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Abstract

We present an explicit connected spanning structure that appears in a random graph
just above the connectivity threshold with high probability.

1 Introduction

The binomial random graph G(n,p) is a graph on n vertices, in which every pair of vertices
is connected independently with probability p. It is a well known and thoroughly studied
model (see, e.g., [6,8,13]). A fundamental result, due to Erdés and Rényi [7], is that G(n,p)
exhibits a sharp threshold for connectivity at p = p(n) = logn/n'. More precisely, setting
p = (logn + f(n))/n and G ~ G(n,p), if f(n) — oo then G is with high probability? (whp)
connected, and if f(n) — —oo then G is whp not connected. This threshold coincides with the
threshold for the disappearance of isolated vertices (vertices of degree 0), and, in fact, isolated
vertices are the bottleneck for connectivity in a stronger sense.

Evidently, a connected graph has a spanning tree. This raises the natural question of which
spanning trees can we expect to find in a connected random graph. The standard proof for the
connectivity threshold is obtained using the dual definition of connectivity, namely, by showing
that whp there is an edge in every cut; this seems to provide no hint of which trees appear
above the threshold. One can check, however, that just above the connectivity threshold a
random graphs contains ©(logn) vertices of degree 1. Obviously, these vertices must all be
leaves in any spanning tree. In particular, one cannot expect to find a Hamilton path (or any
spanning tree with a constant number of leaves). In this work, we present an explicit spanning
tree that appears in a random graph just above the connectivity threshold whp. In fact, we
prove something stronger, by presenting a concrete unicyclic connected spanning subgraph.
Let n,t, ¢ be integers such that ¢ - (¢ + 1) < n. A KeyChain with parameters n,t, ¢, denoted
KC(n,t, /), is a cycle on n —t vertices with additional ¢ vertices of degree 1 (“keys”) which have
distinct neighbours in that cycle, where the distance between two consecutive such neighbours
is ¢. Formally, it is the graph H = (V, E) with V = [n] and

E={{i,i+1}|ien—t-1}U{{n—t,1}}U{{il,n—t+1i} | i€ [t]}.

See Fig. 1 for an example.

'Here and later the logarithms have natural base.
2With probability tending to 1 as n tends to infinity.
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Figure 1: KC(24,5,3).

Theorem 1.1. Let {aj}gozl be sequence defined as follows: a1 =1, aj41 = [a;-logn/100], and
Jo is the minimum index j for which a; > 10n/logn.

Let p be such that np—logn — oo, let t := |logn]| and let £ = 2jy. Then, G ~ G(n,p) whp
contains KC(n,t,0) as a subgraph.

As KC(n,t,¢) is connected and spanning, and in fact contains [25%] distinct (unlabelled)

spanning trees when n is sufficiently big, Theorem 1.1 gives a set of distinct trees, all of which
appear in G ~ G(n,p) whp. Our proof provides, however, further spanning (but not necessarily
connected) graphs that appear whp in random graphs above the connectivity threshold (such
as KeyChains on linearly many vertices alongside a disjoint cycle spanning the remaining set
of vertices).

1.1 Discussion

Hamiltonicity Komlés and Szemerédi [15] and independently Bollobds [5] showed that the
threshold for the appearance of a Hamilton cycle in random graphs is p = (logn + loglogn)/n.
This coincides with the threshold for the disappearance of vertices of degree 1, an obvious
obstacle in obtaining a Hamilton cycle. In particular, if np — logn — loglogn — oo and
G ~ G(n,p), then G contains a Hamilton path as a spanning tree. Thus, our result is interesting,
and perhaps surprising, for values of p which satisfy np = logn + f(n), where f(n) — oo but
f(n) —loglogn 4 co. Our result states that in this intermediate regime, we can still construct
a specific tree which contains a path that spans almost all of the vertices of the graph.

Spanning trees in random graphs Theorem 1.1 gives an explicit set of trees, each of
which spans a binomial random graph just above the connectivity threshold whp. Which other
spanning trees can we expect to find around the same edge density? Recently Montgomery [17]
solved a conjecture by Kahn (see [14]) according to which every n-vertex tree of maximum
degree at most A appears in G(n,p) whp if np > Clogn for C = C(A). Earlier, Hefetz,
Krivelevich and Szabé [12] showed that every bounded degree n-vertex tree with either linearly
many leaves or a linearly long bare path appears in G(n,p) whp if np > (1 4 €) logn for some
e > 0.

We wish to stress that our declared goal in this paper is to present one concrete family of
spanning trees appearing typically at the threshold for connectivity, and this goal is achieved
in Theorem 1.1. Undoubtedly a wider class of spanning trees can be shown to appear whp
for this value of p(n) using similar (but possibly more involved) techniques and arguments, but
we decided not to pursue this goal here, aiming rather for relative simplicity. The question of
which trees are likely to appear in G(n, p) if one only requires np —logn — oo therefore remains
open.



