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Abstract

The cycle space of a graph G, denoted C(G), is a vector space over F2, spanned by all incidence

vectors of edge-sets of cycles of G. If G has n vertices, then Cn(G) denotes the subspace of C(G),

spanned by the incidence vectors of Hamilton cycles ofG. A classical result in the theory of random

graphs asserts that for G ∼ G(n, p), asymptotically almost surely the necessary condition δ(G) ≥ 2

is also sufficient to ensure Hamiltonicity. Resolving a problem of Christoph, Nenadov, and Petrova,

we augment this result by proving that for G ∼ G(n, p), with n being odd, asymptotically almost

surely the condition δ(G) ≥ 3 (observed to be necessary by Heinig) is also sufficient for ensuring

Cn(G) = C(G). That is, not only does G typically have a Hamilton cycle, but its Hamilton cycles

are typically rich enough to span its cycle space.

1 Introduction

Let G = (V,E) be a graph on n vertices. The edge space of G, denoted E(G), is a vector space

over F2 consisting of all incidence vectors of subsets of E. The cycle space of G, denoted C(G), is

the subspace of E(G), spanned by all incidence vectors of cycles of G. For any integer 3 ≤ k ≤ n,

let Ck(G) be the subspace of C(G), spanned by all incidence vectors of cycles of length k in G.

Determining conditions under which Ck(G) = C(G) holds for some 3 ≤ k ≤ n is a well-studied

problem (see, e.g., [2, 5, 7, 14, 25, 26]). In this paper we are interested in the case k = n, that is, in

graphs whose cycle space is spanned by their Hamilton cycles. This problem has been addressed by

various researchers (see, e.g., [1, 17, 18]). Since the symmetric difference of any two even graphs (i.e.,

subsets of E of even size) is an even graph, it is evident that if Cn(G) = C(G), then G is bipartite

or n is odd. Moreover, G must either be acyclic or Hamiltonian. Since the former case is not very

interesting, this study can be viewed as part of the common theme of proving that (possibly slightly

strengthened) various sufficient conditions for Hamiltonicity in fact ensure stronger properties.
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A natural venue for this problem are random graphs. Indeed, already Erdős and Rényi [11] raised

the question of what the threshold probability of Hamiltonicity in random graphs is. After a series of

efforts by various researchers, including Korshunov [22] and Pósa [28], the problem was finally solved

by Komlós and Szemerédi [21] and independently by Bollobás [4], who proved that if p ≥ (log n +

log logn+ω(1))/n, then G(n, p) is asymptotically almost surely (a.a.s. hereafter) Hamiltonian. Note

that this is best possible as if p ≤ (log n + log log n − ω(1))/n, then a.a.s. there are vertices of

degree at most one in G(n, p). That is, for random graphs, the clearly necessary condition of having

minimum degree at least two is a.a.s. sufficient for Hamiltonicity. Since then, it has been shown that

random graphs are robustly Hamiltonian in various ways (see, e.g., [3, 8, 12, 16, 20, 23, 24, 27]).

As for the cycle space of random graphs, it was proved by Heinig [18] that Cn(G(n, p)) =

C(G(n, p)) holds a.a.s. provided n is odd and p ≥ n−1/2+o(1). This was significantly improved

by Christoph, Nenadov, and Petrova [6] who proved that a.a.s. p ≥ C log n/n suffices, where C is a

sufficiently large constant. One may wonder if, as for Hamiltonicity, δ(G(n, p)) ≥ 2 is a.a.s. sufficient

to ensure Cn(G(n, p)) = C(G(n, p)). However, as observed by Heinig [18], if p := p(n) is large enough

to ensure that G(n, p) is a.a.s. not a forest, then for Cn(G(n, p)) = C(G(n, p)) to hold a.a.s., p needs

to be at least large enough so as to ensure that a.a.s. δ(G(n, p)) ≥ 3. It was then asked by Christoph,

Nenadov, and Petrova in [6] whether δ(G(n, p)) ≥ 3 is a.a.s. sufficient. Our main result answers

their question affirmatively.

Theorem 1. Let G ∼ G(n, p), where n is odd and p := p(n) ≥ (log n+ 2 log log n+ ω(1))/n. Then,

a.a.s. Cn(G) = C(G).

Note that Theorem 1 is indeed best possible as, for p := p(n) ≤ (log n + 2 log log n − ω(1))/n,

a.a.s. δ(G(n, p)) ≤ 2 and thus, as noted above, a.a.s. Cn(G(n, p)) 6= C(G(n, p)) (unless it is a forest).

The rest of this paper is organised as follows. In Section 2 we introduce some terminology,

notation, and standard tools, and present the method of Christoph, Nenadov, and Petrova from [6]

which is a central ingredient in our proof. In Section 3 we prove our main result, namely Theorem 1.

2 Preliminaries and tools

For the sake of simplicity and clarity of presentation, we do not make a particular effort to optimize

the constants obtained in some of our proofs. We also omit floor and ceiling signs whenever these

are not crucial. Most of our results are asymptotic in nature and whenever necessary we assume

that the number of vertices n is sufficiently large. Throughout this paper, log stands for the natural

logarithm, unless explicitly stated otherwise. Our graph-theoretic notation is standard; in particular,

we use the following.

For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively, and let

v(G) = |V (G)| and e(G) = |E(G)|. For a set A ⊆ V (G), let EG(A) denote the set of edges of G with
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both endpoints in A and let eG(A) = |EG(A)|. For disjoint sets A,B ⊆ V (G), let EG(A,B) denote

the set of edges of G with one endpoint in A and one endpoint in B, and let eG(A,B) = |EG(A,B)|.
For a set S ⊆ V (G), let G[S] denote the subgraph of G induced by the set S. For a set S ⊆ V (G),

let NG(S) = {v ∈ V (G) \ S : ∃u ∈ S such that uv ∈ E(G)} denote the external neighbourhood of S

in G. For a vertex u ∈ V (G) we abbreviate NG({u}) under NG(u) and let degG(u) = |NG(u)| denote

the degree of u in G. The maximum degree of a graph G is ∆(G) = max{degG(u) : u ∈ V (G)}, and

the minimum degree of a graph G is δ(G) = min{degG(u) : u ∈ V (G)}. For a vertex u ∈ V (G) and

a set S ⊆ V (G), let NG(u, S) = NG(u) ∩ S and let degG(u, S) = |NG(u, S)|. For a vertex x ∈ V (G),

let ∂G(x) = {xy : y ∈ NG(x)}. Given any two (not necessarily distinct) vertices x, y ∈ V (G), the

distance between x and y in G, denoted distG(x, y), is the length of a shortest path between x and

y in G, where the length of a path is the number of its edges (for the sake of formality, we define

distG(x, y) to be ∞ whenever x and y lie in different connected components of G). The diameter of

G, denoted diam(G), is max{distG(x, y) : x, y ∈ V (G)}.
Throughout this paper we make use of the standard upper bound

(
n
k

)
≤
(
en
k

)k
, holding for every

integer 1 ≤ k ≤ n, and of the following Chernoff-type bounds (see, e.g., [19]).

