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ABSTRACT. Say that a graph G has property K if the size of its maximum matching is equal
to the order of a minimal vertex cover. We study the following process. Set N := (g) and
let e1, €2, ...en be a uniformly random ordering of the edges of K, with n an even integer.
Let Go be the empty graph on n vertices. For m > 0, Gy, 41 is obtained from G, by adding
the edge em+1 exactly if Gy U {em+1} has property K. We analyse the behaviour of this
process, focusing mainly on two questions: What can be said about the structure of Gy and
for which m will G,, contain a perfect matching?

1. INTRODUCTION

The modern study of random graph processes began in 1959 with the inaugural papers of
Erdés and Rényi [10], 11]. Given a uniformly random permutation ey, ...,ex of E(K,), they
studied the evolution and properties of the graph G, with edge set {ei,..., e}, which
is now known as the FErdds-Rényi random graph. This work has since grown into a well-
established research area with many important applications in theoretical computer science,
statistical physics, and other branches of mathematics [5], 20, [17].

An important variant of the standard Erdés-Rényi process, often referred to as the random
greedy process, is the following. Given a graph property P, preserved by the removal of edges,
begin with an empty n-vertex graph and at each step add an edge chosen uniformly at random
from those that do not violate property P. The random greedy process was first considered
by Rucinski and Wormald [27] (in the case of bounded degree) and, following discussions
of Bollobds and Erdés, by Erdés, Suen and Winkler in 1995 [I3] (in the case of triangle-
freeness). Their motivation was defining and analysing a natural probability measure on the
set of P-maximal graphs.

A vparticularly well studied property is that of being H-free for a general graph H. In
many cases, the final graph obtained at the end of the H-free process has been used to give
constructions of interest in extremal combinatorics. In particular, such constructions have
been found to improve lower bounds on Turdn numbers (see [29, [3]) and on off-diagonal
Ramsey numbers (for example [I}, 3], 4] [16]).

In addition to looking at the structure and properties of the final graph, one often asks
questions about the evolution of the process itself (see, e.g., [3,26]). The properties mentioned
so far are decreasing (closed under removal of edges) and local. Monotonicity of P guarantees
that the final graph G is maximal in P and facilitates the use of some common techniques
such as coupling with a modified process. So far, global properties are far less well understood
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and there is no standard approach to analysing these processes (see for instance, the properties
of being planar [19], r-colourable [26] and k-matching-free [23]).

In this paper we consider a global non-monotone property of a graph G, that the size of
a maximum matching v(G) is equal to the cardinality of an optimal vertex cover 7(G). A
vertex cover in G is a set of vertices incident to any edge of G. Equivalently, the complement
of a vertex cover contains no edges of G and is thus an independent set. We say that the
vertex cover C' is optimal if there is no vertex cover of cardinality less than C. It is easy to
see that in general v(G) < 7(G) < 2v(G). We say that G is a Kdnig graph (or has property
K) if v(G) = 7(G).

The properties v(G) and 7(G) and the relationship between them have been studied in
many contexts. A foundational theorem of Kénig and independently Egervéary [22, [O] says
that bipartite graphs have the Kénig property. The problem of finding an optimal vertex cover
NP-hard but it can be solved in polynomial time in K6énig graphs via the maximum matching.
However, most graphs are closer to the other end of the spectrum, where 7(G) ~ 2v(G). As,
with high probability, Gy, », with m = 5n(logn + w(1)) has a perfect matching [12], whereas
7(Gn,m) ~ n for m > n [20]. |I|

In light of this, we are interested in the evolution of a random graph process constrained
by the Kénig property, defined as follows. Let Gy be the empty graph on vertex set V', where
V| =nand N = (Z) Let e1,e2,...en be a uniformly random ordering of the edges of the
complete graph on K, on V. At each step m > 0, the edge e;,+1 is offered to G,,. Say that
a vertex pair f is acceptable for G, if f ¢ {e1,...,em} and Gy, + f has property K. If ;41
is acceptable for G,,, we set Gy41 := Gy, + em+1 and say that the edge e, 11 is accepted.
Otherwise we say that e,,+1 is rejected and set Gi1+1 := Gp,. An important observation is
that an edge e is acceptable for G,, if and only if e is incident to an optimal cover in G,,
or extends a maximum matching in GG,,. In the remainder of the paper, we assume that the
number of vertices n is even. Let G2l be the graph whose edge set is {e1,...,en,}. Note that
G?}} is distributed as Gy, ,,,. All the proofs translate to odd n if we define a perfect matching
to be a matching of order L%J

We remark that it is also natural to consider an alternative process in which 7(G) = v(G) is
maintained not just for G,,, but for every subgraph of it. However, this condition is equivalent
to bipartiteness and yields precisely the bipartite graph process considered by Erdoés, Suen
and Winkler [13]. Our process and the resulting graph are rather different.

Let us return to the K6nig process and consider what can be said about the structure of
Gn. We start with a simple proposition which is proved in Section [4]

1
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Proposition 1.1. For all m > 1, the graph G,, has a mazimum matching that intersects
every edge of G%l.

At the end of the process, since all the edges of K, have been offered, deterministically the
final graph Gy has a perfect matching. This settles the value of v(Gy) and raises a number
of further questions about the typical structure of Gy and the evolution of the process (in
particular, appearance of a perfect matching). As G'x has a vertex cover C of order 7, it is a

1A usual, we say an event occurs with high probability if it occurs with probability tending to 1 as n — oc.
We write f ~ g if f/g = 1, f =o(g) or f < gif f/g — 0, f = O(g) if |f] < Cg for some constant C.
We write w(1) to denote a function tending to infinity with underlying parameter n; we also write w(n) for
w(n) =w(l) - n.
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subgraph of the classical Erdés-Gallai graph G7,, which consists of a clique on 5 vertices that
is completely joined to an independent set on the other 7 vertices. Given this, we wonder
how close is the graph G to G}, or in other words, how many vertex pairs incident to C'
are missing? How ‘volatile’ is the optimal cover typically in the initial stages of the process,
and at which point does it become ‘rigid’ or unique? This question is also important for
understanding the evolution of the process, in particular the proportion of acceptable edges.

Our first main result is the following.

Theorem 1.2. Let € > 0. With high probability, the Kdnig process satisfies the following
properties.

(i) G1+enlogn contains a perfect matching.
(it) Ganlogn has a unique optimal vertex cover C.
(iii) There are O(n) vertex pairs incident to C' that are not present in Gy .

Furthermore, we analyse in more detail the appearance of a perfect matching in G,. In
the Erdés-Rényi process (G m), Bollébas and Thomason [7] proved that the very edge that
links the last isolated vertex to another vertex makes the graph connected and completes a
perfect matching with high probability if n is even. This happens when m = %n(log n+w(1)).
In fact, they showed that if m > in (logn + w(1)), then Gy, contains a perfect matching
on all but at most one non-isolated vertex with high probability. For m < in log n, there are
other structural obstructions to containing a perfect matching — in this regime, Gy, ,,, is likely
to contain vertices with two neighbours of degree one, only one of which can be contained in
a perfect matching. However, quantitatively, the isolated vertices are the main obstruction
throughout the evolution of the process, as shown by Frieze [18].

Our second main result is an analogue of [7] for our process. We show that, with high
probability, a perfect matching in Gy, occurs significantly later than in G, .

Theorem 1.3. Let m := (% + 7—10) nlogn. With high probability, G,, contains isolated ver-
tices.

This delay in Gy, is surprising, as one might guess that the number of isolated vertices
decays roughly at the same rate as in G, ,,. This would indeed be the case if most pairs
containing isolated vertices in G,, were to extend the current maximum matching.

The delay is, in spirit, similar to Achlioptas processes, which were conceived for the sake
of influencing the typical appearance of graph theoretic properties. Initiating a fruitful line
of research, Bohman and Frieze exhibited an Achlioptas process with a delayed phase tran-
sition [2]. Besides the phase transition, several other graph properties were considered. For
instance, it is known that connectivity and occurrence of a Hamilton cycle (and hence a
perfect matching) can be accelerated [211 [24].

As property K is non-monotone and global, many of our arguments involve novel ideas
(to our knowledge) and could be of their own interest or be adapted to study other global
properties. Our approach combines probabilistic arguments with combinatorial maximum-
matching methods, resulting in intuitive and conceptually simple proofs.

