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Abstract

We consider the following two-player game, parametrised by positive integers
n and k. The game is played between Painter and Builder, alternately taking
turns, with Painter moving first. The game starts with the empty graph on n
vertices. In each round Painter colours a vertex of her choice by one of the k
colours and Builder adds an edge between two previously unconnected vertices.
Both players must adhere to the restriction that the game graph is properly k-
coloured. The game ends if either all n vertices have been coloured, or Painter
has no legal move. In the former case, Painter wins the game, in the latter one
Builder is the winner. We prove that the minimal number of colours k = k(n)
allowing Painter’s win is of logarithmic order in the number of vertices n. Biased
versions of the game are also considered.
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1. Introduction

We study the following perfect information game. Let n > 2 and k be natural
numbers. The Painter-Builder k-colouring game on [n] = {1,2,...,n} is played
between Painter (who starts the game) and Builder. The players take turns
to create/grow a graph G, the game graph, with a k-colouring of its vertices
in the following way. The vertex set of G is [n] and at the beginning there
are no edges. In every round Painter colours a previously uncoloured vertex
with one of k colours. Then Builder adds to G an edge between two previously
unconnected vertices. Throughout the game, both players must adhere to the
restriction that the game graph is properly k-coloured. The game ends if either
all vertices are coloured or Painter has no legal move. In the first case, Painter
wins the game (and the game lasts n rounds), and in the latter one Painter is
the loser. Observe that Painter loses the game if and only if at some point of
the game there is an uncoloured vertex v, having neighbours in each one of the
k colours.

The game belongs to a wide class of Builder-Painter games, in which Builder
reveals edges or vertices of a graph (which is the board of the game) and Painter
colours edges or vertices of the board. The aim of Painter is to avoid building a
monochromatic copy of a graph from a given graph family. There are different
variants of the game, but they are mostly linked to the so called online size
Ramsey number. The online size Ramsey number has been investigated in
numerous papers starting with [1, 2] by Beck. Builder selects one edge per
turn, then Painter has to colour it with one of k£ colours. Builder is trying to
force Painter to complete a monochromatic copy of some fixed graph H in as
few rounds as possible on an unbounded vertex set. The online size Ramsey
number of H is the minimum number of rounds until Builder achieves his goal
assuming both players play optimally. Most of the results were obtained for the
case of k = 2 colours. In particular, Conlon [4] proved that for infinitely many
values of [ the online size Ramsey number of K is exponentially smaller than
the size Ramsey number of K. Grytczuk, Kierstead and Pratat [6] investigated
the online size Ramsey number for paths and for some other graphs. Grytczuk,
Haluszczak and Kierstead [5] described yet another variant of the game: Builder
selects an edge and Painter colours it but there is a restriction. While Builder
tries to force Painter to build some fixed monochromatic graph H, Builder
cannot choose edges arbitrarily. He has to keep the constructed graph in a
prescribed class of finite graphs G throughout the game. The task is to determine
the winner for a given pair H,G. They showed that for the case of two colours,
Builder has a winning strategy for any k-colourable graph H in the class of k-
colourable graphs. Belfrage, Miitze and Spohel [3] used Builder-Painter games
as a tool for studying a probabilistic one-player online Ramsey game. In their
version, Builder reveals one edge per turn and he has to abide by the restriction
that the edge density of the already revealed graph must not exceed a given
bound d.

Let us stress that in all above versions of the Builder-Painter game, Painter
colours edges and not vertices. However, the vertex colouring games have also



been studied. Motivated by a problem of an online colouring random process,
Miitze, Rast and Spohel [7] and Miitze and Spohel [8] considered the following
game. Given k € N, d > 0, a graph H and an infinite set of vertices, in each
round Builder draws edges connecting a previously unselected vertex v to some
of the previously selected vertices, and Painter has to respond by colouring v
with one of k colours. Builder is not allowed to draw an edge that would create
a subgraph with edge density greater than d. Builder’s aim is to force Painter
to create a monochromatic copy of H.