Another possible extension of our main result would be to consider the random graph
process, and to try and prove that some concrete spanning subgraph (say, our KeyChain)
appears typically at the very moment the graph becomes connected. This would imply our result
by the standard connections between random graph processes and models G(n,p), G(n,m).
Again we chose not to push in this direction, preferring simplicity.

The Ph.D thesis of Roman Glebov [11] presents several results about embedding spanning
trees in sparse random graphs near the threshold for connectivity. The concrete graph KC(n, t, )
referred to in our main result (Theorem 1.1) is not covered by any of his results. The thesis
claims these results are based on a joint paper with Johannsen and Krivelevich, this paper has
not been completed; to the best of the authors’ knowledge, the results were not presented in
any other paper published by Glebov.

The maximum common subgraph problem Finding a maximum common subgraph of
two graphs (sometimes called mazimum common edge subgraph, or MCES) is an NP-hard
problem (for example, there is a trivial polynomial reduction from the Hamiltonicity problem
to MCES) with real-world applications in computer science and in chemistry (see, e.g., [4,19]).
Theorem 1.1 can be thought of as an explicit (connected) subgraph which is typically common
to random graphs past the connectivity threshold. In particular, writing M (G1,G2) for the
size of a maximum common subgraph of G1, Gy, Theorem 1.1 gives M(G1,G2) > n whp for
independently sampled G1,Gy ~ G(n,p), where np —logn — oco. The following proposition,
whose proof appears in Section 5, shows that this bound is asymptotically tight.

Proposition 1.2. For every e > 0 there exists d > 0 for which the following holds. Suppose p <
n~H and let G1, Gy ~ G(n,p) be two independent random graphs. Then, whp, M(G1,Gs) <
(1+e)n.

1.2 Proof outline

We begin by listing useful properties of random graphs just above the connectivity threshold.
With these properties in hand, we continue as follows. First, we take care of all “keys” of the
KeyChain: these consist of all vertices of degree 1 in the graph, in addition to some vertices
of degree 2. We aim to connect neighbours of these keys by equal-length paths, constructing
a comb-like graph. FEventually, we would want to connect the ends of the comb by a path
which spans the remaining vertices. This cannot be done naively, however, since some of the
remaining vertices may have most (or all) of their neighbours inside the comb. To overcome
this difficulty we make a preparatory step in which we put aside small degree vertices with their
neighbours. This is stated precisely in Section 4. The “comb” is then found in the set of the
remaining vertices.

Organisation of the paper We start by reviewing some preliminaries in Section 2. In
Section 3 we list and prove useful (and mostly standard) properties of random graphs just
above the connectivity threshold. In Section 4 we prepare our graph, handling future “keys”
and small degree vertices, construct the “comb” and close it to a KeyChain, concluding the
proof of Theorem 1.1. We finish by a quick proof of Proposition 1.2 in Section 5.



2 Preliminaries

In this section we provide several definitions and results to be used in this paper.

2.1 Notation

The following graph theoretic notation is used. For a graph G = (V, E') and two disjoint vertex
subsets U, W C V, we let Eq(U, W) denote the set of edges of G adjacent to exactly one vertex
from U and one vertex from V, and let eq(U, W) = |Eq(U,W)|. Similarly, Eg(U) denotes
the set of edges spanned by a subset U of V', and eq(U) stands for |[Eg(U)|. The (external)
neighbourhood of a vertex subset U, denoted by Ng(U), is the set of vertices in V' \ U adjacent
to a vertex of U, and for a vertex v € V we set Ng(v) = Ng({v}). The degree of a vertex
v € V, denoted by dg(v), is its number of incident edges. For an integer 0 < i < [V, we let
D; = D;(G) be the set of vertices of degree i in G, and let D<; = D<;(G) := Jj_( D;. Finally,
we let n; = ni(G) := |D;| and n<; = n<;(G) := |D<;|. In the above notation, we sometimes
omit the subscript G if the graph G is clear from the context. We occasionally suppress the
rounding notation to simplify the presentation. For two functions f = f(n), g = g(n) we write
f ~ g to indicate that f = (1 + o(1))g.

2.2 Probabilistic bounds

We will make use of the following useful bound (see, e.g., in, [13, Chapter 2]).

Theorem 2.1 (Chernoff bounds). Let X = >""" | X;, where X; ~ Bernoulli(p;) are independent,
and let pu=EX =37 pi. Let 0 < a <1< f. Then

P(X < ap) < exp(—p(aloga —a +1)),
P(X > Bu) < exp(—p(Blog S — B +1)).
The following are trivial yet useful bounds.
Claim 2.2. Let X ~ Bin(n,p) with p =np and let 1 <k <n. Then

P(X > k) < (%)k

For a proof see, e.g., [9].
Claim 2.3. Let X ~ Bin(n,p) with p = np, write q=1—p and let 1 <k <np/q. Then

k
P(X < k)< <e;w> —
q

2.3 Pobsa’s lemma and corollaries

For an overview of the rotation-extension technique, we refer the reader to [16].

