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Abstra
t

Given an r-uniform hypergraph H = (V;E) on jV j = n verti
es, a

real-valued fun
tion f : E ! R

+

is 
alled a perfe
t fra
tional mat
hing

if

P

v2e

f(e) � 1 for all v 2 V and

P

e2E

f(e) = n=r. Considering a

random r-uniform hypergraph pro
ess on n verti
es, we show that

with probability tending to 1 as n ! 1, at the very moment t

0

when the last isolated vertex disappears, the hypergraph H

t

0

has a

perfe
t fra
tional mat
hing. This result is 
learly best possible. As

a 
onsequen
e, we derive that if p(n) = (lnn + w(n))

.

�

n�1

r�1

�

, where

w(n) is any fun
tion tending to in�nity with n, then with probability

tending to 1 a random r-uniform hypergraph on n verti
es with edge

probability p has a perfe
t fra
tional mat
hing. Similar results hold

also for random r-partite hypergraphs.

1 Introdu
tion

A hypergraph H is an ordered pair H = (V;E), where V is a �nite set (the

vertex set) and E is a family of distin
t subsets of V (the edge set). A

�
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hypergraph H = (V;E) is r-uniform if all edges of H are of size r. In this

paper we 
onsider only r-uniform hypergraphs where r is �xed. A subset

M � E(H) is 
alled a mat
hing if every pair of edges from M has an empty

interse
tion. The maximal size of a mat
hing in a hypergraph H is 
alled

the mat
hing number of H and is denoted by �(H). A mat
hing M is 
alled

perfe
t if jM j = jV j=r (
learly, a perfe
t mat
hing 
an exist only if r divides

jV j).

A random hypergraph H

r

(n; p) is an r-uniform hypergraph with vertex

set V of size jV j = n, in whi
h ea
h subset e 2

�

V

r

�

is 
hosen to be an

edge of H with probability p (where p may depend on n), all 
hoi
es being

independent. More exa
tly, H

r

(n; p) is the probability spa
e (
; P ), where


 is the �nite set of all r-uniform hypergraphs on n labeled verti
es and the

probability of ea
h hypergraph H = (V;E) from 
 equals to p

jEj

(1�p)

(

n

r

)

�jEj

.

The underlying set of H

r

(n; p) is denoted byH

r

(n). We de�ne also the model

H

r

(n;M), this probability spa
e 
onsists of all r-uniform hypergraphs on n

labeled verti
es with M edges, where all su
h hypergraphs are equiprobable.

A property Q of H

r

(n) is a subset of H

r

(n), 
losed under vertex per-

mutations. The statement `H has Q' means H 2 Q. A property Q is


alled monotone if whenever H 2 Q and E(H) � E(H

0

) then also H

0

2 Q.

A fun
tion p

�

= p

�

(n) is 
alled a threshold for a property Q of H

r

(n) if

p(n)=p

�

(n) ! 0, as n !1, implies that whp

1

H 2 H

r

(n; p) does not have

Q, while p(n)=p

�

(n) ! 1, as n ! 1, implies that whp H 2 H

r

(n; p) has

Q.

One of the 
entral problems in probabilisti
 
ombinatori
s is that of de-

termining the threshold for a perfe
t mat
hing in a random r-uniform hy-

pergraph on n verti
es (assuming r divides n). This problem was posed by

S
hmidt and Shamir in [6℄, they managed to prove that if p(n) = n

�r+3=2

w(n),

where w(n) is any fun
tion tending to in�nity arbitrarily slowly, then whp

1

An event E

n

happens whp (with high probability) if the probability of E

n

tends to 1

as n tends to in�nity.
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H 2 H

r

(n; p) has a perfe
t mat
hing. This result has re
ently been im-

proved by Frieze and Janson [4℄, they showed that it suÆ
es to take p(n) =

n

�r+4=3

w(n). Both papers used the se
ond moment method and the Cheby-

shev inequality. Frieze and Janson (as well as others, see, e.g., Erd}os ([1℄,

Appendix B)) 
onje
tured that the threshold fun
tion is p

�

(n) = n

�r+1

log n.

For the 
ase r = 2 this has been proved by Erd}os and R�enyi [3℄ in 1966, but

for every r > 2 this remains an open problem. The main diÆ
ulty in ta
kling

it seems to originate in the la
k of appropriate 
ombinatorial tools (su
h as

the Hall-K�onig and Tutte theorems in graph theory).

A possible and rather natural way to make a progress in this important

problem is to dis
uss its fra
tional relaxation, that is, to 
onsider the problem

of determining the threshold fun
tion for a perfe
t fra
tional mat
hing. For

a hypergraph H = (V;E), a non-negative real-valued fun
tion f : E ! R

+

is


alled a fra
tional mat
hing if

P

v2e

f(e) � 1 for every vertex v 2 V . Clearly,

if f takes only 0-1 values, then the set of all edges of positive weight forms

a mat
hing. The value jf j of a fra
tional mat
hing f is jf j =

P

e2E

f(e).

A fra
tional mat
hing f is 
alled perfe
t if jf j = jV j=r. (Note that we do

not require here that r ne
essarily divides n). We will give some additional

de�nitions and useful fa
ts about fra
tional mat
hings in Se
tion 2. It is

easy to see that the existen
e of a perfe
t mat
hing implies the existen
e of

a perfe
t fra
tional mat
hing, but not vi
e versa.

It turns out that this fra
tional relaxation of the integer problem is mu
h

more tra
table, and quite pre
ise results 
an be obtained about it. In order

to formulate them exa
tly, we introdu
e the notion of a random hypergraph

pro
ess. For a �xed integer r � 1, a random r-uniform hypergraph pro
ess on

a set V of size n is a Markov 
hain

~

H = (H

t

)

1

0

, whose states are hypergraphs

from H

r

(n). The pro
ess starts with the empty hypergraph (E = ;) and for

1 � t �

�

n

r

�

the hypergraph H

t

is obtained from H

t�1

by an addition of an

edge from

�

V

r

�

n E(H

t�1

), all new edges being equiprobable. Sin
e H

t

has
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exa
tly t edges, for t =

�

n

r

�

we have a 
omplete r-uniform hypergraph on V .

For all t >

�

n

r

�

we also de�ne H

t

= H

(

n

r

)

.

Let

~

H

r

(n) be the set of all random hypergraph pro
esses on n verti
es.

We turn

~

H

r

(n) into a probability spa
e by giving the same probability to

ea
h pro
ess

~

H 2

~

H

r

(n). We use the notation whp in this spa
e as well with

the obvious meaning.

The map

~

H

r

(n) ! H

r

(n;M), de�ned by

~

H = (H

t

)

1

0

! H

M

, is measure

preserving, so the set of all hypergraphs obtained at timeM 
an be identi�ed

with H

r

(n;M).