The above Builder-Painter game has a different focus from the k-colouring
game in the present paper. One important characteristic of our game is that
it only considers proper colourings. Moreover, subject to the constraint that
the graph be properly colored, Builder can draw any edge and Painter can
colour any uncoloured vertex, even one not incident to any edge selected by
Builder. The constraint of keeping the edge density low is voided, however,
we will consider a version of the Painter-Builder k-colouring game with the
constraint of keeping the graph created by Builder 2-colourable. We will show
that, somewhat surprisingly, even then Builder can force Painter to use many
colours. More precisely, Painter needs ©(logn) colours to colour all n vertices
properly.

Let kmin(n) denote the minimum number of colours such that Painter has
a winning strategy in the k-colouring game on [n]. Clearly kyi,(n) < n since
Painter trivially wins the n-colouring game on [n].

Our main result asserts that kmyin(n) = ©(logn).

Theorem 1. For every n > 108,
0.01logyn < kpin(n) < logyn + 1.

Moreover, if k < 0.011logy n, then Builder has a strategy to win the k-colouring
game on [n], while keeping the game graph bipartite all game long.

Let us emphasise that we made no effort to optimise the constants in the
theorem. The proof of the theorem will be discussed in the following two sec-
tions. We present a random argument for the existence of a winning strategy for
Painter in Section 2, and we exhibit a winning strategy for Builder in Section
3. Section 4 is devoted to the biased version of the Painter-Builder k-colouring
game, where Builder claims b > 1 edges each time. At every moment of the
game by the game graph we mean the graph with the vertex set [n] and the
edge set consisting of all edges drawn by Builder so far.

2. Painter’s strategy

In this section, we describe a greedy-random strategy for Painter for the
(|logy n] + 1)-colouring game on [n]. We prove that with this strategy she wins
with positive probability against any strategy of Builder. Suppose the colours
are the integers 1,2,3,..., |logon| + 1. The strategy of Painter is as follows.



She starts by colouring a vertex with colour 1. Then, every time Builder
adds a new edge e = uv to the graph, Painter responds by selecting a vertex to
colour in the following way:

e If both endpoints u, v are uncoloured, then Painter chooses one of u,v at
random, with probability 1/2.

e If exactly one of u,v is uncoloured, then Painter selects it.

e If both endpoints are coloured, then Painter chooses an arbitrary un-
coloured vertex.

After having chosen which vertex to colour, Painter colours it with the small-
est available colour (that is with the smallest colour currently not assigned to
its neighbours). If there is no such colour among all colours available for the
game, then Painter forfeits the game.

To analyse this strategy, let us denote by A, the (random) event that at
some point in the game, a vertex v € [n] is still uncoloured, and has degree
|logy n| + 1. The probability of such an event is bounded as follows:

1) |log, n]+1 1
<

P(4,) < (

2 n

Indeed, for v to remain uncoloured with its degree already that large, every time
the edge connecting v to a vertex w of its neighbourhood is added by Builder,
Painter selected w and he did so with probability at most 1/2, independently
of previous choices.

Observe that if the event A, did not happen during the game, then v was
chosen for colouring when at most |log,n]| of its neighbours were coloured,
thus there was a colour available for v among the first |log,n| 4+ 1 colours.
Hence Builder can win the game only if at least one such event happens. The
probability that Builder wins the game is then at most P(U,¢[)A,) < 1. Since
the game is a perfect information game with no chance moves, this means that
Builder has no winning strategy, thus indicating Painter’s win. Hereby we obtain
the upper bound of Theorem 1.

3. Builder’s strategy

We say that there is a waiting-room (A, B) in the k-colouring game on [n]
if:

- A, B C V(G) are two independent sets,
- |A] =|B| = 0.1n/k,
- G]AU B] is a perfect matching,

- all vertices in A are coloured with the same colour.
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Figure 1: Waiting-room (A, B). First Builder creates a matching (thick edges), then connects
(via the densely dotted edges) each vertex of A, the set of vertices with colour 1, to a different
uncoloured and isolated vertex which will be added to the set B.

