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Abstract
Consider the random subgraph process on a base graph G on n vertices: a sequence {Gt}igc)l of
random subgraphs of G obtained by choosing an ordering of the edges of G uniformly at random, and
by sequentially adding edges to Gg, the empty graph on the vertex set of G, according to the chosen

ordering. We show that if G has one of the following properties:
1. There is a positive constant & > 0 such that §(G) > (1 +¢) n;

2. There are some constants «, 8 > 0 such that every two disjoint subsets U, W of size at least an
have at least S|U||W| edges between them, and the minimum degree of G is at least (2a+ ) - m;

or:
3. G is an (n,d, \)—graph, with d > % and A < % for some absolute constants ¢, C' > 0.

then for a positive integer constant k with high probability the hitting time of the property of containing
k edge disjoint Hamilton cycles is equal to the hitting time of having minimum degree at least 2k. These
results extend prior results by Johansson and by Frieze and Krivelevich, and answer a question posed

by Frieze.

Introduction

Consider a random graph process, defined as a random sequence of nested graphs on n vertices G(U)

{Gi(0)},20, where o is an ordering of the edges of K, chosen randomly and uniformly from among all (3)!
such orderings. Set Gy(o) to be a graph with vertex set [n] and no edges, and for all 1 < ¢ < (}), G¢(0)
is obtained by adding the t—th edge according to the order o to G¢—1(o). The hitting time of a monotone

increasing, non—empty graph property P, which we will denote as 7p(G(0)), is a random variable equal to

(5)

the index ¢ for which G¢(c) € P but Gi—1(0) ¢ P.

and by 74(G(0)) its hitting time in a random graph process G(c). A classical and very significant result by

Denote by H the property of Hamiltonicity, by D, the property of having minimum degree at least d,
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Ajtai, Koml6s and Szemerédi in [1], and independently by Bollobés in [4], states that with high probability
75(G(0)) = ™ (G(0)).

This result was generalized by Bollobas and Frieze [5], in the following manner: let A be be the graph
property of containing |k/2| edge disjoint Hamilton cycles, and a disjoint perfect matching in the case k
is odd. Then for k constant, with high probability 7,(G(c)) = 7.4, (G(c)).

Some further results regarding the appearence of a number of edge disjoint Hamilton cycle were obtained
over the years. Briggs, Frieze, Krivelevich, Loh and Sudakov [6] proved an online version of the hitting
time result: there is an algorithm that assigns a colour from the set {1, 2, ..., k}, online, to each edge added
in the graph process, such that with high probability G,, contains k Hamilton cycles C1, Co, ..., Ck, where
the edges of cycle C; all have color j. Frieze and Krivelevich conjectured in [12] that for 0 < p(n) < 1 with
high probability the random graph G(n,p) contains |6(G)/2] edge disjoint Hamilton cycles. In the same
paper, the authors prove this conjecture to be true for p(n) = (1 + o(1))logn/n. The conjecture was later

proven to be true for all values of p(n) over several subsequent papers (see [11, 3, 21, 17, 18]).

The random subgraph process

In this paper we aim to further generalize the result of Bollobds and Frieze, regarding the hitting time of

the property Ay, by considering the random subgraph process model.

Definition 1.1. Let G be a graph on n vertices and m edges. For an ordering o of the set E(G), the
subgraph process {Gi(o) 2y on G is a sequence of nested subgraphs of G obtained by setting Gg to be the
empty graph on n wvertices, and Gy to be the result of adding the t’th edge (according to o) to Gi_1, for
t>0.

The random subgraph process {G;}}~, on base graph G is the (random) graph process on G obtained

by choosing an edge ordering o at random, uniformly from among all m! possible orderings.

The hitting time of a monotone increasing graph property P such that G € P in a random subgraph
process, defined exactly the same as in the random graph process model, can now be considered for differ-
ent properties and base graphs. In his recent paper [15], Johansson proved the following result regarding

the hitting time of the properties H and Ds, under an assumption on the minimum degree of the base graph:

Theorem. (Johansson, [15]): Let € > 0, let G be a graph such that 5(G) > (3 +¢)n and let {G,} be a
random subgraph process with base graph G. Then with high probability 7o ({Gt}) = T ({Gt})-

From this result, the author further derived a threshold probability for Hamiltonicity in the random

subgraph model G, for base graphs G' with minimum degree at least (% + 6) n.

In this paper we present a generalization of this result in two directions:
1. We consider the hitting times property Asj for every constant positive integer k;
2. We extend the result to a larger class of base graphs.

This generalizes Johansson’s result, as well as the result by Bollobas and Frieze, and answers a question
by Frieze (see [8], Problem 20).



Dirac graphs and super—Dirac graphs

We say that a graph G on n vertices is a Dirac graph if its minimum degree is at least %n The classical
Dirac’s theorem [7] states that if G is a Dirac graph on n > 3 vertices then it is Hamiltonian. For some
€ > 0 we say that a graph is e—super—Dirac if its minimum degree is at least (% + 6) n. From Dirac’s
theorem it is easily derived that an e—super—Dirac graph contains a set of edge disjoint Hamilton cycles of
size linear in n.

The study of Dirac and super—Dirac graphs has yielded some interesting results with regards to Hamil-
tonicity in random subgraphs. Krivelevich, Lee and Sudakov [20] showed that there is some constant C
such that if G is a Dirac graph and p > C'logn/n then the random subgraph G, is with high probability
Hamiltonian. Frieze and Johansson [9] showed that if G is e—super-Dirac and k is large enough as a
function of &, then the random subgraph G(k-out) is with high probability Hamiltonian.

Johansson’s result states that the hitting time of Hamiltonicity in a random subgraph process is with
high probability equal to the hitting time of having minimum degree at least 2, when the base graph is
e—super—Dirac. Our first result in this paper, a proof of which is presented in Section 3, is an extension of

Johansson’s result on e—super—Dirac graphs to the hitting time of the property Asg, for a constant k:

Theorem 1. Let e > 0, k € N, let G be an e—super—Dirac graph and let {G} be a random graph process
with base graph G. Then with high probability 1o, ({Gt}) = Ta,, ({Gt}).

Pseudo—random graphs

In Section 4 and Section 5 we extend this hitting time result to additional families of graphs. In both
cases, the family of graphs for which we show that the hitting times are with high probability equal is
in some way connected to the notion of pseudo—random graphs. Informally, a pseudo-random graph is a
graph that has some of the characteristics one expects to observe in a random graph (for some general
information on pseudo—random graphs, the reader may refer to [22]). Thomason suggested the following

definition:

Definition 1.2 (Thomason, 1987 [25, 26]). A graph G on n vertices is said to be (p,«)—jumbled, with
0<p<1<a, if for every subset U C V(G) the inequality

U
)= (15) <aiw
holds.

In Section 4 we present a result on a similar family of graphs. We introduce a definition of (a, 8)—dense
graphs, which omits the upper bound requirement on the number of edges spanned by two vertex subsets,

while adding a minimum degree requirement:
Definition 1.3. Let 0 < o, 8 < 1. We say that a graph G on n vertices is (o, 3)—dense if
1. VA, B C V(G) disjoint subsets such that |A|,|B| > an : eq(A,B) > 3-|A| - |Bl;

2. 5(G) > (2a + ) n.



Thomason [25] showed that if G is a (p, «)—jumbled graph, and 6(G) = Q (a/p), then G is Hamiltonian.
This property extends to the similarly defined (o, 3)-dense graphs: by a simple rotation and extension
argument, it is easy to derive that for all constant values of 0 < a, 8 < 1 if G is («, 5)—dense then it is
Hamiltonian, and in fact contains a set of edge disjoint Hamilton cycles of size linear in n.

In Section 4 we prove the following theorem:

Theorem 2. Let 0 < o, < 1, k € N, let G be an («, B)—dense graph on n vertices and let {G¢} be a
random graph process with base graph G. Then with high probability Tor ({Gt}) = Ta,, ({Gt}).

A family of pseudo-random graphs of particular interest is given by the following definition:

Definition 1.4. Let A > 0 and let d be a positive integer. A graph G on n vertices is called an (n,d, \)—
graph if G is a d-reqular graph with the second largest eigenvalue of its adjacency matriz in absolute value

equal to .

