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Abstract

We prove a new upper bound on the possible distance distribution
of a code of a given size. The main instrument of the proof is the
Beckner inequality from Harmonic Analysis. We also show that the
obtained bound is almost tight.
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1 Introduction

While there are quite a few papers on the computation of distance distribu-
tions of given codes or classes of codes (see, e.g., [4], [11]), universal upper
bounds, i.e. bounds holding irrespectively of the code, given its rate only,
are scarce (see however [8], [10], [2] for results bounding distance distribu-
tion components given the minimum distance of a code). We offer such a
result here, proving, loosely speaking, that if the rate of a code is less than
1, then all its weight distribution components are exponentially smaller than
corresponding binomial coefficients.
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This bears some similarity with results on codes with forbidden distances,
where one looks for the largest possible (lim inf of) rates of a family of codes
if one sets to 0 some weight component (see, e.g., [3]).

Let F™ be the space of binary vectors of length n endowed with the
Hamming metric d(-, ), for x = (21, ..., Zn), ¥y = (Y1, o, Yn), X,y € F",

d(x,y) = [{i: & # yi}l.
Let the (Hamming) weight of x € F™ be
wt(x) = |{i: z; = 1},

i.e. wt(zx) is equal to the number of ones in x. Let B(x,r) C F" stand for
the ball of radius r centered in x, with

1=0

being its volume. Let C' C F™ be a code of rate
1
R(C) =R = —log,|C].
n

Assume that the minimum distance d(C') of the code,

d(C)=d= min d(cy,cs),

(:17502€C

is d = §(C)n, where § = 6(C) is the code’s relative distance. Denote by
B(C) = (By(C) = 1,B4(C),...,B,(C)) the distance distribution of the
code, i.e.
1 .
BZ(C) = Bz = m |{Cl,C2 1 C1,Co € C, d(Cl,CQ) = Z}| .

For a c € C' let
Af(c) = Ai(c) = [{c; € C : d(c,c1) = i}|.

Notice that .

ceC

B;

2



If the code is linear (i.e. closed under component-wise modulo 2 sum), then
for every ¢ € C, A;(c) = B,.
We also use the exponents be(C') of Blen|(C'), namely,

1
be(C) = be = - log, Ben

We are interested in bounding possible distance distributions given the
size of code. Namely, given R and &, such that 0 < R, ¢ < 1, we wish to
estimate

bg(R) = n’ng bg(C),

where the maximum is taken over all codes C' of rate at most R.

Our main result supplies a negative answer to the following very simply
stated, but apparently non-trivial question: Is it possible that in a code of
size exponentially smaller than 2" there is a B; of the same exponential order
as (f) ? We do so by providing upper bounds on the distance distribution
components.

The above cited result is a particular case of a much more general result,
allowing to bound from above distance distribution components of a code,
given both its rate and the minimal distance. This more general result can
be applied to several other problems such as:

- estimating the undetected error probability over a binary symmetric
channel (BSC) [9];

- bounding the covering radius of a linear code of given size and dual
distance [6];

- estimating the threshold for maximum likelihood decoding error prob-
ability over a BSC as a function of code’s minimum distance and size ([12],
see also [13]).

These applications will be covered in a subsequent paper [7].

Throughout the paper all logarithms are binary, and

H(z)=—xlogz — (1 —x)log(l — )

is the binary entropy.

2 Basic inequalities

We shall make use of the Beckner inequality [5], already appearing in a
combinatorial context in e.g. [1, 8].



Let f be a real-valued function defined on F™. For a real positive s, the
s-norm of f is

= (5 3 or)

veFrn
For 0 < e < 1, let T. = T.(f) be the function defined on F™ as

A S ] Gy I E=

=8 2 2

Theorem 1 (Beckner) For any real-valued function f on F™ and any 0 <
e <1,

I Tell2 < N1 [f1sez-
o
Let A(n,d, < w) be the maximal possible number of binary n-vectors of

weight at most w, being at Hamming distance at least d one from another.
We are now in a position to state the basic inequality.

Theorem 2 For any code C' of length n, minimum distance d, and param-
eters p € [0,1/2], 0 < g < 1/2, the following inequality holds:

_1 - - ) n— _ _lip C lfp

C] >3 Aie) Yo b, Op(1-p)" " < (VI(9)A' " (n,d, < g)) (|2n|> ,
ceC i=0 =0

where

Ai(c) = {c; € C :d(c,c;) =i},
h(i,0) = |{(uy,uy) : u; € B(0", g),uy € B(1°0"*, g) : d(uy,uy) = (}].

€e=4/1—2p.

fo(v) =Hee C:d(v,c) < g}l
Clearly, for every v € F™,

Proof Set

Define

fo(v) < An,d, < g),



Let
{e,vl,={(c,v):ce C,ve B(cg)}.
Notice that

> fo(v) = He, v}l = C1V(g)

Thus the maximum of

3 ()

v

is achieved when |C|V(g)/A(n,d,< ¢g) summands in the last sum assume
their maximum value of A(n,d, < g), and this maximum is

CV(9)A™ (n,d, < g).