If there is a waiting-room (A, B), we say that Builder adds an edge to the
waiting-room if he claims a pair ab with a € A and b € B. Observe that the
game lasts at most n rounds. Furthermore, Painter cannot colour any vertex in
B with the colour of vertices in A. Hence, every edge added between A and B
will be properly coloured. Therefore, if |A| - |B| > n, then Builder will be able
to add an edge to the waiting-room in every round, until the game ends. This
observation will prove useful later, when we say that Builder can just wait in
the waiting-room until enough vertices in a target set C' disjoint from A U B
have been coloured by Painter. We would like to stress that the vertices of the
waiting-room will not be used to enforce Painter to use many colours, but this
structure will only be utilised to force Painter to colour many vertices outside
of it.
First, we prove that Builder can create a waiting room quickly.

Lemma 2. Suppose that n > 50 and k > 2. Builder has a strategy ensuring
that, after at most 0.2n rounds of the k-colouring game on [n], the game graph
G contains a waiting-room (A, B) and G is a union of disjoint paths of length
at most two.

Proof. In the first [0.1n] rounds Builder creates a matching. After that and
since there are at most k colours present on the graph, there is a set A =
{v1,...,v:} of vertices which have exactly the same colour, for ¢t = [0.1n/k] <
[0.05n]. Now, for i = 1,...,¢, and in every one of the next ¢ rounds, Builder
selects a non-coloured and isolated vertex u; and claims the pair v;u; (see Figure
1). Let us stress that for n > 50 such an isolated vertex always exists since
3([0.1n] +t) < n. It is not hard to verify that (A4, B), with B = {u1,...,u},
forms a waiting-room. Furthermore the graph of the game consists of disjoint
paths of length at most 2, and it took Builder [0.1n] + ¢ rounds to create them.
Thus, for n > 50, the number of rounds is less than 0.2n. O



Given t > 0, we say that a vertex has a t-colour-neighbourhood if at least
t of its neighbours have pairwise distinct colours. We say that the vertices
u,u’ are in the same t-colour-class if they have t-colour-neighbourhoods with
exactly the same set of colours. Finally, we say that a vertex has a strict
t-colour-neighbourhood if it has a t-colour-neighbourhood but no (¢ 4 1)-colour-
neighbourhood.

Lemma 3. Suppose that 0 < t < k and that after some rounds of the game
there is a waiting-room (A, B) and a set V; of uncoloured vertices, each having a
t-colour-neighbourhood, with |Vi| > 2(]:) and |V;| > 1000. Furthermore, assume
that in the game graph G the component of every vertex of V; is a tree and that
no two vertices of Vi are in the same component; in addition, if G contains a
cycle, then all of its edges are between A and B.

Then Builder has a strategy ensuring that after some additional rounds the
following holds.

- There is a set Vi1 of uncoloured vertices with |Viy1| > 0.001|V4|, each
having a (t + 1)-colour-neighbourhood.

- No two vertices of Vi1 are in the same component.

The component of every vertex from Vi1 is a tree.

- If there is a cycle in the game graph, then all of its edges are between A
and B.

Proof. Suppose the assumptions of the lemma hold, at some moment of the
game, for a set V; of n; vertices. If there is a set V' C V; such that |V’| > 0.001n;
and every element of V'’ has a (¢t 4+ 1)-colour-neighbourhood, then clearly our
assertion follows with V;11 = V. Therefore we assume further that there is no
such such set V'’ and that there is a set V/ C V; of at least 0.999n; elements,
each one of them having a strict ¢-colour-neighbourhood.

First and for as long as possible, Builder consecutively matches vertices of
V/ of the same t-colour-class. Suppose that it takes Builder s rounds to create
a matching M in such a way. Given the s moves of Painter and the parity of
the size of every t-colour-class, we have s = [M| > (|V/| — (]Z) —s)/2. Thus
M| = (V] = (£))/3 > 0.16n,, because |V/| > 0.999n; and n; > 2(%). Clearly
at most s vertices covered by M are coloured so there is a set M’ of at least
s/2 = |M]|/2 > 0.08n; edges of M such that every edge in M’ has at most one
endpoint coloured. Now if j > 0.001n; of these edges, say viv], ..., vjvg», have
exactly one endpoint coloured, i.e. vi,...,v;, then we set Vi1 = {v],... ,v;-}.
It is then not hard to verify that [V;11] > 0.001n, that every vertex vi,...,v]
has a (t 4 1)-colour-neighbourhood and that no two of them belong to the same
component. Moreover, throughout the considered s rounds, Builder has never
connected two vertices from the same component.

