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Abstract
Given an r-uniform hypergraph H = (V, E') on |V| = n vertices, a
real-valued function f : E — R is called a perfect fractional matching
if > ,c. f(e) < 1lforallv eV and ) g f(e) =n/r. Considering a
random r-uniform hypergraph process on n vertices, we show that
with probability tending to 1 as n — oo, at the very moment %,
when the last isolated vertex disappears, the hypergraph H;, has a

perfect fractional matching. This result is clearly best possible. As
n—1

"~1), where

a consequence, we derive that if p(n) = (Inn 4+ w(n)) /(
w(n) is any function tending to infinity with n, then with probability
tending to 1 a random r-uniform hypergraph on n vertices with edge
probability p has a perfect fractional matching. Similar results hold

also for random r-partite hypergraphs.

1 Introduction

A hypergraph H is an ordered pair H = (V, E), where V is a finite set (the
verter set) and E is a family of distinct subsets of V' (the edge set). A
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hypergraph H = (V, E) is r-uniform if all edges of H are of size ». In this
paper we consider only r-uniform hypergraphs where r is fixed. A subset
M C E(H) is called a matching if every pair of edges from M has an empty
intersection. The maximal size of a matching in a hypergraph H is called
the matching number of H and is denoted by v(H). A matching M is called
perfect if |M| = |V|/r (clearly, a perfect matching can exist only if r divides
V).

A random hypergraph H.(n,p) is an r-uniform hypergraph with vertex
set V of size |V| = n, in which each subset e € (‘:) is chosen to be an
edge of H with probability p (where p may depend on n), all choices being
independent. More exactly, H,(n,p) is the probability space (€2, P), where
(1 i1s the finite set of all 7-uniform hypergraphs on n labeled vertices and the
probability of each hypergraph H = (V, E) from Q equals to p/Fl(1—p) (2)-121,
The underlying set of H,(n,p) is denoted by H,(n). We define also the model
‘H,(n, M), this probability space consists of all r-uniform hypergraphs on n
labeled vertices with M edges, where all such hypergraphs are equiprobable.

A property @ of H,(n) is a subset of H,(n), closed under vertex per-
mutations. The statement ‘H has @)’ means H € (). A property @ is
called monotone if whenever H €  and E(H) C E(H') then also H' € Q.
A function p* = p*(n) is called a threshold for a property @ of H,(n) if
p(n)/p*(n) — 0, as n — oo, implies that whp' H € H,(n,p) does not have
®, while p(n)/p*(n) — o0, as n — oo, implies that whp H € H,.(n,p) has
Q.

One of the central problems in probabilistic combinatorics is that of de-
termining the threshold for a perfect matching in a random r-uniform hy-
pergraph on n vertices (assuming » divides n). This problem was posed by
Schmidt and Shamir in [6], they managed to prove that if p(n) = n="+3/2w(n),

where w(n) is any function tending to infinity arbitrarily slowly, then whp

!An event &, happens whp (with high probability) if the probability of £, tends to 1
as n tends to infinity.



H € H,.(n,p) has a perfect matching. This result has recently been im-
proved by Frieze and Janson [4], they showed that it suffices to take p(n) =
n~"+*/3w(n). Both papers used the second moment method and the Cheby-
shev inequality. Frieze and Janson (as well as others, see, e.g., Erdds ([1],
Appendix B)) conjectured that the threshold function is p*(n) = n™"*!logn.
For the case r = 2 this has been proved by Erdés and Rényi [3] in 1966, but
for every r > 2 this remains an open problem. The main difficulty in tackling
it seems to originate in the lack of appropriate combinatorial tools (such as
the Hall-K6nig and Tutte theorems in graph theory).

A possible and rather natural way to make a progress in this important
problem is to discuss its fractional relaxation, that is, to consider the problem
of determining the threshold function for a perfect fractional matching. For
a hypergraph H = (V, F), a non-negative real-valued function f : E — R is
called a fractional matching if ", . f(e) < 1 for every vertex v € V. Clearly,
if f takes only 0-1 values, then the set of all edges of positive weight forms
a matching. The value |f| of a fractional matching f is |f| = Y.cz f(e)-
A fractional matching f is called perfect if |f| = |V|/r. (Note that we do
not require here that r necessarily divides n). We will give some additional
definitions and useful facts about fractional matchings in Section 2. It is
easy to see that the existence of a perfect matching implies the existence of
a perfect fractional matching, but not vice versa.

It turns out that this fractional relaxation of the integer problem is much
more tractable, and quite precise results can be obtained about it. In order
to formulate them exactly, we introduce the notion of a random hypergraph
process. For a fixed integer » > 1, a random r-uniform hypergraph process on
a set V of size n is a Markov chain H = (H:), whose states are hypergraphs
from H.(n). The process starts with the empty hypergraph (E = 0) and for
1<t< (’:) the hypergraph H; is obtained from H;_; by an addition of an
edge from (‘:) \ E(H;-1), all new edges being equiprobable. Since H; has



exactly t edges, for t = (’:) we have a complete r-uniform hypergraph on V.
For all ¢ > (’:) we also define H; = H(n)

T

Let 7:[r(n) be the set of all random hypergraph processes on n vertices.
We turn 7:[r(n) into a probability space by giving the same probability to
each process H € H, (n). We use the notation whp in this space as well with
the obvious meaning.

