
Sparse pseudo-random graphs are Hamiltonian

Mi
hael Krivelevi
h

�

Benny Sudakov

y

Abstra
t

In this paper we study Hamilton 
y
les in sparse pseudo-random graphs. We prove that if the

se
ond largest absolute value � of an eigenvalue of a d-regular graph G on n verti
es satis�es

� �

(log logn)

2

1000 logn(log log logn)

d

and n is large enough, then G is Hamiltonian. We also show how our main result 
an be used to

prove that for every 
 > 0 and large enough n a Cayley graph X(G;S), formed by 
hoosing a set S

of 
 log

5

n random generators in a group G of order n, is almost surely Hamiltonian.

1 Introdu
tion

A Hamilton 
y
le in a graph is a 
y
le passing through all the verti
es of this graph. A graph is 
alled

Hamiltonian if it has at least one Hamilton 
y
le. The notion of Hamilton 
y
les is one of the most


entral in modern Graph Theory, and many e�orts have been devoted to obtain suÆ
ient 
onditions

for Hamiltoni
ity. One of the oldest su
h results is the 
elebrated theorem of Dira
 [13℄, who showed

that if the minimal degree of graph G on n verti
es is at least n=2, then G 
ontains a Hamilton 
y
le.

This result is only one example of a vast majority of known suÆ
ient 
onditions for Hamiltoni
ity that

mainly deal with graphs whi
h are fairly dense. On the other hand, it appears that not too mu
h

is known about Hamilton 
y
les in relatively sparse graphs. Here we would like to propose one su
h

suÆ
ient 
ondition that works also in the sparse 
ase. Our 
ondition is not based on degree or density


onditions, rather it has to do with what is usually 
alled pseudo-randomness.

Pseudo-random graphs 
an be informally des
ribed as graphs whose edge distribution resembles


losely that of a truly random graph G(n; p) of the same edge density. Pseudo-random graphs have

been a subje
t of intensive study during the last two de
ades (see, e.g., [27℄, [28℄, [9℄, [26℄, [2℄, [22℄).

In this paper we restri
t our attention to pseudo-random regular graphs. This will enable us to use

the powerful and well developed ma
hinery of Spe
tral Graph Theory (see [8℄) to 
onne
t between the
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eigenvalues of a graph and its edge distribution. Some de�nitions are in pla
e here. Let G = (V;E)

be a graph with vertex set V = f1; : : : ; ng. The adja
en
y matrix A = A(G) is an n-by-n 0; 1-matrix

whose entry A

ij

is 1 whenever (i; j) 2 E(G), and is 0 otherwise. As A is a real symmetri
 matrix all its

eigenvalues are real. We thus denote the eigenvalues of A, usually also 
alled the eigenvalues of the graph

G itself, by �

1

� �

2

� : : : � �

n

. In 
ase G is a d-regular graph, it follows from the Perron-Frobenius

Theorem that �

1

= d and j�

i

j � d for all 2 � i � n. Let now � = �(G) = maxfj�

i

(G)j : i = 2; 3; : : : ; ng.

The parameter � is usually 
alled the se
ond eigenvalue of G.

It is well known that the larger the so 
alled spe
tral gap (i.e. di�eren
e between d and �) is, the

more 
losely the edge distribution of G approa
hes that of a random graph G(n; d=n). We will 
ite

relevant quantitative results later, for now we just state that the value of � will serve us as the measure

of pseudo-randomness.

The subje
t of this paper is to show that under 
ertain 
onditions pseudo-randomness ensures the

existen
e of a Hamilton 
y
le. The 
onne
tion between pseudo-randomness and Hamiltoni
ity has been

already explored in several papers ([27℄, [15℄, [16℄). Note that if the vertex degree d = d(n) satis�es

d = n

a

, where a is a 
onstant 
lose to 1, then already a very weak 
ondition on the se
ond eigenvalue

� guarantees Hamiltoni
ity. This follows immediately from the well known theorem of Chv�atal and

Erd}os [11℄. They proved that if the 
onne
tivity of graph G is at least as large as the size of maximal

independent set, then G 
ontains a Hamilton 
y
le. The independen
e number of a d-regular graph

G on n verti
es with the se
ond eigenvalue � 
an be bounded from above by �n=d (see Theorem 2.1

below), and the 
onne
tivity is d(1 � o(1)) if � � d. Plugging these two estimates into the Chv�atal-

Erd}os theorem, one immediately gets a suÆ
ient 
ondition for Hamiltoni
ity. This approa
h has been

used by Thomason in [27℄, and re
ently the authors together with Vu and Wormald [23℄ applied it to

show that almost surely random regular graphs of high degree 
ontain a Hamilton 
y
le.