Theorem 2.1. Let X ∼ Bin(n, p) and let 0 < α < 1 < β. Then,

(a) P(X ≤ αE(X)) ≤ exp{−(α logα− α+ 1)E(X)}.

(b) P(X ≥ βE(X)) ≤ exp{−(β log β − β + 1)E(X)}.

Let n be an odd integer, and let G be an n-vertex Hamiltonian graph. A recipe for proving

Cn(G) = C(G) is presented in [6]. In order to describe it we need some definitions and results.

Lemma 2.2 ([6]). Let G be an n-vertex Hamiltonian graph, where n is odd, and suppose that

Cn(G) 6= C(G). Then, there exists a subgraph R of G such that the following conditions hold.

(C1) R 6= G;

(C2) Every Hamilton cycle in G contains an even number of edges from R;

(C3) For every partition V (G) = A ∪B it holds that eR(A,B) ≥ eG(A,B)/2 and R 6= G[A,B].

The following definition of a so-called parity switcher is central to the method of [6]. It describes

a construction that, given graphs G and R as in Lemma 2.2, aids one in finding a Hamilton cycle of

G with an odd number of edges in R, thus arriving at a contradiction to (C2) above.

Definition 2.3. Given a graph G and a subgraph R ⊆ G, a subgraph W ⊆ G is called an R-parity-

switcher if it consists of an even cycle C = (v1, v2, . . . , v2k, v1) with an odd number of edges in R,

and vertex-disjoint paths P2, . . . , Pk such that
⋃k
i=2E(Pi) ∩ E(C) = ∅ and, for every 2 ≤ i ≤ k, the

endpoints of Pi are vi and v2k−i+2.
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We may now specify the recipe from [6]; it consists of the following five steps.

(S1) Let G be an n-vertex Hamiltonian graph, where n is odd. Suppose it satisfies Cn(G) 6= C(G),

and let R ⊆ G be a subgraph as in Lemma 2.2.

(S2) Find in G a (small) R-parity-switcher W , that is,

(S2a) Find an even (short) cycle C = (v1, . . . , v2k, v1) with an odd number of edges in R.

(S2b) Find pairwise vertex-disjoint (short) paths Pi between vi and v2k−i+2 for every 2 ≤ i ≤ k.

(S3) Find in (G \ V (W )) ∪ {v1, vk+1} a Hamilton path P whose endpoints are v1 and vk+1.

(S4) If P contains an odd (even) number of edges of R, then choose a Hamilton path P ′ in W whose

endpoints are v1 and vk+1 with an even (odd) number of edges of R.

(S5) Conclude that the concatenation of P and P ′ yields a Hamilton cycle H ⊆ G with an odd

number of edges in R, contradicting (C2).

Note that there is nothing to prove in steps (S4) and (S5). Moreover, whenever we start with a

graph which we know to be Hamiltonian, step (S1) becomes immediate. The main task is thus to

deal with steps (S2) and (S3).

The following known result (see Theorem 2.6 below) is an important tool for handling Step (S3).

In order to state it, we require the notion of an expander and the notion of Hamilton-connectivity.

Definition 2.4. An n-vertex graph G, where n ≥ 3, is called a c-expander if it satisfies the following

two properties.

(E1) |NG(X)| ≥ c|X| holds for every X ⊆ V (G) of size |X| < n/(2c);

(E2) There is an edge of G between any two disjoint sets X,Y ⊆ V (G) of size |X|, |Y | ≥ n/(2c).

Definition 2.5. A graph G is said to be Hamilton-connected if for every two vertices x, y ∈ V (G)

there is a Hamilton path of G whose endpoints are x and y.

Theorem 2.6 (Theorem 7.1 in [10]). For every sufficiently large c > 0, every c-expander is Hamilton-

connected.

The following result (see Theorem 2.8 below) is our main tool for handling Step (S2b) (and is

also helpful for (S3)) Before we can state it, we need the following definition.

Definition 2.7. A graph G = (V,E) is said to have property Pα(n0, d) if for every X ⊆ V of size

|X| ≤ n0 and every F ⊆ E such that |F ∩ ∂G(x)| ≤ α · degG(x) holds for every x ∈ X, we have

|NG\F (X)| ≥ 2d|X|.
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Theorem 2.8 (Theorem 3.5 in [9], abridged). Let G be a graph which satisfies the property Pα(n0, d)

for some 3 ≤ d < n0. Suppose further that eG(A,B) > 0 holds for any two disjoint sets A,B ⊆ V (G)

of sizes |A|, |B| ≥ n0(d− 1)/16. Let S ⊆ V (G) be a set for which |NG(x)∩S| ≤ β ·degG(x) holds for

any vertex x ∈ V (G). Let a1, . . . , at, b1, . . . , bt be 2t vertices in S, where t ≤ dn0 log d
15 logn0

. If β < 2α− 1,

then G admits pairwise vertex-disjoint paths P1, . . . , Pt such that for every 1 ≤ i ≤ t, the endpoints

of Pi are ai and bi.

Remark 2.9. Theorem 2.8 is in fact a rephrased and slightly weakened version of Theorem 3.5

from [9] which better suits our needs. Indeed, the latter theorem has an algorithmic component (as

well as some other aspects) which we do not need.

3 Random graphs

The main aim of this section is to prove Theorem 1. Before doing so, we state and prove several

auxiliary results that will facilitate our proof; some are well-known and some are new. Note that the

property Cn(G) = C(G) is not monotone increasing and thus we cannot simply assume that p is only

slightly larger than log n/n. Nevertheless, for the clarity of presentation, and since such values of p

are the hardest to handle, we do assume that

p := p(n) = (log n+ 2 log log n+ f(n))/n for some function f satisfying 1� f(n)� log logn.

