (k � r)bu


�

i

+

2bu


k

2

� (k � r)bu


�

+ (r � dte)

sbu


k

2

� (k � r)bu


�

0

=

s

k

2

� (k � r)bu


dte

X

i=0

p

i

�

i

+

2bu
dte

k

2

� (k � r)bu


=

s+ 2bu
dte

k

2

� (k � r)bu


= 1 :

The same holds true for ea
h of the permuted random variables �

i

(

�

�); i = 1; : : : ; k�

1. Hen
e, denoting by B

i

the range of �

i

(

�

�), we know that for every 0 � i � k � 1

and for every �x = (x

1

; : : : ; x

k

) 2 B

i

the set

T (�x) =

k

[

j=1

�

v 2 C

j

: g(v) � x

j

	

is a 
over of H. Let the measure �

i

on B

i

be the distribution of �

i

(

�

�). Let

B =

S

k�1

i=0

B

i

and let � =

1

k

P

k�1

i=0

�

i

. Then it 
an be seen that the set B and the

probability measure � on it satisfy all the 
onditions of Lemma 1, enabling us to


on
lude that � (H)=�

�

(H) � 1=Æ

1

.

Se
ond 
onstru
tion. Let

Q

1

= (0; : : : ; 0

| {z }

due times

;

k

rdue

; : : : ;

k

rdue

| {z }

bt
 times

) ;

Q

2

= (

1

r

; : : : ;

1

r

| {z }

k times

) ;

and let B

0

= [Q

1

Q

2

℄. The sum of the largest r 
omponents is

kbt


rdue

�

kt

ru

= 1 at Q

1

and equals 1 at Q

2

, and therefore is at most 1 at every point of B

0

. We may pro
eed

as in the integral 
ase, taking B

0

and its 
y
li
 shifts and the uniform measure on

them, verifying that the 
onditions of Lemma 1 are satis�ed, and 
on
luding that

� (H)=�

�

(H) � 1=Æ

2

. �

A few words about the bound in Theorem 6. As one 
an see, the deviation of

this bound from the 
onje
tured bound

�(H)

�

�

(H)

<

kr

k+r

is 
aused only by indivisibility

(of kr and k

2

by k + r). As we have already mentioned in the introdu
tion, this

deviation does not ex
eed the 
onstant 3� 2

p

2.

What about examples? Consider the �rst non-trivial 
ase r = 3; k = 4. The

hypergraph H =

�

[4℄

3

�

has

�(H)

�

�

(H)

=

3

2

. In Example 2 (with r = 3) the ratio

�(H)

�

�

(H)

!

3

2

. Using a variation of the 
onstru
tion in Example 2, we su

eeded to build an

example with the ratio

�(H)

�

�

(H)

� 1:7, whi
h is not so far from the 
onje
tured bound

12=7. But we do not have examples with

�(H)

�

�

(H)

!

12

7

. The best upper bound we

know for this 
ase is 7=4, given by Theorem 6.
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5. The ratio �=�

�

in k-partitionable hypergraphs

Re
all that a hypergraph H = (V;E) is 
alled k-partitionable if the vertex set

V 
an be partitioned into k 
overs T

1

; : : : ; T

k

.

In order to see that the bound of Theorem 7 
annot be improved, 
onsider the

hypergraphs

H

n

= H

n

(r � k + 1; 1; : : : ; 1

| {z }

k�1 times

)

as 
onstru
ted in Example 3. Clearly, H

n

is k-partitionable and r-uniform. As

shown in the analysis of Example 3, when n ! 1 we have � (H

n

)=�

�

(H

n

) >

r � k + 1� � for every �xed � > 0.

Proof of Theorem 7. Let H = (V;E) be a k-partitionable hypergraph of rank at

most r, and let (T

1

; : : : ; T

k

) be a partition of the vertex set V into k 
overs. Suppose

g : V ! R

+

is an optimal fra
tional 
over with value jgj = �

�

(H).

De�ne a set B � [0; 1=(r � k + 1)℄

k

. First de�ne (k + 1) points Q

1

1

; : : : ; Q

k

1

; Q

2

in [0; 1=(r � k + 1)℄

k

as follows.

Q

i

1

= (0; : : : ; 0; 1=(r � k + 1)

| {z }

i

; 0; : : : ; 0); 1 � i � k ;

Q

2

=

�

k � 1

k(r � k + 1)

;

k � 1

k(r � k + 1)

; : : : ;

k � 1

k(r � k + 1)

�

:

Now de�ne k intervals B

1

; : : : ; B

k

by

B

i

= [Q

i

1

Q

2

℄; 1 � i � k

and let

B = B

1

[ � � � [B

k

:

It is easy to 
he
k that under the theorem's 
onditions (r � (k � 1)k) for every

point �x = (x

1

; : : : ; x

k

) 2 B and for every 1 � j � k we have (r�k)x

j

+

P

k

i=1

x

i

� 1.