Assume now that at least |M’| — 0.001n; > 0.07n; edges of M’ have no
coloured endpoint, and denote these edges by ujuf,...,unu,,. We have m >
0.07n;. We consider two cases.



e Case 1. There are at least m’ = [m/3] edges among ujuj, ..., unu,,,
denoted by wiuj,...,Um ul,,, such that all their endpoints uq, uf, ..
Uy, U, are in the same t-colour-class.

b

Now Builder adds edges to the waiting-room until Painter colours at least
one endpoint of |m’/6] edges from {uqul, ..., un u,, }. Then the vertices, say,
U, ..., Uy are coloured, with m” = |m//6]. Observe that m” > 0.003n;, since
ng > 1000. At this very moment, some vertices wu;, with m” +1 < i < m/,
may have a (¢t + 1)-colour-neighbourhood. Notice that if there are at least
|(m’ —m')/2] of those vertices u;, then they form the desired set V;y; since
|(m’ —m)/2] > m'/3 > 0.006n;. Suppose then that it is not the case, i.e. at
least (m'—m/") /2 > 2m/" vertices, say Wp41, .. ., Umr 45 With j > 2m”, still have
strict t-colour-neighbourhoods. Then every u;, with 1 < ¢ < m”, is coloured
with a colour which does not appear in the neighbourhood of any vertex in
{115 U g2 - oo U }

Then in the consecutive m’ rounds, Builder creates a matching between
{u1, ..., umr} and {um/ 1, Umrr42, ..., usm . Without loss of generality, we
can assume that this matching is {u1wm» 41, UsUmrt2, ..., Uy, . Now in
the meantime, Painter has coloured at most m’ vertices in the set
{tmr 1, Uy e U AU U gy o U b SO for at least m’ /2
indices ¢ with m” +1 < i < 2m”, we have that u; or «} is uncoloured. Following
this observation, we define the set

Vigr :=={u;: m” +1 < i < 2m” and v; is uncoloured}

U {u,: m” +1 < i< 2m” and v; is coloured, while u} is uncoloured}.

It holds that |Vi41]| = m” /2 > 0.0015n,, and every vertex in V41 has a (t + 1)-
colour-neighbourhood. Furthermore no two vertices of V;y; are in the same
component. Observe also that Builder never drew an edge between two vertices
of the same component, except for the edges added to the waiting-room. Hence
Viy1 is the desired set.

e Case 2. Every subset of {ujul,...,unul,} with the vertices in the same
t-colour-class has less than m/3 elements.

Recall that each edge of the matching M connected two vertices with iden-
tical t-colour-classes. Hence there exists a subset of mg edges of the set
{uruly, . umu, }, say uruy, - Umg Uy, , such that m/6 < mg < m/3 and ev-
eryone of the endpoints uy,u}, ..., Umg, u;no has a different t-colour-class than
the one of each vertex in {tmgt1, Umg+2,---»Um}. Indeed, if there exists a ¢-
colour-class C' containing between m /6 and m/3 edges, then the edges in C form
the desired set. Otherwise, each ¢-colour-class contains less than m/6 edges, and
it is easy to see that the union of some t-colour-classes has size between m/6 and
m/3, thus forming the desired set of mg edges. Observe now that mg > 0.01n;
and notice that for every u; and u;, with 1 <¢ <mpand mo+1<j<m, u;
has a colour in its neighbourhood which does not appear in the neighbourhood



of u; (and of uf). This follows from the fact that u; and u; have distinct, strict
t-colour-neighbourhoods.