The following lemma due to Alon and Chung provides a connection between this definition, based on

graph eigenvalues, and Thomason’s definition of a pseudo-random/jumbled graph:

Lemma 1.1 (Expander mixing lemma [2]). Let G be an (n,d, A)—graph. Then for every pair of disjoint
vertex subsets U,W C V(QG) it holds that

d
ca(U.W) = 101 W] < A+ TOT- T

Frieze and Krivelevich [11] showed that if d = ©(n) and A = o(d) then an (n,d, \)-graph contains a

set of edge disjoint Hamilton cycles of size (1 — o(1))%. The same authors also showed [10] that if G is

an (n,d, \)—graph with A = o (%) then the hitting time of Hamiltonicity in a random subgraph
process on G is with high probability equal to that of having minimum degree at least 2.

In Section 5 we prove the following theorem:

Theorem 3. Let C = 10%,¢c = 1/400, d = d(n) > C - ™elosn 5 — y(p) < %, k € N, let G be an

logn

(n,d, \)—graph, and let {Gi} be a random graph process with base graph G. Then with high probability
o ({Ge}) = 74, ({Ge}).

This extends Frieze and Krivelevich’s result in the dense regime by softening the restriction A =
0 (%) to just A < %, as well as generalizing the Hamiltonicity property to Asg.

nlogn)

Paper structure

In Section 2 we present some preliminaries. In Sections 3 through 5 we give proofs of our results. In Section

6 we discuss the tightness of our results and some open questions.

2 Preliminaries

In this section we gather several definitions and results to be used in the following sections.
Throughout the paper, it is assumed that all logarithms are in the natural base, unless explicitly stated
otherwise. We suppress the rounding notation occasionally to simplify the presentation.

The following standard graph theoretic notations will be used:



e Ng(U) : the external neighbourhood of a vertex subset U in the graph G, i.e.
Ng(U) ={v e V(G)\ U : v has a neighbour in U}.

e ¢;(U): the number of edges spanned by a vertex subset U in a graph G. This will sometimes be

abbreviated as e(U), when the identity of G is clear from the context.

e eq(U,W): the number of edges of G between the two disjoint vertex sets U, W. This will sometimes

be abbreviated as e(U, W) when G is clear from the context.
e v (U, W): the maximum size of a matching in G between the two disjoint vertex sets U, W.

e pp(v),sp(v): respectively, the predecessor and the successor of a vertex v along the (oriented) path

P. We will write p(v), s(v) when P is clear from the context.

With regards to the hitting time of a graph property P in some graph process, we abbreviate the

notation to 7p, assuming that the discussed graph process is clear from context.

Probabilistic and combinatorial bounds

Lemma 2.1. Let 1 < /¢ < k < n be integers. Then the following inequalities hold:
n en k .
« ()= (%)
(P
L4 n S (& no.
()
Lemma 2.2. (Chernoff bound for binomial tails, see e.g. [13]) Let X ~ Bin(n,p). Then the following

inequalities hold:

59

e Pr(X < (1—20)np) <exp (— 22”p> for every § > 0;

(=%

e Pr(X > (14d)np) <exp (— an> for every 0 < d < 1;

3

e Pr(X > (14 9d)np) <exp (—%) for every 6 > 1.

Graph theory

In the paper we will use of the following definition of an expanding graph:

Definition 2.1. Let G be a graph, and let « > 0 and k be a positive integer. The graph G is a (k,a)—
expander if for every vertex subset U C V(G) with |U| < k it holds that |[Nq(U)| > a|U].

Asymptotic equivalence of random models

We use the following standard definitions of random subgraph models: G), is the space of random subgraphs
of the graph G, obtained by keeping each edge in E(G) with probability p, independently of all other edges.
G, is the space of random subgraphs of G obtained by randomly choosing exactly m of the edges in E(G)
to keep, uniformly from among the ('EfﬂG)') possibilities.

Throughout the paper we will often find it more convenient to bound the probability of some properties
holding in G, while the nature of the problems this paper discusses requires us to provide bounds in the

model G,,. The following lemma provides us with a useful connection between the two models:



Lemma 2.3 (see e.g. [14] chapter 1.4). Let G be a graph on n wvertices and m edges, P a monotone

increasing graph property, 0 <t <m and p =t/m. Then
Pr|Gy ¢ Pl <3vVm-Pr|G, ¢ P].

Furthermore, if limy,_,oc Pr |G, ¢ P] = 0 then lim,_, Pr[Gy ¢ P| = 0, and if lim, o Pr(G, ¢ P] =1
then lim,_,o, Pr[G: ¢ P] = 1.

Rotations, boosters and booster pairs

In our proofs we will strongly rely on Pdsa’s notion of rotations. In short, a rotation is a way in which one
may obtain several paths on the same vertex set in a graph. More formally, let P = (vy,...,v;) be a path
in a graph G. Suppose that (v;,v;) € E(G) for some 1 <i < k — 1. Then a new path P’ on the same set
of vertices and with the same length and starting point can be obtained by removing the edge (v, vit1)
from P and replacing it with (v;, vx). This operation is called a rotation.

By performing sequences of rotations, we can hope to get many alternative endpoints for longest paths

in a graph. Under certain conditions this is indeed possible, as expressed by the following lemma:

Lemma 2.4 (P6sa ’76 [24]). Let k be an integer, G be a graph on n vertices such that G is a (k,2)-expander,
and let P be a longest path in G. Then there are at least k 4+ 1 end vertices of paths in G obtained from P

be sequences of rotations with the starting point fixed.

We will also use the notion of a booster pair, or a BP in short, which was introduced by Montgomery
[23].

Definition 2.2. Let G be a graph. A pair {e1,ea} of non-edges ey, es € (V(2G)) \ E(G) is called a booster
pair, or a BP, if the graph G" with edge set E(G') = E(G) U {e1,ea} is either Hamiltonian or has a path
longer than a longest path of G.

3 e—super—Dirac graphs

In this section we provide a proof of Theorem 1. Throughout the section, G is some fixed graph assumed
to be e—super—Dirac.

In order to prove the theorem, we will prove this sufficient condition: with high probability for every
FCA@G

main lemmas:

with A(F) < 2k — 2, the graph G, \ F' is Hamiltonian. We aim to prove this by proving two

T2k

Lemma 3.1. With high probability for every F' C G, with A(F) <2k —2, G, \ F' contains a subgraph
Iy which is a connected (%, 2) —expander with at most 5e®nlogn + 1 edges.

Lemma 3.2. With high probability for every FF C G

G, \ F' which is a connected, non-Hamiltonian (

o With A(F) < 2k — 2 and for every subgraph I' of
2)—ezpander with at most 6e*nlogn edges, Gr,, \ F

n
ER
contains a booster pair with respect to I'.

Putting the two lemmas together we easily obtain the theorem:
Say we have found h edge disjoint Hamilton cycles in G,,, with 0 < h < k —1, and denote their union

as F. By Lemma 3.1, with high probability G, \ F' contains an (ﬂ 2)7expanding subgraph I'; with at

T2k 87



most 5e?nlogn + 1 edges. If I'y is not Hamiltonian, by Lemma 3.2, Gr,, \ F contains a BP with respect
to I';. By adding this BP to I'; we obtain a new sparse expander I's, which is either Hamiltonian or has a
longest path which is strictly longer than that of I'y. By continuing to apply Lemma 3.2 at most n times,
we obtain the theorem.

Throughout the proofs we will assume that ¢ is small enough, without explicitly stating so.

3.1 Proof of Lemma 3.1

For a graph I' on n vertices, let

do := 5e?logn,

and
SMALL(T) :={v e V(') : dr(v) < do}.

We will first show that WHP G,, has the following properties:
(P1) A(Gr,,) < 10logn;
(P2) |SMALL (G-,,)| < n3(-2);

(P3) Yu,v € SMALL (G, ) : distg,,, (u,v) > 4;

(P4) YU C V(Q) s.t. 4e?logn < |U| < \/% reg,,, (U) < 0.1-€2|U|logn;

(P5) YU, W C V(G) disjoint s.t. e <|U| < §,|W|=25[U| : eq,, (U, V\ (UUW)) > 0.04]U]logn;

(P6) YU CV(G) sit. 2<|U| < (54 5)n: €G,,, (U, V(G)\U) > ny/logn.