For a monotone non-empty property Q of H

r

(n) we refer to the time

t = t(Q;

~

H) at whi
h it appears as the hitting time of Q:

t(Q;

~

H) = minft � 0 : H

t

has Qg :

Now we are equipped with all ne
essary terminology to formulate our

main result.

Theorem 1 whp a random hypergraph pro
ess

~

H 2

~

H

r

(n) is su
h that

t(H has a perfe
t fra
tional mat
hing ;

~

H) =

t(H has no isolated verti
es ;

~

H) :

In words, this theorem states that whp at the very moment t

0

the last

isolated vertex disappears, one has a perfe
t fra
tional mat
hing in H

t

0

. This

theorem yields the following result about the threshold for a perfe
t fra
tional

mat
hing in H

r

(n; p).

Corollary 1 Let w(n) be any fun
tion tending to in�nity arbitrarily slowly

as n!1. Then

1. if p =

lnn�w(n)

(

n�1

r�1

)

, then whp H 2 H

r

(n; p) has no perfe
t fra
tional

mat
hing,
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2. if p =

lnn+w(n)

(

n�1

r�1

)

, then whp H 2 H

r

(n; p) has a perfe
t fra
tional mat
h-

ing.

We will prove the above theorem and 
orollary in the next se
tions.

We 
lose this se
tion with some notation used in the sequel. For a hyper-

graph H = (V;E), the degree d(v) of a vertex v 2 V is d(v) = jfe 2 E : v 2

egj. If V

0

is a subset of V , then H[V

0

℄ stands for the indu
ed subhypergraph

of H on V

0

. Two verti
es v; u 2 V are 
alled adja
ent if there exists an edge

e 2 E su
h that v; u 2 e.

All logarithms are in base e = 2:71828 : : :.

Throughout the paper, the parameter n is assumed to tend to in�nity,

we also assume it to be suÆ
iently large if ne
essary, the uniformity num-

ber r is kept �xed. The notation o(), O() has its usual meaning, that is,

f(n) = o(g(n)) if lim

n!1

f(n)=g(n) = 0 and f(n) = O(g(n)) if there exists

a 
onstant 
 > 0 su
h that f(n) � 
g(n) for all n.

2 Fra
tional mat
hings and 
overs in hyper-

graphs

LetH = (V;E) be a hypergraph. Re
all that a non-negative real-valued fun
-

tion f : E ! R

+

is 
alled a fra
tional mat
hing with value jf j =

P

e2E

f(e)

if

P

v2e

f(e) � 1 for every v 2 V . The maximum of jf j over all fra
-

tional mat
hings of H is the fra
tional mat
hing number of H, denoted by

�

�

(H). Similarly, a fra
tional 
over of H is a non-negative real-valued fun
-

tion g : V ! R

+

su
h that

P

v2e

g(v) � 1 for every e 2 E(H). The value of

g is jgj =

P

v2V

g(v). The minimum of jgj over all fra
tional 
overs of H is

the fra
tional 
overing number of H, denoted by �

�

(H).

It is easy to see that the above two de�nitions of �

�

(H) and �

�

(H) 
an

be represented as optimal solutions of a pair of dual linear programming

problems. The Duality Theorem of Linear Programming asserts that
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Proposition 1 For every hypergraph H = (V;E) the following holds true:

1. for every fra
tional 
over g and every fra
tional mat
hing f one has

jgj � jf j;

2. �

�

(H) = �

�

(H);

3. if g is an optimal fra
tional 
over of H (i.e. jgj = �

�

(H)) and f is an

optimal fra
tional mat
hing of H (i.e. jf j = �

�

(H)), then

f(e) > 0 implies

X

v2e

g(v) = 1;

g(v) > 0 implies

X

v2e

f(e) = 1 : (1)

(These are the so 
alled 
omplementary sla
kness 
onditions).

We will also use the following

Proposition 2 For every r-uniform hypergraph H = (V;E) one has :

1. �

�

(H) � �(H);

2. if V

0

� V is the set of all non-isolated verti
es of H, then �

�

(H) �

jV

0

j=r, therefore �

�

(H) � jV j=r;

3. if g : V ! R

+

is a fra
tional 
over of H, then for every subset U � V

the fun
tion g

0

: U ! R

+

de�ned by g

0

(v) = g(v) for every v 2 U (that

is, g

0

is the restri
tion of g on U) is a fra
tional 
over of the hypergraph

H[U ℄;

4. let g : V ! R

+

be an optimal fra
tional 
over of H and denote V

1

=

fv 2 V : g(v) > 0g, then �

�

(H) � jV

1

j=r.

Proof. 1) Let M � E be a mat
hing of size jM j = �(H), then its 
hara
-

teristi
 fun
tion 1

M

: E ! f0; 1g is 
learly a fra
tional mat
hing with value

jM j = �(H).

6



2) De�ne a fun
tion g : V ! R

+

by g(v) = 1=r for all v 2 V

0

and g(v) = 0

for all v 62 V

0

, then g 
an be easily seen to be a fra
tional 
over with value

jgj = jV

0

j=r, therefore �

�

(H) = �

�

(H) � jV

0

j=r.

3) Obvious.

4) Let f : E ! R

+

be an optimal fra
tional mat
hing of H. Then, by

the 
omplementary sla
kness 
onditions (1),

jV

1

j =

X

f1 : v 2 V

1

g =

X

v2V

1

X

v2e

f(e) =

X

e2E

f(e)je \ V

1

j

�

X

e2E

f(e)r = r

X

e2E

f(e) = r�

�

(H) ;

therefore �

�

(H) � jV

1

j=r.

The reader is referred to [5℄ for additional information about integer and

fra
tional mat
hings and 
overs in hypergraphs.

3 Hypergraph pro
esses and random hyper-

graphs

The following proposition, whose proof (whi
h we omit) 
an be obtained just

by imitating the proof of the 
orresponding result for random graphs, gives

us some initial intuition of what result we may expe
t to obtain.

Proposition 3 Let w(n) be any fun
tion tending arbitrarily slowly to in�n-

ity as n tends to in�nity.

1. If p =

logn+w(n)

(

n�1

r�1

)

, then whp the number of edges in a random hypergraph

H 2 H

r

(n; p) is at least (log n+ w(n))n=r � n

1=2

log nw(n).

2. If p =

logn�w(n)

(

n�1

r�1

)

, then whp H 2 H

r

(n; p) has some isolated verti
es,

on the other hand, if w(n) � log log log n, then the number of isolated

verti
es whp does not ex
eed log n.
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3. If p =

logn+w(n)

(

n�1

r�1

)

, then whp H 2 H

r

(n; p) has no isolated verti
es, on

the other hand, if w(n) � log log log n, then whp there exists a vertex

of degree one in H 2 H

r

(n; p).

