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Abstra
t

We prove a new upper bound on the possible distan
e distribution

of a 
ode of a given size. The main instrument of the proof is the

Be
kner inequality from Harmoni
 Analysis. We also show that the

obtained bound is almost tight.
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1 Introdu
tion

While there are quite a few papers on the 
omputation of distan
e distribu-

tions of given 
odes or 
lasses of 
odes (see, e.g., [4℄, [11℄), universal upper

bounds, i.e. bounds holding irrespe
tively of the 
ode, given its rate only,

are s
ar
e (see however [8℄, [10℄, [2℄ for results bounding distan
e distribu-

tion 
omponents given the minimum distan
e of a 
ode). We o�er su
h a

result here, proving, loosely speaking, that if the rate of a 
ode is less than

1, then all its weight distribution 
omponents are exponentially smaller than


orresponding binomial 
oeÆ
ients.
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This bears some similarity with results on 
odes with forbidden distan
es,

where one looks for the largest possible (lim inf of) rates of a family of 
odes

if one sets to 0 some weight 
omponent (see, e.g., [3℄).

Let F

n

be the spa
e of binary ve
tors of length n endowed with the

Hamming metri
 d(�; �), for x = (x

1

; :::; x

n

);y = (y

1

; :::; y

n

);x;y 2 F

n

;

d(x;y) = jfi : x

i

6= y

i

gj:

Let the (Hamming) weight of x 2 F

n

be

wt(x) = jfi : x

i

= 1gj;

i.e. wt(x) is equal to the number of ones in x. Let B(x; r) � F

n

stand for

the ball of radius r 
entered in x, with

V (r) =

r

X

i=0

 

n

i

!

being its volume. Let C � F

n

be a 
ode of rate

R(C) = R =

1

n

log

2

jCj:

Assume that the minimum distan
e d(C) of the 
ode,

d(C) = d = min




1

6=


2

2C

d(


1

; 


2

);

is d = Æ(C)n, where Æ = Æ(C) is the 
ode's relative distan
e. Denote by

B(C) = (B

0

(C) = 1; B

1

(C); : : : ; B

n

(C)) the distan
e distribution of the


ode, i.e.

B

i

(C) = B

i

=

1

jCj

jf


1

; 


2

: 


1

; 


2

2 C; d(


1

; 


2

) = igj :

For a 
 2 C let

A

C

i

(
) = A

i

(
) = jf


1

2 C : d(
; 


1

) = igj:

Noti
e that

B

i

=

1

jCj

X


2C

A

i

(
):
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If the 
ode is linear (i.e. 
losed under 
omponent-wise modulo 2 sum), then

for every 
 2 C, A

i

(
) = B

i

.

We also use the exponents b

�

(C) of B

b�n


(C), namely,

b

�

(C) = b

�

=

1

n

log

2

B

b�n


We are interested in bounding possible distan
e distributions given the

size of 
ode. Namely, given R and �, su
h that 0 � R; � � 1, we wish to

estimate

b

�

(R) := max

C

b

�

(C);

where the maximum is taken over all 
odes C of rate at most R.

Our main result supplies a negative answer to the following very simply

stated, but apparently non-trivial question: Is it possible that in a 
ode of

size exponentially smaller than 2

n

there is a B

i

of the same exponential order

as

�

n

i

�

? We do so by providing upper bounds on the distan
e distribution


omponents.

The above 
ited result is a parti
ular 
ase of a mu
h more general result,

allowing to bound from above distan
e distribution 
omponents of a 
ode,

given both its rate and the minimal distan
e. This more general result 
an

be applied to several other problems su
h as:

- estimating the undete
ted error probability over a binary symmetri



hannel (BSC) [9℄;

- bounding the 
overing radius of a linear 
ode of given size and dual

distan
e [6℄;

- estimating the threshold for maximum likelihood de
oding error prob-

ability over a BSC as a fun
tion of 
ode's minimum distan
e and size ([12℄,

see also [13℄).

These appli
ations will be 
overed in a subsequent paper [7℄.

Throughout the paper all logarithms are binary, and

H(x) = �x log x� (1� x) log(1� x)

is the binary entropy.

2 Basi
 inequalities

We shall make use of the Be
kner inequality [5℄, already appearing in a


ombinatorial 
ontext in e.g. [1, 8℄.
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Let f be a real-valued fun
tion de�ned on F

n

. For a real positive s, the

s-norm of f is

kfk

s

=

 

1

2

n

X

v2F

n

jf(v)j

s

!