Here we state and prove a suÆ
ient 
ondition for a Hamilton 
y
le in a pseudo-random regular

graph G, whi
h does not require its degree d to be a power of jV (G)j. Spe
i�
ally, we prove the

following theorem.

Theorem 1.1 Let G = (V;E) be a d-regular graph on n verti
es and with se
ond largest by absolute

value eigenvalue �. If n is large enough and

� �

(log logn)

2

1000 log n(log log logn)

d ;

then G is Hamiltonian.

It is known

1

that �(G) = 
(

p

d) for d � n=2. Therefore for pseudo-random graphs with the best

possible order of magnitude of � = �(d; n), our result starts working already when the degree d is only

polylogarithmi
 in n, i.e. for quite sparse pseudo-random graphs.

1

It is easy to see that if d � n=2 then �(G) = 
(

p

d). Indeed, let A be the adja
en
y matrix of G, then the tra
e of

A

2

satis�es

nd = 2jE(G)j = tr(A

2

) =

X

i

�

2

i

� d

2

+ (n� 1)�

2

(G) � dn=2 + (n � 1)�

2

(G):

Therefore �

2

(G) � d=2 and �(G) = 
(

p

d).
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It should be stressed that the de�nition of pseudo-random graphs used in this paper is rather

restri
tive and applies only to regular graphs. It seems plausible however that our te
hniques 
an be

used to prove Hamiltoni
ity of almost regular graphs (i.e. graphs in whi
h all degrees are very 
lose

to an average degree d) with a large enough eigenvalue gap. Proving Hamiltoni
ity in other models of

sparse pseudo-random graphs, for example in the so 
alled jumbled graphs introdu
ed by Thomason

in [27℄, appears to be an interesting and 
hallenging task.

The rest of this paper is organized as follows. In the next se
tion we summarize some useful

quantitative results on the edge distribution of pseudo-random regular graphs, whi
h we use later in

the proof. In Se
tion 3 we present the proof of our main theorem. In Se
tion 4 we indi
ate how our

main result 
an be used to prove that for every 
 > 0 a Cayley graph X(G;S), formed by 
hoosing a

set S of 
 log

5

n random generators in a group G of order n, is almost surely Hamiltonian. The last

se
tion of the paper is devoted to 
on
luding remarks and dis
ussion of relevant open problems.

We 
lose this se
tion with some 
onventions and notation. A graph G is 
alled (n; d; �)-graph if it is

d-regular, has n verti
es and the se
ond eigenvalue of G equals to �. For a subset of verti
es U � V (G)

we denote by N(U) the set of all verti
es in V � U adja
ent to some vertex in U . We also denote

by e(U) the number of edges spanned by U . If log has no suÆx, it denotes the natural logarithm.

Throughout the paper, we omit o

asionally the 
oor and 
eilings signs for the sake of 
onvenien
e.

We will also make no serious attempt to optimize our absolute 
onstants.

2 Properties of pseudo-random graphs

In this se
tion we gather quantitative results on the edge distribution in pseudo-random regular graphs,

to be used later in the proof. Essentially all of them are easy 
orollaries of the following well-known

result whose proof 
an be found, inter alia, in Chapter 9 of a monograph of Alon and Spen
er [4℄.

Theorem 2.1 Let G = (V;E) be an (n; d; �)-graph. Then:

� For every two subsets B;C � V the number of edges of G with one endpoint in B and the other

in C satis�es:

�

�

�

�

e(B;C)�

jBjjCjd

n

�

�

�

�

� �

r

jBjjCj

�

1�

jBj

n

�

; (1)

� For every subset B � V ,

�

�

�

�

e(B)�

jBj

2

d

2n

�

�

�

�

<

�jBj

2

: (2)

In the propositions below we will assume that G = (V;E) is an (n; d; �)-graph with � < d=2.

Proposition 2.2 Every subset V

0

� V of 
ardinality jV

0

j �

�n

d

spans at most �jV

0

j edges.

Proof. By (2),

e(V

0

) �

jV

0

j

2

d

2n

+

�jV

0

j

2

�

�n

d

djV

0

j

2n

+

�jV

0

j

2

=

�jV

0

j

2

+

�jV

0

j

2

= �jV

0

j :
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Proposition 2.3 For every subset V

0

� V of 
ardinality jV

0

j �

�

2

n

d

2

,

jN(V

0

)j >

(d� 2�)

2

3�

2

jV

0

j :

Proof. Denote N(V

0

) = U . Then by Proposition 2.2, e(V

0

) � �jV

0

j. As the degree of every vertex in

V

0

is d, we obtain:

e(V

0

; U) � djV

0

j � 2e(V

0

) � djV

0

j � 2�jV

0

j :

On the other hand, it follows from (1) that

e(V

0

; U) <

jV

0

jjU jd

n

+ �

p

jV

0

jjU j :