4. If M = b(log n � w(n))n=r
, then whp a random hypergraph H 2

H

r

(n;M) has some isolated verti
es, on the other hand, if w(n) �

log log log n, then the number of isolated verti
es in H 2 H

r

(n;M)

whp does not ex
eed log n.

5. If M = b(log n+ w(n))n=r
, then whp H 2 H

r

(n;M) has no isolated

verti
es, on the other hand, if w(n) � log log log n, then whp there

exists a vertex of degree one in H 2 H

r

(n;M).

It follows from the above proposition that at the moment t = b(log n �

w(n))n=r
 a hypergraph pro
ess

~

H 2

~

H

r

(n) whp has some isolated verti
es

and therefore (by Proposition 2, part 2) has no perfe
t fra
tional mat
hing,

while at the moment t = b(log n + w(n)n=r
 the pro
ess

~

H whp has no

isolated verti
es and therefore may possibly have a perfe
t fra
tional mat
h-

ing. We will prove that this is indeed the situation for almost all hypergraph

pro
esses.

Though we will derive the desired result for random hypergraphs from the

result about hypergraph pro
esses, a
tually we are going to use the opposite

dire
tion. In order to obtain the result about hitting times in hypergraph

pro
esses, we introdu
e (as in [2℄, Ch. 7.4) two new models of random hy-

pergraphs, namely, H

r

(n; p;� 1) and H

r

(n;M ;� 1). Both models 
onsist of

hypergraphs with vertex set V of size n, whose edges are 
oloured blue and

green. To obtain a random element fromH

r

(n; p;� 1) we �rst take a random

element H of H

r

(n; p) and 
olour its edges blue. Let v

1

; : : : ; v

s

be all isolated

verti
es of this blue hypergraph. For ea
h 1 � i � s we add to H at random

an edge of size r 
ontaining v

i

, all su
h edges being equally likely. We 
olour

these additional edges green. (In 
ase H 2 H

r

(n; p) has no isolated verti
es,

8



we do not add green edges at all). The probability measure of H

r

(n; p;� 1)

is indu
ed by the probability measure of H

r

(n; p) in the obvious way. The

random model H

r

(n;M ;� 1) is de�ned in a similar manner.

Why are these new models important for us? The answer is given by the

following lemma, whose proof is shaped after that of Lemma 7.9 of [2℄.

Lemma 1 Let Q be a monotone property in H

r

(n), implying non-existen
e

of isolated verti
es. Let

p =

log n� w(n)

�

n�1

r�1

�

;

where w(n) ! 1, but w(n) � log log log n. If whp H 2 H

r

(n; p;� 1) has

Q, then whp in

~

H

r

(n)

t(Q;

~

H) = t(H has no isolated verti
es,

~

H) :

Proof. Denote by X the number of blue edges in H 2 H

r

(n; p;� 1). Then

X is binomially distributed with parameters

�

n

r

�

and p, hen
e (sin
e Q is

monotone) if

M

1

= b

 

n

r

!

p
 = b(log n� w(n))n=r
 ;

then whp a random hypergraph H 2 H

r

(n;M

1

;� 1) has Q.

Let

M

2

= b(log n+ w(n))n=r


and let

~

H

�

be the set of hypergraph pro
esses

~

H = (H

t

)

1

0

for whi
h H

M

1

has

an isolated vertex, the minimal degree of H

M

2

equals to one and every edge

added in times M

1

+ 1; : : : ;M

2


ontains at most one isolated vertex of H

M

1

.

It follows from Proposition 3 that whp H

M

1

has some isolated verti
es and

the number of isolated verti
es does not ex
eed log n. If an edge is added to

su
h a hypergraph then the probability that it 
ontains at least two isolated

verti
es is at most

�

logn

2

��

n�2

r�2

�.��

n

r

�

�M

1

�

= O(log

2

n=n

2

). Hen
e, with

probability at least 1 � (M

2

�M

1

)O(log

2

n=n

2

) = 1 � o(1), no edge added

9



in times M

1

+ 1; : : : ;M

2


ontains more than one isolated vertex of H

M

1

.

Therefore, P [

~

H

�

℄ = 1 � Æ

n

, where Æ

n

! 0.

Let H

�

be the 
olle
tion of hypergraphs from H

r

(n;M

1

;� 1) in whi
h the

blue subhypergraph has some isolated verti
es and no green edge 
ontains

more than one isolated vertex of the blue subhypergraph. One 
an show

easily that P [H

�

℄ = 1� �

n

, where �

n

! 0.

De�ne now a map � :

~

H

�

!H

�

in the following way. Given

~

H = (H

t

)

1

0

2

~

H

�

, let �(

~

H) be the 
oloured hypergraph whose blue subhypergraph is H

M

1

and whose green edges are all the edges added after time M

1

and not later

than M

2

whi
h in
reased the degree of some vertex from 0 to 1. Clearly,

�(

~

H

�

) = H

�

and � is measure preserving in the sense that for every H 2 H

�

the number of hypergraph pro
esses in

~

H

�

whi
h are mapped by � to H is

the same. Therefore for every A � H

�

one has

P [A℄

P [H

�

℄

=

P [�

�1

(A)℄

P [

~

H

�

℄

: (2)

Set

H

0

= fH 2 H(n;M

1

;� 1) : H has Qg ;

then a

ording to the above dis
ussion P [H

0

℄ = 1 � 


n

, where 


n

! 0.

Therefore

P [H

0

\H

�

℄ � 1� �

n

� 


n

;

hen
e by (2) the set

~

H

0

= �

�1

(H

0

\H

�

) satis�es

P [

~

H

0

℄ =

P [H

0

\H

�

℄P [

~

H

�

℄

P [H

�

℄

�

(1 � �

n

� 


n

)(1 � Æ

n

)

1 � �

n

= 1 � o(1) :

But if

~

H 2

~

H

0

, then H

M

1

has some isolated verti
es (this is be
ause �(

~

H) 2

H

�

) and at the moment t

0

when the last isolated vertex disappears, H

t

0

has

Q (this is be
ause �(

~

H) 2 H

0

). Sin
e a

ording to the lemma 
onditions Q


an not appear before this moment, we have for every

~

H 2

~

H

0

t(Q;

~

H) = t(H has no isolated verti
es ;

~

H) ;
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ompleting the proof. 2

A useful fa
t is that the probability measure of H

r

(n; p;� 1) di�ers only

slightly from the one of H

r

(n; p), as shown by the following lemma.