At the end of this section we briefly indicate how to adjust the proof to cope with larger values of p.

Throughout this section it will be crucial to distinguish between vertices of typical degree and those

whose degree is abnormally low; to this end we introduce the following notation:

SMALL := SMALL(G) := {v ∈ V (G) : degG(v) ≤ log n/10}.

As already noted in the introduction, the smallest value of p to ensure the a.a.s. Hamiltonicity

of G(n, p) is known very prcisely.

Theorem 3.1 (see, e.g., Theorem 6.5 in [13]). Let G ∼ G(n, p), where p := p(n) ≥ (log n+log log n+

ω(1))/n. Then G is a.a.s. Hamiltonian.

The threshold probability for G(n, p) having minimum degree at least 3 is known as well.

Theorem 3.2 (see, e.g., [13]). Let G ∼ G(n, p), where p := p(n) ≥ (log n + 2 log log n + ω(1))/n.

Then a.a.s. δ(G) ≥ 3.

The following lemma lists several standard properties of random graphs.

Lemma 3.3. Let G ∼ G(n, p), where p := p(n) = (log n+ 2 log log n+ f(n))/n for some function f

satisfying 1� f(n)� log log n. Then, a.a.s. G satisfies all of the following properties.
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(P1) ∆(G) ≤ 10 log n;

(P2) |SMALL ∪NG(SMALL)| ≤
√
n;

(P3) There is no path of length at least 1 and at most 0.3 logn
log logn whose (possibly identical) endpoints

lie in SMALL.

(P4) eG(A) ≤ |A| lognlog logn holds for every A ⊆ [n] of size |A| ≤ n(log logn)2

logn ;

(P5) eG(A,B) ≤ |A| lognlog logn holds for any two disjoint subsets A,B of [n] of size |A| ≤ n(log logn)2

logn and

|B| = |A|
√

log n;

(P6) 0.999|A||B|p ≤ eG(A,B) ≤ 1.001|A||B|p holds for any two disjoint subsets A,B of [n], each of

size at least n(log logn)3/2

logn .

The proof of Lemma 3.3 is standard and can be found in various sources (though, possibly, with

slightly different parameters); for the sake of completeness we include a simple proof.

Proof. We prove that each property holds a.a.s.; since there are finitely many of them, it follows that

a.a.s. they all hold simultaneously.

(P1) Fix an arbitrary vertex u ∈ [n] and note that degG(u) ∼ Bin(n− 1, p). Hence

P(degG(u) ≥ 10 log n) ≤
(
n− 1

10 log n

)
p10 logn ≤

(
enp

10 log n

)10 logn

≤ (2e/10)10 logn = o(1/n).

A union bound over all vertices u ∈ [n] then implies that a.a.s. ∆(G) ≤ 10 log n.

(P2) Fix an arbitrary vertex u ∈ [n] and note that degG(u) ∼ Bin(n − 1, p). It thus follows by

Chernoff’s inequality (Theorem 2.1(a)) that

P(u ∈ SMALL) = P(degG(u) ≤ log n/10) ≤ P(degG(u) ≤ E(degG(u))/10)

≤ exp{−(0.1 log 0.1− 0.1 + 1) log n} ≤ n−0.6.

It then follows by Markov’s inequality that a.a.s. |SMALL| ≤ n0.45. Finally, by the definition

of SMALL, a.a.s. |SMALL ∪NG(SMALL)| = O(|SMALL| log n) ≤
√
n.

(P3) Let L = 0.3 logn
log logn . Let 1 ≤ ` ≤ L and let P = (v0, . . . , v`) be a sequence of `+ 1 pairwise distinct

vertices, with v0 = v` being the sole possible exception.

Assume first that v0 6= v`. Let S = V (G) \ {v0, v1, v`−1, v`} and let Ed denote the event

that eG({v0, v`}, S) ≤ log n/5. Note that eG({v0, v`}, S) ∼ Bin(2|S|, p) and, in particular,
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E(eG({v0, v`}, S)) = 2|S|p ≥ 2 log n. It thus follows by Chernoff’s inequality (Theorem 2.1(a))

that

P(Ed) ≤ P(eG({v0, v`}, S) ≤ E(eG({v0, v`}, S))/10)

≤ exp{−(0.1 log 0.1− 0.1 + 1)2 log n} ≤ n−1.31. (1)

For P as above, let EP denote the event that vivi+1 ∈ E(G) for every 0 ≤ i < `. Note that

the events Ed and EP are independent and thus P(EP ∧ Ed) ≤ p`n−1.31, where the inequality is

supported by (1). A union bound over all possible choices of 1 ≤ ` ≤ L and all choices of the

sequence P = (v0, . . . , v`) implies that the probability that G contains such a non-trivial path

of length at most L whose endpoints lie in SMALL is at most

L∑
`=1

n`+1p`n−1.31 ≤ L(2 log n)Ln−0.31 = L exp{1.01L log log n}n−0.31 = Ln−0.005 = o(1).

The case v0 = v` is similar. Let S = V (G) \ {v1, v`−1} and let Ed denote the event that

degG(v0, S) ≤ log n/10. Similarly to the previous case, an application of Chernoff’s inequality

(Theorem 2.1(a)) shows that P(Ed) ≤ n−0.6. Define EP analogously to the previous case. Here

too Ed and EP are independent and thus P(EP ∧Ed) ≤ p`n−0.6. A union bound over all possible

choices of 3 ≤ ` ≤ L and all choices of the sequence P = (v0, . . . , v` = v0) implies that the

probability that G contains a cycle of length at most L that intersects SMALL is at most

L∑
`=3

n`p`n−0.6 = o(1).

A union bound over these two cases completes the proof.