The above inequalities imply:

jV

0

jjU jd

n

+ �

p

jV

0

jjU j > (d� 2�)jV

0

j : (3)

If jU j �

(d�2�)

2

3�

2

jV

0

j, then

jV

0

jjU jd

n

+ �

p

jV

0

jjU j �

jV

0

j

2

(d� 2�)

2

d

3�

2

n

+

�jV

0

j(d� 2�)

p

3�

�

�

2

n

d

2

�

(d� 2�)

2

djV

0

j

3�

2

n

+

(d� 2�)jV

0

j

p

3

=

(d� 2�)

2

jV

0

j

3d

+

(d� 2�)jV

0

j

p

3

<

(d� 2�)jV

0

j

3

+

(d� 2�)jV

0

j

p

3

< (d� 2�)jV

0

j

{ a 
ontradi
tion to (3).

Proposition 2.4 For every subset V

0

� V of 
ardinality jV

0

j >

�

2

n

d

2

, jN(V

0

)j >

n

2

� jV

0

j.

Proof. Set U = V n (V

0

[N(V

0

)). Then 
learly e(V

0

; U) = 0. On the other hand, by (1), e(V

0

; U) �

jV

0

jjU jd

n

� �

q

jV

0

jjU j(1 �

jU j

n

). Therefore,

jV

0

jjU jd

n

� �

q

jV

0

jjU j(1 �

jU j

n

), implying:

jU j

�

1�

jU j

n

�

�

�

2

n

2

d

2

jV

0

j

< n ;

and thus jU j < n=2. Hen
e jN(V

0

)j = jV j � jV

0

j � jU j > n=2� jV

0

j.

Proposition 2.5 If disjoint subsets U

1

; U

2

� V (G) are not 
onne
ted by an edge in G, then jU

1

j jU

2

j <

�

2

n

2

=d

2

.

Proof. By (1), 0 = e(U

1

; U

2

) > jU

1

jjU

2

jd=n� �

p

jU

1

jjU

2

j. Therefore, jU

1

jjU

2

jd=n < �

p

jU

1

jjU

2

j, and

the 
laim follows.

Proposition 2.6 G is 
onne
ted.

Proof. If G is dis
onne
ted then G has a 
onne
ted 
omponent V

0

of size jV

0

j � n=2. As N(V

0

) = ;,

it follows from Proposition 2.4 that jV

0

j � �

2

n=d

2

. This 
ontradi
ts Proposition 2.3 as jN(V

0

)j �

(d�2�)

2

jV

0

j

3�

2

> 0.
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3 Proof of the main theorem

We �rst show that a longest path in an (n; d; �)-graph G, satisfying the 
onditions of Theorem 1.1, has

a length linear in n. Then we show that some path of a maximal length in G 
an be 
losed to a 
y
le,

whi
h easily implies the Hamiltoni
ity of G due to its 
onne
tivity, provided by Proposition 2.6. Our

approa
h relies on the so 
alled rotation-extension te
hnique, invented by Posa in [25℄ and applied in

several subsequent papers on Hamiltoni
ity of random graphs [21℄, [6℄, [16℄. Our notation and proof

methodology are quite similar to those of [16℄.

3.1 Constru
ting an initial long path

Let P

0

= (v

1

; v

2

; : : : ; v

l

) be a longest path in G. If 1 � i < l and (v

i

; v

l

) 2 E(G), then the path

P

0

= (v

1

; v

2

; : : : ; v

i

; v

l

; v

l�1

; : : : ; v

i+1

) is also of maximal length. We say that P

0

is a rotation of P with

�xed endpoint v

1

, pivot v

i

and broken edge (v

i

; v

i+1

) (the reason for the last term being the fa
t that

(v

i

; v

i+1

) is deleted from the edge set of P to get P

0

). We 
an then rotate P

0

in a similar fashion to get

a new path P

00

of the same length, and so on.

For t � 0, let S

t

= fv 2 V (P

0

) n fv

1

g: v is the endpoint of a path obtainable from P

0

by at

most t rotations with �xed endpoint v

1

, and all broken edges in P

0

g. Obviously, the sequen
e of sets

fS

t

: t � 0g forms a family of nested sets, as S

t

� S

t+1

for all t � 0. Noti
e that due to the maximality

of P

0

all edges in
ident to a vertex from S

t

for some t � 0, have their se
ond endpoint inside P

0

.