Proof. For each property, we will bound the probability of G,, failing to have it separately.
Let N = |E(G)|, and let

logn ~ 2logn

b1 = , P2
n

, my=N-p, my=N -pa.
Lemma 3.3. With high probability mi < 1o < ma.

Proof. Since having minimum degree at least 2k is a monotone increasing property, by Lemma 2.3 it suffices
to show that

1. Prid(Gy,) > 2k] = o(1);
2. Prid(Gp,) < 2k] =o(1).
We will prove both bounds.

1. This bound is already well known, as Pr[§ (Gp,) > 2k] < Pr[6 (G(n,p1)) > 2k] = o(1).



2. Let v € V(G). The probability that dg,, (v) < 2k is at most

21 /1 W\ '
Prlia, <2 < 3 ( ‘ )Ml — payloi
T -1\ 1 ,
i=0
2%k—1 4
Z (6logn)'exp (— (1 4 2¢)logn)
i=0
_1—

IN

IN

£

IN

n

By the union bound we get

Pr(6(Gp,) <2k < Y Prldg,, (v) <2k] <n " =o(1).
veV(Q)

O

Applying Lemma 2.3, given the conclusion of Lemma 3.3, we can argue that for a monotone increasing

property (P) it is sufficient to prove that Pr(Gp, ¢ (P)) = o(1), and that for a monotone decreasing
property it is sufficient to prove that Pr (Gp, ¢ (P)) = o(1).

(P1)

2-41
Pr[Gp, ¢ (P1)] < n-Pr[Bin(n,p2) > 10logn] <n-exp <_30gn> =o(1).
(P2) The probability that G, ¢ (P2) is at most the probability that there is some subset U C V(G) of size
n2(179) such that e, (U, V(G)\U) < nz(179) . dy. Since |U| = o(n), there are at least (3 + 35) |U|-n
edges of G between U and V(G) \ U. So

n . 1 9 _1 14
Pr(Gy ¢ (P2)] < <n§(1_5)> - Pr [Bm ((2 + 10> ntd %87p1> < ns1-e) . do]
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(P3

) As my < 7o, < mg with high probability, it is sufficient to prove that with high probability G,

does not contain a path of length at most 4 between two (not necessarily distinct) members of
SMALL (Gp,).
We will prove this by showing that:

1. With high probability G,,, does not contain a path of length at most 4 between two (not
necessarily distinct) members of SMALL (G, );

2. With high probability, adding mg — m; = m; random edges of G \ G,,,, to Gy, does not result
in a path between two members of SMALL (G, ).

First, we bound the probability that a specific path P of length ¢ is in G,,,:

Prip e Gy = ) < (mayr_ (len)'
r mi) = ( N) <{5) =\ .
mi
Next, we bound the probability that the two endpoints of a path P, denoted as s,t, are members
of SMALL (G, ), conditioned on the event P € G,,,. This probability is at most the probability
that the vertex set {s,¢} has at most d; := 2 -dy — 2 edges between it and V(G) \ {s,t} in Gy,,, not
including the two edges belonging to P. Since there are at least (1 + ¢)n edges of G between {s, ¢}

and there rest of the graph, not including the two edges of P, we get

d1 o — 4 (Nf€7(1+§)n)
Prls,t € SMALL (Gp,) |P € Gp,] < Z( . >’Z]V‘_‘;T)
i=0 my1—£

i
N—{—(1+e)n
on\ (i)
< () e
dl (m1 Z)
(26n>d1 <m1 - e)
<
(m1 dl)((1+€)n—d1)
P ( N—(—d
2\ —10e? logn
< (10€7) exp(—(1+ 0.9¢) logn)
< n—l—O.Se‘
d
Here, in the third inequality we used the fact that ( n]i :L;) > ( n];’l _j) . ( 7271 *f[illl), and Lemma 2.1.

Apply the union bound to bound the probability that there is a path P € Gy, of length 1 </ <4,
such that both of its endpoints are in SMALL (G, ):

4 4
Pr[3P € G, : s,t € SMALL(Gmy)] <> n'*!. <1°g"> 108 — o(1),
/=1

n

Finally, we bound the probability that adding my—m random edges to G, results in a path between
two vertices of SMALL (G, ). Since we already proved that with high probability G,,, € (P2) and

Gm, € (P1), we can assume for the sake of calculation that indeed G,,,, Gy, have these properties.



For the set of mo — my added edges to close a path, at least one of the edges must have both its
vertices inside the set of vertices at distance at most 3 from SMALL (Gy,,) in Gy, . By (P1), (P2),
this set is of size at most n2(175) . (10logn)? < na—04e, By the union bound, the probability that at

least one of the added edges is in this set is at most

DN

<m2_m1). N—Tng
(P4)
5n
s n 1
Pr(Gp, ¢ (P4)] < Z <,>Pr [Bin (<2),p2) > 0.1e% log n}
i=4e2logn !
\/15;@ 0.1e%ilogn
en 5epy - 02
< Y (—)
‘ i e2ilogn
i1=4e2logn
- \/liﬂ (@)1 10e - i 0.1e2%ilogn
- i e2n
i=4e2 logn
< exp(—w(logn)).
P5) We will use the fact that if |U| =i, |W| = 2.5¢ n_ < j < 2 then, since 6(G) > (3 +¢)n, we
Viogn 8 2

have

c(UVG\(UUW)) = 6G)-|U]—2eq(U) —eq(U,W)

) 1 9
7 - 54—5 n — 3.5t

1.
—i-n.

>
- 20

v

Therefore by the union bound

oo

Pr(G,, ¢ (P5)] < nz/; (”)( >Pr [Bin (0.05in, p1) < 0.04i log n]

i=

logn

Xp ( (n pl/\/logn>)
(P6) We will use the fact that if |[U| =i < (3 + %) n then e (U,V(G)\ U) >i-5-n. By the union bound

(3+
Pr(G,, ¢ (P6)] < Z < )Pr [Bm (ein/2,p1) < n\/loﬂ}

< 2" -exp(—Q(nlogn))zo(l).

<

CD

M\m

O]

Lemma 3.4. Let I' be a graph on n vertices such that § (I') > 2k and I € (P1)—~(P5), and let F C T" with
A(F) <2k —2. Then T\ F contains a subgraph Ty which is an (%, 2) —expander with at most 5e2nlogn
edges.

10



Proof. Consider the following construction of a random subgraph I'g of '\ F' with at most 5¢2n log n edges:
For each v € SMALL(T) let E, be Er(v), and for each v € V(I')\ SMALL(T) let E, be a subset of Ep(v)
of size exactly 5¢2logn , chosen uniformly at random, and set F(I'g) = Uvevry Eo \ E(F).

Clearly, T'g has at most 5¢2nlogn edges, and has minimum degree at least min{d(I') — 2k + 2, 5% logn —
2k + 2}, which is at least 2. We will show that it is also an (%, 2)fexpander with positive probability:
Let U C V(I') be some vertex subset, and denote: Uy := U NSMALL(T), Uy := U \ Uy, and ny,ns the
sizes of Uy, Us, respectively. We will consider different cases for ns.

First, we will show that for ny < ﬁ we have |Np,(U)| > 2|U| with probability 1. By (P3), we deduce

the following properties:

e [N, (U1)| > 2ng;

e | (Ui UNp,(Up)) N (UzaU Npy(Uz2)) | < na.
Consider two cases:

1. ng < e?logn — k: Let v € Uy, then dr,(v) > 5¢2logn — 2k + 2 > 5na. So

[Nty (U)| = |[Nry(Uz) \ Ur| + [ N1y (U1) \ (U2 U Nr, (Ua))]
dro(v) —2n9 +2n1 —ng > 2n1 + 2n9 = 2’U‘

v

2. e2logn —k < ny < \/12@: First we observe that |Np,(Uz)| > 4ng. Assume otherwise, and let W be

some set of size 4ng containing Np,(Uz2). By (P4) we have

(5e®logn —2k+2)-ny < > dry(u) < 2ep, (U UW) < 2ep(Uz UW) < e?logn - ny
ueUs

— a contradiction. So

[Nro(U)| = [Nry(Uz) \ U] + [N, (U1) \ (U2 U Nty (U2)))|
> 4n2—n2+2n1—n2:2n1—|—2n2:2|U].