(P4) Given any set A ⊆ [n] of size 1 ≤ a ≤ n(log logn)2

logn , note that eG(A) ∼ Bin
((
a
2

)
, p
)
. Hence, the

probability that there exists such a set A for which eG(A) ≥ a logn
log logn holds, is at most

n(log logn)2

logn∑
a=1

(
n

a

)
P
(

Bin

((
a

2

)
, p

)
≥ a log n

log log n

)

≤

n(log logn)2

logn∑
a=1

en
a

(
e
(
a
2

)
p

a log n/ log log n

)logn/ log logn
a

≤

n(log logn)2

logn∑
a=1

(
en

a

(
2a log logn

n

)logn/ log logn
)a

≤

n(log logn)2

logn∑
a=1

(
exp

{
1 + log(n/a)− log n

log logn
(log(n/a)− 2 log log log n)

})a
= o(1).
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(P5) Given any set A ⊆ [n] of size 1 ≤ a ≤ n(log logn)2

logn , and any set B ⊆ [n] \A of size b := a
√

log n,

note that eG(A,B) ∼ Bin
(
a2
√

log n, p
)
. Hence, the probability that there exist such sets A

and B for which eG(A,B) ≥ a logn
log logn holds, is at most

n(log logn)2

logn∑
a=1

(
n

a

)(
n

b

)
P
(

Bin
(
a2
√

log n, p
)
≥ a log n

log log n

)

≤

n(log logn)2

logn∑
a=1

(
en

a

(en
b

)√logn( ea2
√

log np

a log n/ log logn

)logn/ log logn
)a

≤

n(log logn)2

logn∑
a=1

(
en

a

(en
b

)√logn(3a
√

log n log logn

n

)logn/ log logn
)a

≤

n(log logn)2

logn∑
a=1

(
exp

{
1 + log(n/a) +

√
log n(1 + log(n/b))− log n

log log n
(log(n/a)− 0.6 log log n)

})a
= o(1).

(P6) Given a set A ⊆ [n] of size a ≥ n(log logn)3/2

logn , and a set B ⊆ [n] \A of size b ≥ n(log logn)3/2

logn , note

that eG(A,B) ∼ Bin(ab, p). It thus follows by Chernoff’s inequality (Theorem 2.1) that

P(eG(A,B) ≤ 0.999abp or eG(A,B) ≥ 1.001abp) ≤ 2 exp{−cabp} ≤ exp{−c′abp},

where c, c′ > 0 are some absolute constants. A union bound over all choices of A and B

then implies that the probability that there exist such sets A and B for which 0.999|A||B|p ≤
eG(A,B) ≤ 1.001|A||B|p does not hold is at most

n∑
a=

n(log logn)3/2

logn

n∑
b=

n(log logn)3/2

logn

(
n

a

)(
n

b

)
exp{−c′abp}

≤
n∑

a=
n(log logn)3/2

logn

n∑
b=

n(log logn)3/2

logn

(en
a

)a (en
b

)b
exp{−c′abp}

≤
n∑

a=
n(log logn)3/2

logn

n∑
b=

n(log logn)3/2

logn

exp
{
a+ b+ a log(n/a) + b log(n/b)− c′ab log n/n

}

≤
n∑

a=
n(log logn)3/2

logn

n∑
b=

n(log logn)3/2

logn

exp
{
a log log n+ b log logn− c′a(log log n)3/2/2− c′b(log log n)3/2/2

}

= o(1).
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Lemma 3.4. Let δ ∈ (0, 1/4) be an arbitrarily small constant, and let G ∼ G(n, p), where p :=

p(n) ≥ (log n + 2 log log n + ω(1))/n. Then a.a.s. the following holds. For every A ⊆ V (G) of size

|A| ≥ n(log logn)2√
logn

and every B ⊆ [n] \A of size |B| = (1/2 + δ)n there exists a vertex u ∈ A such that

degG(u,B) ≥ (1 + δ)degG(u)/2.

Proof. Observe that it suffices to prove the lemma for all sets A whose size is precisely a := n(log logn)2√
logn

.

A standard application of Chernoff’s inequality (Theorem 2.1) and a union bound shows that a.a.s.

G satisfies all of the following properties.

(Q1) eG(A) ≤ a2p holds for every A ⊆ [n] of size a.

(Q2) (1 − δ/4)a(1/2 + δ)np ≤ eG(A,B) ≤ (1 + δ/4)a(1/2 + δ)np holds for every A ⊆ [n] of size a

and every B ⊆ [n] \A of size |B| = (1/2 + δ)n.

(Q3) eG(A, [n] \ (A ∪ B)) ≤ (1 + δ/4)a(1/2 − δ)np holds for every A ⊆ [n] of size a and every

B ⊆ [n] \A of size |B| = (1/2 + δ)n.

Assume then that G satisfies properties (Q1), (Q2), and (Q3). Suppose for a contradiction that

there exist sets A ⊆ [n] of size a and B ⊆ [n] \ A of size |B| = (1/2 + δ)n such that degG(u,B) <

(1 + δ)degG(u)/2 holds for every u ∈ A. It then follows that

(1− δ/4)a(1/2 + δ)np ≤ eG(A,B) =
∑
u∈A

degG(u,B) <
∑
u∈A

(1 + δ)degG(u)/2,

implying that
∑

u∈A degG(u) > (1 + δ/3)anp. On the other hand∑
u∈A

degG(u) =
∑
u∈A

degG(u,A) +
∑
u∈A

degG(u,B) +
∑
u∈A

degG(u, [n] \ (A ∪B))

= 2eG(A) + eG(A,B) + eG(A, [n] \ (A ∪B)) ≤ (1 + δ/3)anp,

which is a clear contradiction.

The following result allows us to split a graph into several parts in a beneficial manner. The

specific formulation we use is taken from [15], though similar results can be found in other sources.

Lemma 3.5 (Lemma 2.4 in [15]). Let G = (V,E) be a graph on n vertices with maximum degree

∆. Let Y ⊆ V be a set of m = a + b vertices, where a and b are positive integers. Assume that

degG(v, Y ) ≥ δ holds for every v ∈ V . If ∆2 · d m
min{a,b}e · 2 · e

1−min{a,b}2

5m2 δ < 1, then there exists a

partition Y = A ∪B of Y such that the following properties hold.

(1) |A| = a and |B| = b;

(2) degG(v,A) ≥ a
3mdegG(v, Y ) holds for every v ∈ V ;

9



(3) degG(v,B) ≥ b
3mdegG(v, Y ) holds for every v ∈ V .

The essential implication of the following result is that high degree subgraphs of random graphs

are good expanders.

Lemma 3.6. Let G be an n-vertex graph which satisfies properties (P4) and (P5) from Lemma 3.3.