Proposition 3.1 For all t � 0,

jS

t+1

j �

1

2

jN(S

t

)j �

3

2

jS

t

j :

Proof. Let

T = fi � 2 : v

i

2 N(S

t

); v

i�1

; v

i

; v

i+1

62 S

t

g :

Obviously, jT j � jN(S

t

)j � 3jS

t

j. Consider a vertex v

i

2 V (P

0

) with i 2 T . Then v

i

has a neighbor

x 2 S

t

. This means that there exists a path Q with x as an endpoint, obtainable from P

0

by at most t

rotations. Observe that if during the repeated rotation pro
ess an edge from P

0

gets deleted then one

of its verti
es should be an endpoint of some rotation of P

0

. As v

i�1

; v

i

; v

i+1

62 S

t

, both edges (v

i�1

; v

i

)

and (v

i

; v

i+1

) are still present in Q. Rotating Q with a pivot v

i

and one of the edges (v

i�1

; v

i

), (v

i

; v

i+1

)

as a broken edge (whi
h of these two edges is 
hosen depends on their order along Q) will put one of

v

i�1

; v

i+1

in S

t+1

. Suppose for example it is v

i�1

. The only other vertex whi
h 
an 
ause v

i�1

to be

put into S

t+1

is v

i�2

. Therefore

jS

t+1

j �

1

2

jT j �

1

2

jN(S

t

)j �

3

2

jS

t

j : �

Let

t

0

=

�

log n� 2 log(d=�)

2 log(d=�) � 7

�

+ 2 ;

� = 2t

0

:

5



By Proposition 2.3 as long as jS

t

j � �

2

n=d

2

we get jN(S

t

)j � (d�2�)

2

jS

t

j=(3�

2

) and thus jS

t+1

j � (d�

2�)

2

jS

t

j=(6�

2

)�

3

2

jS

t

j. It 
an easily be proven by indu
tion that is this 
ase jS

j+1

j=jS

j

j � (d�2�)

2

=(7�

2

)

for all j � t. This implies that after at most

log

�

2

n

d

2

log

(d�2�)

2

7�

2

� t

0

� 2

steps we get jS

t

j > �

2

n=d

2

. One additional step together with appli
ation of Proposition 2.4 give us:

jS

t+1

j �

1

2

jN(S

t

)j �

3

2

jS

t

j �

1

2

�

n

2

� jS

t

j

�

�

3

2

jS

t

j

=

n

4

� 2jS

t

j �

n

4

� 2jS

t+1

j :

Hen
e jS

t+1

j �

n

12

. This, by Proposition 2.5, implies in turn that jN(S

t+1

)j = n � o(n). Applying

Proposition 2.4 on
e again, we obtain:

jS

t+2

j �

1

2

jN(S

t+1

)j �

3

2

jS

t+1

j �

1

2

(n� o(n))�

3

2

jS

t+2

j ;

and therefore jS

t+2

j � (1� o(1))n=5 > n=6.

Let B(v

1

) = S

t

0

, A

0

= B(v

1

) [ fv

1

g. For ea
h v 2 B(v

1

) we 
an use the above argument to show

the existen
e of a set B(v), jB(v)j � n=6, of endpoints of maximum length paths with endpoint v. Note

that ea
h endpoint in B(v) was obtained by at most t

0

+ t

0

= 2t

0

rotations. As 
learly B(v) � V (P

0

)

for ea
h su
h v, we get in parti
ular that l � n=6, and thus P

0

has a linear length.

To summarize, for ea
h a 2 A

0

, b 2 B(a) there is a maximum length path P (a; b) joining a and b

and obtainable from P

0

by at most � = 2t

0

rotations.

3.2 Closing a maximal path to a Hamilton 
y
le

We 
onsider the path P

0

to be dire
ted and divided into 2� disjoint segments I

1

; : : : ; I

2�

, all of length

at least bjV (P

0

)j=(2�)
 � bn=(12�)
. Noti
e that ea
h path P (a; b) as above is obtained from P

0

by at

most � rotations and therefore 
ontains at least � of the segments I

i

untou
hed (but possibly traversed

in the opposite dire
tion). We 
all ea
h su
h segment unbroken in P (a; b). These segments have an

absolute orientation indu
ed by P

0

, and another, relative to this by P (a; b) whi
h we 
onsider dire
ted

from a to b.

Let

k = 2max

�

1;

�

400��

d

��

:

We 
onsider sequen
es � = I

i

1

; : : : ; I

i

k

of k unbroken segments of P

0

whi
h o

ur in this order in

P (a; b), where � spe
i�es not only the order of segments in P (a; b) but also their relative orientation.

We say then that P (a; b) 
ontains �. Note that as P (a; b) has at least � unbroken segments I

i

j

, P (a; b)


ontains at least

�

�

k

�

sequen
es �.

For a given � we denote by L(�) the set of all pairs a 2 A

0

; b 2 B(a), for whi
h the path P (a; b)


ontains �.