The paper is structured as follows. In the next section, we introduce standard notation
that will be used throughout and outline in detail how the proof will proceed. Then in
Section [3] we recall some standard probabilistic tools and prove some preliminary results.
In Section 4| we use standard techniques to find bounds on v(G,,) for various time steps m
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and prove Theorem . Theorem is proved in Section In Section |§| we prove
Theorem . We also show that, at almost all time steps from cinlogn to 2nlogn, the

number of vertices contained in an optimal cover is close to 5. This will be used in Section
to prove Theorem We conclude in Section [8| by mentioning some related open problems.

2. OVERVIEW OF PROOF

In this section we give a brief overview of the arguments to come, introduce our main
lemmas and define some notation that will be used throughout. Throughout the proof n will
be taken to be sufficiently large when needed. Any statements made during the discussion in
this section about G, hold with high probability (but we may not write this every time). Of
course, any formal statements are made explicit.

Throughout the paper, the probability measure conditional on (eq, ..., ey,) is Py,, and the
corresponding expectation is E,,. In a slight abuse of notation, we use (G,,) for the probability
space as well as the sampled process. The logarithm to base e is denoted by log.

Our first goal in Section {4]is to show that, with high probability, when m is not too small,
G, contains a matching of size 5 (1 — o(1)). More precisely, we will prove the following.

Lemma 2.1. Let v > 0 be a sufficiently large constant and let yn < m < 2nlogn. With
probability 1 — O(n=2),
V(Gm) > g (1 o 673m/(10n)) )

This lemma will follow from the fact that each vertex is typically in linearly many ac-
ceptable pairs and fairly standard graph-theoretic arguments (see, for example, [I7, Section
6.1]) relying on expansion properties of the graph. The same reasoning yields that, with high
probability, after m := (1 4 €)nlogn steps, each vertex has degree at least Q(logn) and G,
has a perfect matching. This proves statement (fil) of Theorem |1.2

In Section [5| we prove Theorem . Let Cn be an optimal cover in Gy and let D,, C
V(Gy,) be the set of vertices contained in some optimal cover of G,,. How can an edge e
incident to C be rejected during the process? This is only possible if e is not incident to
a current optimal cover at the time step m when it is offered (i.e. e N D,, = 0). The key
idea in controlling those rejected edges is to show that for m’ = 1.1nlogn, most vertices in
an optimal vertex cover of GG, have been in an optimal cover for most m < m/. Therefore
we rarely rejected an edge touching such a vertex. We also know that with high probability,
G, has a perfect matching. Then deterministically, no edges incident to C'y will be rejected
after the time step m/, since Cl is also an optimal cover in G, .

The question considered in Section [6] is how ‘rigid’ an optimal cover of G, is during the

n

earlier evolution of the process. We will see that if |D,,| is significantly larger than % in a

positive proportion of steps m, we are accepting too many edges into our graph to maintain

an independent set of order §. Let us state the lemma formally. For mg,t > 0, let T'(mo, )

be the time period of length ¢ beginning at my, i.e. T(mq,t) := {mg,...,mo+t — 1}.
Lemma 2.2. Let mg := ny/logn. For~y >0, let T := T (mg,ynlogn). With high probability,
there are at most yn(logn)*/** values of m € T such that |Dy,| > (& + (logn) /1) n.

This lemma will be useful in proving Theorem as it gives us an upper bound on the
number of acceptable pairs for G,,. We conclude Section [6] by showing that after 4nlogn
steps, the optimal cover in G, is unique, which proves Theorem .
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The proof of Theorem [I.3]is given in Section[7] Let us discuss roughly how the number of
isolated vertices decays in the Kénig process (G,,) compared to a typical Erdés-Rényi process
(Gnm). In a single time step of (G m), each isolated vertex is connected with probability
asymptotically 2/n. This dynamic allows one to relate the number of isolated vertices in G,
to the classical coupon-collector problem and implies that with high probability, the isolated
vertices disappear when m = %(nlogn + w(1)).

Now consider the Kénig process (Gp,) after v(Gp) > (3 4+ o(1))n. Let I, be the number
of isolated vertices in G,,. We will show that there are time steps (called unhelpful) in which
each isolated vertex is connected with probability only 2 (1 + o(1)). The reason is that in an
unhelpful step m, an isolated vertex v cannot be used to extend a maximum matching in G,,,
so now consider the Kénig process (roughly half of the vertex pairs containing v (those not
incident to a current optimal cover) are unacceptable. This is shown in Subsection using a
careful analysis of a maximum matching in G,,. In Subsection we show that the unhelpful
states typically constitute a constant proportion of the time steps. Since in an unhelpful
state m, I, has a smaller decay rate than in G, ,, it follows (via martingale arguments in
Subsection that G(1/24C)nlogn has isolated vertices for some C' > 0. Our argument does
not give a sharp constant C, so we do not attempt to make marginal improvements.

3. PRELIMINARIES AND PROBABILISTIC TOOLS

In this section we gather together some basic probabilistic tools and standard results that
will be used throughout the paper.

3.1. The relationship between G,, ,,, and G(n,p). Let G(n,p) denote the n-vertex random
graph in which every possible edge is present independently with probability p. The following
lemma allows us to prove that G2 has certain properties, by considering the properties of
G(n,m/N). A graph property P is said to be monotone increasing if G € P implies that
G+ecP.

Lemma 3.1 ([I7], Lemma 1.3). Let P be any graph property and let p = p(n) satisfy n*p,n(1—
p)p_l/2 — o0, If m= p(g) and n is sufficiently large, then

P [Gpm € P] < 10mY?P[G(n,p) € P].
Moreover, if P is monotone increasing, then P(Gy., € P) < 3P(G(n,p) € P).

all

As a consequence, we immediately get a bound on the maximum degree in G, logn-

Claim 3.2. For m = 10nlogn, the graph G has mazimum degree at most 200logn with
probability 1 — O (n_2).

Proof. Let p := 107zi3g”. Using the Chernoff bound (the third formulation in Theorem

2
stated below), the probability that a single vertex has degree 2001logn in G(n,p) is at most
27200logn  Taking the union bound over all n vertices and applying Lemma gives the
required result. O

3.2. Standard Estimates and Probabilistic Tools. Here we collect together the standard
probabilistic tools we will use during the proof. The first is a version of the Chernoff Bound
taken from [§].
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Theorem 3.3 (The Chernoff Bound). Let Xi,..., X, be a sequence of independent [0, 1]-
valued random variables and let X =1 | X;. Then, for 0 <e <1,

2E(X)

PX<(1-9EX)) <e =z ,

2E(X)
P(X > (1+E(X)) < e =7
Moreover, if t > 2eE [X], then
P[X >t <27h

We will use a well-known result about the edge distribution in the random graph. As usual,
Eq (U, W) denotes the set of edges of a graph G with one endpoint in U and one in W and
Eq¢(U) the set of edges with both endpoints in U. We omit the index G when the graph is
clear from the context. The number of edges in G is denoted by e(G). This particular form
is stated in [25] for G(n,p), but Lemma [3.1{ implies that it also holds for Gy, p,.

Theorem 3.4. Let m = m(n) < 0.49n2. There exists a constant X > 0 such that, with high
probability, in G,y every two disjoint sets U, W C V' of cardinality |U| = u, |W| = w satisfy

2 2
EOW) e Zo2 40 /2 and |E(WU) € B +0 <u m> .
n n n n

We need another claim on the edge distribution in G, ,,. Although similar results are
available in the literature, we will need an explicit bound on the probability so we include the
proof here.

Lemma 3.5. Let 8 < 0.1 and m > 1087 2n. For G := Gnm and any set U of cardinality at
most ”B , we have

=1-0(n"?).

p|1Eo()] < 7Y

Proof. We say that G € 2, if some set U C V(G) of cardinality u spans more than B Y edges
in G, and set = Ugi/l(%) 2. We will show that P[G(n,p) € 2] = O (n™°) in G(n,p) with

2m
p="z-
We estimate the probability of Z, by taking the union bound over all the vertex sets of

cardinality u.
u(u—1) 26\ "
n 2 1 Bnpu en (eu?
< < B
Pia0p) € 7 < () (o )2 < ( (5) )

We proceed by splitting the range for u. First note for v < fnp, &, is empty as a set of
cardinality u cannot span more than 222% e = ’B M edges. If u < /n and n is sufficiently large,
then eu/(8n) <n~'/3, so

P[G(n,p) € Zu] < (en% -n*%'%ﬁnp)u < (671%7%5@)“ <n%

For /n <u < 6 - » we recall the hypothesis that 2Bnp > 108~! and deduce

36n u
P[G(n,p) € 2] < (6: (;1;) p) < (2€2B—1 ) 2—10#771) <o U
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Combining these estimates, we get

Bn
P[G(n,p) € 7] < Z n= 4 Z 274 =0 (n ") +0 (n-27V") =0 (7).

u=pnp
Lemma (3.1 gives P [Gy,m € 2] = O (n_Q) . O

The following lemma is a bound for the lower tail of the binomial distribution. If we are
looking to control very large deviations, elementary computations give a stronger estimate
than the usual Chernoff bounds.