Let H be a (not necessarily spanning) subgraph of G for which δ(H) ≥ γ log n holds for some constant

γ > 0. Let α ∈ [0, 1) be a constant. Then, |NH\F (X)| ≥ |X|
√

log n for every F ⊆ E(H) and every

X ⊆ V (H) of size |X| ≤ n(log logn)2

logn such that |F ∩ ∂H(x)| ≤ α · degH(x) holds for every x ∈ X.

Proof. Suppose for a contradiction that X ⊆ V (H) is a set of size |X| ≤ n(log logn)2

logn and F ⊆ E(H)

is such that |F ∩ ∂H(x)| ≤ α · degH(x) holds for every x ∈ X, and yet |NH\F (X)| < |X|
√

log n. It

follows by the premise of the lemma that

|X| · (1− α)γ log n ≤
∑
x∈X

degH\F (x) ≤ 2eG(X) + eG(X,NH\F (X)) ≤ 3|X| log n

log log n
,

which is an obvious contradiction.

Lemma 3.7. Let G ∼ G(n, p), where p := p(n) = (log n+ 2 log log n+ f(n))/n for some function f

satisfying 1� f(n)� log logn. Then a.a.s. the following holds. Let R be a subgraph of G such that

eR(A, V (G) \ A) ≥ eG(A, V (G) \ A)/2 for every A ⊆ V (G). Then, eR(A,B) > 0 holds for any two

disjoint sets A,B ⊆ V (G) of size |A| = |B| = 2n/5.

Proof. Suppose that G satisfies Property (P6) from Lemma 3.3 (this fails with probability o(1)).

Fix any two disjoint sets A,B ⊆ V (G) of size |A| = |B| = 2n/5, and let D = V (G) \ (A ∪ B). It

follows by Property (P6) that eG(A, V (G) \ A) ≥ 0.999|A||V (G) \ A|p ≥ 0.999 · 6
25 · n

2p and that

eG(A,D) ≤ 1.001|A||D|p ≤ 1.001 · 2
25 · n

2p. Therefore,

eR(A,B) = eR(A, V (G) \A)− eR(A,D) ≥ eG(A, V (G) \A)/2− eG(A,D)

≥ 0.999 · 3

25
· n2p− 1.001 · 2

25
· n2p > 0.

When building a parity switcher in Step (S2), it is useful to keep it small. The following result

is helpful in that respect.

Lemma 3.8. Let G ∼ G(n, p), where p := p(n) = (log n + 2 log log n + f(n))/n for some function

f satisfying 1 � f(n) � log log n. Then a.a.s. the following holds. Let R be a subgraph of G

such that degR(v) ≥ degG(v)/2 holds for every v ∈ V (G). Then, for every set S ⊆ V (G) of size

|S| = o(log n) and every two vertices x, y ∈ V (G) \ (SMALL∪S), there is a path between x and y in

(R \ (SMALL ∪NG(SMALL) ∪ S)) ∪ {x, y} whose length is at most 5 logn
log logn .

10



Proof. Fix an arbitrary set S ⊆ V (G) of size |S| = o(log n), and let Z = SMALL∪NG(SMALL)∪S;

note that |Z| ≤ 2
√
n holds a.a.s. by Property (P2) from Lemma 3.3. Note that a.a.s. degG(u,SMALL∪

NG(SMALL)) ≤ 1 holds for every u ∈ V (G) \ SMALL by Property (P3) from Lemma 3.3. Since,

moreover, |S| = o(log n) and δ(R) ≥ δ(G)/2 hold by the premise of the lemma, it follows that

degR\Z(x) ≥ log n/21 holds for every x ∈ V (G) \ Z. For every vertex x ∈ V (G) \ Z and every

non-negative integer i, let N i
R\Z(x) = {u ∈ V (G) \Z : distR\Z(x, u) ≤ i}. Starting from an arbitrary

vertex x ∈ V (G) \ Z, repeated applications of Lemma 3.6 with α = 0 and H = R \ Z show that

a.a.s. there exists an integer t ≤ (2 + o(1)) logn
log logn such that

∣∣∣N t
R\Z(x)

∣∣∣ ≥ n(log logn)2√
logn

. We claim that

a.a.s.
∣∣∣N t+1

R\Z(x)
∣∣∣ ≥ 0.48n. Indeed, if not, then there exists a set B ⊆ V (G) \

(
Z ∪N t+1

R\Z(x)
)

of size

|B| = 0.51n such ER\Z

(
N t
R\Z(x), B

)
= ∅. Observe that a.a.s. degR\Z(v) ≥ (1/2 − o(1))degG(v)

holds for every vertex v ∈ V (G) \ Z. Indeed, v /∈ SMALL, degR(v) ≥ degG(v)/2, |S| = o(log n), and

degR(v,SMALL ∪NG(SMALL)) ≤ 1 holds a.a.s. by Property (P3) from Lemma 3.3. It thus follows

that a.a.s. degG(v,B) < (1/2 + o(1))degG(v) holds for every v ∈ N t
R\Z(x). However, by Lemma 3.4,

this occurs with probability o(1).

Hence, given any two vertices x, y ∈ V (G)\Z, the above argument implies that a.a.s.
∣∣∣N t+1

R\Z(x)
∣∣∣ ≥

0.48n and
∣∣∣N t+1

R\Z(y)
∣∣∣ ≥ 0.48n. If N t+1

R\Z(x) ∩ N t+1
R\Z(y) 6= ∅, then there is a path of length at most

2t + 2 ≤ 5 logn
log logn between x and y in R \ Z. Otherwise, it follows by Lemma 3.7 that a.a.s. there

is an edge of R between N t+1
R\Z(x) and N t+1

R\Z(y), yielding a path of length at most 2t+ 3 ≤ 5 logn
log logn

between x and y in R \ Z.

Lemma 2.3 in [6] is the main tool for handling Step (S2a) in that paper. Unfortunately, using this

lemma as a black box might create a cycle which exhausts the neighbourhood of some vertex outside

the cycle; that vertex cannot be absorbed in any of the following steps. In order to circumvent this

problem, we state and prove a variant of Lemma 2.3 from [6] that is suitable for random graphs

having vertices of very small degrees.