The map 7:[r(n) — Hp(n, M), defined by H= (Hy)y — Hpr, is measure
preserving, so the set of all hypergraphs obtained at time M can be identified
with H,(n, M).

For a monotone non-empty property @ of H.(n) we refer to the time
t = t(Q, H) at which it appears as the hitting time of Q:

t(Q,lEI) = min{t > 0: H; has Q} .

Now we are equipped with all necessary terminology to formulate our

main result.

Theorem 1 whp a random hypergraph process H € H,(n) is such that

t(H has a perfect fractional matching ,lff) =
t(H has no isolated vertices , H) .

In words, this theorem states that whp at the very moment ¢, the last
1solated vertex disappears, one has a perfect fractional matching in H;,. This
theorem yields the following result about the threshold for a perfect fractional
matching in H,(n,p).

Corollary 1 Let w(n) be any function tending to infinity arbitrarily slowly

asn — oo. Then

1. sf p = lnz,::?gn), then whp H € H.(n,p) has no perfect fractional

matching,



2. ifp= lnz,:"_“l’gn), then whp H € H,(n,p) has a perfect fractional match-

ng.

We will prove the above theorem and corollary in the next sections.

We close this section with some notation used in the sequel. For a hyper-
graph H = (V, E), the degree d(v) of a vertexv € Visd(v)=|[{e€ E:v €
e}|. If Vo is a subset of V, then H[V;] stands for the induced subhypergraph
of H on Vy. Two vertices v,u € V are called adjacent if there exists an edge
e € E such that v,u € e.

All logarithms are in base e = 2.71828 .. ..

Throughout the paper, the parameter n is assumed to tend to infinity,
we also assume it to be sufficiently large if necessary, the uniformity num-
ber r is kept fixed. The notation o), O() has its usual meaning, that is,
f(n) = o(g(n)) if lim, e f(n)/g(n) = 0 and f(n) = O(g(n)) if there exists
a constant ¢ > 0 such that f(n) < cg(n) for all n.

2 Fractional matchings and covers in hyper-
graphs

Let H = (V, E) be a hypergraph. Recall that a non-negative real-valued func-
tion f: E — R" is called a fractional matching with value |f| = Y .c5 f(e)
if Y,cefle) < 1 for every v € V. The maximum of |f| over all frac-
tional matchings of H is the fractional matching number of H, denoted by
v*(H). Similarly, a fractional cover of H is a non-negative real-valued func-
tion g : V. — R" such that }°,., g(v) > 1 for every e € E(H). The value of
gis |g] = Xyev g(v). The minimum of |g| over all fractional covers of H is
the fractional covering number of H, denoted by 7*(H).

It is easy to see that the above two definitions of v*(H) and 7*(H) can
be represented as optimal solutions of a pair of dual linear programming

problems. The Duality Theorem of Linear Programming asserts that



Proposition 1 For every hypergraph H = (V, E) the following holds true:

1. for every fractional cover g and every fractional matching f one has
gl > |f1;

2. (H) =v*(H);

3. if g is an optimal fractional cover of H (i.e. |g| = 7*(H)) and f is an
optimal fractional matching of H (i.e. |f| = v*(H)), then

f(e) >0 implies > g(v) =1,

vEe

g(v) >0 implies > f(e)=1. (1)

vEe

(These are the so called complementary slackness conditions).

We will also use the following
Proposition 2 For every r-uniform hypergraph H = (V, E) one has :
1. v:(H) > v(H),

2. if Vo C V is the set of all non-isolated vertices of H, then v*(H) <
|Vol/r, therefore v*(H) < |V|/r;

3. if g:V — RT is a fractional cover of H, then for every subset U C V
the function ¢’ : U — R* defined by g'(v) = g(v) for every v € U (that
is, g' is the restriction of g on U) is a fractional cover of the hypergraph
HU);

4. let g : V — RT be an optimal fractional cover of H and denote V; =

{veV:g(v) >0}, then v*(H) > |V1]|/r.

Proof. 1) Let M C E be a matching of size |M| = v(H), then its charac-
teristic function 13 : B — {0, 1} is clearly a fractional matching with value

\M| = v(H).



2) Define a function g : V. — R* by g(v) = 1/r for all v € V; and g(v) =0
for all v € Vo, then g can be easily seen to be a fractional cover with value
lg| = |Vo|/r, therefore v*(H) = 7*(H) < |Vo|/r.

3) Obvious.

4) Let f : E — R" be an optimal fractional matching of H. Then, by

the complementary slackness conditions (1),

Vil = D {l:veVi}=> Y fle)=_ fle)len V|

’UEVl vEe ecE

< Zf( 'r—'er =rv(H),

e€E ecE

therefore v*(H) > |V1]|/r.

The reader is referred to [5] for additional information about integer and

fractional matchings and covers in hypergraphs.

3 Hypergraph processes and random hyper-
graphs

The following proposition, whose proof (which we omit) can be obtained just
by imitating the proof of the corresponding result for random graphs, gives

us some initial intuition of what result we may expect to obtain.

Proposition 3 Let w(n) be any function tending arbitrarily slowly to infin-

ity as n tends to infinity.