Lemma 3.6. Let X ~ Bin(k,p) with u = kp — o0 as k — co. Given n > 0 and a constant
0 < 6 <1 satisfying 6(2 +log(1/9)) + (log(dp)) /1w < for sufficiently large k, we have

P[X < opu] <e (e,

Proof. By definition of Bin(k,p), P[X < du] < Z ( )p*(1 — p)*~*. Standard inequalities
give

Ol 7 14p,\ S
PLX < 6] < Z <€’fp> 3o (S e,
S

5=0
As § <1 and the summand is increasing in s for s < u, we can bound each summand by the
final term, s = du. It follows that
P[X <du] <du (625_1)5” e H.
The hypothesis on ¢ is equivalent to log(du) + du(2 + log(1/9)) < nu, and hence
P[X <du] <ele .
(]

3.3. Martingale concentration inequalities. Recall that a sequence of random variables
Xo, X1, ... is called a martingale if for each i > 1, we have E[X; | Xo,...,X;] = X;—1. It
is called a submartingale if E[X; | Xo,...,X;] > X;—1. We will use two standard martingale
concentration results in our proof. The first is Azuma’s Inequality. The version we present
here was taken from [§].

Theorem 3.7 (Azuma’s Inequality). Let Xo, X1, ... be a martingale such that for each i >0
there exists a constant ¢ > 0 such that | X,, — X;m—1| < ¢. Then,

2
P[| X — Xo| > A <2exp <_2C)\2m> )

The second is Freedman’s Inequality. It gives a stronger concentration result than Azuma’s
inequality when the average differences X,,+1 — X, are much smaller than the worst-case.
To avoid working with filtrations and the corresponding notation, we state it in our specific
context. The general statement can be found for instance in [28]. Moreover, in Section [7] we
will apply a version of the Inequality for submartingales, where the bound only holds for the
lower tail of ¥;. This formulation (with slightly stronger constants) can be found in [I4].
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Theorem 3.8 (Freedman’s inequality). Let > ", Y; be a real-valued submartingale, where

Ei—1[Yi] > 0 and |Y;| < 1 for i > 0. Let Wy, = Y1" By [Y?]. Then, for all £ > 0 and
2

o >0,

. < 2 _
P Elm.iEIYZS Eandwmgalgexp{ 202+4€/3].
If, in addition, E;_1 [Y;] =0 for i € N,
£2
. . 2 —_——
P[Elm. ;ZlYZ Zﬁandwmgcr]ngxp[ 202—1—46/3]'

Moreover, the following special case of Theorem for indicator random variables will be
useful in our applications.

Corollary 3.9. Let X; be an indicator random variable depending only on G; and let q; :=
Pi_1 [Xi =1]. For anym € N and L > 0,

P [( > Ln> (Z g < 4Ln>] < e~ Ln/10,

Proof. Fix m, and define T := {1,...m}. Let Y; := X;—¢; for i > 1. By definition, E;_; [Y;] =
0, so (ZZl Yi> is a martingale with |Y;| < 1. Moreover, >, .r E; [V31] = Y icr ai(1 — ¢),
m/

so our event implies the event stated in Freedman’s inequality with o2 = 4Ln. Applying
Freedman’s inequality (with ¢ = Ln) gives precisely

P [( Z(X" > Ln) (Z g < 4Ln>] < 2exp [_8 —fZ/?)] < e~ LIn/10,

€T €T

Our goal in this section is to prove Lemma It can be viewed as an analogue of Frieze’s
result [I8] on G, ,, where he showed that for m = ©(n), G, contains a matching covering
almost all non-isolated vertices with high probability.

We start by proving Proposition a deterministic property of the Kénig process. It
will easily follow that after O(n) steps we have a matching of linear size (see Corollary [4.1)).
A little more work (in Lemma shows that we have a linear sized subgraph with ‘large’
minimum degree satisfying certain expansion properties. We are then able to conclude the
proof of Lemma using a standard expansion argument (see, for instance, Section 6.1 of
[17).

m

D (Xi—g

=1

4. FORMING A LARGE MATCHING

Proof of Proposition[I.1l By induction on m. The statement is trivial for m = 0. Suppose
that it holds for the ﬁrst m — 1 steps and consider the edge e,,,. Let M be a matching where
the set of vertices covered by M, denoted V (M), is incident to {ej,ea,...,em—1}. If ey, is
disjoint from V(M), we can take M + e, to be the required optimal matching. If e, is
incident to V(M) and v(G,,) = v(Gm—1), then M still satisfies the condition.

Finally, if e,, is incident to V(M) and v(Gy,) = v(Gm—1) + 1, let M’ be a matching of size
IM| + 1 in Gy,. The union of M and M’ consists of cycles and paths alternating between
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M and M’, where one path P containing e, has odd length, contains one more edge of
M’ than of M, and two endpoints outside M; all the remaining paths have even length.
Then the matching M; created by replacing edges of M in P by those of M’, is a maximum
matching in G, covering all vertices of M. Hence M’ intersects every edge in {e1,...,emn},
as required. ]

Corollary 4.1. Let € > 0 and mg := € >n. With probability 1 — O (n_2)

(i) v (Gimg) > 15 -, and
(i) whenever mo < m < 2nlogn, each vertex is contained in at least (% — e) n pairs
which are acceptable for G,.

Proof. For every m, G2 has an independent set of order n—2v(G,,), namely the complement
of V(M), where M is the maximum matching granted by Proposition[l.1] Denoting the order
of a maximum independent set in G by a(G), standard first-moment computations (see, e.g.,
[20, Section 7]) yield

P [a (G?&) > en} <e "=0 (n_Q) .

It follows that with probability 1 — O (n™2), n — 2v(Gp,) < en, as required for |(i)

This tells us that with high probability 7(G,,) > (% — 5) n for m > mg. Any pair contain-
ing v and a vertex in an optimal vertex cover C,, of G, is acceptable for G,,. By Corollary (3.2
with probability 1 —O(n~2), G2 has maximum degree O(logn) which implies that o(n) pairs
incident to v have been offered so far. Thus the number of acceptable pairs incident to v is
at least (5 — €) n, as required for |(ii) O

To avoid confusion, we remark that the bound in|(i)|is rather crude since the independence
number of Gy, with m = € 2n is actually © (€2TL log (6*1)). The probability ‘benchmark’
0] (n_z) across this section is also arbitrarily chosen — all the probability bounds are signifi-
cantly stronger.

Even though we need a stronger bound on v(G,,), Corollary is a very useful tool,
providing a lower bound on the probability that e, 1 is acceptable for G,,. As usual, we let
0(G) denote the minimum degree of G. The neighbourhood of a vertex set S in a graph G,
excluding S, is denoted by Ng(S). We may omit the subscript when it is clear which graph
plays the role of G. The following facts about the edge distribution of G,, will be used for
our expansion arguments.

Lemma 4.2. Let 0 < < 1073, There exists v > 0 such that for all yn < m < 2nlogn,
with probability at least 1 — O (n*Q), G has the following properties.
(i) Gy has a subgraph H such that |V (H)| > n (1 — e_m/(gn)) and §(H) > 105m

(i) For any set S C V(H) with |S| < 2%, |Ng(S)U S| > 2|S|.

Proof. First consider We will use the following claim.

Claim 4.3. Let o := e /") qnd let A be the event that there exists a set S of order an
such that |Eg,, (S,V\ S)| < 10afm. Then P[A] = O (n™?).

Proof. Let B be the event that G2 has maximum degree at most 200 log n and the statements
(i) and of Corollary [4.1{ hold with € = 2%. By Claim and Corollary we can pick y
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large enough to ensure that B occurs with probability at least 1 —O (n_Q). It is now sufficient
to show that

(4.1) P[A|B] <n?

Let S be a set of order an. As we condition on B occurring, we can choose v/10 to be
suﬂﬁciently large such that for all m/10 < m’ < 2nlogn, each vertex in G, is contained in at
least On pairs acceptable for G,,,. Also, by choosing 7 to be sufficiently large, we can ensure
that [S| < 155

Combining these two facts with the maximum-degree bound gives that for all m/10 < m’ <
2nlogn, each v € S is in at least 2 < acceptable pairs (v, w) for Gy, such that w ¢ S. So the
probability that e, 11 is acceptable and has exactly one endpoint in S is at least

%niS' > 2
(50 5
Hence
P[|Eq, (S,V\S)| < 10afm|B] <P [Bm <917(7)z 4;) . 10aﬁm] < o-dom.