6



The total number of possible sequen
es � is at most (2�)

k

2

k

. Therefore by averaging we obtain

that there exists a sequen
e �

0

for whi
h

jL(�

0

)j �

n

2

64

�

�

k

�

(2�)

k

2

k

>

n

2

64

�

�� k

2�� k

�

k

1

k!2

k

It is easy to 
he
k that k � �=2. Then (��k)=(2��k) � 1=3, and it follows that there exists a sequen
e

�

0

for whi
h jL(�

0

)j � n

2

=(64k!6

k

). Fix su
h a sequen
e.

Denote

� =

1

64k!6

k

:

Let

^

A = fa 2 A

0

: L(�

0

) 
ontains at least �n=2 pairs with a as the �rst elementg. Then j

^

Aj � �n=2. For

ea
h a 2

^

A let

^

B(a) = fb 2 B(a) : (a; b) 2 L(�

0

)g. The de�nition of

^

A guarantees that j

^

B(a)j � �n=2.

Let C

1

be the union of the �rst k=2 segments of �

0

, in the �xed order and with the �xed relative

orientation in whi
h they o

ur along any of the paths P (a; b), (a; b) 2 L(�

0

). Let C

2

be the union of

the last k=2 segments of �

0

. Noti
e that

jC

i

j �

k

2

�

n

12�

�

�

400��

d

�

n

12�

�

>

32�n

d

: (4)

Given a path P

0

and a set S � V (P

0

), a vertex v 2 S is 
alled an interior point of S with respe
t

to P

0

if both neighbors of v along P

0

lie in S. The set of all interior points of S will be denoted by

int(S).

Proposition 3.2 The set C

1


ontains a subset C

0

1

with jint(C

0

1

)j � nk=(48�) so that every vertex

v 2 C

0

1

has at least 14� neighbors in int(C

0

1

).

Proof. We start with C

0

1

= C

1

and as long as there exists a vertex v

j

2 C

0

1

for whi
h d

int(C

0

1

)

(v

j

) < 14�,

we delete v

j

and repeat. If this pro
edure 
ontinued for r = jC

1

j=7 steps then we get a subset

R = fv

1

; : : : ; v

r

g so that jint(C

0

1

)j � jint(C

1

)j � 3r = (1� o(1))jC

1

j � 3r > jC

1

j=2 and e(R; int(C

0

1

)) �

14�r = 14�jC

1

j=7. But a

ording to (1) and (4),

e(R; int(C

0

1

)) �

jRjjint(C

0

1

)jd

n

� �

q

jRjjint(C

0

1

)j

�

jC

1

j

7

jC

1

j

2

d

n

� �

r

jC

1

j

7

jC

1

j

2

=

jC

1

j

2

d

14n

�

�jC

1

j

p

14

�

32�n

d

jC

1

jd

14n

�

�jC

1

j

p

14

= �jC

1

j

�

16

7

�

1

p

14

�

>

14�jC

1

j

7

{ a 
ontradi
tion. �

Obviously, an analogous statement holds for C

2

as well. We �x the obtained sets C

0

1

and C

0

2

.

Proposition 3.3 There is a vertex â 2

^

A 
onne
ted by an edge to int(C

0

1

).

7



Proof. Re
all that j

^

Aj � �n=2 and jint(C

0

1

)j � nk=(48�). Therefore by Proposition 2.5 the 
laim will

follow if we will show that (�n)(nk=�)� �

2

n

2

=d

2

, or (substituting the value of �) d

2

=(�

2

�)� (k�1)!6

k

.

Consider �rst the 
ase when 400��=d � 1. In this 
ase

k = 2

(1 + o(1))400��

d

=

800�

d

(1 + o(1) log n

log(d=�)

�

(1 + o(1))800 log n

1000 logn(log log logn)

(log log n)

2

� log logn

=

(1 + o(1))0:8 log logn

log log log n

;

and thus (k � 1)!6

k

< (log n)

0:9

. On the other hand,

d

2

�

2

�

�

d

2

�

2

log(d=�)

(1 + o(1)) log n

�

log

2

n(log log logn)

2

(log log n)

4

log log n

(1 + o(1)) log n

>

(1 + o(1)) log n

(log logn)

3

� (log n)

0:9

;

as required.

In the se
ond 
ase, when 400��=d � 1, we get k = 2, and then the expression (k � 1)!6

k

is an

absolute 
onstant, while d

2

=(�

2

�) = (d=�)(d=(��)) � 400d=�!1. The proposition follows. �

Repeating the same argument, mutatis mutandis, gives:

Proposition 3.4 There exists a vertex

^

b 2

^

B(â) 
onne
ted by an edge to int(C

0

2

).