1. Ifp= % then whp the number of edges in a random hypergraph
H € H,(n,p) is at least (logn + w(n))n/r — n'/?log nw(n).

2. Ifp = % then whp H € H.(n,p) has some isolated vertices,
on the other hand, if w(n) < logloglogn, then the number of isolated

vertices whp does not exceed logn.
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3. Ifp = %, then whp H € H,(n,p) has no isolated vertices, on
the other ;LZmd, if w(n) <logloglogn, then whp there exists a vertez

of degree one in H € H,.(n,p).

4. If M = |(logn — w(n))n/r|, then whp a random hypergraph H €
H,(n, M) has some isolated vertices, on the other hand, if w(n) <
logloglogn, then the number of isolated vertices in H € H,.(n, M)

whp does not exceed logn.

5. If M = |(logn + w(n))n/r|, then whp H € H,(n, M) has no isolated
vertices, on the other hand, if w(n) < logloglogn, then whp there
ezists a vertez of degree one in H € H,.(n, M).

It follows from the above proposition that at the moment ¢t = |(logn —
w(n))n/r| a hypergraph process HeH, (n) whp has some isolated vertices
and therefore (by Proposition 2, part 2) has no perfect fractional matching,
while at the moment ¢ = |(logn + w(n)n/r| the process H whp has no
isolated vertices and therefore may possibly have a perfect fractional match-
ing. We will prove that this is indeed the situation for almost all hypergraph
processes.

Though we will derive the desired result for random hypergraphs from the
result about hypergraph processes, actually we are going to use the opposite
direction. In order to obtain the result about hitting times in hypergraph
processes, we introduce (as in [2], Ch. 7.4) two new models of random hy-
pergraphs, namely, H.(n,p; > 1) and H,.(n, M;> 1). Both models consist of
hypergraphs with vertex set V of size n, whose edges are coloured blue and
green. To obtain a random element from H,(n, p; > 1) we first take a random
element H of H,(n,p) and colour its edges blue. Let vy, ..., v, be all isolated
vertices of this blue hypergraph. For each 1 <1 < s we add to H at random
an edge of size r containing v;, all such edges being equally likely. We colour

these additional edges green. (In case H € H,(n,p) has no isolated vertices,



we do not add green edges at all). The probability measure of H,.(n,p; > 1)
is induced by the probability measure of H.(n,p) in the obvious way. The
random model H,(n, M; > 1) is defined in a similar manner.

Why are these new models important for us? The answer is given by the

following lemma, whose proof is shaped after that of Lemma 7.9 of [2].

Lemma 1 Let Q) be a monotone property in H,(n), implying non-ezistence

of wsolated vertices. Let

where w(n) — oo, but w(n) < logloglogn. If whp H € H,(n,p;> 1) has
Q, then whp in H,(n)

t(Q, H) = t(H has no isolated vertices, H) .

Proof. Denote by X the number of blue edges in H € H,(n,p; > 1). Then
X is binomially distributed with parameters (’:) and p, hence (since @ is

monotone) if

M= (7)1 = Logn —wlan

r
then whp a random hypergraph H € H,.(n, M;; > 1) has Q.
Let
My = | (log n + w(n))n/r.

and let 7L, be the set of hypergraph processes H = (Hy)s® for which Hyy, has
an isolated vertex, the minimal degree of Hjps, equals to one and every edge
added in times M; +1,..., M, contains at most one isolated vertex of Hpy, .
It follows from Proposition 3 that whp Hys, has some isolated vertices and
the number of isolated vertices does not exceed logn. If an edge is added to
such a hypergraph then the probability that it contains at least two isolated
vertices is at most (log") ("_2) /((’:) — Ml) = O(log®n/n?). Hence, with

2 r—2

probability at least 1 — (M — M;)O(log®n/n?) = 1 — o(1), no edge added

9



in times M; + 1,..., M, contains more than one isolated vertex of Hyy,.

Therefore, P[H.] = 1 — §,, where é, — 0.

Let #H.. be the collection of hypergraphs from H,(n, M;; > 1) in which the
blue subhypergraph has some isolated vertices and no green edge contains
more than one isolated vertex of the blue subhypergraph. One can show
easily that P[H.] = 1 — €, where ¢, — 0.

Define now a map ¢ : H.. — H. in the following way. Given H= (H)y €
., let ¢(P~I) be the coloured hypergraph whose blue subhypergraph is Hpy,
and whose green edges are all the edges added after time M; and not later
than M, which increased the degree of some vertex from 0 to 1. Clearly,
(,25(7:[*) = H. and ¢ is measure preserving in the sense that for every H € H.
the number of hypergraph processes in 7{, which are mapped by ¢ to H is

the same. Therefore for every A C H. one has

P[A] _ P[¢~'(A)]

P[H.] P[] 2)
Set
Ho ={H € H(n,M;;> 1) : H has Q} ,
then according to the above discussion P[Ho] = 1 — v, where v, — 0.
Therefore

PHoNH]>1—€n—Yn
hence by (2) the set Ho = &~ (Ho N H.) satisfies

(-4
P[H*] o 1—e€,

Pmdzpmwwupmg

=1-o0(1).