The last inequality follows from Lemma (applied with p = 36am/50, n = 11/36 and
0 =1/72). Taking the union bound over all sets of order an

PlA|B] < < " ) om0 < (ea_le_%)om = (e 6n+1) <e 0.
an

Since n < m < 2nlogn, a very crude computation gives am = e~m/Bn)gy > e >
n'/3, so P[A] < e=™/10 < =2 completing the proof of (4.1)) and hence the proof of the
claim. 0

—210gn/3m >

Now consider applying the following algorithm to G,,,. Let Hy := G, and Ry := (). Now for
each i > 0, if there exists some v € H; such that degy, (v) < %, then define H;y; := H;\{v}
and R;41 := R; U{v}. We terminate the algorithm when no such v exists, and denote the
final step by j. Claim implies that P[j > an] = O (n_z). For, if R,y is defined, then
|EG,, (Ran,V \ Ran)| < 10am by construction. This completes the proof of ().

To show (ii), assume that part (i), as well as the conclusion of Lemma hold. Let H
be the subgraph given by (i), and let S C V(H) be a set of cardinality |S| < %n. Let
T = Ng(S) U S and suppose that |T| < 2|S| < gn. By Lemma ﬁ and the minimum-degree
assumption about H, we have

15} 10,8m

m
1T 2 1Ee,, (1) =2 — —I5],

and so |T'| > 5|5], a contradictlon. So |T'| > 25|, as requ1red for (ii). O
We are now ready to present the proof of Lemma

Proof of Lemma- Let 0 < 8 <1073 and ¢ := 219872, Given m > yn and ~ sufficiently
large, define m’ = m—(_n > 9’" . Let B be the event that statements (| . ) and ((ii)) of Lemma
hold for m’ and let v be large enough to ensure P(B) =1—-0 (n ) (p0551ble by Lemma i
We show that

(4.2) P[v(Gn) < & (1- 0™ | 8] =0 (07,
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which will imply the lemma. In what follows, we condition on B occurring.

Hence there exists a set L of vertices which span a subgraph of minimum degree at least
%ml in Gy, such that n — |L| < ne~™ /3" < pe=3m/10n  We may ensure L has an even
number of vertices by removing an arbitrary vertex if |L| is odd. Define H; := G;[L] for each
i > m’. We use an expansion argument due to Bollobds and Frieze [6] to show that Hp,
contains a perfect matching. We will include the proof since the claim is not stated explicitly
in [17].

Claim 4.4 ([I7]). Let H be an n-vertex graph in which every S C V(H) with |S| < k satisfies
N (S)| > |S|. If H does not have a perfect matching, then there are at least (’;) vertezr pairs
f such that v(H + f) > v(H).

Proof. Let M be a maximum matching in H and v a vertex not contained in V(M). In this
case, we say that M isolates v. Using a sequence of flips, we will find many vertex pairs uv
which extend M. For e = xz2’ € M and f = zu, where u # v is isolated by M, a flip from e
to f is the operation of replacing M by M’ = M + f —e. Let A(v) be the set of vertices y
such that v and y are isolated by some matching M’ obtained from M by a sequence of flips.

We will show that any vertex in Ny (A(v)) is matched in M to some vertex of A(v), implying
that |[Ng(A(v))| < |A(v)|. Let z € Ny(A(v)). In particular x ¢ A(v) and so v € M. Let
2’ denote the unique neighbour of z in M. We will show the vertex 2’ is in A(v). This will
imply that |[Ng(A(v))| < |A(v)|. Since z € Ny (A(v)) there is a vertex u € A(v) adjacent to
x. Let M’ be a maximum matching obtained from M by a sequence of flips that isolates w.
First, suppose that xz’ € M’. Then we can flip the edge zz’ with the edge zu, isolating x’.
Thus 2’ € A(v). If zz/ is not in M, then at some point in the sequence of flips from M to M’
a flip from xz’ to another edge has occurred. If this happens, then either x or 2’ is in A(v).
By assumption, = ¢ A(v), so in fact 2’ € A(v). Hence |[Ng(A(v))| < |A(v)|, as required.

Our assumption on H in the claim hypothesis implies that |A(v)| > k. Applying the same
argument to all vertices © € A(v) (which are isolated by some maximum matching M’) gives
us at least % distinct pairs zy such that v(H + zy) > v(H). O

Consider any step i with m’ < i < m and v(G;) < §. As we condition on B, we may
apply Claim with k£ = 1%” to get that there are at least (5”2/16) vertex pairs f such
that v(G; + f) > v(G;). As i < 2nlogn, only o(n?) vertex pairs have been offered so far.
Therefore the probability that v(Gi+1) > v(G;) is at least the probability that such an f is

offered, which is

(,Bn2/16) — N 52

(4.3)

Let Y ~ Bin (Cn, g—:) We have

P [H,, has no perfect matching | B] <P [Y < g} = <72,

This completes the proof of the lemma.
O

Analogous arguments actually give a stronger result, which will be used to prove Theo-

rem .
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Corollary 4.5. Let§ > 0, m > n. Let L be a fived vertex subset of even order. If G, )]
has minimum degree at least ‘%m, then Gy, [L] has a perfect matching with high probability.

Proof. Let L be a vertex subset of even order such that H := G,_,y)[L] has minimum
degree at least ‘%m. Then, analogously to the argument in , we obtain that, with high
probability, any subset S C V(H) with |S| < % satisfies |Ng(S) U S| > 2|S|. Now, as in
the proof of Lemma using Claim we see that G,,[L] has a perfect matching with high

probability. ([l

To conclude the section, we show that G, has a perfect matching for m = (1 + €¢)nlogn
to prove Theorem [1.2ffi). It is not difficult to show the claim for m = (1 4 o(1))nlogn by
controlling distances between ‘low-degree’ vertices in Gy, (see, e.g., [17]), but we chose to
include the slightly weaker statement, which is restated here for the benefit of the reader.

Theorem [1.2|f]). Let € > 0 and m = (1 + €)nlogn. With high probability, G,, has a perfect
matching.

Proof. Let t := {nlogn. We will first show that with high probability, G,,—; has minimum
degree at least 0 logn.

By Corollary if t <m/ < 2nlogn, each vertex is in at least (% — 0(1)) n > (% — ﬁ) n
vertex pairs which are acceptable for G,,,;. Therefore, for all £k > 0, we have

P [degg,, ,(v) < k] <P[X <k],

where X ~ Bin (m — 2t, (% — ﬁ)) Let 0 < 1 be small enough for Lemma to hold with

1N = 55. By the choice of § and applying Lemma we have

P [degGm_t(v) < 5logn] < exp <— (1 — %) (m — 2t) (1 — 2(€)n>> <n 17,

n

Taking the union bound over all n vertices gives that with high probability, G,,—; has mini-
mum degree at least d logn.

As t = w(n), we can apply Corollary to Gyy—t with L = [n] and deduce that G,, has a
perfect matching. O

5. THE STRUCTURE OF Gy

The main purpose of this section is to prove Theorem . That is, we bound the
number of rejected vertex pairs incident to an optimal cover of Gy. Let Cpn denote an
optimal cover of Gx. Let m = 1.1nlogn. When G,, has a perfect matching (which it does
with high probability by Theorem [1.2(}i})), C'v will also be an optimal cover in G, and any
edge incident to it will be accepted. So it suffices to control the edges of GA! rejected from an
optimal cover C), of G, when m = 1.1nlogn. This is done in Lemma [5.3] This lemma and
the previous observation immediately imply Theorem . We note that, in particular,
our results in this section do not rely on uniqueness of Cy (Theorem )

We start by introducing some concepts that will be used throughout the section. Recall
that D,, C V(G,,) is the set of vertices contained in some optimal cover of G,,. For a time
period T := T (mq,t) and vertex v € V', define the weight Wp(v) of a vertex as

Wr(v):=|{m e T :v € Dy}
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Note that Wr(v) is a function of our random process. For a set S C V, define the average
weight of S in T as

Wi(S) = ’TI‘ S W),
veS

The main ingredient in the proof of Lemma is the following lemma (Lemma . It
is proved using a martingale trick similar to one that will be used in Lemma [6.1} The main
difference is that here we apply Freedman’s inequality (Corollary , whereas there we apply
Azuma’s inequality. This is because Azuma’s inequality considers the worst-case change of a
martingale (X,,). In our case the typical changes are much smaller. Therefore Freedman’s
inequality gives a stronger bound, which is also necessary for the computations.