Lemma 2.4 (Pésa’s lemma [18]). Let G be a graph, let P = vq,...,v; be a longest path in G,
and let R be the set of all v € V(P) such that there exists a path P' in G with V(P') = V(P)
and with endpoints vo and v. Then |[N(R)| < 2|R| — 1.



Recall that a non-edge of G is called a booster if adding it to G creates a graph which
is either Hamiltonian or whose longest path is longer than that of G. For a positive integer k
and a positive real o we say that a graph G = (V, E) is a (k, a)-expander if |[N(U)| > «o|U]
for every set U C V of at most k vertices. The following is a widely-used fact stating that
(k, 2)-expanders have many boosters. For a proof see, e.g., [16].

Lemma 2.5. Let G be a connected (k,2)-expander which contains no Hamilton cycle. Then G
has at least (k + 1)%/2 boosters.

It is not hard to see that an (n/4,2)-expander on n vertices is connected, a fact that we will
use later on. We will also use the following deterministic lemma from [10].

Lemma 2.6 ([10, Lemma 4.6]). Let m,d > 1 be integers, and let H be a graph on h > 4m
vertices satisfying the following properties:

1. 6(H) > 2;

2. No vertexv € V(H) with d(v) < d is contained in a 3- or a 4-cycle, and every two distinct
vertices u,v € V(H) with d(u),d(v) < d are at distance at least 5 apart;

3. Every set F C V(H) of size at most 5m spans at most d|F|/10 edges;
4. There is an edge between every pair of disjoint sets Fy, Fo C V(H) of size m each.

Then H is a (h/4,2)-expander (and, in particular, it is connected).

3 Properties of random graphs

We now present and prove some typical properties of random graphs above the connectivity
threshold, to be used in the proof of Theorem 1.1. The properties we present are fairly standard
and the consequent proofs are mainly technical and may get tedious, so a first time reader may
wish to skip them.
Denote
SMALL = SMALL(G) := D<iggpn/10(G).

Additionally, set
v=10"

Lemma 3.1. Let 1 < f(n) < loglogn, p = (logn+ f(n))/n and G ~ G(n,p). Then, whp, G
has the following properties:

(P1) A(G) <10logn;
(P2) [Di] <logn < |Dyl;

(P3) There is no path of length at most 0.2logn/loglogn in G whose (possibly identical)
endpoints lie in SMALL;

(P4) |SMALL U N(SMALL)| < n06;

(P5) There in no U C V(G) with |U| < 10n/logn, e(U,V(G)\ U) > |U|logn/11 such that
IN(U)| < |U[logn/18;



(P6) Every set U C V(G) of size at most yn/5000 spans at most ylogn - |U|/1000 edges;
(P7) ForeveryU, W C V(QG) disjoint with 10n/logn < |U|,|W| <n/9, IN(U)NN(W)| > n/9;

(P8) For every U W C V(QG) disjoint with |U|, |W| > |[E(U,W)| > 3|U||W|logn/n;

25000 4

Proof of (P1). Since d(v) ~ Bin(n — 1,p) for every v € V(G), we have

10logn
n enp
P(d(v) > 101 < 10logn =o(1
(d(v) = 10logn) < (1010gn>p ~ \10logn o(1/n),

and the statement follows by the union bound. O

Proof of (P2). The probability that a given vertex is of degree 1 is at most np(1 — p)" 2 =

o(logn/n). Thus E[n;] = o(logn) and by Markov’s inequality P(n; > logn) = o(1). The
expectation of ng is n - ("5 1) 2(1 — p)"3 = w(logn). On the other hand, the variance is

Var[ng] = E[ns?] — E[ny)?

- —}E[ng]2 + E[ngo] + Z P(da(u) = da(v) = 2)

(u,0)EV(G)?
uFv

2
= (=1+0(1)) E[no)® +n(n—1)- ((" N 2) P (1 —p)" T+ npP(1 - p)Q”‘f”)

= 0<E[n2]2>,

which, by Chebyshev’s inequality, implies that P(ng < logn) = o(1). O

Proof of (P3). Write L := 0.2logn/loglogn. Let 1 < ¢ < L and let P = (vg,...,vy) be a

sequence of ¢ + 1 distinct vertices from V(G), with the one possible exception vy = .
Suppose first that vg # vg. Let S := V(G) \ {vo,v1,v¢—1,v¢}, let Ap be the event that P is

contained in G as a path, and let A4 be the event that d({vo,v¢}, S) < logn/5. By Theorem 2.1

with a = 5.(12‘1?_"5)13 =1/10 + o(1), we obtain that

P(Ag) < exp(—(2n —5)p- (aloga —a+ 1)) <n~ 13

The events Ap, Ay are independent, hence P(Ap A Ag) < p‘n~13. Let A be the event that there
exists a path P = vy, ...,vp with 1 < ¢ < L in G such that Ap and d(vg), d(vy) < logn/10, the
probability of which is at most P(Ap A Ag). By the union bound, summing over all sequence
lengths and all sequences, we get

L
Z Z‘H tn—13 < anoliézp) £-0.3 < L-n1 1}Z§Z)gn L-03 < L-n~1/20 — o(1).
-1

The case vy = vy is similar. Let S := V(G) \ {v1,v—1} and let Ay be the event d(vg, S) <
logn/10. Once again by Theorem 2.1, P(Ay) < n~ %5 and the events Ap, A4 are independent,
hence P(A, A Ay) < p'n~0C. Let A’ be the event that there exists a cycle P of length 3 < ¢ < L
such that Ap and d(vg) < logn/10. By the union bound, P(A’) < ZKL:?) n‘p'n=06 = o(1).