Then in the next mg consecutive rounds, Builder creates a matching wi w41,
W2Umg425 - -3 WmgU2am, such that for every 1 < ¢ < mg, the vertex w; is a
coloured neighbour of u; and the colour of w; does not appear in the neighbour-
hood of w4 Since the vertices uq, ug, ..., um, have disjoint neighbourhoods,
we have w; # w; for distinct 4, j. In the meantime, Painter has coloured at most
mg vertices in the set {Umg1, Umo+2; -+ > U2mg } I {Ung 115 Urpgt25 - -+ » Uy J- SO
for at least mo/2 indices 1 < i < my, either w41 or u, ,; is uncoloured. Let
us define the set

Vig1 = {tmg+i: 1 < i < mg and U, 44 is uncoloured }

U{uy, 450 1 <@ <mg and 4 is coloured, while uj,, ., is uncoloured}.

One can easily verify that |Viyi| = mo/2 > 0.005n;, that every vertex in
Vit1 has a (¢ + 1)-colour-neighbourhood and no two vertices of Vi1 are in the
same component. Furthermore, Builder never connected any two vertices of the
same component. Hence, again V;; is the desired set. O

We are now ready for the proof of the lower bound in Theorem 1. Let
n > 10% and k = |0.01log, n]. Builder proceeds as follows. For the first [0.2n]
rounds, Builder plays so that the resulting graph G consists of disjoint paths of
length at most 2 and admits a waiting-room (A, B). This is possible in view of
Lemma 2. At this very moment, the assumptions of Lemma 3 hold for ¢ = 0,
where V} is the set of all uncoloured and isolated vertices of G. Indeed, we have
[Vo| = n—3-0.2n > 0.2n > 1000.

Now, based on Lemma 3, we infer by an easy induction argument that
Builder can play so that for j = 1,...,k there is a moment of the game when
there is a set V; of vertices which satisfies all the following conditions.

- The game graph is bipartite.

- All vertices of V; are uncoloured.

- Every vertex of V; has a j-colour-neighbourhood.

- V4] > 0.0017|Vp| > 0.001% - 0.2n > 2K+ > 2(’;) and |V;| > 1000.

The last two inequalities hold for & < 0.01log, n and n > 10%. We conclude
that in the set Vj, there is an uncoloured vertex with a k-colour-neighbourhood,
which means that Builder wins the game. This implies that kuyin(n) > 0.01log, n.
As mentioned in the introduction, this result is quite surprising as the game
graph remains bipartite throughout the game.

4. The biased game

In this section, we consider the biased version of the k-colouring game on
[n] between Builder and Painter. Given positive integers p and b, in each round



of the (p : b) Painter-Builder k-colouring game on n vertices, Painter colours
exactly p vertices and Builder adds exactly b edges to the graph, apart possibly
from the very last moves of the players. If immediately before Painter’s last
move there are less than p uncoloured vertices, then she colours as many of
them as she can and the game ends. If immediately before Builder’s last move
there are less than b unselected pairs, then he selects them all and Painter
colours as many vertices as possible and the game ends. Painter wins if and
only if at the end of the game all n vertices are (properly) coloured.

Let us first observe that in the (2 : 1) Painter-Builder game two colours
suffice for Painter to win, by simply making sure in each round that the last
edge inserted by Builder carries both colours. Note that in a round when only
one endpoint of the inserted edge is uncoloured, Painter can choose and colour
arbitrarily an uncoloured, isolated vertex, in addition to colouring properly the
uncoloured vertex of the newly added edge. As after each of Painter’s moves
all non-isolated vertices are coloured, no vertex has neighbours in both colour
classes. Hence, two colours guarantee Painter’s win.

We then focus on the situation where the bias is in favour of Builder. More
explicitly, we will consider the (1 : b) Painter-Builder k-colouring game. Let
Emin (b, ) denote the minimal number of colours such that Painter has a winning
strategy in the (1 : b) colouring game on [n]. Clearly kpin(b,n) < n for every b.
Before we state and prove the main result of this section, we show that in the
biased game Builder can build a big clique.

Lemma 4. Define the sequence (n;)52, by

n; — 1
ng =n, ’I’LZ‘+1:’FLZ‘—’7 b —‘—1.
Let t = max{i:n; >0} and 0 < j < ¢.

