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Abstra
t

We 
onsider the following model H

r

(n; p) of random r-uniform

hypergraphs. The vertex set 
onsists of two disjoint subsets V of size

jV j = n and U of size jU j = (r � 1)n. Ea
h r-subset of V �

�

U

r�1

�

is


hosen to be an edge of H 2 H

r

(n; p) with probability p = p(n), all


hoi
es being independent. It is shown that for every 0 < � < 1 if

p =

C lnn

n

r�1

with C = C(�) suÆ
iently large, then almost surely every

subset V

1

� V of size jV

1

j = b(1 � �)n
 is mat
hable, that is, there

exists a mat
hingM in H su
h that every vertex of V

1

is 
ontained in

some edge of M .

An r-uniform hypergraph H is an ordered pair H = (V;E), where V =

V (H) is a �nite set (the set of verti
es) and E = E(H) is a 
olle
tion of

distin
t subsets of V of size r, 
alled edges. In this paper the parameter

r � 2 is assumed to be a �xed number. A subset M � E(H) is 
alled

�

This resear
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a mat
hing if every pair of edges from M has an empty interse
tion. A

mat
hing M is 
alled perfe
t if jM j = jV j=r (
learly, a perfe
t mat
hing 
an

exist only if r divides jV j). A subset V

1

� V is mat
hable in H = (V;E) if

there exists a mat
hing M in H so that every vertex from V

1

is 
ontained in

some edge from M .

A random r-uniform hypergraph H

r

(n; p) is an r-uniform hypergraph

with vertex set V of size jV j = n, in whi
h ea
h r-subset of V is 
hosen to

be an edge of H 2 H

r

(n; p) with probability p (where p may depend on n),

all 
hoi
es being independent.

One of the 
entral problems in probabilisti
 
ombinatori
s is that of de-

termining the minimal probability p = p(n), for whi
h a random hypergraph

H 2 H

r

(n; p) has whp

1

a perfe
t mat
hing (assuming of 
ourse that r always

divides n). This problem was posed by S
hmidt and Shamir in [6℄, they man-

aged to prove that if p(n) = n

�r+3=2

w(n), where w(n) is any fun
tion tending

to in�nity arbitrarily slowly, then whp H 2 H

r

(n; p) has a perfe
t mat
hing.

This result has re
ently been improved by Frieze and Janson [3℄, who showed

that it suÆ
es to take p(n) = n

�r+4=3

w(n). Both papers used the se
ond mo-

ment method and the Chebyshev inequality. A fra
tional version of this prob-

lem is 
onsidered in [5℄, where it is shown that if p(n) = (lnn+w(n))

.�

n�1

r�1

�

,

then a random hypergraph H 2 H

r

(n; p) has whp a perfe
t fra
tionalmat
h-

ing of size n=r (that is, an assignment f : E(H) ! R

+

of non-negative

1

An event E

n

happens whp (with high probability) if the probability of E

n

tends to 1

as n tends to in�nity.
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weights to the edges of H su
h that

P

v2e

f(e) � 1 for every v 2 V and also

P

e2E

f(e) = n=r). As for the existen
e of an almost perfe
t mat
hing (that

is, a mat
hing 
overing all but o(n) verti
es), de la Vega proved in [7℄, using

Markov 
hains and the Chebyshev inequality, that if p(n) = w(n)=n

r�1

for

any fun
tion w(n) ! 1, then a random hypergraph H 2 H

r

(n; p) whp


ontains a mat
hing M of size (1 � o(1))n=r.

In this paper we treat a di�erent model of random r-uniform hypergraphs,

whi
h however has many features similar to those of H

r

(n; p). In this new

model whi
h we denote by H

0

r

(n; p), the vertex set 
onsists of two disjoint

subsets V of size jV j = n and U of size jU j = (r � 1)n. Ea
h r-subset of

V �

�

U

r�1

�

is 
hosen to be an edge of a random hypergraph H 2 H

0

r

(n; p)

with probability p = p(n), all 
hoi
es being independent. This model 
an be


onsidered as a model of random bipartite r-uniform hypergraphs (adopting

the terminology of [1℄). We try to estimate the minimal probability p = p(n),

for whi
h di�erent subsets of V (in
luding V itself) are mat
hable whp in

H 2 H

0

r

(n; p). Clearly, if H 
ontains a perfe
t mat
hing, then every subset

V

1

� V is mat
hable, so the most important problem is to determine the

threshold probability p = p(n) for the existen
e of a perfe
t mat
hing in

H

0

r

(n; p). IfH 2 H

0

r

(n; p) has a perfe
t mat
hing, then every vertex v 2 V [U

is 
ontained in at least one edge, therefore the 
ondition of non-existen
e

of isolated verti
es is a ne
essary 
ondition for the existen
e of a perfe
t

mat
hing. It 
an be proven rather easily, using standard methods of random
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graphs theory (see, e.g., [2℄), that if p � (ln n + w(n))

.�

(r�1)n

r�1

�

, then whp

every vertex v 2 V [ U is in
ident with at least one edge. This motivates

the following 
onje
ture.