But if H € H,, then Hyy, has some isolated vertices (this is because ¢(P~I) €
H.) and at the moment ¢, when the last isolated vertex disappears, Hy, has
@ (this is because ¢(P~I) € Ho). Since according to the lemma conditions Q

can not appear before this moment, we have for every H € H,

t(Q, H) = t(H has no isolated vertices , /) ,

10



completing the proof. a

A useful fact is that the probability measure of H,(n,p; > 1) differs only
slightly from the one of H,(n,p), as shown by the following lemma.

Lemma 2 Let A, B be two disjoint subsets of (‘:) Then the probability that
a random hypergraph H € H,(n,p; > 1) satisfies AC E(H), BNE(H)=10

28 at most
|4]
P
(p +— ) (1-p)Bl.
()

Proof. For every e € (‘:) the probability that e is a green edge of H €
H,(n,p; > 1) can be bounded from above by the probability that e is chosen

to be a green edge for some of its vertices, therefore

Ple is a green edge of H| <

and thus for every subset Ag C (‘:) one has

| 4o]
P[ A, consists of green edges | < (ﬁ) :

r—1

Returning to A and B from the lemma formulation, we denote |A| = a,

|B| = b. If A contains exactly 7 green edges, where 0 <17 < a, then

n—1

P[AC E(H), BN E(H) =0] < p*~ (ﬁ) (1-p),

therefore

P[A - E(H),B N E(H) = 0] < za: (C.L)pa_i ((n":l)) (1 —p)b



Claim 1 whp every vertez of a random hypergraph H € H,.(n,p; > 1), with

p = p(n) as in Lemma 1, is contained in at most one green edge.

Proof. According to Proposition 3, part 2, the number of isolated vertices
in the blue subhypergraph of H whp does not exceed logn. Therefore the
probability of existence of a vertex v € V(H) which is incident with at least

two green edges is at most
n—2
n(log n) (E;?%) =o(l). O

Define now ) as ‘H contains a perfect fractional matching’, then @ is

obviously monotone and Proposition 2, part 2 implies that every hypergraph
having ) does not contain isolated vertices, so in view of Lemma 1 it remains
to prove that a random hypergraph H € H.(n,p; > 1) whp has a perfect

fractional matching, where p = p(n) is as in Lemma 1.

4 Properties of H,.(n,p; > 1)

Set for the rest of the paper

o= log n — logloglogn
)

12




Also, set § = 0.1. Define

Woe = {veV:d(v)<dlogn},
W, = {veV\Wy:Je€ E,vce,enW,#0}.

(W, is the set of low degree vertices, Wi is the set of their neighbours.)
The following lemma states some properties of almost all hypergraphs

from H,(n,p;> 1) with p as defined above. Basically, it assures that whp

the set of low degree vertices is relatively small and can be matched and that

a random hypergraph has good local expansion and matching properties.

Lemma 3 A random hypergraph H = (V, E) € H,(n,p;> 1) whp has the

following properties:
(PO) Every vertez is incident with at least one edge;

(P1) For every vertezx v € V there exists at most one pair of edges e;, ey

such that v € e; Ney and |e; Ney| > 2;
(P2) [Wo| <n®%;
(P3) Every edge e € E intersects Wy in at most one vertez;

(P4) Every two edges incident with distinct vertices of Wy do not intersect

each other;

(P5) Every vertex v € V \ W, is incident with at most one edge intersecting

Wi\ {v};

(P6) Every subset U CV of size |U| > n/loglogn spans at least one edge;

(P7) For every subset U C V of size |U| < n/loglogn there exist at most
2|U|log n/logloglog n edges intersecting U in at least two points;

13



(P8) For every pair of disjoint subsets U;, Uy C V of sizes |U;| < n/loglogn,
|Us| < r|Us|, there exist at most 2|U;|log n/logloglog n edges intersect-
ing both U; and Us;

(P9) For every pair of disjoint subsets Uy C V \ Wy, Uy C V \ Uy of sizes
|Ui| < n/loglogn, |Us| < r|Uy|, there exists a set E¢ C E of size
|Eo| > |Ui|logloglogn such that [eN Uil =1, |[en (W1 \ Ui)| = 0,
leNUs| = 0 for every e € Ey, and also e;Ney C Uy for every e, e3 € Ey.

Two remarks are in place here. First, various bounds cited in (P0)-(P9)
are not necessarily tight, but they will suffice for our purposes. Second, in
the sequel we will make a direct use only of part of these properties, however
they are formulated in the present form so as to make their proof easier.

We postpone the (quite technical) proof of the above lemma until Section

7. Assuming it for granted we proceed with the proof of Theorem 1.

5 Perfect fractional matchings in #,(n,p; > 1)

In this section we prove the following

Lemma 4 If H is a hypergraph on n vertices satisfying (P0)-(P9), then H

has a perfect fractional matching.

In view of Lemmas 1 and 3 this lemma actually establishes Theorem 1. Note
that the assertion of the above lemma is fully deterministic, that is, the
lemma guarantees that a hypergraph having certain properties, always has a
perfect fractional matching.