Lemma 5.1. For vy > 0, let m; <t :=ynlogn and let T := T(mq,t). The following holds
with high probability.

(i) No set S of order at least 5 with Wr(S) > % is z'ndependegnt in Gyt

(ii) Let a > 10. For any set U of order § with Wr(U) > § — %, the number of edges

t
incident to U which were rejected during T + 1 := T (my + 1,t) is at most ban.

Proof of Lemmal5.1. Let m > my and let S C V be a set of order at least % For each m,
define @7, ; to be the set of vertex pairs in S (2) which are acceptable for G,,. Let s be the
maximum integer such that

- (4
(5.1) E < 79n.
i=my+1 (g) —i+1
For mi +1 < j < s, define Q; := ;-, and for j > s define Q; := (. The reason we truncate

the sequence (Q;) j>mi+1 in this manner is to deal with a technicality in our application of

Freedman’s inequality.
Let X, be the indicator random variable of the event that e,, € Q,,. Moreover, define

‘Qm+1|

qm-l—l = IIED771 [Xm+1 == 1] == (n) — m7
2

so that by definition we have
> Gm+1 < 80n.
meT
Given this, by applying Corollary [3.9] with L = 20, we see that

(5'2) P [ Z (Xerl - Qm+1)

meT

> 20n] <e 2,

Let A be the event that Wp(S) > @. Let B be the event that X,,.1 = 0 for all m € T.
We will show that P[AA B] < e™2.
To use the condition on Wr(S), we will need a simple relation between g, and Wr(S).

Claim 5.2. If A occurs, then Y .1 Gmy1 > 40n.
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Proof. Any vertex pair not contained in G but intersecting S N D,, is acceptable for G,,.
Therefore, we have Q1| > 2SN Dy, |(|S| — 1) —m. Summing over m and using >, .7 [SN
D,,| = tWr(S), which is a restatement of the definition of Wr(S), we get

IREDY 2/Qme1] o tWT(f)\S\ _0 (t2> _

n2 n n2
meT meT

By the claim assumption and the definition of ¢, this is at least 50n — O(log2 n) > 40n, and
the claim follows. 0

By Claim if both A and B occur, then

Z (Xm41 = Gme1)

meT

So by (5.2), P[AAB] < e 2" as required. Observing that B holds if S is independent in
Gm,++ and taking the union bound over S, the probability that (i) does not hold is at most

2"e~ ™. This completes the proof of
The proof of follows very similarly. Let U be a vertex set of order . |N0vv,| for
= Umal g

m > my, let Ry,41 be the set of vertex pairs intersecting U \ D,,, and let ry,41 1= BE
2

= Z dm+1 Z 40n.
meT

Wr(U) > % — @2 then

4| Ry 41 An (U —|UNDy|) 4t (n
2 rmi S ), S ) = =7 (5~ W) < dan.
meT meT meT

Let Z,, be the indicator random variable of the event e,, € R,,. Then P, [Z,,11 =1] =
rm+1.- WNote that the edge ey,, which is incident to U, can be rejected only if e, € Ry,.
Therefore ) _p Zmny1 counts the number of rejected edges incident to U. Analogously to
part applying Corollary to 7, with the constant L = a gives

2
(Z Zmt1 = 5an> A <WT(U) > g — CL;L)] < e—an/10.

meT

P

Taking the union bound over all possible U and recalling the hypothesis a > 10, we get that
holds with probability at least 1 — 2"e™" =1 — o(1).
O

We now apply Lemma to control rejected edges adjacent to an optimal cover and use
this to prove Lemma As discussed above, this immediately implies Theorem .

Lemma 5.3. Let m := 1l.1nlogn. With high probability, if C is any optimal cover in G,
then O(n) edges of G incident to C' have been rejected.

Proof. Set t = m — vyn and T := T'(yon,t), where 7y is a large constant chosen so that the
conclusion of Lemma holds. Namely, with probability 1 — O (n*2),

(5.3) v (Gy) > g (1 - e3f/<10">) for (eT.
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We have |Dy| > v (Gy). So (5.3) implies
ne—3'yon/(10n) 2012

n
2 t

v

N _RNT s/ 5
. > >
G4 W zg -5 e >3 7 3t (1= o)

where we used that 1 —e™® > x/2 for x < 1/2. As V' \ C is an independent set in G,
Lemma implies that with high probability Wr(V \ C) < % Combining this with

logn*

lb gives that Wr(C) > § — i?goz with high probability. Now applying Lemma to
! gives that, with high probability, the number of edges incident to C' rejected during 7' is

O(n).
Clearly at most ygn vertex pairs are rejected before time ygn. This completes the proof of
the lemma and of Theorem [I.2{(ii). O

6. RIGIDITY AND UNIQUENESS OF AN OPTIMAL COVER

We now turn our attention to analysing optimal covers throughout our process. In this
section we will first prove Lemma which concerns the ‘rigidity’ of an optimal cover, and
Theorem, which tells us that with high probability, G4, 10g » has a unique optimal cover.

We start with an elementary observation. For m > 0, conditioned on (€;)i<m, let ppm41 be
the probability that e, 1 is acceptable for G,,. Recall that e, 1 is acceptable whenever it
is incident to an optimal vertex cover. So for 0 < m < 2nlogn, if v(Gy,) = 7(Gr,) is of order
at least n (3 —r(n)), then

2§—2r— 5logn.
4 n

1
(B = (5 —m w2 —n— (3+0)"w? — dnlogn
) —m  ~ n?
A key ingredient for the proof of Lemma [2.2] is the following lower bound on the number
of edges accepted into our graph during a certain time period.

(61) Pm+1 Z

Lemma 6.1. For v > 0, let T := T (mg,ynlogn). Let G be the graph consisting of all edges
accepted into (Gy,) during the period T'. With high probability,

(62) BG)| > Y pw — n/logn,
meT
Proof. For m > 0, define X,, to be the indicator random variable of the event that e,, is

accepted and Y, := X,, — pr,,. By definition of p,,, we have E,,_1 [V;,] = 0, so (Zml YZ) is

i=my
a martingale. Set Y := "+ Y},. Moreover, |Y,,| <1 for each m, so we can apply Azuma’s
inequality (Theorem with A = n/logn. We get

2]
P [v < —nviogn] < exp (gL REL )

2ynlogn

It follows that, with probability 1 — e~ ("),

EG) =Y Xz Y pn—ny/logn.

meT meT
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Call a time step m @-flexible if |Dy,| > (% + g@) n. In all our arguments, this notion will
be used with the same function ¢ = @(n) = (logn)~ /1%, We now prove Lemma Our
proof relies on the statistics of the process — informally, if many time steps were p-flexible,
we would be accepting too many edges.

Proof of Lemma[2.3 Recall that mg = ny/logn, T = T(mo,ynlogn) and ¢ = (log n)~1/10,
For ease of notation, let t := |T'| = ynlogn. Let us assume, in order to obtain a contradiction,
that the number of p-flexible steps is greater than ¢t. Let G be the graph consisting of edges
accepted during the interval T, and H := G%lo 1 Note that H is distributed as Gy, g+t

By Lemma we know that with high probability v(Gy,,) contains a matching of size

5(1 —r), where r := r(n) = e—3m0/(10n) « Jog=ln <« . As this property is increasing, we
have that G, with m > mg also contains a matching of at least this size. Thus, using ,
with high probability for all m > mg, we have p,, > % —3r. Moreover, if the step m is flexible,
we have a stronger bound p,, > % + 2.

By applying Lemma and the above analysis, with high probability we have

3t 3 2
, / > pm= Lt —on> (2 4+ )
(6.3) |[E(G)|+n logn_meTp Z 9 + 5 ot —=3r(l — )t > <4 + 1 >t

Let my :=mg +t = ¢(1 + O((log n)_1/2)). Let C be an optimal vertex cover in G,,,, which
has size at least Z(1—log™'n). As V'\ C is an independent set of size at most %(1+log™" n),

by applying Theorem [3.4] to graph H ~ G, ., we obtain

|E(Gmy )| < |Ea(O)| + |Ex(V\C,C)| < <i 10 ((1Og n)—m)) my

= <i +0 ((1og n)_1/2)> t.

As G, 2 G, this contradicts (6.3). This completes the proof of Lemma O

We finish the section by proving Theorem [1.2{}ii), which will be restated here to aid the
reader. The key idea is to analyse the set of rejected pairs and to use these to obtain
information about an optimal cover.

Theorem . With high probability G4,108» has a unique optimal vertex cover.