1=s

:

For 0 < " < 1, let T

"

= T

"

(f) be the fun
tion de�ned on F

n

as

T

"

(v) =

X

u2F

n

f(u)

�

1 + "

2

�

n�d(u;v)

�

1� "

2

�

d(u;v)

:

Theorem 1 (Be
kner) For any real-valued fun
tion f on F

n

and any 0 <

" < 1,

kT

"

k

2

� kfk

1+"

2

:

�

Let A(n; d;� w) be the maximal possible number of binary n-ve
tors of

weight at most w, being at Hamming distan
e at least d one from another.

We are now in a position to state the basi
 inequality.

Theorem 2 For any 
ode C of length n, minimum distan
e d, and param-

eters p 2 [0; 1=2℄, 0 � g � 1=2, the following inequality holds:

1

jCj

X


2C

n

X

i=0

A

i

(
)

n

X

`=0

h(i; `)p

`

(1�p)

n�`

�

�

V (g)A

1�2p

(n; d;� g)

�

1

1�p

 

jCj

2

n

!

p

1�p

;

where

A

i

(
) = jf


1

2 C : d(
; 


1

) = igj;

h(i; `) = jf(u

1

;u

2

) : u

1

2 B(0

n

; g);u

2

2 B(1

i

0

n�i

; g) : d(u

1

;u

2

) = `gj:

Proof Set

� =

q

1� 2p:

De�ne

f

g

(v) = jf
 2 C : d(v; 
) � ggj:

Clearly, for every v 2 F

n

,

f

g

(v) � A(n; d;� g);
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Let

f
;vg

g

= f(
;v) : 
 2 C;v 2 B(
; g)g:

Noti
e that

X

v

f

g

(v) = jf
;vg

g

j = jCjV (g)

Thus the maximum of

X

v

f

1+"

2

g

(v)

is a
hieved when jCjV (g)=A(n; d;� g) summands in the last sum assume

their maximum value of A(n; d;� g), and this maximum is

jCjV (g)A

"

2

(n; d;� g):

Therefore,

kf

g

k

1+"

2

�

 

jCjV (g)A

"

2

(n; d;� g)

2

n

!

1=(1+"

2

)

:

This gives an estimate to the right-hand side of the Be
kner inequality. To

estimate the left-hand side, denote � = (1� ")=2. Then

T

"

(v) =

X

u2F

n

f

g

(u)�

d(u;v)

(1� �)

n�d(u;v)

:

Therefore

X

v2F

n

T

2

"

(v) =

X

v2F

n

0

�

X

f
;ug

g

�

d(u;v)

(1� �)

n�d(u;v)

)

1

A

2

=

X

v2F

n

X

f


1

;u

1

g

g

;f


2

;u

2

g

g

�

d(u

1

;v)+d(u

2

;v)

(1� �)

2n�d(u

1

;v)�d(u

2

;v)

=

X

f


1

;u

1

g

g

;f


2

;u

2

g

g

X

v2F

n

�

d(u

1

;v)+d(u

2

;v)

(1� �)

2n�d(u

1

;v)�d(u

2

;v)

=:

X

f


1

;u

1

g

g

;f


2

;u

2

g

g

G(u

1

;u

2

):

Now we 
al
ulate G(u

1

;u

2

), whi
h 
learly depends only on the distan
e be-

tween u

1

and u

2

. Let d(u

1

;u

2

) = `, and without loss of generality assume

that u

1

= 0

n

;u

2

= 1

`

0

n�`

. Then

G(u

1

;u

2

) =

`

X

i=0

n�`

X

j=0

 

`

i

! 

n� `

j

!

�

i+j+`�i+j

(1� �)

n�i�j+n�`+i�j
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=

`

X

i=0

n�`

X

j=0

 

`

i

! 

n� `

j

!

�

`+2j

(1� �)

2n�`�2j

=

 

`

X

i=0

 

`

i

!

�

`

(1� �)

`

!

0

�

n�`

X

j=0

 

n� `

j

!

�

2j

(1� �)

2n�2`�2j

1

A

= (2�(1� �))

`

(�

2

+ (1� �)

2

)

n�`

Observe that, sin
e p = 2�(1� �), then 1� p = �

2

+(1� �)

2

and p 2 [0; 1=2℄

whenever � 2 [0; 1℄. Thus

G(u

1

;u

2

) = p

d(u

1

;u

2

)

(1� p)

n�d(u

1

;u

2

)

Continuing the previous 
omputation we 
on
lude

X

v2F

n

T

2

"

(v) =

X


2C

n

X

i=0

A

i

(
)

n

X

`=0

h(i; `)p

`

(1� p)

n�`

:

Noti
ing that 1 + "

2

= 2(1 � p), "

2

= 1 � 2p, and applying the Be
kner

inequality we obtain the 
laimed result. �

The fun
tion h(i; l) appearing in the statement of the theorem is esti-

mated in [7℄. However, we shall not need it here.