Lemma 2 Let A;B be two disjoint subsets of

�

V

r

�

. Then the probability that

a random hypergraph H 2 H

r

(n; p;� 1) satis�es A � E(H), B \ E(H) = ;

is at most

0

�

p+

r

�

n�1

r�1

�

1

A

jAj

(1� p)

jBj

:

Proof. For every e 2

�

V

r

�

the probability that e is a green edge of H 2

H

r

(n; p;� 1) 
an be bounded from above by the probability that e is 
hosen

to be a green edge for some of its verti
es, therefore

P [e is a green edge of H℄ �

r

�

n�1

r�1

�

;

and thus for every subset A

0

�

�

V

r

�

one has

P [A

0


onsists of green edges ℄ �

0

�

r

�

n�1

r�1

�

1

A

jA

0

j

:

Returning to A and B from the lemma formulation, we denote jAj = a,

jBj = b. If A 
ontains exa
tly i green edges, where 0 � i � a, then

P [A � E(H); B \ E(H) = ;℄ � p

a�i

0

�

r

�

n�1

r�1

�

1

A

i

(1 � p)

b

;

therefore

P [A � E(H); B \ E(H) = ;℄ �

a

X

i=0

 

a

i

!

p

a�i

0

�

r

�

n�1

r�1

�

1

A

i

(1 � p)

b

11



� (1� p)

b

a

X

i=0

 

a

i

!

p

a�i

0

�

r

�

n�1

r�1

�

1

A

i

= (1� p)

b

0

�

p +

r

�

n�1

r�1

�

1

A

a

: 2

Claim 1 whp every vertex of a random hypergraph H 2 H

r

(n; p;� 1), with

p = p(n) as in Lemma 1, is 
ontained in at most one green edge.

Proof. A

ording to Proposition 3, part 2, the number of isolated verti
es

in the blue subhypergraph of H whp does not ex
eed log n. Therefore the

probability of existen
e of a vertex v 2 V (H) whi
h is in
ident with at least

two green edges is at most

n

 

log n

2

!

0

�

�

n�2

r�2

�

�

n�1

r�1

�

1

A

2

= o(1) : 2

De�ne now Q as `H 
ontains a perfe
t fra
tional mat
hing', then Q is

obviously monotone and Proposition 2, part 2 implies that every hypergraph

having Q does not 
ontain isolated verti
es, so in view of Lemma 1 it remains

to prove that a random hypergraph H 2 H

r

(n; p;� 1) whp has a perfe
t

fra
tional mat
hing, where p = p(n) is as in Lemma 1.

4 Properties of H

r

(n; p;� 1)

Set for the rest of the paper

p =

log n� log log log n

�

n�1

r�1

�

:

12



Also, set Æ = 0:1. De�ne

W

0

= fv 2 V : d(v) < Æ log ng ;

W

1

= fv 2 V nW

0

: 9e 2 E; v 2 e; e \W

0

6= ;g :

(W

0

is the set of low degree verti
es, W

1

is the set of their neighbours.)

The following lemma states some properties of almost all hypergraphs

from H

r

(n; p;� 1) with p as de�ned above. Basi
ally, it assures that whp

the set of low degree verti
es is relatively small and 
an be mat
hed and that

a random hypergraph has good lo
al expansion and mat
hing properties.

Lemma 3 A random hypergraph H = (V;E) 2 H

r

(n; p;� 1) whp has the

following properties:

(P0) Every vertex is in
ident with at least one edge;

(P1) For every vertex v 2 V there exists at most one pair of edges e

1

; e

2

su
h that v 2 e

1

\ e

2

and je

1

\ e

2

j � 2;

(P2) jW

0

j � n

0:4

;

(P3) Every edge e 2 E interse
ts W

0

in at most one vertex;

(P4) Every two edges in
ident with distin
t verti
es of W

0

do not interse
t

ea
h other;

(P5) Every vertex v 2 V nW

0

is in
ident with at most one edge interse
ting

W

1

n fvg;

(P6) Every subset U � V of size jU j � n= log log n spans at least one edge;

(P7) For every subset U � V of size jU j � n=log log n there exist at most

2jU j log n= log log log n edges interse
ting U in at least two points;

13



(P8) For every pair of disjoint subsets U

1

; U

2

� V of sizes jU

1

j � n= log log n,

jU

2

j � rjU

1

j, there exist at most 2jU

1

j log n= log log log n edges interse
t-

ing both U

1

and U

2

;

(P9) For every pair of disjoint subsets U

1

� V nW

0

, U

2

� V n U

1

of sizes

jU

1

j � n= log log n, jU

2

j � rjU

1

j, there exists a set E

0

� E of size

jE

0

j � jU

1

j log log log n su
h that je \ U

1

j = 1, je \ (W

1

n U

1

)j = 0,

je\U

2

j = 0 for every e 2 E

0

, and also e

1

\e

2

� U

1

for every e

1

; e

2

2 E

0

.

Two remarks are in pla
e here. First, various bounds 
ited in (P0){(P9)

are not ne
essarily tight, but they will suÆ
e for our purposes. Se
ond, in

the sequel we will make a dire
t use only of part of these properties, however

they are formulated in the present form so as to make their proof easier.

We postpone the (quite te
hni
al) proof of the above lemma until Se
tion

7. Assuming it for granted we pro
eed with the proof of Theorem 1.

5 Perfe
t fra
tional mat
hings in H

r

(n; p;� 1)

In this se
tion we prove the following

Lemma 4 If H is a hypergraph on n verti
es satisfying (P0){(P9), then H

has a perfe
t fra
tional mat
hing.

In view of Lemmas 1 and 3 this lemma a
tually establishes Theorem 1. Note

that the assertion of the above lemma is fully deterministi
, that is, the

lemma guarantees that a hypergraph having 
ertain properties, always has a

perfe
t fra
tional mat
hing.

Here is a brief outline of lemma's proof. First, we �nd a mat
hing M for

the verti
es of W

0

and delete the set V

0

of all verti
es, belonging to the edges

of M , from the hypergraph H. In the remaining subhypergraph H

1

with

vertex set V

1

all verti
es have relatively large degree (at least Æ log n=2). Now,

if g : V ! R

+

is an optimal fra
tional 
over of H, then jgj � �

�

(H[V

0

℄) +

14



�

�

(H

1

). The hypergraph H[V

0

℄ has a perfe
t mat
hing, implying �

�

(H[V

0

℄) �

jV

0

j=r. The hypergraph H

1

has good expansion properties. Therefore, if

g

1

: V

1

! R

+

is an optimal fra
tional 
over of H

1

and if there exists a vertex

v

0

2 V

1

with g

1

(v

0

) = 0, then taking Æ log n=2 edges of H

1

interse
ting ea
h

other only at v

0

, we see that the verti
es of these edges (with v

0

deleted) have

an average weight in g

1

at least 1=(r�1) (instead of 1=r in a perfe
t fra
tional


over). We remove these `heavy' verti
es (whi
h we denote by U) from V

1

.