Therefore the set

T (�x) =

k

[

i=1

�

v 2 T

i

: g(v) � x

i

	

is a 
over of H for every �x 2 B. (Indeed, suppose on the 
ontrary that there exists

a point �x = (x

1

; : : : ; x

k

) 2 B and an edge e 2 E(H) su
h that e \ T (�x) = ;. This

means g(v) < x

i

for every v 2 e \ T

i

; 1 � i � k. Let x

j

= max

�

x

i

: 1 � i � k

	

.

Then sin
e je \ T

i

j � 1 for every 1 � i � k and jej � r, we have

X

v2e

g(v) <

k

X

i=1

je \ T

i

jx

i

� (r � k)x

j

+

k

X

i=1

x

i

� 1

-a 
ontradi
tion sin
e g is a fra
tional 
over).

De�ne now a probability measure � on B. Let �

i

; 1 � i � k, be the uniform

measures on the intervals B

i

su
h that �

i

(B

i

) = 1=k; 1 � i � k, and let

� = �

1

+ � � � + �

k

:
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The marginal distributions of � are uniform on ea
h of the two intervals

h

0;

k�1

k

1

r�k+1

i

and

h

k�1

k

1

r�k+1

;

1

r�k+1

i

. Note that the �rst interval is (k � 1) times longer than

the se
ond one. Sin
e every 
oordinate x

i

runs through the �rst interval in every

B

j

; j 6= i, and through the se
ond one in B

i

, we obtain that all marginal distribu-

tions �

i

; 1 � i � k; are uniform on the interval [0; 1=(r � k + 1)℄.

Now, if �x 2 B is randomly 
hosen from B a

ording to the measure � we have

as in Lemma 1

� (H) � E(jT (�x)j) � (r � k + 1)�

�

(H) :

Using ideas similar to those in the proof of Theorem 1, one 
an show that

� (H) < (r � k + 1)�

�

(H) :

We omit the details. �

Proof of Theorem 8. Let H = (V; e) be a k-partitionable hypergraph of rank at

most r, and let (T

1

; : : : ; T

k

) be a partition of V into k 
overs. Let g : V ! R

+

be

an optimal fra
tional 
over with value jgj = �

�

(H).

The proof has a similar stru
ture to that of Theorem 6. We prove the upper

bound on � (H)=�

�

(H) by establishing the 
onditions required in Lemma 1. We

present �rst the argument in the 
ase when u = k

2

=(k + r) is an integer. In this


ase t = kr=(k + r) is also an integer (u + t = k), and so is w = r

2

=(k + r) (note

that w = r � k + u). We have to prove that � (H)=�

�

(H) � w. Let

Q

1

= (

1

w

; : : : ;

1

w

| {z }

u times

; 0; : : : ; 0

| {z }

t times

) ;

Q

2

= (

1

r

; : : : ;

1

r

| {z }

k times

) ;

and let B

0

= [Q

1

Q

2

℄. For every point �x = (x

1

; : : : ; x

k

) 2 B

0

and for every 1 � j � k

we have (r � k)x

j

+

P

k

i=1

x

i

� 1 (the left-hand side is largest when 1 � j � u, and

then it equals 1). As explained in the proof of Theorem 7, this implies that the set

T (�x) =

k

[

i=1

�

v 2 T

i

: g(v) � x

i

	

is a 
over of H for every �x 2 B

0

. We may pro
eed as in the proof of Theorem 6,

taking B � [0; 1=w℄

k

to be the union of B

0

and its 
y
li
 shifts and using uniform

measures, verifying that the marginals are uniform on [0; 1=w℄, and 
on
luding that

� (H)=�

�

(H) � w. We remark that this inequality 
an be shown to be stri
t ex
ept

if k = r = 2.

In the 
ase when u; t and w are not integers, we give two 
onstru
tions satisfying

the 
onditions of Lemma 1, 
orresponding to two values of Æ, namely Æ

1

and Æ

2

,

where:

1

Æ

1

=

r

2

k + r

+

r � k

2k

fug =

kr + (r � k)dte

2k

;

1

Æ

2

=

r

2

k + r

+ 1� fug = dwe :
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First 
onstru
tion. The (dte+1)-tuple (p

0

; p

1

; : : : ; p

dte

), where p

0

= bw
bu
 and

p

1

= � � � = p

dte

= dte satis�es the 
onditions of Proposition 2. Indeed, let us denote

by s the sum of the p

i

, i.e.,

s =

dte

X

i=0

p

i

= bw
bu
+ dte

2

:

Then in order to 
he
k that ea
h p

i

� s=2, it suÆ
es to 
he
k that

(i) bw
bu
 � dte

2

,

(ii) dte � 2 .

The �rst 
ondition holds be
ause wu = t

2

, and the se
ond one is easy to 
he
k, too.