Finally, we will bound from above the probability that there is a set U with \/1::@ < ng < g such that
|Nr, (U)] < 2|U|. If this is the case, then there is some set W’ of size 2|U| containing N, (U), and therefore,
in particular, ep,(Uz, V(') \ (U2 UW)) = 0, where W := W/ U U;. Observe that

‘W| = ’W/| + |U1| = 2(|U1| + |U2|) + |U1‘ =2n9 +3n1 < 2n9 + 3|SMALL(F)| < 2.5n9,

and therefore, by (P5), er(Us2,V \ (Uz UW)) > 0.04nzlogn. We use this to bound the probability that
such U, W' exist.
Let u € Uy. The probability that E, N Er(u, V(T) \ (U UW)) C Ep(u) is at most

(dp(u)—dr(u,V5(1;)1\(U2UW))+dF(u) 5:2log n
5¢2logn

11



As the events E, N Ep(u, V(T') \ (U2UW) C Ep(u) are independent for distinct vertices u, multiplying the
probabilities, and using the fact that since I" € (P1) we have that A(T") < 10logn, we get

Prler,(Us, V() \ (U UW)) =0] = H Pr[E,NEpr(u, V(I')\ (UaUW) C Ep(u)]
uelUsz
< H exp <—;€2 (dp(u, V(T)\ (U2 UW)) + 2k — 2)>
uelsz
= exp <—;€2 (ep(U, V(T)\ (U2 UW)) + (2k — 2)]U2|)>
= exp(—w(n)),

where the last inequality is derived from the fact that I' € (P5).
Using the union bound, the probability that such U, W exist is at most 3" - exp (—w (n)) = o(1).
In particular, with positive probability the random subgraph I'y is indeed an expander as required, and

therefore there exists such a subgraph of '\ F. O

Lemma 3.5. Let I' be a graph on n vertices such that 6 (I') > 2k and T € (P1)—(P6), and let F C T with
A(F) <2k —2. Then I'\ F contains a subgraph T'y which is a connected (%,2) —expander with at most
5e2nlogn + 1 edges.

Proof. The subgraph I'g of I'\ F' is an (%, 2)7expander, and therefore has at most 2 connected components,
each of size at least 3n/8.
By (P6), if I'g is not connected, then I' \ F' contains an edge between the two connected components. In

particular, I'; can be obtained by adding this edge, if necessary. O

3.2 Proof of Lemma 3.2

13 2) —expander with at most 6e°nlogn edges,

and let F C G with A(F) <2k — 2. then G\ F contains a set B C (E(QG)) of booster pairs with respect to
I', such that

Lemma 3.6. Let I' C G be a connected, non—Hamiltonian (

e |[B|> 88—0 . n3;
e Bvery edge of E(G \ F) is a member of at most § booster pairs in B.

Proof. We will use the fact that I" is expanding, and that 6(G) > (% + 8) n, to build required BP set as
follows.

Let P be a longest path in I', and let S C V(G) be a set of ¢ starting vertices of paths obtained from P
by a sequence of rotations (such a set exists, by [24]).

For s € S, denote by Ps the path obtained from P by rotations which caused s to be added to S, and by
Ts a set of g possible end vertices to paths obtained from Ps by a sequence of rotations with s fixed as the
starting vertex.

Let s € S,t € Ts. For each such pair, we will add a set of BP’s to B (possibly some are already members

of B). Consider two cases:

12



1. The number of neighbours of s, and of ¢, in G that are in P is at least (% + %5) n
By the pigeon—hole principle

e Py (s,u), (pu),t) € E(G\ F)}| > gen.

Add the set of such edge pairs to B. Here, p(u) denotes the predecessor of u along Ps, as defined in

Section 2.

2. The number of neighbours of either s or ¢ in the graph G \ F that are in P is less than (% + %5) n
In this case s or t has at least gan edges going outside P. Let eq, .. ,, be some subset of them, and

let f1,..., f be some subset of edges touching the other end of the path For every i =1, ..., 3€n
add the palr {el, fi} to B

In each of the two cases, for each s € S,t € Ts; we added at least %an pairs of edges to B. Every
pair was examined at most eight times, since each pair is considered only when one vertex in one edge
of the pair corresponds to s, and one vertex of the other edge corresponds to ¢. So in total at least
1Y cs|Ts|- 2en = =55n? distinct pairs were added. In addition, any edge incident to s € S was included
in at most one pair for each t € T for every time it was considered, and vice versa, so overall every edge
is a member of at most § pairs in B.

Finally, remove from B all the edge pairs that contain an edge of E(F) or of E(I'). Since |E(F)| <
(2k — 2)n,|E(T)| < 6e’nlogn, and since every edge is a member of at most 2 BP’s in B, at most
O(n?logn) = o(n?®) edge pairs were removed. The remaining pairs in B are BP’s with respect to I' which

3

are edges of G\ I, and after the removal we remain with |B| > g&5n°, as required. O

We now aim to show that G, is likely to contain a booster pair. Let X = (V, E) be a graph, such that
o [VI=I[E@G) < (5);
e A(X)< %
o |[E(X)| > g5 nt

Let S C V. We say that a vertex x € V' \ (SU Nx(5)) is S-useful if [Nx(z) \ Nx(S)| > 4550 - -

Lemma 3.7. Let S C V be a subset such that |S| < JNx(9)] < 2 then the set A C V(X)\S

1000 -’ 3000
2

000 " -

-n? and A(X) <

Proof. Since |S| < 355 1%, |Nx(9)| < 55
with at least one end in S U Nx(S). So

5 8000 -n3 edges of E(X)

n3 > e 03
8000 — 8000

ex (V\ (SUNx(5))) = |[E(X)

On the other hand,

ex (VA (SUNx(S))) <AX) - [A] + =55 -n - [V (SUNx(S) UA)| <

n
4000 2 )"

<.
4000 2

Putting the two inequalities together we get the desired bound

2 Te € n €
Al > = nd - . > n2.
Al= 2 <8000 " 4000 <2>”> = 1000 "

13



Let XP be the probability space of induced subgraphs of X obtained by retaining each vertex of X with
probability p, or losing it (and all its edges) with probability 1 — p, independently of all other vertices.

Lemma 3.8. Let 10% <p< 210%. Then Pr[XP spans no edge] < 2exp (—g5 - n°p).

Proof. Initialize S = (). We will sample vertices of V one after another in an adaptive order, and add
successful vertices of XP to S. At each step, we will sample a vertex which we have not sampled previously
and which is S—useful. We will do this until |[Nx(S)| > 555 - %, until no unsampled S-useful vertices

remain, or until we have sampled ;555 -n? vertices (whichever comes first).

Claim 3.1. The probability that we stopped the process with |[Nx (S)| < 5i55-n? is at most exp (—gi55 - 7°p) -

Proof. By Lemma 3.7, if V contains no unsampled S-useful vertices, where |[Nx(S)| < 555 - n?, then
at least 555 -n? vertices were sampled, which means that we stopped the process after sampling exactly
o5 - n* vertices. Since each successful S—useful vertex adds at least 455 - n vertices to Nx(S), among
these samples there were at most 2n successes.

The probability that this occurs is at most Pr [Bin (ﬁ ~n2,p) < Qn], and using Chernoff’s bound for

binomial tails the claim follows. O

To complete the proof, observe that the probability that X? spans no edge is at most the probability that
either we failed at sampling V' and finding the desired set S, or Nx(S) N XP = ().

In the process of creating S we sampled at most 55 - n? vertices, and upon ending it successfully we are
left with |Nx (S)| > 555 - 7%, which means that there are at least 4555 - n”

So

unsampled vertices in Nx(.59).

£ £
Pr[N XP — I <P[B ( 2,) } ( -2).
r[Nx(S)N () | sampling succeeded] 1B (1505 0P 0| <exp st00 VP
Putting the two bounds together we get

Pr[X? contains no edge] < Pr[sampling failed] + Pr [Nx(S) N X? = () | sampling succeeded]

&
S 2exp <_8100 n2p>'
O

Corollary 3.1. Let log" <p< 21°g" let T C G be a connected, non-Hamiltonian (%,2)-expander with

at most 6e%nlogn edges, and let F Q G with A(F) < 2k —2. Then the probability that G \ F contains no
booster pair with respect to I' is at most 2 exp (—81500 . n2p).