The fun
tion g

1

restri
ted to the set U

1

= V

1

nU is a fra
tional 
over of H[U

1

℄,

therefore

P

v2U

1

g

1

(v) � �

�

(H[U

1

℄). Now it suÆ
es to show that H[U

1

℄ has

an almost perfe
t fra
tional mat
hing, that is, we have some extra room to

operate, this is due to the fa
t that the verti
es of U are `overweighted' in

g

1

. This gives us �

�

(H

1

) � jV

1

j=r, implying in turn �

�

(H) � jV j=r.

Suppose H = (V;E) is a hypergraph on n verti
es satisfying (P0){(P9).

Let g : V ! R

+

be an optimal fra
tional 
over of H with value jgj = �

�

(H).

By (P0), every vertex of H is in
ident with at least one edge. Consider the

verti
es of W

0

. If for every vertex v 2 W

0

we 
hoose arbitrarily an edge

e(v) 
ontaining it, then the 
hosen edges are pairwise disjoint as follows from

(P4). This means that the set M = fe(v) : v 2 W

0

g is a mat
hing. Denote

now

V

0

= fv 2 V : 9e 2M;v 2 eg ;

that is, V

0

is the union of all verti
es in edges of M . Denote also

V

1

= V n V

0

;

n

1

= jV

1

j ;

H

0

= H[V

0

℄ ;

H

1

= H[V

1

℄ :

15



It follows from Proposition 2, part 3, that the fun
tion g, restri
ted to V

0

(V

1

, resp.) is a fra
tional 
over of the hypergraph H

0

(H

1

, resp.), therefore

jgj =

X

v2V

0

g(v) +

X

v2V

1

g(v) � �

�

(H

0

) + �

�

(H

1

) :

Sin
e V

0

is a union of edges of a mat
hing, H

0


learly 
ontains a perfe
t

mat
hing and therefore (see Proposition 2, parts 1 and 2)

�

�

(H

0

) =

jV

0

j

r

:

Hen
e it remains to prove that the hypergraphH

1

also has a perfe
t fra
tional

mat
hing, that is,

�

�

(H

1

) =

jV

1

j

r

: (3)

Note that it follows from (P0){(P9) that the deletion of V

0

does not seriously

a�e
t `ni
e' properties of H

1

. This means that H

1

satis�es the following.

(Q1) Every subset U � V

1

of size jU j � n= log log n spans an edge of H

1

(follows from (P6));

(Q2) for every pair of disjoint subsets U

1

; U

2

� V

1

of sizes jU

1

j � n= log log n,

jU

2

j � rjU

1

j there exists a set E

0

� E(H

1

) of size jE

0

j � jU

1

j log log log n

su
h that je\U

1

j = 1, je\U

2

j = 0 for every e 2 E

0

and also e

1

\e

2

� U

1

for every e

1

; e

2

2 E

0

(follows from (P9));

(Q3) for every vertex v 2 V

1

there exist at least Æ log n � 2 >

Æ

2

log n edges

of H

1

, whose pairwise interse
tion is fvg (follows from (P1), (P5) and

the de�nition of W

0

).

The proof of (3) is based on the following lemma.

Lemma 5 Let a sequen
e fa

i

g

1

0

be de�ned as follows: a

0

=

l

r

2

n

log logn

m

and

a

i

=

l

a

i�1

1+log log logn

m

for every i � 1. Denote

k

0

= minfi : a

i

� log log ng :

16



Then for every 0 � i � k

0

every subset U � V

1

of size jU j = a

i

satis�es

�

�

(H

1

[V

1

n U ℄) >

n

1

� a

i

r

�

a

i

(r � 1)r

:

Proof. Let �rst i = 0. Fix a subset U � V

1

of size jU j = a

0

and denote

U

1

= V

1

nU , we will prove that �

�

(H

1

[U

1

℄) > jU

1

j=r�n= log log n > jU

1

j=r�

a

0

=(r � 1)r. By (Q1), every subset U

0

� U

1

of size jU

0

j � n= log log n

spans an edge of H

1

, therefore U

1


ontains a mat
hing of size more than

jU

1

j=r � n= log log n, whi
h 
an be obtained, for example, by pi
king the

edges one by one greedily. Therefore by Proposition 2, part 1, �

�

(H

1

[U

1

℄) �

�(H

1

[U

1

℄) > jU

1

j=r � n= log log n.

Assuming that the assertion of the lemma holds for all indi
es between 0

and i � 1 and still a

i�1

> log log n, we prove the assertion for a

i

. Let U be

a subset of V

1

of size jU j = a

i

, denote U

1

= V

1

n U . Suppose g : U

1

! R

+

is an optimal fra
tional 
over of H

1

[U

1

℄ with value jgj = �

�

(H

1

[U

1

℄). Denote

U

0

= fv 2 U

1

: g(v) = 0g. If jU

0

j < a

i

=(r � 1), then it follows from

Proposition 2, part 4, that �

�

(H

1

[U

1

℄) � jU

1

n U

0

j=r > (n

1

� a

i

� a

i

=(r �

1))=r = (n

1

� a

i

)=r � a

i

=(r � 1)r, as required. Thus we may assume that

jU

0

j � a

i

=(r�1). Fix a subset U

0

0

� U of size a

i

=(r�1) � jU

0

0

j � n= log log n.

A

ording to (Q2) with U

0

0

and U instead of U

1

and U

2

, respe
tively, there

exists a subset E

0

� E(H

1

[U

1

℄) of size jE

0

j � jU

0

0

j log log log n su
h that the

interse
tion of any two edges from E

0

is 
ontained in U

0

0

. Every edge e 2 E

0

is 
overed by g, and sin
e U

0

0


onsists of verti
es of zero weight in g, it follows

that

P

v2enU

0

0

g(v) � 1. Denote T =

S

e2E

0

enU

0

0

. Sin
e all sets fenU

0

0

: e 2 E

0

g

are pairwise disjoint, we obtain jT j = (r� 1)jE

0

j � (r� 1)jU

0

0

j log log log n �

a

i

log log log n and

P

v2T

g(v) � jE

0

j = jT j=(r � 1). (A 
ru
ial observation

here is that the average weight of the verti
es of T in g is at least 1=(r � 1)

instead of 1=r as in a perfe
t fra
tional 
over). Denote by T

0

the subset of

T 
onsisting of a

i�1

� a

i

� a

i

log log log n verti
es with the largest weights

in g. Clearly

P

v2T

0

g(v) � jT

0

j=(r � 1) = (a

i�1

� a

i

)=(r � 1). Consider

now the hypergraph H

1

[U

1

n T

0

℄. By Proposition 2, part 3, the fun
tion g

17



restri
ted to the verti
es of U

1

nT

0

is a fra
tional 
over ofH

1

[U

1

nT

0

℄, therefore

P

v2U

1

nT

0

g(v) � �

�

(H

1

[U

1

n T

0

℄). On the other hand, sin
e jT

0

j = a

i�1

� a

i

,

one has �

�

(H

1

[U

1

n T

0

℄) > (n

1

� a

i�1

)=r � a

i�1

=(r � 1)r, by the indu
tion

hypothesis. Summing the above, we obtain

jgj =

X

v2U

1

g(v) =

X

v2T

0

g(v) +

X

v2U

1

nT

0

g(v)