Finally, observe that P(G € (P3)) > 1—-P(A)—P(A’), and so the statement is obtained. [



Proof of (P/). Thus, by Theorem 2.1 we have P(d(v) < logn/10) < n=%6 and therefore by
Markov’s inequality |SMALL| < n®5 whp. By the definition of SMALL we have that [SMALL U
N(SmaLL)| < n%6 whp. O

Proof of (P5). For U C V(G) with |U| = k, let Ay be the event that e(U, V(G)\U) > klogn/11
and |[N(U)| < klogn/18. On this event, there exists W C V(G) of size klogn/18, disjoint of
U, which contains N(U). Denote this event by Ay w. Evidently, using Claim 2.2,

P(Apw) < P(Bin(k*logn/18,p) > klogn/11) - (1 — p)k(n—k=klogn/18)

k1 11 k1 11

For k£ < 10n/logn let Aj denote the event that there exists U with |U| = k for which Ay
occurs. By the union bound over all possible choices of U, W we have that

n k+ klogn/18
< .
PlAr) < <k + klog n/18> ( k ) PlAvw)
en (1/184-0(1))klogn
k+ klogn/18

_ [ 50n \(/1SreEEn gy Rloan/L
. c €
~ \klogn 18

n 1/18—1/11+0(1) klogn
< [( ) L 501/17 . 91/11 6—0.4]
klogn

< exp(klogn - (log(10)/25 + log(50) /17 + log(2) /11 — 0.4)) = ¢~k logn),

. loglC n-P(Auw)

Finally, let A denote the event that there exists U with 1 < |U| < 10n/logn for which Ay
occurs. By the union bound over all possible cardinalities k = |U| we have

10n/logn

PA) < > P(A) gi Q(klogn) — (1), O
k=1

k=1

Proof of (P6). Fix U C V(G) and set 7' = v/5000. By Claim 2.2, the probability that |E(U)| >
m for some m > 1 is at most (e|U|?p/m)™. Hence, by the union bound, the probability that
there is a subset U C V(G) negating (P6) is at most

v'n ekp 57" logn-k
57’ logn

/ ogn k
(<i:> () )

2
3 =

(]

Bl
—_

/ /

¥'n
< < . 0. 6Q logn) > O
k 7 k=1

2
3

—_

and the statement follows. ]



Proof of (P7). If U,W C V(G) are disjoint with 10n/logn < |U|,|W| < n/9, and |[N(U) N
N(W)| < n/9, then there is a set X C V(G) \ (U U W) of size 0.6n such that every vertex
x € X is connected to no vertex in U, or connected to no vertex in W. By the union bound,
the probability of this is at most

n/9 n/9

S 3 (D) (om) (@-prra-pr)"”

_10n ___ 10n
k= logn 5= logn

< exp((o(1) +log(9e)/2 +2log2+ 1 —10) - 0.6n) = o(1),

and the statement follows. ]

Proof of (P8). If U;/W C V(QG) are disjoint, and |U|,|W| > «yn/25000, then by Theorem 2.1,
the probability that e(U, W) < 3|U||W|logn/n < 2E(e(U,W)) is of order

exp(—Q(E(e(U, W)))) = exp(=Q(|U|[W[logn/n)) = exp(—(nlogn)).
By the union bound, the probability that such U, W exist is at most
3" - exp(—Q(nlogn)) = o(1). O

The following lemma describes yet another property of G(n,p), which might need further
explanation. Recall that G ~ G(n,p) is not assumed to be Hamiltonian, and in the relevant
regime typically does not contain a Hamilton path. We will need, however, to find a path (and,
in fact, many such paths) which spans a large predetermined portion of its vertices. It is not
hard to see that subgraphs spanned by carefully chosen (large) sets of vertices are (very) good
expanders. Our way to argue that they are Hamiltonian, however, will be to show that they
contain sparser expanders. To this end, we will use the method of “random sparsification”
which has become a fairly standard tool in the study of Hamiltonicity (see, e.g., in [2,3,9,16]).
The main idea behind this, which is the essence of the next lemma, is that we can show that
whp every sparse expander will have a relative booster.

Lemma 3.2. Let 1 < f(n) < loglogn, p = (logn + f(n))/n and G ~ G(n,p). Then, whp,
for every W C V(G) of size |[W| = h > n/10 and for every (h/4,2)-expander H on W which is
a subgraph of G with at most ynlogn/100 edges, G contains a booster with respect to H.