Proof. Let B be a set of booster pairs with respect to I' in G\ F' such that:
* |B] = g5 - n%;
e Every edge of E(G) is a member of at most § booster pairs in B.

By Lemma 3.6, such B exists. Construct an auxiliary graph Xt as follows:
First define V(Xr) := E(G). For each e, f € E(G\ F): add (e, f) to E(Xy) if {e, f} € B.
By the definition of B, Xt is a graph fulfilling the requirements of Lemma 3.7. So
€
Pr[X? cont dge] < 2exp (o n%p)
r [ contains no e ge] exp (~gig0 " P
Since an edge of X} corresponds to a booster pair in G, \ F', the corollary follows.
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Corollary 3.2. Let loﬂ <p< m. Then the following holds with probability 1 — n~<():

For every subgraph T’ ofG which is a connected, non—-Hamiltonian (8 , 2) —expander with at most 6e%nlogn
edges, and for every subgraph F C G, such that A(F) <2k —2, G, \ F' contains a booster pair with respect
to T,

Proof. Let Apr be the event that G, \ F' does not contain a booster pair with respect to I'. Using the
union bound, we bound the probability that there are F,I' C G, for which Arr holds.

6e2nlogn (k—1)n

PrAFTC Gy st Apr) < Y Z <E(@ )|) <|E(G>|>pi+j.2exp (_81500 .n2p)

i=1  j=0 J

6e2nlogn (k—1)n on? » en2p j .
< .9 <_7. 2 )
<R () () e i
O(nloglogn e \6e*nlogn €
< Onieie )<@) 2eXp(_gloo nlogn)
n—w(l) ’
where the last equality holds when ¢ is small enough such that €2 - log ( ) < e O

With Corollary 2 we can now complete the proof. Let A,, be the event that G,, contains a sparse
expander I" and a subgraph F' with maximum degree at most 2k — 2, such that G,, \ F' does not contain a

booster pair with respect to it I'. Then by Lemma 2.3

Pr(Ay,] <o(l)+ Y PriAm] <o(l)+ (mg—m)-3y/|E o(1).

4 (a,f)-dense graphs

In this section we provide a proof of Theorem 2. Throughout the section, G is some fixed graph assumed
to be (a, #)-dense (see Def. 1.3).
We take a similar approach to the proof of Theorem 1, showing that with high probability for every

F C G,,, with A(F') <2k — 2, the graph G, \ F' is Hamiltonian, by proving two main lemmas:

Lemma 4.1. With high probability for every F' C G, with A(F) <2k —2, G, \ F' contains a subgraph
Lo with at most 73%nlogn edges, which has the following properties:
e I'y is connected;
o

e Iy is an (§ -, 2) —expander;

e For every two disjoint subsets U, W C V(G) of size |U|,|W| > an, there is a matching in I'y between
U and W of size at least 1005”

Lemma 4.2. With high probability for every F' C G, with A(F) < 2k —2 and for every subgraph I' of
Gr,. \ F with at most 83%nlogn edges, such that

e I' is connected;
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e I' is an (% . n,2) —expander;

e For every two disjoint subsets U,W C V(QG) of size |U|,|W| > an, there is a matching in I between
U and W of size at least %Bn;

the graph G, \ F' contains a booster pair with respect to I'.

Theorem 2 is obtained from Lemma 4.1 and Lemma 4.2 in the same way Theorem 1 was obtained in
the previous section.

Throughout the proofs we will assume that (§ is sufficiently small relative to a without stating so
explicitly. We also assume that o < %, since the complementing case when §(G) > (% + ﬁ) n is already

covered by Theorem 1.

4.1 Proof of Lemma 4.1
For a graph I' on n vertices, let
do := 55%logn,
and
SMALL(T) :={v € V(') : dr(v) < dp}.

We will first show that WHP G, has the following properties:

T2k

(Q1) A(Gry,) < 10a~tlogn;

(Q2) [SMALL (Gr,,)| < n%Y
(Q3) Yu,v € SMALL(Gr,,) : distg,,, (u,v) > 4;
(Q4) YU C V(G) s.t. 48%logn < |U| < ﬁ’% ceq,,, (U) < 28%|U]logn;

(Q5) VU, W C V(Q) disjoint st. 2= < |U| < & -n,|W| = 2|U| : eq

Vlogn 3 (U7V(G) \ (U U W)) >
0.4c|U| log n;

T2k

(Q6) YU C V(G) s.t. an < |U| < 3n: ec,,, (U, V(G)\U) > nylogn;
(Q7) VU,W C V(G) disjoint s.t. |U|,|W| > an:eq,, (U W) > %Bnlogn.

Proof. For each property, we will bound the probability of G,, failing to have it separately.
Let N = |E(G)|, and let

__logn __logn

p1 = m , P2 on

, mi =N -pi, mag =N - ps.

Let p* be the unique solution in the interval [0, 1] to the equation

Z (1 - x)dg(v) =1,

veV(G)
and let
p1=p — y Do =D +T,m1:N~p1,m2:N-p2.



Observe that

Z (1 _p*)dG(U) — Z (1 _p*)dG(U) ) 1 —pik dg(v)
1 i

veV(G) veV(Q)
i) p* _ p* dc(v)
< «\dg(v) .
< ) (1-p) <1+1_p*)
veV(Q)
< Z (1 _p*)dG(U) . <1 + QVIOgn)
veV(G) n

< exp (2\/@) :

and similarly > (1 — p2)dG(”) > exp (—a log n) .

veV (G

Lemma 4.3. It holds that p1 < p] < p* < p5 < pa. Furthermore, with high probability m] < 195, < mj.

Proof. Since the expression -, ¢y () (1 — x)9¢() is decreasing in the interval [0, 1], in order to show that

p1 < pi < p5 < py it suffices to show that

da(v) da(v)
V1 V1
E (1—101— ogn> > 1, E <1—p2+ ;gn) <1

n
veV(Q)

We bound both expressions:

dg(v) n
Z (1_p1_\/logn> Zn.<1_3logn> (1),
n

4n
veV(G)
A\ dc(v) (2a+B8)n
Z <1—p2+ logn> <n- (l—logn> = o(1),
n 2an

as desired.

Next, in order to show that with high probability m] < m; < mj, it suffices to show that
1. Pr[6(Gy) > 2k] = o(1);
2. Pr[é(Gpy) < 2k] =o(1).
We will prove both bounds:

1. We will bound the probability using Chebyshev’s inequality. Let X be the random variable count-
ing the number of vertices in V(G) with degree less than 2k in Gpr. Recall that p* is such that
ZUEV(G) (1-— p*)dc(v) =1, and that p; < pj < p*. First, bound E[X] from below:

EX] = > Pr [dG <2k] 3 Zkzzl (dG >*z _ ppyloto)-i

veV(G) veV(G) =0
x\ 2k—1
anpy \de (v) anpi 2k—17
> (1 = G\v) > = .
=P < 2k ) (=) —( i) w{b)
veV(Q)
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Bound Var[X] from above:

Var[X] = E[X?] -E[X]?
= Y pr [deT (v), da, () < 2k] — Pr [d% (v) < 2k] . Pr [d% (u) < 2k
u#veV(G)
+ Z Pr [dG ) < 2]4:] ( r [dep{ (v) < QkDQ.
VeV (G)

We separate the terms u # v € V(G) for which (u,v) € E(G) from the terms with (u,v) ¢ E(G),
and observe that in the latter case the events dg . (u) < 2k and dg,. (v) < 2k are independent.
1 1

< E[X]+ Z Pr [dgp,{ (v), da (u) < 21@} s [dgp,{ (v) < Qk} - Pr [dGPT (u) < 2k]
(u,0)EE(G

< E[X]+ Z ot Pr [d(;p,{ (v), da; (u) < 2k|(u,v) € E (Gp;)]
(u,v)EE(G)

IN

E[X] + Z ZkZ:Q 25:2 < ) < > 51 (1 _pT)dg(v)+dg(u)7ifj72

(u,0)EE(G ) 1=0 j=0

elogn k=4 . _
E[X] + Z pa - 4k’2 < ( g )) (1 _pl)dc(v)+dc(u) 2

: 2k —-2)(1
(uw)EE(G) Q- —2)(1 —p2
= E[X] +0 ( D2 - log n exp (4\/@)) Z (1 _p*)dg(v)+dc(u)

(u,w)EE(Q)

2
< E[X]+o(1>-( > (1p*)dc<”>)
)

veV (G
= E[X]+o(1).