>

a

i�1

� a

i

r � 1

+

n

1

� a

i�1

r

�

a

i�1

(r � 1)r

=

n

1

r

�

a

i

r � 1

=

n

1

� a

i

r

�

a

i

(r � 1)r

: 2

Returning to the proof of Lemma 4, we use essentially the same idea as in

the proof of Lemma 5. Let g

1

: V

1

! R

+

be an optimal fra
tional 
over of H

1

with value jg

1

j = �

�

(H

1

). If all verti
es of V

1

have positive weights in g

1

, then

it follows from Proposition 2, parts 2 and 4, that �

�

(H

1

) = jV

1

j=r = n

1

=r. If

there exists a vertex v

0

2 V

1

with g

1

(v

0

) = 0, 
onsider a maximum set E

0

of

edges of H

1

, whose pairwise interse
tion is fv

0

g. A

ording to (Q3), jE

0

j �

Æ

2

log n. Sin
e all edges of E

0

are 
overed by g

1

, one has

P

v2enfv

0

g

g

1

(v) � 1

for every e 2 E

0

. Denote T =

S

e2E

0

e n fv

0

g, then jT j = (r � 1)jE

0

j �

Æ(r�1)

2

log n > a

k

0

and

P

v2T

g

1

(v) � jT j=(r � 1). Let T

0

be a subset of T ,


onsisting of a

k

0

verti
es with the largest weights in g

1

, then

P

v2T

0

g

1

(v) �

jT

0

j=(r � 1) = a

k

0

=(r � 1). Consider the hypergraph H

1

[V

1

n T

0

℄. It follows

from Lemma 4 that

X

v2V

1

nT

0

g

1

(v) � �

�

(H

1

[V

1

n T

0

℄) >

n

1

� a

k

0

r

�

a

k

0

(r � 1)r

;

therefore

�

�

(H

1

) =

X

v2V

1

g

1

(v) =

X

v2T

0

g

1

(v) +

X

v2V

1

nT

0

g

1

(v)

>

a

k

0

r � 1

+

n

1

� a

k

0

r

�

n

1

� a

k

0

(r � 1)r

=

n

1

r

;
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obtaining a 
ontradi
tion sin
e by Proposition 2, part 2, �

�

(H

1

) � n

1

=r.

(A
tually, we have shown that su
h a vertex v

0

with g

1

(v

0

) = 0 does not

exist).

The proof of Lemma 4 and Theorem 1 has been �nished. 2

Proof of Corollary 1. 1)Follows from Proposition 2, part 2, and Proposi-

tion 3, part 2;

2) It follows from Proposition 3, part 1, that whp the number of edges in

H 2 H

r

(n; p) is at least (log n+ w

0

(n))n=r for some fun
tion w

0

(n)!1 as

n!1, then Proposition 3, part 5, and Theorem 1 imply the desired result.

2

6 Con
luding remarks

Results similar to those presented above 
an be obtained also for random

r-partite hypergraphs. A hypergraph H = (V;E) is 
alled r-partite if there

exists a partition V = V

1

[ : : :[V

r

su
h that jE \V

i

j = 1 for every 1 � i � r.

A random r-partite hypergraph H

0

r

(n; p) is an r-partite hypergraph with

vertex set V = V

1

[ : : : [ V

r

, jV

i

j = n, 1 � i � r, in whi
h ea
h subset

e 2 V

1

� : : :� V

r

is 
hosen to be an edge independently and with probability

p. The 
orresponding probability spa
e of hypergraph pro
esses

~

H

0

r

(n) is

de�ned in the obvious way. A perfe
t fra
tional mat
hing f : E ! R

+

in

this model has value jf j = n.

Theorem 2 whp a random hypergraph pro
ess

~

H 2

~

H

0

r

(n) is su
h that

t(H has a perfe
t fra
tional mat
hing ;

~

H) =

t(H has no isolated verti
es ;

~

H) :

Corollary 2 Let w(n) be any fun
tion tending to in�nity arbitrarily slowly

as n ! 1. If p =

lnn�w(n)

n

r�1

, then whp H 2 H

0

r

(n; p) has no perfe
t fra
-

tional mat
hing, and if p =

lnn+w(n)

n

r�1

, then whp H 2 H

0

r

(n; p) has a perfe
t

fra
tional mat
hing.
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The proof of the above theorem and 
orollary pro
eeds along the same lines

as the presented proof for the model H

r

(n; p), and is thus omitted.

The results obtained in this paper give some eviden
e supporting the 
om-

monly believed 
onje
ture stating that whp at the very moment t

0

the last

isolated vertex disappears, a hypergraph H

t

0

has a perfe
t integer mat
hing.

However, it seems that the methods used to prove Theorem 1 do not suÆ
e

to prove this 
onje
ture.

7 Appendix: Proof of Lemma 3

(P0) Follows immediately from the de�nition of H

r

(n; p;� 1);

(P1) Let us �x a vertex v 2 V and bound the probability that it violates

(P1). It 
an be easily seen that the following three 
ases are the only existing

possibilities.

Case 1. There exist three edges e

1

; e

2

; e

3

su
h that fv; ug � e

1

\ e

2

\ e

3

for some vertex u 2 V n fvg. The probability of this 
ase is at most

(n� 1)

 

�

n�2

r�2

�

3

!

0

�

p+

r

�

n�1

r�1

�

1

A

3

= O(n

1+3(r�2)�3(r�1)

log

3

n) = o(n

�1

) :

Case 2. There exist three edges e

1

; e

2

; e

3

2 E su
h that fv; ug � e

1

\ e

2

and

fv;wg � e

1

\ e

3

for some u 6= w 2 V n fvg. The probability of this 
ase is at

most

 

n� 1

2

! 

n� 2

r � 2

!

2

 

n� 3

r � 3

!