Given a 
ode C we 
an 
onstru
t a new 
ode C

0

(its 
omplemented ver-

sion) of size at most 2jCj by adding to it the binary 
omplements of every


odeword (whi
h does not have its 
omplement already in C). The 
ode

C

0

has symmetri
 distan
e distribution, i.e. B

�n

(C

0

) = B

(1��)n

(C

0

), and,

asymptoti
ally, possesses the same rate as C. Thus, assuming our 
odes

self-
omplementary entails no loss of generality.

3 Distan
e distributions

We now fo
us on the parti
ular 
ase of g = 0 in Theorem 2. This 
orre-

sponds to the 
ase where no restri
tion on the minimum distan
e of a 
ode

is imposed.

Theorem 3 1) For every 0 < � < 1, b

�

(R) � R;

2) Let

0 < � � 1� 2

q

(1�R) ln 2 + ln 2�R ln 2 : (1)
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De�ne

p

�

= p

�

(�) =

1

2

�

1 + �� ln 2 +R ln 2�

q

�4�+ (1 + �� ln 2 +R ln 2)

2

�

:

If

p

�

� 0:5 (2)

then:

b

�

(R) � �

p

�

1� p

�

(1� R)� � log p

�

� (1� �) log(1� p

�

) + o(1) : (3)

Proof Sin
e the �rst bound of the theorem b

�

� R is trivial, we may assume

that 
onditions (1) and (2) hold. Setting g = 0 in Theorem 2, we obtain

1

jCj

X


2C

n

X

i=0

A

i

(
)p

i

(1� p)

n�i

�

 

jCj

2

n

!

p

1�p

:

The left-hand side of the above inequality is trivially estimated from below

by singling out any weight m:

1

jCj

X


2C

n

X

i=0

A

i

(
)p

i

(1� p)

n�i

�

� p

m

(1� p)

n�m

1

jCj

X


2C

A

m

(
) =

= p

m

(1� p)

n�m

B

m

:

Thus we get

B

m

�

 

jCj

2

n

!

p

1�p

�

1

p

m

(1� p)

n�m

: (4)

Note that this holds true for any p 2 [0; 0:5℄ and m. Fixing m := �n,

and minimizing the right-hand side of (4) as a fun
tion of p, gives p

�

(�) as

stated. Plugging then p

�

(�) in (4) yields (3). �

Corollary 1 For any � 2 (0; 0:5)

b

�

(R) = b

1��

(R) � �

�

1� �

(1� R) +H(�) + o(1):

Proof Again, (3) is valid for any � and any p instead of p

�

. Setting � = p

in (3), we get the result. �

In fa
t, last 
orollary shows that for any 
ode of rate R < 1, every distan
e

distribution 
omponent B

i

is exponentially smaller than the 
orresponding

binomial 
oeÆ
ient

�

n

i

�

.
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4 A Lower Bound

For a lower bound we use the following 
onstru
tion. First 
ompute w

�

,

de�ned as the largest integer su
h that 2

�

n

w

�

�

< jCj. Noti
e that for rates

stri
tly less than 1 we have w

�

< 0:5. Pi
k now for 
odewords all ve
tors of

weight w

�

and their 
omplements. The distan
e distribution of su
h a 
ode

is (assuming without loss of generality that n is even)

B

2i

=

 

w

�

i

! 

n� w

�

i

!

+

 

w

�

n

2

� i

! 

n� w

�

n

2

� i

!

and

B

2i

= B

n�2i

:

Theorem 4 For any 0 � � � 2!(1� !)

b

�

(R) = b

1��

(R) � !H

�

�

2!

�

+ (1� !)H

 

�

2(1� !)

!

;

where ! = H

�1

(R). Otherwise, for � � 0:5,

b

�

(R) = b

1��

(R) = R:

Proof The �rst estimate follows from the 
onstru
tion. For the se
ond one,


onsider a random 
onstant weight 
ode of size jCj and weight w > w

�

. Its

average distan
e distribution is

B

2i

=

jCj

�

n

w

�

 

w

i

! 

n� w

w � i

!

:

Taking for 
ode the union of the previous one and its 
omplement, we


on
lude that the maximum of its distan
e distribution o

urs when i =

b2w(1� w)
 or i = d2w(1� w)e, and is of order 2

Rn(1�o(1))

. �

On Figure 1 the upper and lower bounds are presented for the distan
e

distributions of 
odes of rate 0:5.
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