Here is a brief outline of lemma’s proof. First, we find a matching M for
the vertices of Wy and delete the set V; of all vertices, belonging to the edges
of M, from the hypergraph H. In the remaining subhypergraph H; with
vertex set V; all vertices have relatively large degree (at least dlog n/2). Now,
if g: V — R is an optimal fractional cover of H, then |g| > 7*(H[V,]) +

14



7°(H1). The hypergraph H[V;] has a perfect matching, implying 7*(H|[Vp]) >
|[Vo|/r. The hypergraph H; has good expansion properties. Therefore, if
g1 : Vi — RT is an optimal fractional cover of H; and if there exists a vertex
vg € Vi with g1(vg) = 0, then taking §log n/2 edges of H; intersecting each
other only at v, we see that the vertices of these edges (with vo deleted) have
an average weight in g; at least 1/(r—1) (instead of 1/r in a perfect fractional
cover). We remove these ‘heavy’ vertices (which we denote by U) from V;.
The function g; restricted to the set U; = V1 \U is a fractional cover of H[U;],
therefore Y-, cp, 91(v) > 7°(H[U:]). Now it suffices to show that H[U;] has
an almost perfect fractional matching, that is, we have some extra room to
operate, this is due to the fact that the vertices of U are ‘overweighted’ in
g1. This gives us 7(H;) > |V1|/r, implying in turn 7*(H) > |V|/r.

Suppose H = (V, E) is a hypergraph on n vertices satisfying (P0)—(P9).
Let g : V — R be an optimal fractional cover of H with value |g| = v*(H).
By (P0), every vertex of H is incident with at least one edge. Consider the
vertices of Wy. If for every vertex v € Wy we choose arbitrarily an edge
e(v) containing it, then the chosen edges are pairwise disjoint as follows from
(P4). This means that the set M = {e(v) : v € Wy} is a matching. Denote
now

Vo={veV:Jdee M,v €e},

that is, V4 1s the union of all vertices in edges of M. Denote also

Vi = VAW,
n = [V,

Hy = H[W],
H, = H[V].

15



It follows from Proposition 2, part 3, that the function g, restricted to V4
(Vi, resp.) is a fractional cover of the hypergraph Hy (Hj, resp.), therefore

lgl = > g(v)+ Y g(v) > v (Ho) +v*(Hy) .

veVy veEVy

Since V4 is a union of edges of a matching, Hy clearly contains a perfect

matching and therefore (see Proposition 2, parts 1 and 2)

1%
I/*(Ho) = M .

T

Hence it remains to prove that the hypergraph H; also has a perfect fractional

matching, that is,

v (H,) = M ) (3)

r
Note that it follows from (P0)—(P9) that the deletion of V;, does not seriously

affect ‘nice’ properties of H;. This means that H; satisfies the following.

(Q1) Every subset U C V; of size |U| > n/loglogn spans an edge of H;
(follows from (P6));

(Q2) for every pair of disjoint subsets Uy, Uy C V; of sizes |U;| < n/loglogn,
|Us| < r|U; | there exists a set Eq C E(Hy) of size | Eg| > |U;|log log log n
such that |eNU;| = 1, |eNU;| = 0 for every e € Ey and also e;Ney C Uy
for every e, es € Eq (follows from (P9));

(Q3) for every vertex v € V; there exist at least dlogn — 2 > glog n edges
of Hy, whose pairwise intersection is {v} (follows from (P1), (P5) and
the definition of Wy).

The proof of (3) is based on the following lemma.

Lemma 5 Let a sequence {a;}3 be defined as follows: ap = Loéfﬁw and
a; = [H—lo;mw for every 1 > 1. Denote

ko = min{i : a; <loglogn} .

16



Then for every 0 < i < ko every subset U C V; of size |U| = a; satisfies
n —a; a;

r (r=1)r
Proof. Let first : = 0. Fix a subset U C V; of size |[U| = ao and denote
U, = Vi \ U, we will prove that v*(H[U:]) > |U;|/r —n/loglogn > |Ui|/r —
ao/(r — 1)r. By (Q1), every subset Uy C U; of size |Ug| > n/loglogn

spans an edge of Hj, therefore U; contains a matching of size more than

v (H:i[Vi\ U]) >

|Ui|/r — n/loglogn, which can be obtained, for example, by picking the
edges one by one greedily. Therefore by Proposition 2, part 1, v*(H;[U;]) >
v(H,[U1]) > |U1]/r — n/loglogn.

Assuming that the assertion of the lemma holds for all indices between 0
and ¢ — 1 and still a;_; > loglogn, we prove the assertion for a;. Let U be
a subset of V] of size |[U| = a;, denote U; = V; \ U. Suppose g : U; — R*
is an optimal fractional cover of H;[U;| with value |g| = v*(H;[U;]). Denote
Ug = {v € Uy :gw) =0} If|Uy| < a;/(r — 1), then it follows from
Proposition 2, part 4, that v*(H,[Ui]) > |Ui \ Uol/r > (01 — a; — a;/(r —
1))/r = (n1 — a;)/r — a;/(r — 1)r, as required. Thus we may assume that
|Us| > a;/(r—1). Fix a subset Uj C U of size a;/(r—1) < |Uj| < n/loglogmn.
According to (Q2) with U, and U instead of U; and Us,, respectively, there
exists a subset Eq C E(H;[Ui]) of size |Ey| > |Uj|logloglogn such that the
intersection of any two edges from FEj is contained in Uj. Every edge e € E,
is covered by g, and since U] consists of vertices of zero weight in g, it follows
that 3, ce\vr 9(v) > 1. Denote T' = U,cg, €\Us. Since all sets {e\U; : e € Eo}
are pairwise disjoint, we obtain |T'| = (r — 1)|Eo| > (r — 1)|U;|log loglog n >
a;logloglogn and > ,crg(v) > |Eo| = |T|/(r — 1). (A crucial observation
here is that the average weight of the vertices of T in g is at least 1/(r — 1)
instead of 1/r as in a perfect fractional cover). Denote by Tp the subset of
T consisting of a; 1 — a; < a;logloglogn vertices with the largest weights
in g. Clearly > ,c1, 9(v) > |To|/(r — 1) = (@i—1 — a;)/(r — 1). Consider
now the hypergraph H;[U; \ To]. By Proposition 2, part 3, the function g
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restricted to the vertices of U; \ Tp is a fractional cover of H;[U;\Ty), therefore
Svevi\m, 9(v) > v*(H1[U1 \ To]). On the other hand, since |To| = a;—1 — aj,
one has v*(Hi[U; \ To]) > (n1 — ai—1)/r — ai—1/(r — 1)r, by the induction