0

�

p +

r

�

n�1

r�1

�

1

A

3

= O(n

2+2(r�2)+r�3�3(r�1)

log

3

n) = o(n

�1

):

Case 3. There exist four edges e

1

; e

2

; e

3

; e

4

2 E su
h that fv; ug � e

1

\ e

2

and fv;wg � e

3

\ e

4

for some u 6= w 2 V n fvg. The probability of this 
ase
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does not ex
eed

 

n � 1

2

! 

�

n�2

r�2

�

2

!

2

0

�

p+

r

�

n�1

r�1

�

1

A

4

= O(n

2+4(r�2)�4(r�1)

log

4

n) = o(n

�1

) ;

hen
e the probability of the existen
e of a vertex v 2 V violating (P1) is at

most n � o(n

�1

) = o(1).

(P2) For every v 2 V we bound from above the probability P [d(v) <

Æ log n℄. Denote for every 1 � i � bÆ log n


s

i

=

 

�

n�1

r�1

�

i

!

0

�

p+

r

�

n�1

r�1

�

1

A

i

(1� p)

(

n�1

r�1

)

�i

;

the sequen
e fs

i

g 
an be easily 
he
ked to be in
reasing. It follows from

Lemma 2 that P [d(v) = i℄ � s

i

, therefore

P [d(v) < Æ log n℄ �

bÆ logn


X

i=1

s

i

� Æ log n s

bÆ logn


:

Estimating s

bÆ logn


, we obtain

s

bÆ logn


=

 

�

n�1

r�1

�

bÆ log n


!

0

�

p +

r

�

n�1

r�1

�

1

A

bÆ logn


(1 � p)

(

n�1

r�1

)

�bÆ logn


�

0

�

e

�

n�1

r�1

�

bÆ log n


log n � log log log n + r

�

n�1

r�1

�

1

A

bÆ logn


�

� exp

8

<

:

�

log n� log log log n

�

n�1

r�1

�

  

n� 1

r � 1

!

� bÆ log n


!

9

=

;

�

 

e log n

bÆ log n


!

bÆ logn


e

� logn+log log logn+o(1)

= exp fÆ log n+ Æ log(1=Æ) log n� log n+ log log log n+O(1)g

= O(n

Æ+Æ log(1=Æ)�1

log log n) � n

�0:66

:
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Hen
e

P [d(v) < Æ log n℄ � Æ log n � n

�0:66

� n

�0:65

:

It follows that the expe
tation of the number of verti
es of H 2 H

r

(n; p;� 1)

of degree less than Æ log n does not ex
eed n�n

�0:65

= n

0:35

and using Markov's

inequality we obtain that

P [jfv 2 V : d(v) < Æ log ngj � n

0:4

℄ �

n

0:35

n

0:4

= o(1) ;

(P3) For every vertex v 2 W

0

of degree d(v) < Æ log n let us 
hoose d(v)

edges in
ident with it. (P2) asserts that whp jW

0

j � n

0:4

. Conditioning on

this inequality, we have for every edge e in
ident with v

P [je \W

0

j > 1℄ �

jW

0

j

�

n�2

r�2

�

�

n�1

r�1

�

�

n

0:4

(r � 1)

n� 1

= O(n

�0:6

) :

Therefore

P [9e 2 E : je \W

0

j > 1℄ � jW

0

jmax

v2W

0

d(v)P [je \W

0

j > 1℄ = o(1) ;

(P4) In view of (P3) it remains to prove that whp every vertex from

V nW

0

is adja
ent to at most one vertex from W

0

. Fix a vertex v 2 V nW

0

.

Every vertex u 2 W

0

is adja
ent to at most d(u)(r � 1) < Æ log n(r � 1)

verti
es from V nW

0

and all these verti
es are equally likely, therefore

P [v is adja
ent to uj(P2)℄ <

(r � 1)Æ log n

n� n

0:4

;

and thus

P [9v 2 V nW

0

; u

1

; u

2

2 W

0

: v is adja
ent to u

1

; u

2

j(P2)℄

� jV nW

0

j

 

jW

0

j

2

!

P [v is adja
ent to u 2 W

0

j(P2)℄

2

= O(n � n

0:4�2

 

logn

n

!

2

) = o(1) ;
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(P5) It is easy to see that if the assertion of (P5) does not hold then at

least one of the following 
ases happens:

1) there exist verti
es u; v; w 2 V and edges e

1

; e

2

; e

3

2 E su
h that w 2 W

0

and u;w 2 e

1

, u; v 2 e

2

\ e

3

;

2) there exist verti
es u

1

; u

2

; v; w 2 V and edges e

1

; e

2

; e

3

2 E su
h that

w 2 W

0

and u

1

; u

2

; w 2 e

1

, u

1

; v 2 e

2

, u

2

; v 2 e

3

;

3) there exist verti
es u

1

; u

2

; v; w 2 V and edges e

1

; e

2

; e

3

; e

4

2 E su
h that

w 2 W

0

and u

1

; w 2 e

1

, u

2

; w 2 e

2

, u

1

; v 2 e

3

, u

2

; v 2 e

4

;

4) there exist verti
es u

1

; u

2

; v; w

1

; w

2

2 V and edges e

1

; e

2

; e

3

; e

4

2 E su
h

that w

1

; w

2

2 W

0

and u

1

; w

1

2 e

1

, u

2

; w

2

2 e

2

, u

1

; v 2 e

3

, u

2

; v 2 e

4

;

5) there exist verti
es u; v; w 2 V (where u may 
oin
ide with w) and edges

e

1

; e

2

2 E su
h that w 2 W

0

and u; v; w 2 e

1

, u; v 2 e

2

;

6) there exist verti
es v;w

1

; w

2

2 V and edges e

1

; e

2

2 E su
h that w

1

; w

2

2

W

0

and v;w

1

2 e

1

, v;w

2

2 e

2

;

7) there exist verti
es u; v; w 2 V and edges e

1

; e

2

; e

3

2 E su
h that w 2 W

0

and v;w 2 e

1

, u;w 2 e

2

, u; v 2 e

3

;

8) there exist verti
es u; v; w

1

; w

2

2 V and edges e

1

; e

2

; e

3

2 E su
h that

w

1

; w

2

2 W

0

and v;w

1

2 e

1

, v;w

2

2 e

2

, u; v 2 e

3

.

(The 
ases 5){8) 
over the 
ase when v 2 W

1

).

Note that a

ording to the proof of (P2) for every pair of verti
es w

1

; w

2

2

V we have P [d(w

1

) < Æ log n℄ � n

�0:6

and P [d(w

1

) < Æ log n; d(w

2

) <

Æ log n℄ � (n

�0:6

)

2

= n

�1:2

. Straightforward estimates show that the proba-

bility of ea
h of the above 
ases is o(1). Let us prove this, for example, for


ase 4). The probability that this 
ase happens is at most

O

0

�

n

 

�

n�1

r�1

�

2

!

p

2

 

n � 1

r � 1

!