Then Builder can play so that immediately before some move of Painter there
are disjoint vertex sets K; and V; such that K; spans a clique of size j in the
game graph G, |V;| = n;, no vertices of V; are coloured, and wv € E(G) for
everyu € K; andv € Vj.

Proof. We proceed by induction on j. Start trivially with Vo = [n], Ko = 0.
For the induction step, suppose that 0 < j < ¢t —1 and before some round of the
game there are (possibly empty) vertex sets K; = {z1,...,x;} and V; such that
K spans a clique in the game graph, |V;| > n;, no vertices of V; are coloured,
Vj is disjoint from K, and uwv € E(G) for every u € K; and v € Vj.

Since j <t — 1, the set V; is nonempty by the definition of ¢. Furthermore
without loss of generality we can assume that |V;| = n;. Builder then chooses
an arbitrary vertex x;4; € V; and in consecutive rounds, for as long as possible,
takes b uncoloured vertices in V; and connects them to x; ;. If eventually there
are less than b uncoloured vertices in V; not connected to x;4:, then Builder
connects all of them to x;4; and selects the remaining edges arbitrarily. Let
Vit1 be the set of vertices connected to z;; and not coloured after Builder has
completed his task. Update K41 := K;U{x;41}. It is easy to verify that K;4q



spans a clique, every vertex of K is connected to every vertex of Vi1 and

Vi|—1 n; —1
M“'}'Vj_l_['ﬂbw:%‘_{ ]b W—lznﬁl.

Thus the assertion follows. O

Here is the main result of this section.

Theorem 5. For every b > 2 and n > 2

b ln (2() ) < kpin(b,n) < min{[2blnn],n}.

Proof. In order to prove the lower bound, it is enough to show that Builder can
create a clique on Lg In (% + 1)J + 1 vertices. In view of Lemma 4, Builder can
build a clique on ¢ + 1 vertices, where ¢ is defined in the lemma (the clique is
spanned by K; and a vertex from V;, defined in the lemma). By the definition
of the sequence (n;) in the lemma, we have

1
ni+1>m (lb) —2.

Solving this recursive estimate gives

t
ny > (n+ 2b) <be> —2b.

Since b > 2 and consequently 1 — + > e~2/®, one can verify that the right-hand

side of the above inequality is non-negative provided that ¢ < %ln (2% + 1).

Therefore Builder has a winning strategy in the biased k-colouring game for

every k < %ln (% + 1).

We now switch to Painter’s side. Observe first that the probabilistic argu-
ment in Section 2 can be easily adapted for the biased case. In a nutshell, the
argument goes as follows. Assume that Builder just placed edges ey, ..., e, in
his move. Painter chooses one of their endpoints to colour at random, where the
probability of choosing a particular vertex w is d/(2b), where d is the degree of u
in the subgraph induced by {ey,...,ep}. By an analysis very similar to that in
Section 2, Painter wins with positive probability against any Builder’s strategy
if P(A,) < 1/n, where A, is the event that at some point in the game, a vertex
v € [n] is still uncoloured, and has degree at least s := [2blnn]. Namely, by the
definition of Painter’s random strategy we obtain that for some positive integers
di,ds,...,d; with >>7_, d; = s the following holds:

J )
H <1 _ ) <o~ Tl di/(2) _ o-s/(2b),

and since e~%/(?) < 1/n for s > 2bInn, we obtain the desired bound on P(A,).

We conclude that Painter has a winning strategy in the biased k-colouring
game for every k > [2blnn]. The estimate kmin(b,n) < n is obvious, so the
proof is complete. O

10



Corollary 6. Let ¢ <1 be a positive constant and let b = b(n). Then

O(blnn) if 2<b<nl™

Theorem 5 does not yield the order of ki, (b, n) when b = n'=f(") and f(n)

is any positive function tending to 0 with n — oo such that f(n) = w(1/Inn).
Then we have O(f(n)bInn) < knin(b,n) < O(blnn). It would be interesting to
find the order of kyin(b,n) in this case.
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