For later references we will name the property described above (P9).

Proof. Fix W C V(G) such that h := |W| > n/10, and let H be an (h/4,2)-expander on W
with m edges, that is a subgraph of G. Recall that H is connected. Hence, by Lemma 2.5 we
know that G[W] has at least n?/3200 boosters with respect to H. Thus, the probability that
G[W] contains H but no booster thereof is at most

log n>n2/3200 < <2 logn

n n

P (1 - p)n2/3200 <pm. <1 — ) - exp(—nlogn/3200).



Write 5 = ~v/100. As there are at most 2™ choices for W and at most (7;) < (en2 / m)m choices
for H for each 1 < m < fnlogn, we have, by the union bound, that the probability that there
exist such W and H for which G[W] does not contain a booster with respect to H is at most

frlogn 2enlogn
2" - exp(—nlogn/3200) - > < >

m=1

(1)

Set g(m) = (2enlogn/m)™ and observe that ¢'(m) = g(m) - (log(2enlogn/m) — 1), which is
positive for 1 < m < fnlogn. Thus, the sum in (1) can be bounded from above by

Bnlogn - (2¢/B8)"'°8™ = exp((Blog(2¢/B) + o(1))nlogn),

which, recalling that 8 = ~/100 = 1079, is smaller than exp(nlogn/3201), and thus (1) tends
to 0 as n — oo. O

4 Constructing a KeyChain

In Section 3 we have identified useful properties which are satisfied by random graphs wh-
p- In this section we will assume our graph possesses these properties, and show that this
deterministically implies that the graph contains a KeyChain.

For convenience, let us repeat some definitions from Sections 1 and 3. Consider the following
sequence: a; = 1, aj41 = [a; - logn/100], and set jo to be the minimum index j for which
a; > 10n/logn. Let further

t:=|logn| and ¢=2j.

Finally, recall that v = 10~%. In this section we prove the following lemma, which, when put
together with Lemmas 3.1 and 3.2, completes the proof of Theorem 1.1.

Lemma 4.1. Any n-vertex graph G satisfying Properties (P1)-(P9) contains KC(n,t,£) as a
subgraph.

Our plan is as follows. We want to construct a “comb”, which consists of ¢ keys (all vertices
of degree 1 in addition to some vertices of degree 2), and equal-length paths between neighbours
of consecutive keys. We will then want to connect the endpoints of the comb by a path which
spans the remaining set of vertices. As hinted in the introduction, we cannot carelessly do so,
as some vertices outside the comb might have most or all of their neighbours inside the comb.
Instead, we have to make a preparatory step, in which we put aside vertices of small degree
(except the future “keys” of the KeyChain) along with their neighbourhoods. This preparatory
step is Lemma 4.2. Given the partition in Lemma 4.2, we construct a comb in its large part
(in Lemma 4.5), and then connect the endpoints with a path that spans the remaining set of
vertices. This is depicted in Fig. 3.

In the next lemmas we assume G is an n-vertex graph satisfying Properties (P1)—(P9).

Lemma 4.2. There exist a partition V(G) = V* U V" with |V*| ~ 2yn and a set K C V' with
|K| =t for which the following holds:

(a) Di(G) € K C D<3(G);
(b) N(K)CV’;



(c) d(v,V*) <200vlogn and d(v, V') > logn/20 for every v e V'\ K;

(d) If K C X C V' satisfies | X| < n/2 and wi,wy € X \ K then there exist z1 ~ wi and
zo ~wsy in V(G)\ X, and a Hamilton path from z1 to zo in G[V(G) \ X].

Here, K will be the set of keys for our future construction, and V'’ will host the comb,
with conditions (b),(c) ensuring that its construction is indeed possible. Finally, condition (d)
ensures that the comb can be extended into a copy of KC(n,t,¢) by plugging it as X and the
two endpoints of the comb’s path as w1, ws.

The proof of Lemma 4.2 is based on two ingredients.

The first ingredient (Lemma 4.3) takes care of the actual partition promised by Lemma 4.2.
In this step we take measures to ensure that our partition satisfies the desired conditions. In
particular, vertices of SMALL \ K, and their neighbours, are placed in V*. This serves a dual
purpose: we ensure that the minimum degree of the graph spanned by V"’ is at least logarithmic,
thus aiding us with the construction of the comb, and that the minimum degree after removing
the comb is at least 2, which is a necessary condition for the completion of the comb into
KC(n,t,?).

The second ingredient (Lemma 4.4), which is the core of the proof, gives (d), by showing
that inside these “well-prepared” sets, one can find Hamilton paths with linearly many distinct
endpoints, emerging from a given vertex.

Lemma 4.3. There exist disjoint sets K,Uy,Uy C V(G) with |K| =t and |Uy|,|Us| ~ yn for
which the following holds. Write V! =V (G) \ (U1 UUz). Then

(a) Di(G) € K C D<o(G);

(b) For everyv e K, N(v) CV'\ K;

(c) If v ¢ SMALL then vylogn/100 < d(v,Uy),d(v,Us) < 100ylogn and d(v, V') > logn/20;
(d) Ifv e SMALL \ K then v and all of its neighbours are in Uj.