2

p

2

n

�1:2

1

A

(Choose v, then 
hoose e

3

and e

4

, then e

1

and e

2

, and �nally require that

d(w

1

) < Æ log n, d(w

2

) < Æ log n). The above expression is O (n

4r�4:2

p

4

) =

o(1);
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(P6)

P [9V

0

� V; jV

0

j =

&

n

log log n

'

; E(H[V

0

℄) = ;℄

�

 

n

l

n

log logn

m

!

(1� p)

(

d

n

log log n

e

r

)

� (e log log n)

n

log log n

exp

8

<

:

�

log n � log log log n

�

n�1

r�1

�

 

n

r log log n

!

r

9

=

;

= o(1) ;

(P7) For a set U � V of size jU j = k �

n

log logn

denote by X

U

the number

of blue edges in H, interse
ting U in at least two points. The random variable

X

U

is binomially distributed with parameters t

k

and p, where t

k

�

�

k

2

��

n�2

r�2

�

.

Then

P [9U; jU j �

n

log log n

;X

U

�

jU j log n

log log log n

℄

�

b

n

log log n




X

k=2

 

n

k

! 

t

k

l

k logn

log log logn

m

!

p

d

k log n

log log log n

e

�

b

n

log log n




X

k=2

�

en

k

�

k

0

�

et

k

p

l

k logn

log log logn

m

1

A

d

k log n

log log log n

e

p

d

k log n

log log log n

e

�

b

n

log log n




X

k=2

2

4

en

k

 


ek log log log n

n

!

logn

log log log n

3

5

k

=

d

n

log log n

e

X

k=2

s

k

:

The expression in bra
kets is an in
reasing fun
tion of k, whi
h is less than

1 for every 2 � k � n= log log n. Hen
e, if a � k � b, the k-th summand

of the above sum 
an be estimated from above by substituting k = b in the

bra
kets and k = a in the power.

Consider two intervals 2 � k � n

1=2

and n

1=2

� k � n= log log n. In the

�rst interval we have

s

k

�

2

6

4

en

1

2

0

�


en

1

2

log log log n

log log n

1

A

log n

log log log n

3

7

5

2

= o(n

�1

) ;
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while in the se
ond interval

s

k

�

2

4

e log log n

 


e log log log n

log log n

!

logn

log log log n

3

5

n

1

2

= o(n

�1

) :

It follows that whp for every set U � V of size jU j = k � n= log log n there

exist at most k log n= log log log n blue edges interse
ting it in at least two

points.

As indi
ated by Claim 1, whp every vertex of U is in
ident with at most

one green edge, therefore the green edges 
ontribute at most jU j to the total

number of edges interse
ting U in at least two points, so this quantity whp

does not ex
eed jU j log n= log log log n+ jU j < 2jU j log n= log log log n;

(P8) Clearly, it suÆ
es to prove the assertion of (P8) for the 
ase jU

2

j =

rjU

1

j.

For two disjoint sets U

1

; U

2

� V of sizes jU

1

j = k � n= log log n, jU

2

j = rk,

denote by X

U

1

;U

2

the number of blue edges of H, interse
ting both U

1

and

U

2

. The random variable X

U

1

;U

2

is binomially distributed with parameters

t

k

and p, where t

k

� k � rk

�

n�2

r�2

�

. Then

P [9U

1

; U

2

; U

1

\ U

2

= ;; jU

1

j �

n

log log n

; jU

2

j = rjU

1

j;

X

U

1

;U

2

� jU

1

j log n= log log log n℄

�

d

n

log log n

e

X

k=2

 

n

k

! 

n� k

rk

! 

t

k

l

k logn

log log logn

m

!

p

d

k log n

log log log n

e

:

In a manner quite similar to the proof of (P7), one 
an show that ev-

ery summand of the above sum is o(n

�1

). Again, by Claim 1 for every


hoi
e of U

1

; U

2

as above the green edges 
ontribute at most jU

1

j + jU

2

j <

jU

1

j log n= log log log n to the total number of edges interse
ting both U

1

and

U

2

;

(P9) It suÆ
es to prove the assertion for the 
ase jU

2

j = rjU

1

j.
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Let us �rst 
hoose U

1

and U

2

, denote k = jU

1

j. It follows from (P5) that

whp for every vertex v of U

1

at most one edge in
ident with it interse
ts

W

1

n fvg. Also, from (P7) we get that whp at most 2k log n= log log log n

edges interse
t U

1

in at least two verti
es. Finally, (P8) asserts that whp

at most 2k log n= log log log n edges interse
t both U

1

and U

2

and therefore,

assuming that (P5), (P7) and (P8) hold true and re
alling that the degree

of every vertex of U

1

is at least Æ log n, we see that at least k Æ log n � k �

2k log n= log log log n�2k log n= log log log n >

1

2

Æk log n edges have one point

in U

1

and the remaining r � 1 points in V n (W

1

[ U

1

[ U

2

). Let us denote

the set of these edges by E

1

. De�ne now the following pro
ess of building a

set E

0

� E

1

. Initially E

0

= ;. At ea
h step, we inspe
t edges from E

1

n E

0

and add to E

0

an edge e if e \ e

0

� U

1

for every edge e

0

2 E

0

, if there exist

several su
h edges we 
hoose one of them arbitrarily. We pro
eed with this

pro
ess until no edge 
an be added to E

0

. Let us look at E

0

after the pro
ess

has terminated. We 
laim that it satis�es the 
onditions of (P9). Obviously,

due to the de�nition of E

1

we need only 
he
k that jE

0

j � jU

1

j log log log n.

Suppose that this is not so, this means that every edge from E

1

interse
ts

the set

U

3

= fv 2 V n U

1

: 9e 2 E

0

; v 2 eg

in at least one point and jU

3

j = (r � 1)jE

0

j < (r � 1)k log log log n. For a

randomly 
hosen edge e interse
ting U

1

in exa
tly one vertex and 
ontained

in V n (W

1

[ U

2

) the probability that e interse
ts U

3

is at most

jU

1

jjU

3

j

�

jV n(U

1

[U

2

[W

1

)j

r�2

�

jU

1

j

�

jV n(U

1

[U

2

[W

1

)j

r�1

�

� O

 

k log log log n

n

!

:

But jE

1

j >

1

2

Æk log n, therefore the probability of the existen
e of a pair

U

1

; U

2

violating (P9) 
an be bounded from above by

b

n

log log n




X

k=1

 

n

k

! 

n

rk

! 

O

 

k log log log n

n

!!

1

2

Æk logn
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and every summand in the above sum 
an be shown to be o(n

�1

) by methods

similar to those in the proof of (P7).
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