Lemma 3.9. Let G ∼ G(n, p), where p := p(n) = (log n+ 2 log log n+ f(n))/n for some function f

satisfying 1� f(n)� log log n. Then a.a.s. the following holds. Let R 6= G be a subgraph of G such

that degR(v) ≥ degG(v)/2 for every v ∈ V (G), and R 6= G[A,B] for every partition V (G) = A ∪B.

Then, there exists a cycle C ⊆ G satisfying all of the following properties.

(a) |C| is even and |E(C) \ E(R)| = 1;

(b) |C| ≤ 22 logn
log logn ;

(c) degG(u, V (C)) ≤ 2 holds for every u ∈ SMALL ∩ V (C);

(d) degG(u, V (C)) ≤ 1 holds for every u ∈ SMALL \ V (C).

Proof. Suppose that G satisfies the assertions of Theorem 3.2, and of Lemmas 3.3 and 3.8; note that

this fails with probability o(1).
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Let Z = SMALL ∪ NG(SMALL) and let U = V (G) \ Z. It follows by Lemma 3.8 that R[U ] is

connected. We distinguish between the following two cases.

(1) R[U ] is bipartite. Let U = A∪B be the unique bipartition of R[U ]. This case is divided further

into the following subcases.

(1.1) There exist vertices x ∈ A and y ∈ B such that xy ∈ E(G)\E(R). It follows by Lemma 3.8

that there is a path in R[U ] between x and y of length ` ≤ 5 logn
log logn . Since R[U ] is bipartite,

` is odd. Hence, combined with the edge xy, this yields the required cycle C (properties

(c) and (d) are satisfied since V (C) ∩ Z = ∅).

(1.2) EG(A,B) = ER(A,B). This case is again divided into two subcases.

(1.2.1) R is bipartite. It follows by Theorem 3.2, since degR(v) ≥ degG(v)/2 holds for every

v ∈ V (G) by the premise of the lemma, by Property (P3) from Lemma 3.3, and by

Lemma 3.8 that R is connected (indeed, by Lemma 3.8, R \ SMALL is connected,

and by the other aforementioned results, any u ∈ SMALL satisfies NR(u, V (G) \
SMALL) 6= ∅). Let V (G) = A′ ∪B′ be the unique bipartition of R; note that A ⊆ A′

and B ⊆ B′ must hold. Since R 6= G[A′, B′] by the premise of the lemma, there exist

vertices x ∈ A′ and y ∈ B′ such that xy ∈ E(G) \E(R). Since EG(A,B) = ER(A,B)

it follows that {x, y} ∩Z 6= ∅; assume without loss of generality that x ∈ Z. Assume

first that x ∈ SMALL and note that y /∈ SMALL by Property (P3) from Lemma 3.3.

Let y′ ∈ B′ \ {y} be a vertex for which xy′ ∈ E(R) and note that y′ /∈ SMALL holds

by Property (P3) from Lemma 3.3. It then follows by Lemma 3.8 that there is a path

in R[U ] ∪ {y, y′} between y and y′ of length ` ≤ 5 logn
log logn . Since R is bipartite, ` is

even. Hence, combined with the edges xy and xy′, this yields a cycle C satisfying

properties (a) and (b). Moreover, properties (c) and (d) are satisfied by Property (P3)

from Lemma 3.3 and since V (C)∩SMALL = {x} and V (C)∩NG(SMALL) = {y, y′}.
Assume then that x ∈ NG(SMALL). If y ∈ SMALL, then this is analogous to the

previous case; by Property (P3) from Lemma 3.3 we may thus assume that y ∈ U .

It then follows by Lemma 3.8 that there is a path in R[U ] ∪ {x} between x and y

of length ` ≤ 5 logn
log logn . Since R is bipartite, ` is odd. Hence, combined with the

edge xy, this yields the required cycle C (properties (c) and (d) are satisfied since

V (C) ∩ SMALL = ∅ and V (C) ∩NG(SMALL) = {x}).
(1.2.2) R is not bipartite. Let C ′ be an odd cycle in R and note that V (C ′)∩Z 6= ∅. Assume

first that V (C ′) ∩ SMALL = ∅. Since, moreover, NG(SMALL) is an independent

set by Property (P3) from Lemma 3.3, it follows that NC′(u) ⊆ U holds for every

u ∈ V (C ′) ∩NG(SMALL). It is then straightforward to verify that there must exist

a vertex w ∈ V (C ′) ∩ NG(SMALL) such that degC′(w,A) = 1 and degC′(w,B) =

1. Let x be the unique element of NC′(w,A) and let y be the unique element of
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NC′(w,B). Note that G[U ] is a.a.s. not bipartite (indeed, otherwise, both A and B

are independent in G, but by Property (P2) from Lemma 3.3, at least one of them

is of size Ω(n)). Since R[U ] is bipartite, we may assume without loss of generality

that there are vertices u, v ∈ A such that uv ∈ E(G) \E(R). Since U ∩ SMALL = ∅,
follows by Lemma 3.8 that there is a path Px in R[U ]\{y, v} between x and u of length

`1 ≤ 5 logn
log logn . Since R[U ] is bipartite, `1 is even. Similarly, since |V (Px)| = o(log n),

it follows by Lemma 3.8 that there is a path Py in R[U ] \ V (Px) between y and v of

length `2 ≤ 5 logn
log logn . Since R[U ] is bipartite, `2 is odd. Then wxPxuvPyyw forms the

required cycle C (properties (c) and (d) are satisfied since V (C) ∩ Z = {w}).
The case V (C ′) ∩ SMALL 6= ∅ is essentially the same. The only difference is that

either there exists a vertex w ∈ V (C ′) ∩ NG(SMALL) as in the previous case or

that now there is a vertex w ∈ V (C ′) ∩ SMALL for which there exist two vertices

x′, y′ ∈ NG(w) such that x′x ∈ E(R) for some x ∈ A and y′y ∈ E(R) for some y ∈ B.

The obtained cycle C is then wx′xPxuvPyyy
′w.

(2) R[U ] is not bipartite. Let C ′ = (x1, . . . , x2t−1, x1) be a shortest odd cycle in R[U ]. Note that

|C ′| ≤ 11 logn
log logn . Indeed, suppose for a contradiction that |C ′| > 11 logn

log logn . By Lemma 3.8

there is a path P in R[U ] between x1 and xt whose length is at most 5 logn
log logn . However P ∪C ′

contains an odd cycle which is shorter than C ′, contrary to the assumed minimality of |C ′|.