Now, ‘g{;gfﬂ = O (E[X]') = o(1), and by Chebyshev’s inequality we get

Pr[6(Gpr) > 2k] = Pr(X = 0] = o(1).

2. Let v € V(G). The probability that d¢ , (v) < 2k is at most
2

2k—1
d 2% _ dG(U) *% 1 — p* da(v)—i
T |dG,, (v) < = E ;P2 (1—p3)

=0

* 2k—1
) ENPy - dg(v)
2k <<2k D0 —pz>> (1-r2)

@) (log% n) - exp (—a\/@) (1= p¥)de®)
= o ((1 _ p*)de)) ,

IN

By the union bound we get

Pr[6(Gp;) < 2k] < Z Pr [dgp3 (v) < 21{:} =0 ( Z (1 p*)dc(v)) = o(1).

VeV (G) VeV (G)
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O]

Now we show that with high probability G,, has properties (Q1)—(Q6). With Lemma 4.3, for a monotone
increasing property (Q) it suffices to show that Pr (Gy, ¢ (Q)) = o(1) or that Pr (Gp: ¢ (Q)) = o(1), and
similarly for decreasing properties and Gj,, Gps.

We omit the calculations for properties (Q1), (Q4), since they are almost identical to the calculations

for their counterpart properties (P1), (P4) in the proof of Lemma 3.1.

(Q2) Use Markov’s inequality:

E[[SMALL (Gp:) ]

Pr [pr ¢ (Qz)] S no,l
= p 0! Z Pr [Bin(dg(v), p}) < 562 log n
veV(Q)
0.1 2 enpy o g dg (v)
< —U.1 . R S . _ ¥ \agl\v
< n %58 lgn (ngn> > (=)

veV(Q)

IN

exp ((—O.l + 56%log <5a€62)> logn + O (loglogn + \/logn>>

= o(l).

(Q3) As mj < 1o < m} with high probability, it is sufficient to prove that with high probability G
does not contain a path of length at most 4 between two (not necessarily distinct) members of
SMALL (Gpx).

We will prove this by showing that:

1. With high probability G,s does not contain a path of length at most 4 between two (not
necessarily distinct) members of SMALL (Gm»{);

2. With high probability, adding m4 — m] < ny/logn random edges of G \ Gz to Gy does not
result in a path between two members of SMALL (Gm’f)‘

The probability that a specific path P of length £ is in G+ is at most

(NN_EE) Npo ¢ logn ¢
Pr[Pe Gy < 5% g( ):( )
1 (N]\zcz) N an

Now bound the probability that the two endpoints of a path P, denoted as s,t, are members of
SMALL (Gmaf), conditioned on the event P € G,,x. This probability is at most the probability that
the vertex set {s,t} has at most d; := 2-dyp — 2 edges between it and V(G) \ {s,t} in Gpx, not
including the two edges belonging to P.
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dy I — 4 (N—Z—(dc(s)+dg(t)—2))
Pr [S,tGSMALL (Gmf) ’PGGm»{] < Z ( ) ) . my—{—i

(nivl )

dg(s)+dg(t)—2)

2n i—d )
< i+l <d1> N_E)l
ml V4

IN

() (=)

(1 ml — - dl ( )+dc(t)727d1
N —{0—dy

< 2y da(s)+da(t)
25 (1= pt)teleitdelt),
)

Apply the union bound to bound the probability that there is a path P € Gy, of length 1 < /¢ <4,
such that both of its endpoints are in SMALL (G, ):

Pr3P € G, : s,t € SMALL(Gmy)] < Y. Z ¢-1 <1°g”>
stEV(G) f=1
-Pr[s,t € SMALL (Gp) |P € Gyt
< Z (1— p*)dG(5)+dG(t)
s$,teV(QG)
9 2
- exp (logn : (—1 — 108" log <ﬁ2a> + 0(1)))
< n7 % =0(1),

for small enough 5.

Finally, we bound the probability that adding n+/logn random edges to Gi,: results in a short
path between two vertices of SMALL (Gmik). Since we already proved that with high probability
Gm: € (Q2) and Gy € (Q1), we can assume for the sake of calculation that indeed Gyr, Gy have
these properties.

For the set of ny/logn added edges to close a path, at least one of the edges must have both its
vertices inside the set of vertices at distance at most 3 from SMALL (Gm»{) in Gy3 - By (Q1),(Q2),
this set is of size at most n®! - (10a=1logn)® < n®2. By the union bound, the probability that at

least one of the added edges is in this set is at most

(") _
n+/logn - N = o(1).

(Q5) For sets U, W C V(G) such that < |U| £ §n and [W| = 2|U| we have |[U U W| < an, so

T <
eq(U,V(G)\ (UUW)) > |U|- (6(G) — an) > a|U|n.
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So

Pr{Gy, ¢ (Q5)]

IN

(”) ( >Pr [Bin (ain, p1) < 0.4ailogn]

< eXp< (n p1/\/@>)

(Q6) It is easy to see that if a graph has property (Q7) then it also has property (Q6), and so it suffices
to prove that the former happens with high probability for G

T2k "

(Q7) Since G is (o, B)-dense, if |U|,|W| > an we have eq(U, W) > a?Bn?. So

PriGy, ¢ (QT)] < 3" Pr Bz‘n(aQﬁnQ,pl)g%Bnlogn

< 3"-exp(—Q(nlogn)) = o(1).

O]

Lemma 4.4. Let T be a graph on n vertices such that § (I') > 2k and such that T' € (Q1)—(Q5), and let
F C T with A(F) < 2k —2. Then T'\ F contains a subgraph T1) which is an (%n, 2) —expander with at
most 53°nlogn edges.

Proof. The proof is essentially identical to the proof of Lemma 3.4, up to some constants being different. [

Lemma 4.5. Let T' be a graph on n vertices such that § (I') > 2k and such that T' € (Q1)—(Q6), and let
F CT with A(F) < 2k —2. Then T'\ F contains a subgraph T which is a connected (%$n,2)—ezpander
with at most 65%*nlogn edges.

Proof. This proof follows a similar line to the proof of Lemma 3.5.

The subgraph Ir'Mof \ F'is an (%n, 2)fexpander, and therefore has at most ! connected components,
each of size at least an.

By (Q6), if T is not connected, then I'\ F contains an edge between any connected component to the rest
of the graph. In particular, I® can be obtained by sequentially adding such edges to '), if necessary, at

most a1 times. O

Lemma 4.6. Let T' be a graph on n vertices such that 6 (I') > 2k, |E(T')| = mi1 and such that T' €
(Q1),(Q7), and let F C T with A(F) < 2k —2. Then T'\ F contains a subgraph T'® which has at most
B%nlogn edges, such that for every two disjoint subsets Uy W C V(G) of size |U|,|W| > an, there is a
matching in TG) between U and W of size at least %Bn.

Proof. Let I” := T'\ F, and let I'® be a random subgraph of I distributed according to F’Bz. We will
show that with positive probability I'®) satisfies the desired properties, and therefore show that the desired
subgraph indeed exists.

First, we bound the probability that for some disjoint subsets U, W C V(G) the maximum matching size
vp@) (U, W) between them is at most %ﬂn. Observe that for some i < %671, if vp@ (U, W) = i then

there are some i edges in Eps) (U, W) such that the set of all their (exactly) 2i end vertices is a cover of
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all the edges in Eps) (U, W) — meaning that all edges of I that are not touching any of these 2i vertices
are non-edges in I'®). Since T' € (Q1), (Q7) we get

o’ %M
Pr i G0 < fgin] = X Prive (U W) =1
& er(U,W i err (UW)—2i-A(T
> <r(. ))32 (1 - g2 GW)-2am)
=0
B
100"
er(U, W) oy er(U,W)—2(k—1)n—2i-A(T)
< 1
< Y (O -
(12
< n <3€?logn> (1 _52) %Bnlogn—2kn—2-%ﬂn-a_11010gn
10007
< exp (O (nloglogn) — 2 (nlogn))
= exp(—Q(nlogn)).

Summing over all (at most 3™) possible subsets U and W we derive that the estimated probability is of
order o(1).