Proof. Set mg := %nlog n, mp = %nlogn and my := 4nlogn. By Theorem , with high
probability G,,, has a perfect matching and hence an optimal cover of cardinality n/2. For
each i > 0, let C; be the set of optimal covers of GG;. Observe that for all i > mg, we have
Ci+1 C C;, as adding edges can only eliminate optimal covers.

Let Eg := {e1,...,em} and E1 := {€mo11,-..,€m, }. Note that G’ := G \ Ey ~ Gy,
where m’ = %logn. So by Theorem with high probability, in G, ,, every set of
cardinality n/2 contains at least (1 — O((logn)*lﬂ))%logn edges. However, G,,, con-
tains an independent set of cardinality at least n/2. So, with high probability, at least
(1 —O((log n)_l/Q))l% logn pairs of Ej are rejected. Let U be the set of vertices spanning
these rejected pairs.

We will next show that |U| > (1 — (logn)~'/*)2. Suppose, for a contradiction, that
U] < (1 (logn)~'/4)2. Then applying Theorem [3.4)shows that in G’ ~ G, v, m’ = 2 logn,
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with high probability we have
1 1
[E(U)] < gsnlogn — Q(n(log n)3*) < (1 = O((log n)_1/2))1—6n10g n,

a contradiction for n sufficiently large.

Now observe that if (u,v) € Ej is rejected, then there exists no C' € C; such that v € C or
v € C. This together with our observation from the first paragraph shows that, in fact, every
cover in Cp,, contains neither u nor v. So in particular, no vertex of U is contained in a cover
in Cp,, (or Cpy)-

Now let Es :={em;+1,---,€m,} and consider e := (u,v) € F3 such that v € U and v ¢ U.
As in the previous paragraph, if e is rejected then no cover in C,,, contains u or v. However,
if e is accepted, since (by the previous paragraph) u is in no cover of C,,,, then every cover in
Crm, contains v. So for each v € V'\ U, let &, be the event that Ey contains a pair (u,v) for
some u € U. If £, occurs, then we know that either v is contained in every cover or no cover
in Cp,.

So if, A := UveV\U &, occurs, then C,, contains a unique optimal cover. It remains to
show that A occurs with high probability. For a particular v € V, say that e; is good for v if
e; = (u,v) for some u € U. Let d;(v) be the degree of v in G, For i < may, the probability
that e; is good for v is at least

U]~ di(w) _ (1 - o(1))

(5) —i+1 7~ n
as |U| > (1 — (logn)~"*)n/2 and, by Claim we have d;(v) = O(logn), as G C
Gl So the number of pairs in Fs that are good for v is at least X, where X ~

10nlogn®

Bin (%nlog n, 1_0(1)). We have

n
5
o snlogn
P[X =0] = <110(1)) < ¢—2logn.
n
Hence the probability that &£, does not occur is at most # Applying the union bound over
the vertices in V' \ U gives that A occurs with high probability, as required. O

7. DELAYED PERFECT MATCHING THRESHOLD

The focus of this section is to prove Theorem which says that for m = (% + 7—10) nlogn,
Gy, typically has isolated vertices. Throughout this section, we set mg := %n logn and
ms3 := 2nlogn. We assume that G,,, has a subgraph H which has a perfect matching and
satisfies

(7.1) [V(H)| >n— ne~ o2 >n (1 — n_%> and  0(H) > 10"3logn,

as by Lemma [£.2] and Corollary [£.5] this event occurs with high probability.

In order to show that our graph does not contain a perfect matching, we will carefully track
the number of vertices with at most one neighbour in G,. In order to understand how these
vertices are used at a particular time step to extend a current maximum matching, we require
some information on separation of small-degree vertices in G,, (see Lemma below). One
important consequence will be that, typically in G,,,, no vertex has three neighbours of degree
one. For u,v € V, let dist,,(u,v) be the distance from u to v in G, and let dist¥!(u,v) be
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the distance from u to v in G2'. We take the convention dist(u,u) = 0 for any underlying
graph and any vertex u. The following lemma will mostly be applied with a = 3.

Lemma 7.1. For sufficiently small € > 0, there exists § > 0 such that with high probability
the following statement holds. For a positive integer a <5 and all (14+€)nlogn/a < m < ms,
there are no distinct vertices uy, ..., uq such that, for alli,j € [a], we have degg (u;) < 0logn
and disty, (u;, uj) < 10.

Proof. Let £ = (1+¢€)nlogn/a, and let A be the event that there exist u1, ..., u, such that for
all 4,j € [a], we have degg, (u;) < dlogn and distf;il3 (ui,uj) < 10. Since for any £ < m < mg
and any i,j € [a], we have degg, (u;) > degg,(u;) and disty,(ui, uj) < distyg(us,uy) <
dist?! (u;, u;), it suffices to show that P[A] = o(1).

3

Let U :={uq,...,us} €V and define

a
D := Zdeggl(ui).

i=1
If dis‘cf‘,lll3 (ui,uj) < 10 for all i,j € [a], then there is a connected subgraph of G2 on at most
11-(a—1) < 50 vertices containing U. In particular, this subgraph has a spanning tree. Let Tp
be the event that G2l contains a fixed labelled tree F with U C V(F) and |V (F)| := f < 50.
First we prove an upper bound on P[D < adlogn |Tr]. Let TV := {i : ¢; € E(F)} and
T := T(yn,{ — yn). Let Y, be the indicator random variable of the event that e,, is an
acceptable pair with one endpoint in U and the other in V' \ F. Using Corollary for
~ sufficiently large and any yn + 1 < m < £ such that m ¢ T’ we have that there are at least

a(1/2 — €/4)n acceptable pairs touching one of the vertices in U. Therefore
a(l/2 —e/4)n 1—¢/2

Pm—l[szl]ZWZa " .

Thus, letting X ~ Bin (5(1 —o(1)), a(l_Te/Q)), we have

P| > Yu<k|Tr| <P[X <K
meT\T’

Noting that E [X] = all=c/2) (1 —o(1)) > (1+ %) -logn and applying Lemma with ¢

n
sufficiently small and n = §, we get

P[D < adlogn|Tp] <P ZYmgé-alogn|TF < ¢ (1+15) logn,
m</t

n

f—1
For a fixed tree F' we now show that P[Tr] = O <<1°g”) > To see this, note that the

probability that the random graph G(n,p) with p = ms ("21)71 contains F is precisely p/~1.
Using Lemma the fact that 7Tp is a monotone increasing event and the crude estimate

p < L(;g", we get
PITH] <3 5logn f_lzo logn F-1
- n n '
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Putting this together with the previous bound gives

P[(D < adlogn) ATp] =n"171 - O ((logn)f_1> =0 (n_f) .

n

As for fixed f there are O (nf) choices for F and U C V(F), we can take the union bound
over U and F to get P[A] <P[D < adlogn] = o(1). O

Given this lemma, and noting that mo = %nlogn > (1+¢€)nlogn/3 for a positive constant
€, we may assume for the rest of the proof that whenever m > mo, no vertex in G, has three
neighbours of degree one. We are now able to introduce the specific definitions we need for
the main part of our proof.

Say that a vertex is an isolate or is isolated in Gy, if it has no neighbours in G,,. If there
exist two vertices v, v9 of degree one in G, that share a neighbour, then we arbitrarily choose
one to be a quasi-isolate and the other to be its partner (by the previous paragraph there
cannot typically be a third vertex of degree one sharing a neighbour with v; and v9). The
partner is not a quasi-isolate. Let .J,, denote the set of vertices that are either isolates or
quasi-isolates in G,,.

Define M, to be a maximum matching in G, with V(M,,) := Cp, U By, where C), is an
optimal vertex cover in G,,, chosen subject to the following:

(M1) If v € Cy, is matched to v € By, by M,, and has a neighbour w ¢ V(M,,), then
degg,, (w) < degg,, (u).

(M2) M, contains no quasi-isolate.

Achieving (M1) is possible by swapping u for w if this is not the case (this will give another
matching of the same size). Similarly, by swapping a quasi-isolate with its partner, (M2) is
achievable. So such a matching M,, always exists. Note that there may be many choices for
such an M,,.

By definition of M,,, the set J,, is disjoint from V(M,,). Define the set of helpers to be
Hp, =V \ (V(Mpy)UJy) and observe that the number of helpers |H,,| is independent of the
particular choice of M,,. Intuitively, the helpers are vertices attached to M, so as to create
many vertex pairs which would extend M,,.