Since R 6= G by the premise of the lemma, there exists an edge xy ∈ E(G)\E(R). By Property

(P3) from Lemma 3.3 we may assume without loss of generality that y /∈ SMALL. We claim that

there exists a vertex u ∈ V (C ′) such that there exists a path Px in (R[U ]\(V (C ′)∪{y}))∪{x, u}
between x and u of length at most 5 logn

log logn + 1. If x ∈ V (C ′) or NR(x) ∩ V (C ′) 6= ∅, then

this is obvious. Otherwise, let x′ ∈ NR(x) \ SMALL be an arbitrary vertex if x ∈ SMALL

and let x′ = x if x /∈ SMALL. Note that such a vertex x′ exists as degR(x) ≥ degG(x)/2

holds by the premise of the lemma, since δ(G) ≥ 3 holds by Theorem 3.2, and due to Property

(P3) from Lemma 3.3. Since |V (C ′) ∪ {y}| = o(log n), by Lemma 3.8, there is a path P in

(R \ Z) ∪ {x′} between x′ and some vertex u ∈ V (C ′) of length at most 5 logn
log logn , such that

V (P ) ∩ (V (C ′) ∪ {y}) = {u}. Adding, if needed, the edge xx′, yields the required path Px.

Let v ∈ V (C ′) \ {u} be an arbitrary vertex; note that v /∈ SMALL. Since y /∈ SMALL and

|V (Px)∪V (C ′)| = o(log n), by Lemma 3.8 there is a path Py in (R[U ]\(V (Px)∪V (C ′)))∪{y, v}
between y and v of length at most 5 logn

log logn . Combining the path uPxxyPyv (that has precisely

one edge in E(G) \ E(R)) with one of the two paths that connect u and v in C ′ (all of whose

edges are in R) yields a cycle C satisfying properties (a) and (b). Moreover, properties (c)

and (d) are satisfied since either V (C) ∩ SMALL = ∅ and |V (C) ∩ NG(SMALL)| ≤ 1 or

V (C) ∩ SMALL = {x} and V (C) ∩NG(SMALL) = NC(x).
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The next result is our main tool for handling Step (S3).

Lemma 3.10. Let G ∼ G(n, p), where p := p(n) = (log n+ 2 log log n+ f(n))/n for some function

f satisfying 1 � f(n) � log log n. Then a.a.s. the following holds. Let S ⊆ V (G) be a set of size

|S| = Ω(n), let x, y ∈ S \ SMALL be any two vertices, and let G′ = G[S]. Suppose that degG(u, S) ≥
γ log n holds for some constant γ > 0 and every u ∈ S \ SMALL, and that degG(u, S \ {x, y}) ≥ 2

holds for every u ∈ S ∩SMALL. Then there exists a Hamilton path of G′ whose endpoints are x and

y.

Proof. Suppose that G satisfies the assertion of Lemma 3.3; note that this fails with probability o(1).

Let S ∩ SMALL = {u1, . . . , ut}. Let x1, y1, . . . , xt, yt be 2t distinct vertices such that xi, yi ∈
NG′(ui, S) \ (SMALL ∪ {x, y}) for every 1 ≤ i ≤ t; such vertices exist by the premise of the lemma

and by Property (P3) from Lemma 3.3.

Let U = {u1, . . . , ut} ∪ {x1, y1, . . . , xt, yt} and note that degG(u, U) ≤ 1 holds for every u ∈
S \ SMALL by Property (P3) from Lemma 3.3. Since, moreover, G satisfies Property (P1) from

Lemma 3.3, we may apply Lemma 3.5 to obtain a partition S1 ∪ S2 of S \ U into two parts of

essentially equal size such that degG(u, S1) ≥ γ log n/10 and degG(u, S2) ≥ γ log n/10 hold for every

u ∈ S \ SMALL. Let G1 = G[S1 ∪ {y1, x2, . . . , xt, yt, y}] and note that, by Lemma 3.6, the graph

G1 satisfies the property P2/3(n/ log n,
√

log n/2). Moreover, by Property (P6) of Lemma 3.3, there

is an edge of G1 between any two disjoint subsets of V (G1), each of size at least n/(40
√

log n).

Setting L = {y1, x2, . . . , xt, yt, y}, observe that |NG1(x) ∩ L| ≤ 1 ≤ degG1
(x)/10 holds for any

vertex x ∈ V (G1). It thus follows by Theorem 2.8 that G1 admits pairwise vertex-disjoint paths

P1, P2, . . . , Pt, where the endpoints of P1 are yt and y, and for every 2 ≤ i ≤ t, the endpoints of Pi

are xi and yi−1.

Let W = S\(V (P1)∪. . .∪V (Pt)∪{u1}) and let G2 = G[W ]. Since S2 ⊆W and W ∩SMALL = ∅,

it follows that δ(G2) ≥ γ log n/10. Hence, it follows by Property (P6) from Lemma 3.3 and by

Lemma 3.6 that G2 is a c-expander, where c is a sufficiently large constant, as per Theorem 2.6

(note that the expansion of large sets, which are not covered by Lemma 3.6, is ensured by Property

(P6)). It then follows by Theorem 2.6 that G2 admits a Hamilton path whose endpoints are x and

x1. Combined with the previously built paths P1, P2, . . . , Pt and with the paths x1u1y1, . . . , xtutyt,

this yields a Hamilton path of G′ whose endpoints are x and y.

We are now in a position to prove Theorem 1.

Proof of Theorem 1. Let G ∼ G(n, p), where p := p(n) = (log n + 2 log log n + f(n))/n for some

function f satisfying 1� f(n)� log logn. Suppose that G satisfies the assertions of Theorems 3.1

and 3.2, and of Lemma 3.3; note that this fails with probability o(1).

Suppose for a contradiction that Cn(G) 6= C(G). We follow the recipe that was presented in

Section 2. That is, we need to handle steps (S1), (S2), and (S3). Our assumption that Cn(G) 6= C(G)

will then lead to the contradiction appearing in (S5).
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Let R be as in the premise of Lemma 2.2; combined with Theorem 3.1, this takes care of (S1).

Suppose that G satisfies the assertions of Lemmas 3.8 and 3.9 (with respect to R); note that this

fails with probability o(1).