To finish the proof, observe that the probability that I'®) has more than B%nlogn edges, which is more
than 82 - (my — (k — 1)n), is at most

Pr [Bin (m1 — (k= 1)n, ,82) > Binogn] <

N | =

So overall, the probability that I'®) satisfies both conditions is at least % —o(1) > 0. O

To finish the proof of Lemma 4.1, observe that by Lemma 4.5, with high probability for every F' C G,,
with A(F) < 2k — 2, G, \ F contains a subgraph T'® which is a connected (%$n,2)-expander with at
most 63%nlogn edges. Furthermore, by Lemma 4.6 the subgraph G,,, \ F, and therefore Gr,, \ F, contains
a subgraph I'®) which has at most 32nlogn edges, such that for every two disjoint subsets U, W C V(G)
of size |U|,|W| > an, there is a matching in I'® between U and W of size at least %Bn.

Now simply set I's := I'® UT®) to obtain the lemma.

4.2 Proof of Lemma 4.2

This proof follows the same general outline as the proof of Lemma 3.2, in the following sense:

First, we will show that for any subgraph F' C G with small maximum degree, and for any sparse, expanding
subgraph I' C G, such that large vertex subsets in I have linear sized matching between them, the edge set
E(G\ F) contains a large set of booster pairs with respect to I', such that every edge does not participate
in many pairs.

Then we construct an auxiliary graph X, such that every edge in X represent a booster pair, and show
that for p; < p < ps, the probability that X? does not contain any edge is exp (—Q (ﬁnQp)).

Finally, using the union bound, summing over all possible subgraphs F,I', we prove the lemma.

Since most of the proof should be clear, given the proof of Lemma 3.2, we will only prove the existence of

a “good” set of booster pairs, and state the lemma regarding the existence of an edge in XP.
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Lemma 4.7. Let I' C G be a non—Hamiltonian subgraph with at most 83°nlogn edges, such that

e I' is connected;

e I' is an (% . n,2) —expander;

e For every two disjoint subsets U,W C V(G) of size |U|,|W| > an, there is a matching in I’ between
U and W of size at least woﬁn;

and let F C G with A(F) < 2k —2. Then G\ F contains a set B C (E(QG)) of booster pairs with respect to
I', such that

e Bl = 80005 n®
e Fwery edge of E(G\ F) is a member of at most n booster pairs in B.

Proof. Let P be a longest path in I, let S be a set of §n starting vertices of paths obtained from P by a
sequence of rotations (such a set exists, by [24]), and for s € S let Ts be a set of §n end vertices of paths
obtained from P; by a sequence of rotations, Ps being a path with starting vertex s obtained from P by
rotations.

For each pair of vertices s € S, t € T let Ps; be a path between s and ¢ obtained from P by rotations.
We will add the following set of BP’s to B:

1. If |[Ng(s) N P|, [Na(t) N P| > (2a + 38)n:
Let ¢ € P be a vertex such that, without loss of generality, at least an 4+ 1 of s’s neighbours on
P precede ¢ along Ps;, and at least an + 1 of t’s neighbours on P succeed ¢ (if no such ¢ exists,
switch between ¢ and s). Let L := {p(x)|x € Ng(s) N P,x precedes ¢} and let R := {s(x)|x €
Nq(t) N P,z succeeds c}. By the definition of ¢, |L|, |R| > an and the sets are disjoint, so there is a
matching in I" between L and R of size % Bn.
For each edge (I,r) in the matching, add to B the pair {(s, s(l)), (p(r),t)}.

2. If (without loss of generality) |[N(s) N P| < (2a + 38)n:
In this case, s has at least % Bn neighbours outside P. Let ey, ...,e ,3 , be some subset of them and

B
100
let f1,..., fa3 o De some subset of edges in E(G) touching ¢.

100
For every i =1, ..., %Bn, add the pair {e;, f;} to B.

In each case we added 1%30 Bn BP’s to B. As in Lemma 3.6, every pair was examined at most eight times,
so in total at least % s 2ses | Ts| 1005 72005 n? distinct pairs were added.

In addition, every edge incident to s € S was included in at most one pair for every t € T for when s was
considered, and the same is true for every edge incident to ¢ € T (for some s € S), so overall, every edge
is a member of at most n pairs in B.

Finally, since each edge is a member of at most n edge pairs in B, removing all pairs containing an edge
of E(I') U E(F) yields a set B of BP’s of size at least

—ﬂ n®—n-|E(T)UE(F)| = ﬁ n® — O (n*logn) Za—ﬁ-ng.

7200 7200
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As in the proof of Lemma 3.2, for F,T' C G we construct the auxiliary graph X = (V| E), with vertex
set V = E(G) and edge set £ = {(e, f) € (‘2/) : {e, f} € B}, with B being a set of booster pairs whose

existence is guaranteed by Lemma 4.7.
Lemma 4.8. Let p1 < p < py. The probability that XP contains no edge is exp (—Q (BnQp)).

The proof of this lemma is essentially identical to the proof in Lemma 3.2, as is the proof of the following

corollary, and from the corollary the derivation of Lemma 4.2:

Corollary 4.1. Let p; < p < pa. Then the following holds with probability 1 — n=*®):
For every subgraph I' of G, with at most 83%nlogn edges, such that

e I' is connected;

e ' is an (% . n,2) —expander;

e For every two disjoint subsets UW C V(Q) of size |U|,|W| > an, there is a matching in T' between
U and W of size at least 155n;

and for every subgraph F' C G, such that A(F) < 2k —2, G \ F' contains a booster pair with respect to I.

5 (n,d, \)—graphs

In this section we provide a proof of Theorem 3. Throughout the section, C' = 108, ¢ = 1/400, and G is
: C'-n-logl .d2
some fixed graph assumed to be an (n,d, \)-graph with d > % and A < €.
Let
dp := 1075 - log n.

As in the previous proofs, we prove the theorem by proving two main lemmas:

Lemma 5.1. With high probability for every F C G,, with A(F) < 2k—2, G, \ F contains a subgraph 'y
with at most 2dgn edges, which is an (%, 2) —ezpander such that for every two disjoint subsets U, W C V(G)
of size |U|,|W| > 3d it holds that vr, (U, W) > &d.

Lemma 5.2. With high probability for every F' C G, with A(F) < 2k — 2 and for every subgraph ' of
Gr,, \ F' with at most 3donlogn edges, which is an (%, 2) —expander such that for every two disjoint subsets
UW C V(D) of size |U|,|W| = %d, there is a matching in Ty between U and W of size at least d, the

graph Gr,, \ F contains a booster pair with respect to I.

Theorem 3 is obtained from Lemma 5.1 and Lemma 5.2 in the same way Theorem 1 and Theorem 2 were
obtained from the corresponding lemmas in previous sections.

Throughout the proofs we will assume that d = o(n), since the complementing case when d > a - n is
already covered by Theorem 2 or Theorem 1. Indeed, in that case one can observe that if a < % then by

Lemma 1.1 G is a (%a, Tl[)a?’)fdense graph, and otherwise the graph is obviously super—Dirac.
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5.1 Proof of Lemma 5.1
For a graph I" on n vertices, let
SMALL(T) :={v e V(T) : dr(v) < do}.
We will first show that WHP G, has the following properties:
(R1) A(Gr,,) < 10logn;
(R2) [SMALL (G.,,)| < n%%;
(R3) Vu,v € SMALL (Gr,,) : dista,,, (u,v) > 4;
(R4) YU C V(G) s.t. 0.8dg < |U] < 2L s e, (U) < 0.4dy - |U];
(R5) YU,W C V(G) disjoint s.t. € < |U| < 2 1 W =2|U|:eq,, (UV(G)\ (UUW)) > 0.1|U|log n;
(R6) YU, W C V(G) disjoint s.t. |U|,|W|> bd: e, (UW)> Cloan,

Proof. For each property, we will bound the probability of G,, failing to have it separately.
Let N = |E(G)| =%, and let

B logn _ Lllogn
b1 = d b2 = d ’

my =N - -p; = %nlogn, mg = N - po = 0.55n logn.
Lemma 5.3. With high probability mi < 1o < ma.
Proof. 1t suffices to show that
1. Prd(Gy,) > 2k] = o(1);
2. Prid(Gp,) < 2k] =o(1).
We now prove both estimates.