Thus, a

ording to Proposition 2, there exists a (dte + 1)- dimensional random

variable �� = (�

0

; �

1

; : : : ; �

dte

) whose values lie in the set

�

�y = (y

0

; y

1

; : : : ; y

dte

) 2 [0; 2=s℄

dte+1

:

dte

X

i=0

p

i

y

i

= 1

	

;

su
h that ea
h �

i

; 0 � i � dte, is uniformly distributed on [0; 2=s℄. Now, de�ne a

k-dimensional random variable

�

� = (�

1

; : : : ; �

k

) by:

�

i

=

sbu


kr + (r � k)dte

�

0

+

2dte

kr + (r � k)dte

for i = 1; : : : ; bu
 ;

�

bu
+i

=

sdte

kr + (r � k)dte

�

i

for i = 1; : : : ; dte :

The parameters of this transformation were 
hosen so as to make �

i

; 1 � i � bu
,

uniformly distributed on [

dte

k

Æ

1

; Æ

1

℄ and �

bu
+i

; 1 � i � dte, uniformly distributed

on [0;

dte

k

Æ

1

℄. The maximum (over 1 � j � k) of (r � k)�

j

+

P

k

i=1

�

i

is attained

when 1 � j � bu
, and then its value 
an be 
omputed as:

(r � k + bu
)

�

sbu


kr + (r � k)dte

�

0

+

2dte

kr + (r � k)dte

�

+

dte

X

i=1

sdte

kr + (r � k)dte

�

i

=

s

kr + (r � k)dte

dte

X

i=0

p

i

�

i

+

2bw
dte

kr + (r � k)dte

=

s+ 2bw
dte

kr + (r � k)dte

= 1 :

This guarantees that for every �x = (x

1

; : : : ; x

k

) in B

0

(the range of

�

�) the set

T (�x) =

k

[

i=1

�

v 2 T

i

: g(v) � x

i

	

is a 
over of H. The 
onstru
tion is 
ompleted in the usual way ( taking 
y
li


shifts) to 
on
lude that � (H)=�

�

(H) � 1=Æ

1

.

Se
ond 
onstru
tion. Let

Q

1

= (

1

dwe

; : : : ;

1

dwe

| {z }

due times

; 0; : : : ; 0

| {z }

bt
 times

) ;

Q

2

= (

bt


kdwe

; : : : ;

bt


kdwe

| {z }

k times

)
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and let B

0

= [Q

1

Q

2

℄. For �x = (x

1

; : : : ; x

k

) 2 B

0

, the maximum (over 1 � j � k) of

(r�k)x

j

+

P

k

i=1

x

i

is attained when 1 � j � due, and then its value is 1 at Q

1

and is

rbt


kdwe

�

rt

kw

= 1 at Q

2

, and hen
e is at most 1 at every point of B

0

. The 
onstru
tion

is 
ompleted as above, leading to the 
on
lusion that � (H)=�

�

(H) � 1=Æ

2

. �

The di�eren
e between the theorem's bound and the bound in Conje
ture 2

stems from the indivisibility of k

2

,r

2

and kr by k + r. This di�eren
e is not more

than 1 for all values of k; r.

In the �rst interesting 
ase, namely, k = 3; r = 4, Example 2 (with r = 4)

provides the ratio

�(H)

�

�

(H)

! 2 and so does Example 3 with parameters (2,1,1). We

managed to build a 3-partitionable, 4-uniform hypergraph H, for whi
h

�(H)

�

�

(H)

�

2:22. This is still smaller than the 
onje
tured bound 16/7. The best upper bound

we know for this 
ase is 7/3, given by Theorem 8.

Referen
es

[1℄ Z. F�uredi, Mat
hings and 
overs in hypergraphs, Graphs and Combinatori
s 4 (1988), 115{

206.

[2℄ M. Krivelevi
h, Approximate set 
overing in uniform hypergraphs, preprint.

[3℄ L. Lov�asz, On the ratio of optimal integral and fra
tional 
overs, Dis
rete Math. 13 (1975),

383{390.

[4℄ L. Lov�asz, On minimax theorems of 
ombinatori
s, Do
toral Thesis, Mathematikai Lapok 26

(1975), 209{264. (Hungarian)

[5℄ L. Lov�asz, Covers, pa
kings and some heuristi
 algorithms, Pro
. 5th British Comb. Conf.,

Congressus Numerantium 15, Utilitas Math., Winnipeg, 1976, pp. 417{429.

[6℄ A. A. Sapozhenko, On the 
omplexity of disjun
tive normal forms obtained by greedy algo-

rithm, Dis
ret. Analyz 21 (1972), 62{71. (Russian)

[7℄ S. K. Stein, Two 
ombinatorial 
overing theorems, J. Comb. Theory(A) 16 (1974), 391{397.

Ron Aharoni: Department of Mathemati
s, Te
hnion - Israel Institute of Te
h-

nology, Haifa 32000 Israel.

E-mail address: ra�te
hunix.te
hnion.a
.il

Ron Holzman: Department of Mathemati
s, Te
hnion - Israel Institute of Te
h-

nology, Haifa 32000 Israel.

E-mail address: holzman�te
hunix.te
hnion.a
.il

Mi
hael Krivelevi
h: Department of Mathemati
s, Raymond and Beverly Sa
kler

Fa
ulty of Exa
t S
ien
es, Tel Aviv University, Tel Aviv, 69978, Israel

E-mail address: krivelev�math.tau.a
.il