Next, we take care of (S2). Starting with (S2a), it follows by Lemma 3.9 that G contains a cycle

C satisfying properties (a), (b), (c), and (d). In particular, C = (v1, . . . , v2k) is an even cycle having

an odd number of edges in R, and its length is at most 22 logn
log logn .

Prior to handling (S2b) and thinking ahead to Step (S3), let v′1, . . . , v
′
2k be distinct vertices, where,

for every 1 ≤ i ≤ 2k, v′i ∈ NG(vi) \ (SMALL ∪ V (C)) if vi ∈ SMALL and v′i = vi if vi /∈ SMALL;

such vertices v′1, . . . , v
′
2k exist by Theorem 3.2, by Property (c) from Lemma 3.9, and by Property

(P3) from Lemma 3.3. Let U = {v1, . . . , v2k}∪{v′1, . . . , v′2k}, and note that |U | = o(log n). Moreover,

note that similarly to the argument for the existence of v′1, . . . , v
′
2k, it follows by Theorem 3.2, by

Property (d) from Lemma 3.9, and by Property (P3) from Lemma 3.3 that degG(u, V (G) \ U) ≥ 2

for every u ∈ SMALL \ V (C).

Let Z = SMALL ∪ NG(SMALL), and note that degG(u, Z) ≤ 1 holds for every u ∈ V (G) \
SMALL by Property (P3) from Lemma 3.3. Since, moreover, |U | = o(log n), by Property (P1) from

Lemma 3.3 we may apply Lemma 3.5 to G\ (SMALL∪U) to obtain a set A′ ⊆ V (G)\ (SMALL∪U)

of size n/2 and a set B′ := V (G)\(A′∪SMALL) such that degG(u,A′) ≥ log n/65 and degG(u,B′) ≥
log n/65 hold for every u ∈ V (G)\SMALL. Let A = (A′∪Z)\U and let B = (B′ \Z)∪{v′1, . . . , v′2k};
note that, by properties (P2) and (P3) from Lemma 3.3, |A| = (1/2 ± o(1))n, |B| = (1/2 ± o(1))n,

and, moreover, degG(u,A) ≥ log n/70 and degG(u,B) ≥ log n/70 hold for every u ∈ V (G) \SMALL.

Returning to (S2b), let G1 be the graph obtained from G[B] by deleting v′1 and v′k+1 and all the

edges (but none of the other vertices) of E(C) ∪ {viv′i : 1 ≤ i ≤ 2k, v′i 6= vi}; note that V (G1) ∩
SMALL = ∅ and thus δ(G1) ≥ log n/70 − 4 ≥ log n/71. It thus follows by Lemma 3.6 that G1

satisfies the property P2/3(n/ log n,
√

log n/2). Moreover, by Property (P6) of Lemma 3.3, there

is an edge of G1 between any two disjoint subsets of V (G1), each of size at least n/(40
√

log n).

Setting S = {v′2, . . . , v′k, v′k+2, . . . , v
′
2k} and noting that |S| = o(δ(G1)), observe that |NG1(x) ∩ S| ≤

degG1
(x)/10 holds for any vertex x ∈ V (G1). It thus follows by Theorem 2.8 that G1 admits pairwise

vertex-disjoint paths P ′2, . . . , P
′
k such that, for every 2 ≤ i ≤ k, the endpoints of P ′i are v′i and v′2k−i+2.

Finally, for every 2 ≤ i ≤ k, let Pi = viv
′
iP
′
iv
′
2k−i+2v2k−i+2 (where vjv

′
j is simply the vertex vj if

v′j = vj); note that P2, . . . , Pk are pairwise vertex-disjoint paths, and for every 2 ≤ i ≤ k, the

endpoints of Pi are vi and v2k−i+2.

Finally, we establish (S3). Let W = {v1, . . . , v2k} ∪ V (P ′2) ∪ . . . ∪ V (P ′k) \ {v′1, v′k+1}, and let

G2 = G[V (G) \W ]. Note that A ⊆ V (G) \W . It thus follows by Property (d) from Lemma 3.9

and by Theorem 3.2 that G2 satisfies the assertion of Lemma 3.10 and thus contains a Hamilton

path whose endpoints are v′1 and v′k+1. Adding (if needed) the edges v1v
′
1 and vk+1v

′
k+1 yields the

required Hamilton path whose endpoints are v1 and vk+1.

A similar argument, though with various technical changes, works for larger values of p. For
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convenience, we start by noting that the case p ≥ C log n/n, where C is a sufficiently large constant,

was already settled in [6]. If (1 + ε) log n/n ≤ p ≤ C log n/n, where ε > 0 is an arbitrarily small

constant, then a similar, and in fact simpler, argument works. Indeed, properties (P1), (P2), and

(P3) from Lemma 3.3 can simply be replaced with δ(G(n, p)) = Θ(log n) and ∆(G(n, p)) = Θ(log n).

Having no vertices of small degree simplifies the argument. For example, handling Step (S2a) may

be based on Lemma 2.3 in [6] rather than Lemma 3.9, and handling Step (S3) may be based on

Theorem 2.6 rather than Lemma 3.10. Finally, if (log n+ 2 log log n+ω(1))/n ≤ p ≤ (1 + ε) log n/n,

then up to some minor technical changes, the same proof as the one appearing in this paper works.
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[19] S. Janson, T.  Luczak, and A. Ruciński, Random graphs, Wiley-Interscience Series in Discrete

Mathematics and Optimization, Wiley-Interscience, New York, 2000.
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graphs, Soviet Math. Dokl. 17 (1976), 760–764.

[23] M. Krivelevich and W. Samotij, Optimal packings of Hamilton cycles in sparse random graphs,

SIAM Journal on Discrete Mathematics 26 (2012), 964–982.

[24] C. Lee and B. Sudakov, Dirac’s theorem for random graphs, Random Structures and Algorithms

41 (2012), 293–305.

[25] S. C. Locke, A basis for the cycle space of a 2-connected graph, European Journal of Combina-

torics 6 (1985), 253–256.

17



[26] S. C. Locke, A basis for the cycle space of a 3-connected graph, Annals of Discrete Mathematics

27 (1985), 381–397.

[27] R. Montgomery, Hamiltonicity in random graphs is born resilient, Journal of Combinatorial

Theory, Series B 139 (2019), 316–341.
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