Let now x be a vertex separating C

0

1

and C

0

2

along P (â;

^

b). We 
onsider two half paths P

1

and P

2

obtained by splitting P (â;

^

b) at x. Our idea is as follows: rotating ea
h P

i

while keeping x as a �xed

point and using verti
es in int(C

0

i

) as pivots, we wish to a
hieve the situation where the 
orresponding

endpoint sets V

1

, V

2

are large enough. Then Proposition 2.5 will show that there is an edge between

V

1

and V

2

. This edge 
loses a path of maximal length to a 
y
le. As G is 
onne
ted by Proposition

2.6, any non-Hamilton 
y
le 
an be extended to a path 
overing some additional verti
es. Therefore

the assumption about the maximality of P

0

implies that P

0

is a Hamilton path, and thus the above


reated 
y
le is Hamilton as well.

Consider P

1

. Let T

i

= fv 2 C

0

1

n fxg : v is the endpoint of a path obtainable from P

1

by i rotations

with �xed endpoint x, all pivots in int(C

0

1

) and all broken edges in P

1

g.

Proposition 3.5 There exists an i for whi
h jT

i

j � �n=d.

Proof. It is enough to prove that there exists a sequen
e of sets U

i

� T

i

su
h that jU

i

j = 1 and

jU

i+1

j = 2jU

i

j, as long as jU

i

j < �n=d. Note that a

ording to Proposition 3.4 â has a neighbor in

int(C

0

1

), and therefore T

1

6= ;. Note also that if we perform a rotation at a vertex from int(C

0

1

) and a

broken edge in P

1

, then the resulting endpoint is in C

0

1

.

8



Suppose we have found sets U

1

; : : : ; U

i

as stated above, and still jU

i

j < �n=d. Similarly to the proof

of Proposition 3.1 one has that

jT

i+1

j �

1

2

jN(U

i

) \ int(C

0

1

)j �

3

2

i

X

j=1

jU

j

j :

As

P

i

j=1

jU

j

j < 2jU

i

j, the 
laim will follow if we will prove that jN(U

i

) \ int(C

0

1

)j � 10jU

i

j. Sin
e

U

i

� C

0

1

, every vertex u 2 U

i

has at least 14� neighbors in int(C

0

1

). Therefore the number of edges

with one endpoint in U

i

and another one in int(C

0

1

) is at least 14�jU

i

j. Set W

i

= N(U

i

) \ int(C

0

1

). If

jW

i

j < 10jU

i

j, then by (1) one has:

e(U

i

;W

i

) �

jU

i

jjW

i

jd

n

+ �

p

jU

i

jjW

i

j =

10jU

i

j

2

d

n

+

p

10�jU

i

j

<

�n

d

10jU

i

jd

n

+

p

10�jU

i

j < 14�jU

i

j

{ a 
ontradi
tion. Therefore jW

i

j � 10jU

i

j, as required. �

Hen
e the set V

1

of endpoints of all rotations of P

1

has 
ardinality jV

1

j � �n=d. As by Proposition

3.5

^

b has a neighbor in int(C

0

2

), the same argument 
an be 
arried out for P

2

to show that the set V

2

of

endpoints of its rotations has at least �n=d verti
es as well. Then by Proposition 2.5 there is an edge


onne
ting V

1

and V

2

and thus 
losing a Hamilton 
y
le. This 
ompletes the proof of Theorem 1.1. �

4 On Hamiltoni
ity of random Cayley graphs

The (undire
ted) Cayley graph X(G;S) of a group G with respe
t to a set S of elements in the

group (generators) is a graph with vertex set G, whose edge set is the set of all unordered pairs

ffg; gsg : s 2 Sg. This is obviously a regular graph of degree jS [ S

�1

j � 2jSj.

The question of Hamiltoni
ity of Cayley graphs has drawn quite an amount of attention of many

resear
hers over the years. It is enough to mention that a survey paper by Curran and Gallian [12℄ on

Hamiltoni
ity of Cayley graphs has eighty nine referen
es. Mu
h of the fo
us of the resear
h has been


entered around the following 
onje
ture.

Conje
ture 4.1 Every 
onne
ted Cayley graph with more than 2 verti
es is Hamiltonian.

So far only spe
ial 
ases of the above 
onje
ture have been proven, the most important of them

undoubtedly being the 
ase when the group G is Abelian (see, e.g. [24℄, Chapter 12, Problem 17 for a

proof).

Given the apparent diÆ
ulty in proving this 
onje
ture, it is quite natural to prove it for the 
ase

where the set of generators S is 
hosen at random a

ording to some probability distribution. A result

of this type has been obtained by Meng and Huang [20℄, who proved that almost all Cayley graphs

of a group G are Hamiltonian (the asymptoti
 parameter here is the order n = jGj of the group G).