hypothesis. Summing the above, we obtain

gl = D gl@)=Y glv)+ Y g(v)

vel; v€eTy velU\Tp
a;_1 — a4 ny — a1 a;_1
> + —
r—1 r (r—1)r
_ ﬂ _ a; _ ny — a; _ a; ‘ 0
r r—1 r (r —r

Returning to the proof of Lemma 4, we use essentially the same idea as in
the proof of Lemma 5. Let g; : Vi — R* be an optimal fractional cover of H;
with value |g1| = v*(H1). If all vertices of V; have positive weights in g;, then
it follows from Proposition 2, parts 2 and 4, that v*(H;) = |Vi|/r = ny/r. If
there exists a vertex vo € Vi with gi(vo) = 0, consider a maximum set Eq of
edges of H;, whose pairwise intersection is {vo}. According to (Q3), |Eo| >
glog n. Since all edges of Ey are covered by g, one has 3, c.\(uo3 91(v) > 1
for every e € Ey. Denote T = U,cg, € \ {vo}, then |T| = (r — 1)|Eo| >
‘s(rz—_l)logn > ag, and Y ,er91(v) > |T|/(r — 1). Let To be a subset of T,
consisting of ay, vertices with the largest weights in gy, then }° 7 g1(v) >
|To|/(r — 1) = ax,/(r — 1). Consider the hypergraph H;[V; \ To]. It follows
from Lemma 4 that

> gi(v) 2 v (Hi[Vi\ To]) >

veV; \TO

N1 — Ak, _
r (r—1r’

therefore

vi(H) = Y av)= X alw)+ Y ai(v)

veEV; veTy ’UEVl\TO
> A, _I_nl—ako _nl—ako
r—1 r (r—1)r
n
= T
r
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obtaining a contradiction since by Proposition 2, part 2, v*(H;) < ny/r.

(Actually, we have shown that such a vertex vy with g1(vo) = 0 does not
exist).
The proof of Lemma 4 and Theorem 1 has been finished. a

Proof of Corollary 1. 1)Follows from Proposition 2, part 2, and Proposi-
tion 3, part 2;

2) It follows from Proposition 3, part 1, that whp the number of edges in
H € H.(n,p) is at least (logn + w'(n))n/r for some function w'(n) — oo as
n — 0o, then Proposition 3, part 5, and Theorem 1 imply the desired result.
O

6 Concluding remarks

Results similar to those presented above can be obtained also for random
r-partite hypergraphs. A hypergraph H = (V, E) is called r-partite if there
exists a partition V =V, U...UV, such that |[ENV;| = 1for every 1 <1 < r.
A random r-partite hypergraph H,(n,p) is an r-partite hypergraph with
vertex set V. = Vi U...UV,, |Vi]| = n, 1 <4 < 7, in which each subset
e € Vi x...xV, is chosen to be an edge independently and with probability
p. The corresponding probability space of hypergraph processes 7:[1(11) is
defined in the obvious way. A perfect fractional matching f : E — R* in

this model has value |f| = n.
Theorem 2 whp a random hypergraph process H € H'(n) is such that

t(H has a perfect fractional matching , H) =
t(H has no isolated vertices , H) .

Corollary 2 Let w(n) be any function tending to infinity arbitrarily slowly
asn — oo. Ifp = h”;—:f’l(ﬂ, then whp H € H.(n,p) has no perfect frac-
tional matching, and if p = %, then whp H € H.(n,p) has a perfect

fractional matching.
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The proof of the above theorem and corollary proceeds along the same lines
as the presented proof for the model H,(n,p), and is thus omitted.

The results obtained in this paper give some evidence supporting the com-
monly believed conjecture stating that whp at the very moment ¢, the last
1solated vertex disappears, a hypergraph H;, has a perfect integer matching.
However, it seems that the methods used to prove Theorem 1 do not suffice

to prove this conjecture.

7 Appendix: Proof of Lemma 3

(P0O) Follows immediately from the definition of H,(n,p; > 1);

(P1) Let us fix a vertex v € V and bound the probability that it violates
(P1). It can be easily seen that the following three cases are the only existing
possibilities.