1. We will bound the probability using Chebyshev’s inequality. Let X be the random variable counting
the number of vertices in V(G) with degree less than 2k in G,,. First, bound E [X] from below:

2k—1 d ‘
EX] = Y Prldg, (v)<2k]=n-Y <Z.>pﬁ<1—p1>d‘

veV(GQ) =0
> (11— > w(1) - logn — = w(1).
> n- <2k> (1—=p1)*>w(l) - exp (logn T w(1)

Next, we bound Var[X] from above. By following the same first steps of the bound in the proof of

Lemma 4.3, we get

Var[X] < E[X]+ > %Z:z%z:z( >< ) (1 — py)2d-i=i=2

(u,v) EE(G) =0 j=0

logn 4k—4 3
< E[X]+ =nlogn - 4k? ‘ 1 — pp)2d-2

= E[X]+0 (n 10g4k*3 n- exp(—2dp1)>
= E[X]+ o(1).
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2. Let v € V(G). The probability that dg,, (v) < 2k is at most

2%—1 2%—1
dy d—i i ~1.05
Pr [dgp2 (v) <2k] < z; (i>p2 (1 —p2)** < 2; (4logn)'exp (—1.1logn) <n :

By the union bound we get

Pr(6(Gp,) <2k < > Prldg,, (v) <2k] <n 0% =o(1).
veV(Q)

O]

We continue our proof. With Lemma 5.3 proved, it suffices to show that Pr (G)p, ¢ (R)) = o(1), for an
increasing property (R), and that Pr (G, ¢ (R)) = o(1) for a decreasing property R.

As the calculations involved in bounding the probability that Goi does not have properties (R1) — (R4)
are almost identical to the calculations in the proof of Lemma 3.1 involving their counterpart properties

(P1) — (P4), we omit these calculations to avoid repetition.
(R5) For sets U, W C V(G) with £ < |U| < 2 and |W| = 2|U| we have
%n' Ul <|U]-[V(G)\(UUW)|<n-[U]
By the fact that |U| > %2 and A < %, we get

d2
AU n < %\/\m n=c-d-/|U|E/n<c-dU|

and by Lemma 1.1,
1
eq(U,V(G)\(UUW)) > Zd‘ |U| — A/ |U| -n > 0.2d|U].

So

Pr{Gy, ¢ (R5)]

N
[

(7> (g> Pr[Bin(0.2d - i,p1) < 0.1ilogn]
1

(=@ (ilogn)) = o(1),

IN
—~
[ g
~—
S
D
Lo
o}

with the last bound obtained by observing that for ¢ > % = n'=°() we have log (%) = o(log(n)).

(R6) By Lemma 1.1, if [U|,|[W| > ¢d and A < % we have

d d?
ca(U,W) 2 SUIW] = W/ TTW] =
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So

n\?2 . d3 d? logn
Pr|Gp, ¢ (R6)] < <(15d> - Pr {Bln <40n,p1> < 5o ]
6en 3d d?logn
= (7)o ()
< exp (—0.5C - dloglogn) = o(1),

here using the assumption that d > C' - %

O]

Lemma 5.4. Let T' be a graph on n vertices such that § (I') > 2k and such that T' € (R1)—(R5), and let
F CT with A(F) <2k —2. Then T\ F contains a subgraph T'D) which is an (%,2)—ezpander with at most
don edges.

Proof. The proof is essentially identical to the proof of Lemma 3.4, up to some constants being different. [

Lemma 5.5. Let I be a graph on n wvertices such that 6 (T') > 2k, |E(T')| = my and such that T' €
(R1),(R6), and let F C T with A(F) < 2k —2. Then '\ F contains a subgraph T'® which has at
most don edges, such that for every two disjoint subsets U,W C V(I') of size |U|,|W| = %d it holds that
vpe) (U, W) > §d.

Proof. Let T :== T\ F, p = 1079, and let I'® be a random subgraph of I distributed according to .
We will show that with positive probability T'® satisfies the desired properties, and therefore prove the
existence of the desired subgraph.

Let U, W C V(G) be some vertex sets of size %d. If there is no matching of size %d between U and W
in I'® then there are two subsets, U’ C U, W' C W of size %d, such that Epe (U',W') = (). By the union
bound and by the fact that I" € (R6), the probability that such a pair of subsets exists is at most

2 2 ogn
(fd) (1= p) Rt E D) < ey ((0.4 —p- 5%) - dloglogn + O(d)) =o(1).
6

Observing that the probability that I'®) has at most don edges is of order (1), we conclude that the
probability that '@ gatisfies both conditions is positive, and so such a subgraph exists. ]

We obtain Lemma 5.1 by setting Ty = I'D) U T(®),

5.2 Proof of Lemma 5.2

This proof follows the same general outline as the proofs of Lemma 3.2 and of Lemma 4.2.
Similarly to the previous proofs, we will first show that if /' C G is a subgraph with A(F) < 2k — 2, and
I’ C G is a sparse, expanding subgraph with the property of having an Q(d)-sized matching between large
vertex subsets, then G\ F contains a set of Q(n2d) booster pairs with respect to I' in which the number
of booster pairs containing each edge is bounded from above by an amount linear in n.

We will then, with the aid of an auxiliary graph, and by applying the union bound over all sparse
subgraphs, show that with high probability G

contained in G

o, contains a booster pair for all the expanding subgraphs

o, With these properties.
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Since this proof bears many similarities to the relevant previous proofs in this paper, we only sketch it

briefly.

Lemma 5.6. Let I' C G be a non—Hamiltonian subgraph with at most 3dgn edges, such that ' is an
(%, 2) —expander, and such that for every two disjoint subsets U,W C V(G) of size |U|, |W| = %d, there is
a matching in T between U and W of size at least ¢d, and let F C G with A(F) < 2k —2. then G\ F
contains a set B C (E(QG)) of booster pairs with respect to I', such that

. |B‘ > %’rﬂd;
e [Lwery edge of E(G \ F) is a member of at most § booster pairs in B.
Proof. The proof is essentially identical to the proof of Lemma 4.7, up to some minor changes. 0

As in the previous proofs, for F,T' C G we construct the auxiliary graph X = (V| E), with vertex set
V = E(G) and edge set E = {(e, f) € (‘2/) : {e, f} € B}, with B being a set of booster pairs whose

existence is guaranteed by Lemma 5.6.
Lemma 5.7. Let py < p < pa. The probability that XP contains no edge is at most 2 exp (—ﬁndp).

The proof of this lemma is essentially identical to the proof in Lemma 3.2, as is the proof of the following

corollary, and from the corollary the derivation of Lemma 5.2:

Corollary 5.1. Let p1 < p < pa. Then the following holds with probability 1 — n=*():
For every subgraph I' of G\, with at most 3don edges, such that I' is an (%, 2) —expander and such that for
every pair of disjoint subsets U, W C V(G) with |U|,|W| = 3d: vp(U,W) > id, and for every subgraph

F C G)p such that A(F) <2k —2, G, \ F contains a booster pair with respect to I'.

6 Concluding remarks

It is worth noting that the proofs of Theorem 1, Theorem 2 and Theorem 3 all work if we allow the
required number of edge disjoint cycles k to grow mildly with n, with no changes to the proofs needed.
More specifically, for Theorem 1 and Theorem 2 it is sufficient to assume that k = k(n) = o(logn), and in
Theorem 3 the assumption k = k(n) = o(loglogn) suffices.

Johansson [16] provided the following example of a Dirac graph on n vertices: V(G) = AU B s.t.
|A| = |B| = § and E(G) = (g) U (A x B). This is a Dirac graph for which G, is not Hamiltonian
with probability bounded away from 0, thus showing that the assumption that G is a Dirac graph is not
sufficient for a hitting time result. In our statement of Theorem 1 we assume that the base graph G satisfies
§(G) — $n = Q(n), and this assumption is necessary for our proof of the theorem. We leave it as an open
question whether a similar hitting time result can be proven under a milder restriction on the difference
§(G) — in.

Finally, our result in Theorem 3, along with the result by Frieze and Krivelevich in [10], provide hitting
time statements for (n,d, A\)—graphs with d = w ((n log n)3/4). We leave it as an open question whether

this range can be extended, and whether some of the restrictions on A can be eased in this range.
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