The proof pro
eeds by showing that almost all Cayley graphs of the group G with n elements are

9



two-
onne
ted and d-regular for d � n=3, and then by invoking a result of Ja
kson [19℄, a

ording to

whi
h the last two 
onditions are suÆ
ient to guarantee Hamiltoni
ity. As the last senten
e indi
ates,

a random set S of generators almost surely has size linear in n, thus resulting in quite dense graphs.

As it turns out, the main result of this paper 
an be used to show that the Cayley graph X(G;S)

is almost surely Hamiltonian for a random set S of generators of mu
h smaller size. To do so, we �rst

apply an approa
h of Alon and Roi
hman [3℄ to bound the eigenvalue gap of su
h a graph, and then

invoke our Theorem 1.1 to prove Hamiltoni
ity. Here is a result and an outline of its proof.

Theorem 4.2 Let G be a group of order n. Then for every 
 > 0 and large enough n a Cayley graph

X(G;S), formed by 
hoosing a set S of 
 log

5

n random generators in G, is almost surely Hamiltonian.

Proof. Let � be the se
ond largest by absolute value eigenvalue of X(G;S). Note that the Cayley

graph X(G;S) is d regular for d � 
 log

5

n. Therefore to prove Hamiltoni
ity of X(G;S), by Theorem

1.1, it is enough to show that almost surely �=d � O(log n). We will brie
y sket
h how this 
an be

done using an approa
h of Alon and Roi
hman [3℄, referring an interested reader to their paper for

more details.

It is enough to show that the expe
ted value E(�=d) is bounded by O(log

�1

n). Then one 
an �nish

the proof by 
onsidering an appropriate martingale, whi
h shows that � is 
on
entrated around its

expe
tation as it is done in [3℄. Let A be the adja
en
y matrix of X(G;S) and let B =

1

d

A. Then it is

easy to see that for every natural number m we have

� � (Tr(A

2m

)� d

2m

)

1=2m

:

This, by Jensen's inequality, implies:

E

�

�=d

�

� (E(Tr(B

2m

))� 1)

1=2m

:

Denote by P

2m

the probability of a walk of length 2m in our Cayley graph to be 
losed. Sin
e a Cayley

graph is vertex transitive E(Tr(B

2m

)) = nE(P

2m

), and hen
e:

E

�

�=d

�

� (nE(P

2m

)� 1)

1=2m

: (5)

Next we need the following lemma.

Lemma 4.3

E(P

2m

) � 2

2m

�

2m=
 log

5

n

�

m

+ 1=n+O

�

m=n

2

�

:

Proof. As in [7℄ and [3℄ we 
onsider a dynami
 pro
ess for 
hoosing a random set S and a random

walk on X(G;S). This is done as follows.

(a) We 
hoose in the free group F


 log

5

n

(generated by 
 log

5

n distin
t letters and their inverses) a

random word of length 2m.

(b) We assign to ea
h letter an element of the group G at random.

10



It is easy to see that this pro
ess is equivalent to the one in whi
h a random Cayley graph X(G;S)

with jSj = 
 log

5

n is 
hosen �rst and a random walk of length 2m in it is 
hosen afterwards.

In order to obtain an upper bound for E(P

2m

) we estimate the probabilities of the following two

events whose union in
ludes the event that our walk of length 2m is 
losed.

(A) there is no letter su
h that the total number of appearan
es of this letter together with its inverse

in this word is exa
tly one.

(B) (A) does not hold, but after the assignment of the 
hosen elements in the group G to the 
orre-

sponding letters the word is redu
ed to the unity.

Obviously E(P

2m

) � Pr(A) +Pr(B).

First we estimate Pr(A). Let W be the word of length 2m whi
h satis�es the 
onditions of (A).

Clearly, the number of distin
t symbols (letter and its inverse are the same symbol) that appear in W

is at most m. We expose the letters of W in the following order. First, we expose the subset 
onsisting

of the �rst o

urren
e of ea
h symbol that appears in the word. Se
ond, we expose the other letters.

For ea
h letter in the se
ond subset, the probability that it equals to the letter or the inverse of the

letter whi
h has appeared in the �rst subset is at most 2m=
 log

5

n. The number of possibilities to

pla
e the �rst subset is at most 2

2m

. Hen
e Pr(A) � 2

2m

�

2m=
 log

5

n

�

m

.

Next we boundPr(B). Let � be a symbol (a letter or its inverse) that appears only on
e in the word.

We expose the assignments of all the letters ex
ept that of � . Denote by x(�) the assignment of � . The

event whose probability we wish to estimate is now the event gx(�)h = 1 where g; h are some known

elements in G. The probability that x(�) solves this equation is at most 1=(n� 2m) = 1=n+O(m=n

2

).