Case 1. There exist three edges e, €3, e3 such that {v,u} Ce;Nex;Nes
for some vertex u € V' \ {v}. The probability of this case is at most

(n — 1)((75)) (p+ (nri))a

— O(n1—|—3(r—2)—3(r—1) 10g3 n) — O('I’L_l) )

Case 2. There exist three edges e;, e, e3 € E such that {v,u} C e; Ne, and
{v,w} C e;Nes for some u # w € V\ {v}. The probability of this case is at

ICE D)

— O(n2+2(r—2)+r—3—3(r—1)

most

log®n) = o(n™1).

Case 3. There exist four edges e;, es, €3,e4 € E such that {v,u} C e; Ney
and {v,w} C ez N ey for some u # w € V' \ {v}. The probability of this case
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does not exceed

(n . 1) ((’Z;i))z (p+ (’°1))4

r—1

_ O(n2+4(r—2)—4(r—1)10g4 n) — O(n_l) 7

hence the probability of the existence of a vertex v € V violating (P1) is at
most n - o(n™!) = o(1).

(P2) For every v € V we bound from above the probability Pld(v) <
dlogn]. Denote for every 1 <i < |élogn]|

s = ((Z;)) (p+ (nrl))i(l _p)(FE)-E

r—1

the sequence {s;} can be easily checked to be increasing. It follows from
Lemma 2 that P[d(v) = i] < s;, therefore

|logn]|
Pld(v) < élogn] < Z 5; < 8logmn s510gn) -

=1

Estimating s|510gn|, We obtain

(Zj) L R (7=1)~181ogn]
S|slogn| = (L(?lognj) p+ (n—l) (1 —p)ir

r—1

n_1 |8 logn]|
e(r_l) logn —logloglogn + r
< X
|dlogn| (’:j)
logn —logloglogn [ (n—1
X exp{— (n_l) .1 — |élogn ]
r—1
Slogn
€ 1Og n Siosn) e~ logn+logloglogn+o(1)
|dlogn|

= exp{dlogn + dlog(1/8)logn — logn + logloglogn + O(1)}

_ O(n6+610g(1/5)—110g10gn) < p 086
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Hence
P[d(v) < élogn] < flogn -n~ %% < n= 0%

It follows that the expectation of the number of vertices of H € H,(n,p; > 1)

of degree less than §log n does not exceed n-n~°% = n%35 and using Markov’s
inequality we obtain that

0.35

Pl{v € V: d(v) < Slogn}| > n®* < "= = o(1) ;

n

(P3) For every vertex v € W, of degree d(v) < édlogn let us choose d(v)
edges incident with it. (P2) asserts that whp |[W;| < n%*. Conditioning on
this inequality, we have for every edge e incident with v

Wol (™2 04(,
P[|eﬂ W0| > 1] < | 0|(r—2) < n (1" ]_) _ O(n—O-G) ‘

) - n-t

Therefore
P[de€ E:|lenWy| > 1] < |W0|Ir€1%;{d(v) PllenWy| > 1] = o(1) ;

(P4) In view of (P3) it remains to prove that whp every vertex from
V \ W, is adjacent to at most one vertex from W,. Fix a vertex v € V' \ W,,.
Every vertex u € Wy is adjacent to at most d(u)(r — 1) < dlogn(r — 1)
vertices from V' \ Wy and all these vertices are equally likely, therefore
(r —1)8logn

n — nd4

P[v is adjacent to u|(P2)] <

?

and thus

P[dv € V\ Wo,u1,us € Wo : v is adjacent to uq, us|(P2)]

< |V W (|M2/0|)P[v is adjacent to u € Wy|(P2)])?

= o (1)) <ot

n




(P5) It is easy to see that if the assertion of (P5) does not hold then at
least one of the following cases happens:
1) there exist vertices u,v,w € V and edges e;, s, e3 € E such that w € Wy
and u,w € ey, u,v € ez N es;
2) there exist vertices uy,us,v,w € V and edges ej,es,e3 € E such that
w € Wy and uy,uqs,w € €1, uy,v € €s, Uy, v € €3;
3) there exist vertices u;,us,v,w € V and edges ej, es,e3,e4 € E such that
w € Wy and uy,w € e1, us,w € €y, U1,V € €3, U,V € €4;
4) there exist vertices uj,us,v, w1, w2 € V and edges ey, es,€3,e4 € E such
that wy,wy; € Wy and uy,w; € €1, us,wy € €3, Uy, v € €3, U,V € €y;
5) there exist vertices u,v,w € V (where u may coincide with w) and edges
e1,es € E such that w € Wy and u,v,w € e1, u,v € ey;
6) there exist vertices v,w;,wy € V and edges e;, es € E such that wy,ws €
Wo and v, w; € e, v, ws € ey;
7) there exist vertices u,v,w € V and edges ei, e5,e3 € E such that w € Wy
and v,w € ey, u,w € es, U,V € €3;
8) there exist vertices u,v,w;,wy € V and edges e, ez, e3 € E such that
wy,ws € Wy and v, w; € ey, v,ws € €3, u,v € e3.

(The cases 5)-8) cover the case when v € W7).