Proof. The proof involves an application of the symmetric form of the Local Lemma (see,
e.g., [1, Chapter 5]; a similar application appears in [12] and in [10]). Write V = V(G),
a=1/10, s =1/v. Let r = |[n/s| ~ yn and let A;,..., A, Z be a partitioning of the vertices
of G into r “blobs” A; of size s and an extra set Z with 0 < |Z| < s. For j € [r] let (1‘]1,1:?)
be a uniformly chosen pair of distinct vertices from A;. For ¢ = 1,2 define U] = {x; =1
Clearly, |U{| = |Uj| = r and U N U, = &. For every v ¢ SMALL let B, be the event that
d(v,U!) < 2ya®logn for some i = 1,2, and let B be the event that d(v,U]) > ya=2?logn/2
for some i = 1,2. For such v, let L(v) be the set of blobs that contain neighbours of v,
namely, L(v) = {A; : N(v)NA; # @}. For j € [r] write nj(v) = |[N(v) N Aj|, and note that
>-inj(v) > d(v) —s > alogn/2. For i = 1,2 and j € [r] let X;(v) be the indicator of the
event that x; is a neighbour of v, and note that IEX;(U) = ynj(v). Observe that for i = 1,2,
d(v,Uj) = >, X (v), hence Eld(v,U])] = v>_;nj(v) > vyalogn/2. Thus, by Theorem 2.1,
P(B,) < n~¢ for some c_ > 0. Similarly, by (P1), E[d(v,U])] = v32;n;(v) < ya~tlogn.
Thus, by Theorem 2.1, P(B,) < n=% for some cy > 0. We conclude that for B, = B, U B}
we have P(B,) < n~¢ for some ¢ > 0.

For two distinct vertices u,v ¢ SMALL say that u,v are related if L(u) N L(v) # @. For
a vertex u ¢ SMALL let R(u) be the set of vertices in V' \ SMALL which are related to u, and
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note that |R(u)| < sA(G)?, which is, by (P1), at most C'log®n for some C' > 0. Note that B,
is mutually independent of the set of events {B, | v € (V \ SMALL) \ R(u)}. We now apply the
symmetric case of the Local Lemma: observing that en™¢ - C'log?n < 1 (for large enough n),
we get that with positive probability, none of the events B, occur. We choose U], U} to satisfy
this.

Choose a set K of size t arbitrarily to satisfy (a); this is possible due to (P2). Write
Kt =KUN(K) and ST = SMALL U N(SMALL) 2 K. Note that |[K"| < 3logn by (P2) and
that |ST| < n%6 by (P4). Define Uy = (U] UST)\ K+ and Uy = U} \ St and observe that
|U1|, |Ua| ~ yn. Due to (P3), N(SMALL \ K) C ST\ KT, hence the construction satisfies (d).
Let v ¢ SMALL. The fact that G satisfies (P3) implies that v has at most 1 neighbour in S¥.
Thus, for every v ¢ SMALL and ¢ = 1,2 it holds that |d(v, U;) — d(v,U/)| < 1, and, in addition,
d(v, V') > d(v,V \ (U UU})) — 1 > alogn/2, hence (c) is satisfied. By the discussion above
and by (P3), (b) is also satisfied. We have thus proved the statement. O

Lemma 4.4. If W C V(G) is a vertex subset such that |W| > n/10, §(G[W]) > 2, and such
that for every v € W we have d(v, W) > min{d(v),vylogn/100}, then for every w € W there
exists R C W with |R| > n/40 such that for each y € R, there is a Hamilton path in G[W]
whose endpoints are w and y.

Proof. Write § = ~/100 and set dy = fBlogn. Let W C V(G) satisty h := |[W| > n/10
and 6(G[W]) > 2, and assume that for every v € W we have d(v, W) > min{d(v), Slogn}.
We select a random edge subgraph H of G[W] as follows. For each v € W, if d(v, W) < dy
set E(v) = Eg(v,W); otherwise, namely if d(v, W) > dp, then set E(v) to be a (uniformly)
selected set of dy random edges of G[W] which are incident to v. Let H = (W, Ey) with
Exg = Uyew E(v). Observe that |[E(H)| < h-dy < Bnlogn/10.

We now show that H is, with positive probability, a (connected) (h/4,2)-expander. Taking
d = dy and m = fn/250, and noting that h > n/10 > 4m, it is enough to show that H
satisfies, with positive probability, Conditions 1-4 in Lemma 2.6. For the first condition, note
that §(H) > min{dp, 6(G[W])} > 2. The second condition holds as it holds for G by (P3) (since
d <logn/10), and clearly also for every subgraph thereof. Similarly, noting that 5m = pn/50,
the third condition holds as it holds for G by (P6).