Conje
ture 1 If p �

lnn+w(n)

(

(r�1)n

r�1

)

, where w(n) is any fun
tion tending to in�n-

ity arbitrarily slowly with n, then whp a random hypergraph H 2 H

0

r

(n; p)


ontains a perfe
t mat
hing.

At this stage, we 
an not prove this 
onje
ture for any r � 3. (For the


ase r = 2, that is, when H

0

r

(n; p) 
onsists of bipartite graphs with equal

sides, the 
onje
ture is true, and the proof 
an be found, e.g., in [2℄). The

main diÆ
ulty in proving it seems to originate from the la
k of appropriate


ombinatorial results (su
h as the Hall-K�onig theorem), providing suÆ
ient


onditions for the existen
e of a perfe
t mat
hing in an r-uniform hypergraph.

Instead, we 
an prove that, for every 
onstant 0 < � < 1, if the probability p

from Conje
ture 1 is multiplied by a 
onstant fa
tor, then whp every subset

V

1

� V of size jV

1

j = b(1 � �)n
 is mat
hable in H 2 H

0

r

(n; p). This is

formally stated in the following theorem.

Theorem 1 For every 
onstant 0 < � < 1, if C = C(�) =

�

15

�

�

r�1

, then

whp in a random hypergraph H 2 H

0

r

(n; p), where p = p(n) =

C lnn

n

r�1

, every

subset V

1

� V of size jV

1

j = b(1 � �)n
 is mat
hable.

(The 
onstant 15 in the expression for C(�) 
an 
ertainly be improved. We

do not make any attempt to optimize it here).
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Note that Conje
ture 1 implies immediately Theorem 1.

We remark that in 
ontrast with the above mentioned result of de la Vega

[7℄, we need to show not only the existen
e of a single large mat
hing, but

the existen
e of a mat
hing for every large subset V

1

� V .

Our proof is based on a re
ent result of Haxell [4℄, providing a suÆ
ient


ondition for mat
hability for a 
ertain 
lass of uniform hypergraphs. Let us

reformulate her result in a form, 
onvenient for our purposes.

Theorem 2 Suppose V

0

and U

0

are disjoint sets of verti
es, and suppose

every edge e of a hypergraph H = (V

0

[U

0

; E) satis�es je\V

0

j = 1, je\U

0

j =

r � 1. Then if for every non-empty subset W

0

� V

0

there exist m

0

= (2r �

3)jW

0

j edges e

1

; : : : ; e

m

0

2 E(H) su
h that e

i

\W

0

6= ; for all 1 � i � m

0

and also e

i

\ e

j

� W

0

for every 1 � i 6= j � m

0

, then V

0

is mat
hable in H.

One may see easily that Theorem 2 redu
es to Hall's theorem for the 
ase

r = 2.

We 
an not apply Theorem 2 dire
tly to a random hypergraph H 2

H

0

r

(n; p), be
ause if we takeW

0

� V , jW

0

j = b(1��)n
, then there is no pla
e

in U for (2r � 3)jW

0

j edges satisfying the 
onditions of Theorem 2. Instead,

we a
t as follows. Fix a subset U

0

� U of size jU

0

j = b�jU j
 = b�(r � 1)n
.

Then, for a subset V

1

� V of size jV

1

j = b(1� �)n
, we �rst mat
h almost all

(say, jV

1

j � k, for k =

j

�n

10r

k

) verti
es of V

1

inside U n U

0

. Denote the subset

of yet unmat
hed verti
es of V

1

by V

0

, sin
e jV

0

j < jU

0

j=((2r � 3)(r � 1)),

we 
an now apply (as shown in Lemma 1 below) Theorem 2 to show that
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V

0

is mat
hable inside U

0

, thus obtaining the desired mat
hing for V

1

. The

realization of this idea is based on the following

Lemma 1 Denote k =

j

�n

10r

k

. Let U

0

� U be a �xed set of jU

0

j = b�(r�1)n


verti
es. Then whp a random hypergraph H 2 H

0

r

(n; p) has the following

properties:

1. for every subset W

1

� V of size jW

1

j > k and for every subset U

1

� U

of size jU

1

j = (r � 1)jW

1

j there exists an edge of H inside W

1

[ U

1

;

2. for every subset W

0

� V of size 1 � jW

0

j � k there exist m

0

=

(2r�3)jW

0

j edges e

1

; : : : ; e

m

0

su
h that e

i

\W

0

6= ; for all 1 � i � m

0

,

and e

i

\ U � U

0

for all 1 � i � m

0

, and also e

i

\ e

j

� W

0

for all

1 � i 6= j � m

0

.