Our aim is to show that typically GG, contains no helpers for a constant proportion of time
steps m (Lemma . In other words, there is a matching covering all vertices apart from
isolates and quasi-isolates. At such steps, the rate of losing isolated vertices is slower than in
G2 5o Theorem will follow. The argument consists of two main lemmas. The first one
is an analogue of the hitting time result of Bollobds and Thomason [7] for our setting.

Lemma 7.2. With high probability, the number of steps m > mgo at which |H,,| > 2 is
O (n171/20)'

The second lemma tells us that typically at many time steps we have a non-zero even
number of isolates or quasi-isolates.

Lemma 7.3. With high probability, for at least "1§§" steps m > mgy we have |J,,| > 0 and
|Jm| is even.
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Cm

M,

d y O Bm

FIGURE 1. An illustration of helpers, isolates, quasi-isolates and the matching
M,,. The vertex x is a quasi-isolate and y is its partner, so both have degree
1in Gp,. By (M1), deg(w) < deg(u). Recall that all additional edges are
incident to C,,.

The main work in this section is devoted to proving these two lemmas. Lemma [7.2] will be
proved in Section and Lemma [7.3] will be proved in Subsection Before doing this, let
us first show how the two lemmas imply the desired result.

Lemma 7.4. With high probability, for at least ”lgfn time steps m > ms, we have Hy, =0
and Jp, # 0.

Proof. Since the number of vertices n is even, |J,,| + |Hy| = n — |V(M,,)| is always even.
In other words, |J,,| and |H,,| have the same parity, so Lemma gives that with high
probability, |H,,| is even and .J,, # ) for at least "lg% steps m. However, Lemma shows
that, with high probability, |H,,| > 2 for o(nlogn) steps. The result follows.

7.1. Extending maximum matchings in G,,. Our goal in this subsection is to prove
Lemma That is, we wish to show that typically, most of the time G,, contains a match-
ing which is as large as possible given the restrictions posed by isolates and quasi-isolates.
Therefore it should not come as a surprise that we need to take a careful look at the structure
of Gp,.

The aim is to show that, for mo < m < mg, if we have at least two helpers in GG,,,, then there
are many choices of e,,+1 whose addition would increase the size of a maximum matching
(see Lemma for the precise statement). Firstly, we need an expansion property of our
graph, stronger than that given by Lemma ({ii). For the rest of the section, fix §y to be
the constant from Lemma [7.1| applied with e = 0.01 (so that mg > (1 + ¢)nlogn/3).

Lemma 7.5. With high probability the following statement holds. There exists { > 0 such
that for all ma < m < ms and for every set S CV of cardinality at most 4lggn where every

vertex in S has at least dplogn neighbours outside of S, we have |Ng,, (S)| > (logn|S]|.
Proof. By Theorem with high probability every set S with |S| < @ satisfies

Ea,.(I5]:ING,, (5)]) < Ea,.,(15], NG, (9)]) <

)

n? n

- 2mslS|ING, ()] wswnNGmS(sn
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where A is a positive constant granted by the Theorem. If for some S we have |Ng,,, (5)| <
¢logn|S| with a positive constant ¢, then the right-hand side is at most

4¢log? n|S|? §

<0gnnH + AlS|logny/2¢ < |S|logn(¢ + A\/2¢) < EO\S\ log n,
when ( is chosen to be sufficiently small. But by hypothesis, Eq,, (|S], |Ng,,(S)|) > do|S|logn,
a contradiction. O

For the rest of the section we will assume that our process throughout steps ms < m < mg
satisfies the properties granted by Lemma[7.1] and Lemma [7.5] without explicitly referring to
the probabilistic statements.

Say that a vertex is large if it has degree at least dglogn in G,, and small otherwise. For
a vertex u € V(M,y,), let g(u) denote the vertex that is matched to uw in M,,. Similarly for a
set S C V(My,), let g(S) :={g(u) :==u € S}. For m > mgy we obtain the following properties
as an easy consequence of Lemma, and the definition of M,,.

(P1) For any v, Ngm [v] contains at most two vertices of degree at most dglogn in Gy,

where N'[v] denotes the set of vertices within distance at most i from v.
(P2) If a helper has degree one, then its neighbour w in C,, satisfies degq, (g(w)) > 2.

We will now introduce some more definitions. Let M be a matching in G,,. Say that a
path P := uy...ux € Gy, is M-alternating if the edges of P alternate between being in and
out of M. Say that an M-alternating path P augments M if uj,u ¢ V(M). Observe that
if P augments M, then M’ := (M \ P)U (P \ M) is a larger matching in G,, than M. Our
next lemma will show that if |H,,| > 2, then there are 2(n?) vertex pairs that have not yet
been offered that will create a path that augments a maximum matching in G,,.

Lemma 7.6. Let my < m < mgs. If |H,,| > 2, then for some absolute constant n > 0, the
probability that v(Gm41) > v(Gy,) is at least 1.

Proof. Let ui,v1 be distinct vertices in H,,. For ease of notation, let C = C,,, B = B,
and M := M,,. We will find nn? distinct vertex pairs (x,y) such that x,5 € B (and hence
xy ¢ E(Gy,)), and such that G, U {zy} contains an M-alternating path from u; to v; that
augments M. As m = o(n?), at least % of these pairs are not contained in eq, ..., e, and
hence P [v(Gpt1) > v(Gm)] > 1.

In order to find the pairs (z,y), whose addition creates a path in G,, that augments M, we
will first find disjoint paths P; from u; to u* and 1 from vy to v*, where v* and v* are large
vertices in B,,. We will then be able to use the expansion properties of the graph induced by
the large vertices to extend P; and ()1 to many disjoint M-alternating paths terminating at
distinct pairs of vertices in B. The main difficulty in the proof is finding the large family of
extensions.

We begin by finding P; and Q.

Claim 7.7. There exist disjoint M -alternating paths P; = w1 ...u* and Q1 = vy ...v*, where
u* and v* are large vertices and |Py|,|Q1] < 5.

Proof. If uy and v; share a neighbour then they do not both have degree one, otherwise wuy
or v; would be a quasi-isolate. So we are able to pick us # vo € C such that wjus and
vivg are edges of Gy,. If uz := g(ug2) and vs := g(us3) are both large, set P := ujugus and
Ql = V1V2Vs.
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Therefore we may assume that ug is small. It follows from (M2) that wu; is also small as
degg, (u1) < degg, (u3). By (P2), deg(uz) > 2 and so pick ug € C to be a neighbour of u3
distinct from wug. Define us := g(ug). By Lemma Ném [ug] contains at most two small
vertices, so us is large. Set Py := uq ... us.

We are left with two cases for vs. If vg is small, then Ng, [ug] AN, [v2] = 0 since otherwise
we could find small vertices u1, us, v3 (and even v;) at mutual distances at most 10. Therefore
we can find vs analogously to us and set Q1 := vy ...v5. If vg is large and uy # vo, we may
set ()1 = vivovs. Finally, let vs be large and uy = wvo. Then v; is large since otherwise
Ng, [uy] contains three small vertices. Hence vy has another neighbour vh ¢ {uz,v2}, so set
vh := g(vh). The vertex v4 is also contained in Ng’;m [ug] (recalling that ug = vy) and therefore
it is a large vertex (otherwise we again will have three small vertices in Ngm [ug]). Thus we
may set Q1 = v1v505. O

The following claim gives a large family P of pairs of M-alternating paths extending P;
and @1, such that each pair (P,Q) € P yields a unique pair of endpoints (up,vg). Let
c:= %min{ég, (}, where ( is the constant from Lemma

Claim 7.8. There exists a family P of pairs of paths (P, Q) with the following properties.
(i) P = PiPy and Q = Q1Q2 are M-alternating disjoint paths, where P, = u*...up and
Q2 =v"...vQ with up,ug € B.
.. 2.,2
(i) {(up,vq) : (P,Q) € P} = S5
Let us first explain why the lemma follows from this claim, before proving it. By , for
each (P, Q) € P, the addition of the edge upvg creates an M-alternating path that augments

M. By , we have at least 62122 such vertex pairs. At most m = O(nlogn) of these pairs
appear in eq, ..., ey, which implies the statement of the lemma with n := %.

Proof of Claim[7.8. We will construct disjoint sets Uy,...,Ug, V1,..., Vi, € B\ (P U Q1).
These sets will have the path property that, for every j and every pair (x;,y;) € U; x Vj}, there
exist sequences z1,...,7j—1 and y1,...,y;—1, such that for all i < j we have x; € U;, y; €
Vi and Pig(z1) 1 g9(x2) 2 ... g9(xj)z; and Qg(y1) y19(y2)y2 -..9(y;)y; are M-alternating
vertex-disjoint paths in G,,. See Figure 2] for an example of the paths we will create.