We move on the prove the fourth condition of Lemma 2.6. Let Fy, Fo C W with |F|, |Fa| >
m. By (P8) we know that |E(Fy, F2)| > cnlogn for ¢ = 107982, For u € Fy for which
da(u, F3) > 1 let A, be the event that none of the edges of D(u) is incident to a vertex of
F5. By the construction of H, if dg(u, W) < dy then P(A,) = 0. On the other hand, if
da(u, W) > dy then, using (P1),

do—1 .
P(Au) S (d(;(u, W)d—odg(u,Fg))/(dg(’;;W)> _ H) dg(u, 3;)(; ;l[f)(,lf 5712) —1
de(u, Fp) \® dg (u, Fp) \ ®
< (1 - W) < <1 - 1010gn> < eXp(_dG(U>F2) : 6/10>-

Note also that A, are independent for different u € Fy. Thus,

P(Ey (F1, Fy) = @) < exp 2 Z da(u, Fy) | =exp _E‘EG(Fl,FQ)‘ < g—C'nlogn
10 = 10
u€F1
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for ¢ = 107733. By taking the union bound over all at most 22" choices of F, Fy, we see that
Condition 4 of Lemma 2.6 holds whp.

Our next step is to show that G[W] is Hamiltonian. Fix a subgraph H of G[W] which is
a (h/4,2)-expander. To find a Hamilton cycle in G[W]| we define a sequence Hy, Hi, ..., Hp
of subgraphs of G[W] as follows. Set Hy = H. For each i > 0, if H; is Hamiltonian then set
H;1 = H;; otherwise, let e; be a booster of H; which is contained in G[W]. Note that such a
booster is guaranteed to exist by (P9), as |[E(H;)| < |E(H)| +i < Bnlogn/10 + h < fnlogn.
Evidently, one cannot add h boosters to a graph on h vertices sequentially without making it
Hamiltonian, hence Hj, is a Hamiltonian subgraph of G[W].

Now, let w € W, and let P be a Hamilton path in G[W] with w being one of its endpoints.
Let R be the set of endpoints y of Hamilton paths of G[IW] with endpoints w and y. Evidently, as
G[W] is Hamiltonian, R is not empty. Moreover, by Lemma 2.4 we have | Ngw(R)| < 2|R[ - 1.
Since G[W] is a (h/4,2)-expander (since H is such), it must be the case that |R| > h/4 > n/40,
so the assertion of the lemma holds. O

We are now ready to prove Lemma 4.2.

Proof of Lemma J.2. Let K, Uy, Us be the disjoint subsets of V' = V(G) obtained in Lemma 4.3.
Set V* =U; UUy and V! =V \ V* (so K C V' is of size t and D; C K C D<s, hence (a) is
satisfied). Note that (b) and (c) are also satisfied by Lemma 4.3. Let K C X C V' satisfy
| X] <n/2and let wy,ws € X \ K. Write V" = V' \ X and partition V" = V}" U V] as equally
as possible. For i = 1,2, let W; = V/ U Uj;, and choose a neighbour z; of w; in W;; this is
possible since d(wj, U;) > ylogn/100 by the condition in Lemma 4.3. Note that |W;| > n/5
and for every v € W; it holds that d(v, W;) > min{d(v),~ylogn/100}, hence by Lemma 4.4
there exists a set R; C W; with |R;| > n/40 such that for every y € R; there is a Hamilton
path spanning W; from z; to y. In view of (P8), there exists an edge e between Ry and Ry with
endpoints y; € R;, say. For i = 1,2, denote by @, the Hamilton path between w; and y;. We
now construct a Hamilton path on G[V(G) \ X] as follows (as depicted in Fig. 2):

o 2y Sy 2,
hence (d) is satisfied. O

Let V(G) = V* UV’ be the partition obtained by Lemma 4.2, and let K C V' be the
set of size t obtained by it. The following lemma guarantees that V'’ contains a copy of the
KeyChain’s “comb”, which when put together with property (d) from Lemma 4.2 guarantees
the existence of a copy of KC(n,t,¢) in G.

Write K = {z1,...,2¢}, and for each i € [t] let w; be an arbitrary neighbour of z; in V'
(there exist such neighbours due to the properties of K, V', and they are distinct due to (P3)).
Set @ = {w1,...,w¢}. Recall the definitions of a; and jy from Section 1.

Lemma 4.5. There is a sequence of paths Py, ..., P,_1 C G[V'] for which the following holds:
1. The endpoints of P; are {w;, wit1} for all 1 <i<t—1;
2. The length of P; is exactly £ for all1 <¢<t—1;

3. V(P)NV(Piy1) ={wip1} foralll <i<t—1, and V(P)NV(Pj) =& foralll <i,j <
t — 1 such that |i — j| > 1.
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Figure 2: Visualisation of the proof of Lemma 4.2.