Note that according to the proof of (P2) for every pair of vertices wy, ws €
V we have P[d(w;) < édlogn] < n7 %% and P[d(w;) < {flogn,d(ws) <
Slogn] < (%)% = n~12. Straightforward estimates show that the proba-
bility of each of the above cases is o(1). Let us prove this, for example, for

case 4). The probability that this case happens is at most

o (D))

(Choose v, then choose e; and e4, then e; and ey, and finally require that
d(w;) < flogn, d(ws) < dlogn). The above expression is O (n*"~*2p?) =

o(1);
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(P6)

n

PRV CcV,|V'| = { -‘ ,E(H[V']) = 0]

log log n

(hg:’zgn])(l _p)([ =)

n logn —logloglogn n "
< (eloglogn)ksien exp {_ & 'n,—gl 5% (rlo lo TL) } =oll);
(> g log

(P7) For aset U C V of size |U| = k < —— denote by Xy the number

loglogn

IN

of blue edges in H, intersecting U in at least two points. The random variable
Xy 1s binomially distributed with parameters ¢ and p, where t; < (];) (’::;)
Then

1
PV U < b, Xy > VLB
log log n log log log n

S lglz:g (1]:)(’7 kltokgn _‘)p[1og’ii(;1:gn—|

k=2 logloglogn

n I' klogmn —I
Llog lognJ k logloglogn
Z en etyp [ﬂg"_'l
< N - - p logloglogn
- k " klogn —‘
k=2 logloglogn

< |

k=2 n

n ogn k n___
LWJ [en (ceklogloglogn) 1(,5}0%] [loglogn—l

The expression in brackets is an increasing function of k, which is less than
1 for every 2 < k < n/loglogn. Hence, if a < k < b, the k-th summand
of the above sum can be estimated from above by substituting & = b in the
brackets and k = a in the power.

Consider two intervals 2 < k < n'/2 and n'/2 < k < n/loglogn. In the

first interval we have

logn 2

(cen% log log log n) eloglog .
=o(n™’),
log log n

1
s < |enz
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while in the second interval

1

log log log n\ Frieien |
logloglogn
5 < eloglogn(w) ] .
loglogn

It follows that whp for every set U C V of size |U| = k < n/loglogn there
exist at most klogn/logloglogn blue edges intersecting it in at least two
points.

As indicated by Claim 1, whp every vertex of U is incident with at most
one green edge, therefore the green edges contribute at most |U| to the total
number of edges intersecting U in at least two points, so this quantity whp
does not exceed |U|logn/logloglogn + |U| < 2|U|log n/logloglog n;

(P8) Clearly, it suffices to prove the assertion of (P8) for the case |Uy| =
r|U].

For two disjoint sets Uy, Uy C V of sizes |U;| = k < n/loglogn, |Us| = rk,
denote by Xy, v, the number of blue edges of H, intersecting both U; and
U,. The random variable Xy, y, is binomially distributed with parameters

tr and p, where ty < k- rk (’::;) Then

P[3U, Uz, U1 N Uy =0, |U1] <

n
—, |Us| = r|U
1Og10gn7| 2| r| 1|7
Xv, v, > |Ui]logn/logloglog n]

[eten |
C (n)(n—k)( G )pm—g—ogﬁ:;l:gn]
= AT AN LN

In a manner quite similar to the proof of (P7), one can show that ev-
ery summand of the above sum is o(n™'). Again, by Claim 1 for every
choice of Uy, U, as above the green edges contribute at most |U;| + |Us| <
|U1|log n/log log log n to the total number of edges intersecting both U; and
Us;

(P9) It suffices to prove the assertion for the case |Us| = »|Us|.
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Let us first choose U; and Us, denote k = |U;|. It follows from (P5) that
whp for every vertex v of U; at most one edge incident with it intersects
Wi\ {v}. Also, from (P7) we get that whp at most 2klogn/logloglogn
edges intersect U; in at least two vertices. Finally, (P8) asserts that whp
at most 2klogn/logloglogn edges intersect both U; and U, and therefore,
assuming that (P5), (P7) and (P8) hold true and recalling that the degree
of every vertex of U; is at least dlogn, we see that at least kdlogn — k —
2k log n/ log log log n. — 2klog n/ log log log n > 16klog n edges have one point
in U; and the remaining » — 1 points in V' \ (W; U U; U Us). Let us denote
the set of these edges by E;. Define now the following process of building a
set Eg C E;. Initially Fy = (. At each step, we inspect edges from E; \ Ey
and add to Ey an edge e if eN e’ C U; for every edge e € Ey, if there exist
several such edges we choose one of them arbitrarily. We proceed with this
process until no edge can be added to Ey. Let us look at E, after the process
has terminated. We claim that it satisfies the conditions of (P9). Obviously,
due to the definition of E; we need only check that |Ey| > |U;|log loglogn.
Suppose that this is not so, this means that every edge from E; intersects
the set

Us={veV\U,:de€ Ep,v € e}

in at least one point and |Us| = (r — 1)|Eo| < (r — 1)klogloglogn. For a
randomly chosen edge e intersecting U; in exactly one vertex and contained

in V'\ (W7 U U,) the probability that e intersects Us is at most

|U1||U3|(|V\(U1TU_U;UWI)|) <0 klogloglogn
|U]_ | (|V\(U1UU2UW1)|) - .

r—1

n

But |E,| > %Jk log n, therefore the probability of the existence of a pair
Ui, U, violating (P9) can be bounded from above by

L%J m () (o klogloglogn 30k logn
1 k) \rk n
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and every summand in the above sum can be shown to be o(n™!) by methods
similar to those in the proof of (P7).
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