Therefore Pr(B) � 1=n+O(m=n

2

). This implies the assertion of the lemma. �

To �nish the proof of the Theorem 4.2 �x now m =

log n

2 log log n

. Combining Lemma 4.3 with (5) we

obtain

E

�

�=d

�

� (nE(P

2m

)� 1)

1=2m

�

�

n

�

2

2m

�

2m=
 log

5

n

�

m

+ 1=n+O

�

m=n

2

�

�

� 1

�

1=2m

� n

1=2m

�

2

2m

�

2m=
 log

5

n

�

m

�

1=2m

+

�

n

�

1=n+O

�

m=n

2

��

� 1

�

1=2m

� 2n

1=2m

�

2m


 log

5

n

�

1=2

+O

�

(m=n)

1=2m

�

= O

�

log

�1

n

�

:

This 
ompletes the proof of the theorem. �

Remark. The bound of Theorem 4.2 is probably far from being tight. It is well known that the

Cayley graph X(G;S) of a group G of order n with respe
t to a random set S of O(log n) generators is

almost surely 
onne
ted. Therefore Conje
ture 4.1 suggests that already O(log n) random generators

are enough to guarantee Hamiltoni
ity of X(G;S).
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5 Con
luding remarks

In this paper we provide a suÆ
ient 
ondition for the existen
e of a Hamilton 
y
le in pseudo-random

graphs. A distin
tive feature of our result, Theorem 1.1, is that it 
onne
ts between spe
tral properties

of a graph and Hamiltoni
ity. This 
onne
tion has a potential to be useful in proving Hamiltoni
ity of


ertain 
lasses of regular graphs as sometimes is is mu
h easier to bound the eigenvalue gap than to

show the existen
e of a Hamilton 
y
le dire
tly.

In parti
ular, our result 
an be used to give another proof that for d > log

2

n, the random d-regular

graph on n verti
es G

n;d

is almost surely Hamiltonian. Indeed, by Theorem 1.1, it is enough to show

that the se
ond eigenvalue of G

n;d

satis�es � < d(log logn)= log n. For d � n

1=2

this 
an be done

dire
tly in the so 
alled 
on�guration model, using an approa
h of Kahn and Szemer�edi from [14℄. For

d� n

1=2

, this follows from the re
ent results of the authors together with Vu and Wormald [23℄. In the

intermediate range d �

p

n, one 
an for example prove �rst that almost surely the number of 
opies of

C

4

and C

6

in G

n;d

is asymptoti
ally equal to the expe
ted number of 
opies of these two 
y
les in the

binomial random graph G(n; d=n), and then derive the required upper bound on � by 
onsidering the

tra
e of A

6

, where A is the adja
en
y matrix of G

n;d

.

Another feature of our argument is that it is in fa
t algorithmi
. Indeed, it is easy to see that our

argument works even if in Se
tion 3.1 instead of a longest path in G we will 
onsider any path P

0

whi
h

is maximum by in
lusion. Su
h a path 
an be found eÆ
iently by the greedy algorithm. Therefore

our proof provides a polynomial time algorithm for �nding a Hamilton 
y
le in a graph satisfying the


onditions of Theorem 1.1. This may be quite valuable espe
ially taking into a

ount the notorious

diÆ
ulty of the Hamilton 
y
le problem, both theoreti
ally and pra
ti
ally (see, e.g., [18℄). Noti
e

also that this observation 
ombined with the remark above about the se
ond eigenvalue of a random

d-regular graph G

n;d

, provides an algorithm for �nding almost surely a Hamilton 
y
le in G

n;d

for

d > log

2

n. This solves a problem posed by Frieze and M
Diarmid ([17℄, Resear
h Problem 3) for this

range of degrees d.

Our bound is not known to be tight. In fa
t, we suspe
t that a mu
h stronger result should be

true. We propose the following 
onje
ture.

Conje
ture 5.1 There exists a positive 
onstant C su
h that for large enough n, any (n; d; �)-graph

that satis�es d=� > C 
ontains a Hamilton 
y
le.

This 
onje
ture is 
losely related to another well known problem. The toughness t(G) of a graph

G is the largest real t so that for every positive integer x � 2 one should delete at least tx verti
es

from G in order to get an indu
ed subgraph of it with at least x 
onne
ted 
omponents. G is t-tough

if t(G) � t. This parameter was introdu
ed by Chv�atal in [10℄, where he observed that Hamiltonian

graphs are 1-tough and 
onje
tured that t-tough graphs are Hamiltonian for large enough t. He even

suggested that t = 2 should be enough, but this was re
ently refuted in [5℄. On the other hand, one


an show (see, e.g., [1℄) that if G is an (n; d; �)-graph, then the toughness of G satis�es t(G) > 
(d=�).

Therefore the 
onje
ture of Chv�atal implies our 
onje
ture.
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