Proof. For U C V', set N'(U) := Ng(U) NV’ (and similarly N'(v) := Ng(v) NV’ for v € V).
By (P3), @ N SMALL = &, and N'(w;) N N'(w;) = @ for all 4 # j. For each 1 < i < t let
Y:, Z; C N'(w;) be arbitrary disjoint subsets of size |Y;| = |Z;| = a2 (such sets exist, by the
construction of V/ in Lemma 4.2). We now construct the required paths sequentially. For
1 <4 <t we assume that P;, P, ..., P,_1 have already been constructed, and construct a path
P; with the desired properties. Additionally, we construct P; to be such that its internal vertices
do not belong to K" := KUQU (U};ll (Y U Zk+1)> (and, accordingly, assume that the internal
vertices of Py, Pa, ..., P;_1 do not belong to Y;, Z;11).

Set Sy :=Y;, Ty := Z;;1. Now, for j < £/2, given the sets So, ..., Sj—1,Ts,....,Tj—1 C V' we
construct sets Sj,T; C V' with the following properties:

e S; C N'(Sj-1), T; € N'(Tj-1);

o S| = |Tj| = ay;

i—1 i—1
»sin(Uven) =50 (Uviw) -o
k=1 k=1
j—1 Jj-1
o Sin|{ UGkUTy) | =Tn | USkUT) | = 2;
K22 k=2
e S,NK' =T;NnK' =5;NnT; =2.

We make the following observation, obtained from properties (P5),(P6) and from the con-
struction of K,V’,V* in Lemma 4.2: if U C V' \ K is of size at most 10n/logn, then
IN'(U)| > |U| - logn/30. Indeed, assume otherwise, then

1 1
IN(U)| < |N"(U)| +200v|U|logn < (30 + 50)|U|logn < |U|logn/18.
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On the other hand, since |U| < 2% < ~n/5000, by (P6), U spans at most ~|U|logn,/1000

logn
edges, and since U N SMALL = &, we have

e(U, V(G > " d(u) —2-e(U) > [U]logn/11.
uclU
a contradiction to (P5). Therefore, since |Sj_1| = [Tj-1| = aj—1 < azjo—; < 10n/logn, we have

‘N/( -1l ’N( J— 1)]>a] 1 - logn/30.

This inequality implies the existence of two disjoint subsets S’,T" of N'(S;_1), N'(Tj_1), re-
spectively, of size at least a;_1 - logn/60. In addition, recalling that ¢ = o(logn), we get

i1 j—1
<U V(Pz)) U (U (Sp U Tk))
k=1 k2

We now wish to make sure that we can choose large enough subsets of S’, T’ which do not
intersect K’. To this end, note that by (P3) N'(S2)NK’, N'(Te)NK’' C Q and |Q| = o(azlogn),
and for j > 3, |K’| = O(log®n) = o(a;_1logn), so for every 3 < j < £/2 we have

<i-0+2-j-aj-1=o0(aj_1-logn).

IN(Sj-1) N K| [N'(Tj1) 1 K] = ofa; 1 - log ).

So overall we get

(S/UT/ ( (U V Pk > (L_J(Sk UT]J))‘ = 0(0,]‘_1 . logn),

k=2

which implies that there are subsets S;,7; of S’, T’ with all the listed properties. Finally,
observe that [Sy/a| = [T}/2| = ay/o, and therefore

10n logn n
10n/logn < [Sysal, [Ty2| < Togn [ 100 -‘ <39

and therefore, by (P7),
(1
N (Si2) VN (Tya)| = ING(S42) 0 NaTya)| = V1= (= 37) -2 10,

which implies that N'(Sy/5) \N'(T}/2) contains a vertex that is not a member of ( h V(Pk)) U

( ¢/2= 1(Sk U Tk)) By the definitions of Sy, ..., S¢/9, 1%, ..., Ty 2, this proves that there is a path
P, of length ¢ between w; and w;y1 with all our desired properties. ]

This concludes the proof of Lemma 4.1. Indeed, let P = ngl P; be the union of the paths we
have found in Lemma 4.5, and let X = P U {{z;, w;}}!_; be the “comb”. By Lemma 4.2, there
exist neighbours z; ~ w; and z; ~ w; outside the comb, and a Hamilton path in G[V(G) \ X]
between z; and z;. The union of the comb, the edges {w1, 21} and {w, 2} and the Hamilton
path constitutes a copy of KC(n,t,¢) in G (see Fig. 3). O
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Figure 3: Visualisation of the proof of Lemma 4.1.

5 Maximum common subgraph

In this short section we prove Proposition 1.2.

Proof of Proposition 1.2. We may assume that £ > 0 is small enough. Let § = §(g) > 0 to be
chosen later and p = n='*°. Let m = (1 + ¢)n, and let A, be the event that there exists a
subgraph H of G with m edges which is also a subgraph of G2. By the union bound over the
possible choices of H and the permutations of the vertices of GG, we obtain

n

(5) 2m enp” e (—1+25 "
< .nl. < - . < . +26)(1+e)+1)
P(A,) < (m n!.-p*" < 20 +7) n <2 n )

Taking § = 0(¢) > 0 small enough (§ < /3 suffices), the last term is vanishing. O
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