Therefore,

: 1/(1+€2)
Uil < (LCV@A7(n.d. < 9)
glll4e? = 2n .

This gives an estimate to the right-hand side of the Beckner inequality. To
estimate the left-hand side, denote p = (1 — ¢)/2. Then

T.(v) = Z fg(u)pd(“"’)(l _ p)n—d(u,v).

uck”

Therefore

IEHUEDY (Z pd<“~><1—p>"—d<"’v>>)

vern vern \{eul,

— Z Z pd(ul,v)—l—d(uz,v)(l _p)Qn—d(ul,v)—d(uz,v)
veF™ {clyul}ga{CZaUZ}g

— Z Z pd(ul,v)—l—d(uz,v)(l _p)Qn—d(ul,v)—d(uz,v)

{c1,u1}g,{c2,us}y vEF™
= Z G(uh u2)-
{e1,u1}g,{c2,u2}y
Now we calculate G(uy, uy), which clearly depends only on the distance be-

tween u; and uy. Let d(uy,uy) = ¢, and without loss of generality assume
that u; = 0", uy = 10" %, Then

{ n—/t . o o o N
G(ula 112) = Z Z (£> (n] E) pZ+]+€—z+J(1 _ p)n—z—ﬁ-n_g_m_g
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= (20(1 = p)(p* + (1 = p)*)""
Observe that, since p = 2p(1 — p), then 1 —p = p*+ (1 — p)? and p € [0,1/2]
whenever p € [0,1]. Thus

G(u1, U.Q) — pd(ul,ug)(l _ p)n—d(ul,UQ)

Continuing the previous computation we conclude

n

S T2v) = 33 Ade) SShG, 01— p) .

vEF™ ceC =0 /=0

Noticing that 1+ &2 = 2(1 — p), €2 = 1 — 2p, and applying the Beckner
inequality we obtain the claimed result. o

The function h(i,l) appearing in the statement of the theorem is esti-
mated in [7]. However, we shall not need it here.

Given a code C' we can construct a new code C’ (its complemented ver-
sion) of size at most 2|C| by adding to it the binary complements of every
codeword (which does not have its complement already in C'). The code
C" has symmetric distance distribution, i.e. B,,(C") = By_u,(C'), and,
asymptotically, possesses the same rate as C'. Thus, assuming our codes
self-complementary entails no loss of generality.

3 Distance distributions

We now focus on the particular case of ¢ = 0 in Theorem 2. This corre-
sponds to the case where no restriction on the minimum distance of a code
is imposed.

Theorem 3 1) For every 0 < u <1, b,(R) < R;
2) Let

0<p<1-2/(1-R)In2+In2—RIn2. (1)
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Define

|
p*:p*(ﬂ)_i(uu 2+ RIn2—/—4u+ (1+p— 1n2+R1n2)> .

If
p* <0.5 (2)
then:

*

(1= B) = prlogy” — (1= ) log(1 = ") +o(1) - (3)

Proof Since the first bound of the theorem b, < R is trivial, we may assume
that conditions (1) and (2) hold. Setting g = 0 in Theorem 2, we obtain

EPIWICHEEE <|2(7:|>

ceC =0

bu(R) < —

The left-hand side of the above inequality is trivially estimated from below
by singling out any Weight m:

Ai( n—io
@ ZZ Tz
Pl — A,
e 2 Anl

— pm(l _p)n mBm_
Thus we get

ws (7)) )

Note that this holds true for any p € [0,0.5] and m. Fixing m = un,
and minimizing the right-hand side of (4) as a function of p, gives p*(u) as
stated. Plugging then p*(u) in (4) yields (3). o

Corollary 1 For any pu € (0,0.5)

bu(R) = by (R) < =7 (1= R) + H(p) + (1),
Proof Again, (3) is valid for any p and any p instead of p*. Setting p = p
in (3), we get the result. o
In fact, last corollary shows that for any code of rate R < 1, every distance
distribution component B; is exponentially smaller than the corresponding
binomial coefficient (")



4 A Lower Bound

For a lower bound we use the following construction. First compute w*,
defined as the largest integer such that 2(;}) < |C]. Notice that for rates
strictly less than 1 we have w* < 0.5. Pick now for codewords all vectors of
weight w* and their complements. The distance distribution of such a code
is (assuming without loss of generality that n is even)

m= (7)) + ()05

B2’i = Bn72i-

and

Theorem 4 For any 0 < p < 2w(1 — w)

bu(R) = bi_u(R) > wH (Qﬁ) (- w)H (%) ,

w 1—w)
where w = H™'(R). Otherwise, for u < 0.5,
bu(R) = bi_,(R) = .

Proof The first estimate follows from the construction. For the second one,
consider a random constant weight code of size |C| and weight w > w*. Its
average distance distribution is

- G0

w

Taking for code the union of the previous one and its complement, we
conclude that the maximum of its distance distribution occurs when 7 =
[2w(1 —w)] or i = [2w(1l — w)], and is of order 2fr(1—e(1) o

On Figure 1 the upper and lower bounds are presented for the distance
distributions of codes of rate 0.5.
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Figure 1: Upper and lower bounds on the distance distribution exponent for
codes of rate 0.5
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