Proof. 1) Clearly it suÆ
es to prove the required statement for the 
ase

jW

1

j = k, jU

1

j = (r � 1)k. The probability of the existen
e of a pair W

1

; U

1

of sizes jW

1

j = k, jU

1

j = (r� 1)k, 
ontradi
ting Part 1 of the lemma, 
an be

bounded from above by

 

n

k

! 

(r � 1)n

(r � 1)k

!

(1 � p)

k

(

(r�1)k

r�1

)

� 2

n+(r�1)n

e

�k

(

(r�1)k

r�1

)

p

� 2

rn

e

�k�k

r�1

C lnn

n

r�1

� 2

rn

e

��(n lnn)

= o(1) ;

2) Denote by p

i

, 1 � i � k, the probability of the existen
e of a subset

W

0

� V of size jW

0

j = i, 
ontradi
ting Part 2 of the lemma. We will

show that p

i

= o(n

�1

). Let W

0

� V , jW

0

j = i, and assume W

0


ontradi
ts
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the lemma statement. Denote by E

0

a maximum set of edges lying inside

W

0

[U

0

and having their pairwise interse
tions in W

0

, then a

ording to our

assumption about W

0

we have jE

0

j < (2r � 3)i. Let U

0

� U be the set of all

verti
es of U , lying on any edge from E

0

, then jU

0

j < (2r � 3)(r � 1)i. Sin
e

E

0

has maximal 
ardinality, every other edge of H inside W

0

[ U

0

interse
ts

U

0

. This implies that the subset W

0

[ (U

0

n U

0

) spans no edges from H.

Therefore we may estimate

p

i

�

 

n

i

! 

b�(r � 1)n


(2r � 3)(r � 1)i

!

(1� p)

i

(

b�(r�1)n
�(2r�3)(r�1)i

r�1

)

�

 

n

i

! 

b�(r � 1)n


(2r � 3)(r � 1)i

!

e

�i

(

b�(r�1)n
�(2r�3)(r�1)i

r�1

)

p

�

�

en

i

�

i

 

�en

(2r � 3)i

!

(2r�3)(r�1)i

exp

8

<

:

�i

 

�n�

(2r � 3)�n

10r

!

r�1

C ln n

n

r�1

9

=

;

�

2

4

en

i

 

�en

(2r � 3)i

!

(2r�3)(r�1)

n

�

C

n

r�1

(

4�n

5

)

r�1

3

5

i

:

(We use inequalities

�

a

b

�

b

�

�

a

b

�

�

�

ea

b

�

b

).

Substituting i = 1 in the �rst and the se
ond fra
tions in the bra
kets

and then assigning C = C(�) =

�

15

�

�

r�1

, we get

p

i

�

�

O

�

n

1+(2r�3)(r�1)�

C

n

r�1

(�n)

r�1

(

4

5

)

r�1

��

i

=

�

O

�

n

2r

2

�5r+4�C

(

4�

5

)

r�1

��

i

=

h

O

�

n

3r

2

�1�12

r�1

�i

i

= o(n

�1

) ;

as 
laimed. 2
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Proof of Theorem 1. Assume H 2 H

0

r

(n; p) has the properties stated in

Lemma 1. Let V

1

� V be a subset of size jV

1

j = b(1 � �)n
. First, using

the edges of H inside V

1

[ (U nU

0

), we build a mat
hing M

1

greedily, adding

edges one by one. A

ording to Part 1 of the lemma, this pro
ess 
an not

stop until jV

1

j � k verti
es of V

1

will be mat
hed. Denote by V

0

� V

1

the

verti
es of V

1

, not 
overed by M

1

, then jV

0

j � k. By Part 2 of the lemma,

the subhypergraph of H spanned by V

0

[ U

0

satis�es the requirements of

Haxell's Theorem 2, therefore there exists a mat
hing M

0

of size jM

0

j = jV

0

j

inside V

0

[ U

0

. The union M =M

0

[M

1

forms the desired mat
hing for V

1

.

2
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