In particular, we will construct these sets such that, for each i, we have |U;| > clogn|U;_1|
and |V;| > clogn|V;_1|. We will show that, given U; and V;, we can create appropriate U;;1
and V;y1 until we reach some k where |Ul, |[Vi| > §n. Such sets Uy, Vi, with the property
described in the above paragraph, will give the family of paths required for the claim.

These sets are constructed iteratively as follows. Set Uy := {u*} and Vj := {v*}. Having
defined U; and V;, we will find disjoint sets U;+1 C B and V;11 C B\ (P U Q1) such that:

(i) Uis1 and Vi4q are disjoint from Ué»:l U; U U;:1 Vis
(ii) Uit1 € g(N(Ui)) and Vipq C g(N(V3)).
(iii) Every vertex in g(Uj+1) U g(Viy1) is large.

(iv) If [Ui| < gyog7 then [Uipa| = |[Visa| = clogn|Uil,

We will keep constructing until we reach Uy and Vi such that |Uy| = [Vi| > ¢n. So the

logn
loglogn

and so constructing such a family will immediately give the claim.

process runs for O ( > steps. Observe that such a family of sets has the path property,
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U 10 To0 Yr® Y@ v

FIGURE 2. An example of the way the M-alternating paths will be con-
structed. The edges of M are bold.

Suppose that U; and V; have been defined for 0 < i < k. If i = 0, set X = Ng,, (u*) and
Y = Ng,, (v*). For i >0, such that |U;| = |Vi| < 15, let X := Ng,, (U;) and Y := Ng,, (V).
For i such that |U;| = |V;| > @, pick U’ C U; and V' C V; each of cardinality 4k’fgn and
set X := Ng,, (U') and Y := Ng, (V).

As U;UV; C B and B is an independent set, using (¢) we may apply Lemma to each of
U; and V;. This gives that, for all 4, we have | X|, |Y| > 4clogn|U;|. As U;,V; C B, we have
X UY C C. Therefore we can choose disjoint sets X’ and Y, each of cardinality 2¢logn|U;|
such that X’ C X and Y/ CY. Observe that |P|,|Q| <5 and

i
UG < Ul (14 (clogn) ™' + (clogn) 2 +...) = O(|Ui).
j=1
Also note that, by Lemma and construction, g(X’) and ¢g(Y”’) contain O(|U;|) small ver-
tices. So it is possible to pick Uj+1 € g(X') and V41 C g(Y”) satisfying (a)—(d), as required.
This completes the proof of the claim. O

As discussed above, the lemma follows directly from this claim. O

Therefore, whenever |H,,| > 2, the probability that e,+1 extends a current maximum
matching is bounded away from zero. We will use this fact to deduce that there cannot
typically be a large number of steps where |H,,| > 2.

Proof of Lemma[7.4 Let n be the constant from the statement of Lemma and f(n) :=

nl=1/20, By our assumptions on the process, Gi,, contains a matching of size § — f(n). By

Leélma in a step m with |H,,| > 2 the probability that the matching number increases
is at least 7. Note that from step mg, the matching number cannot increase more than f(n)
times during the process.

Let X ~ Bin(10f(n)/n,n). Then E(X) = 10f(n) and, by the Chernoff bound (Theo-
rem [3.3) with e = 9/10, we have

PIX < f(n)] < e"100 10 = o(1).
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Thus with high probability, after 10 f(n)/n steps with |H,,| > 2 a perfect matching is reached.
As once a perfect matching is reached, there are no helpers, the result follows. ]

7.2. States with zero or one helpers. We now show that typically, in a constant propor-
tion of time steps after mo, we have that |J,,| > 0 and |.J,,| is even, thus proving Lemma
The lemma and its proof formalise the intuition that the number of steps where |J,,,| is even
should be comparable to the number of steps where it is odd.

We start the analysis from my and, as before, we assume that G,,, satisfies the properties
of Lemma and Lemma We first prove the following lower bound on the number
of isolated vertices in Gy, .

Lemma 7.9. With high probability, Gp,, has at least %nl/‘l 1solated wvertices.

m2

Proof. Let p = @] and let Y;,, be the number of isolated vertices in G(n,p). One can check

2
that E[V;,,] ~ ne~2"2/" ~ pl/4 and Var[Y;,,] ~ E[Y,,]. So by Chebyshev’s inequality,
we have P [Vp,, < inl/ 4] = o(1). Since this is a decreasing event, the same bound holds in
G2l by Lemma Any isolated vertex in G2 is also isolated in Gy, so the statement
follows. .

Proof of Lemma[7.3. We modify the process (G,,) to avoid a minor technical issue. The
process (G1,) is defined identically to (G,,) with one change: for m > 2nlogn, the offered
pair e, is drawn uniformly at random from the set F := 1748 \ {e1,e2,.. .,egnlogn}. The
number of isolates and quasi-isolates in G, is denoted by J},.

The purpose of the modification is so that in each step, the probability of being offered
a particular edge is at most |F' \_1. Note that, by definition, G/, coincides with G, in the
first 2nlogn steps. Therefore, we may also assume that G}, satisfies the properties given by
Lemma and Lemma It suffices to prove the lemma for the modified process G,
as Theorem implies that, with high probability, G ,10gn) has a perfect matching and
hence no quasi-isolates, and consequentially the same holds for G/, logn- Hence we proceed
with the proof for GI,.

Let ¢ := Linij For k € [2/], define
Ty :=|{meN:|J,| =k}|and M(k) :=min{m : |J},| < k}.

As Jp,, contains the isolates in G,,,, Lemma implies that M (2¢) > my with high proba-
bility. We remark that Pys(;41) [] in the following claim is a slight abuse of notation because
M(k + 1) is a random variable, but its definition is clear: it is the probability of an event
conditioned on the pairs ey, ez, ... epr(ry1)-

For each 1 < k < 2/, we will define a new random variable and show that it stochastically
dominates Ty. Let X; be mutually independent geometrically distributed random variables
defined by :

P[Xy =r] = <1—4'1k) 4.1k for r € NU {0}.
n n
Please note that this form of the geometric distribution is shifted by one compared to the
more usual formulation.

Claim 7.10. For log2 n<k<20andr >0,
PM(k-}—l) [Tk > T] Z P[Xk > 7’] .
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Proof. We start by proving the statement for r = 0, that is,

(1.2 Pargeen [T = 0] < = 1° = P[X, =0].

If T, = 0, then certainly Txyq1 > 0 since we can lose at most two vertices of J/ at any
step m. Recall from above that M (k + 1) is the first time step such that ‘JM(kH)‘ =k+ 1
Let U C V be the set of isolates, quasi-isolates and their partners in G?\/](k 1y and note
that £+ 1 < |U| < 2k + 2. We will have T}, = 0 only if, from M (k + 1) onwards, an edge
between two vertices of U (which will always be acceptable) is offered before an acceptable
edge between a vertex of U and a vertex of degree at least two in G?\/I(k 1y We emphasise
that this is only a necessary condition.

In each step m > M(k + 1), the probability that an edge between two vertices of U is
offered is (using the definition of GJ,) at most

(*5)

4k?
(g) —2nlogn '

= (1 o(1) -

We have assumed (recall ((7.1))) that G’M(k +1) contains a subgraph H which has a perfect
matching and satisfies |V (H)| > (1 —o(1))n and 6(H) = Q(logn). This implies that G/M(kJrl)

has at least (1—0(1))% vertices v of degree at least 2 such that uv is acceptable for any v € U.
So the probability that an acceptable edge between a vertex of U and a vertex of degree at

least 2 is offered is at least

(1—o(1)4- (k+1)—m
(3) —m
as log?n < k < 2¢ and thus m = o(nk). Therefore, for log?n < k < 2/, we have

Pares1y [Tk = 0] < (1 + 0(1))% < %, as required.
Secondly, we show that for » > 0

> (1-o(1)),

o3

4.1k\"
(7.3) Prrk41) [T > 1| Tk > 0] > (1 — ) .

n
In other words, we are bounding the probability that the number of isolates and quasi-isolates
does not decrease in r consecutive steps. Assuming the event {7} > 0}, consider the event
that for all m € {M (k) + 1, M (k) + 2,...,M(k) + r}, ey, is not incident to an isolate, a
quasi-isolate or their partner in G,,_1. Note that this event implies T} > r, so we will derive
a lower bound on its probability.
For each m > M (k) + 1, the number of vertex pairs incident to an isolate, quasi-isolate or
its partner in Gy,—1 is at most 2kn. The probability that e,, is one of those pairs is at most

2kn 4k < 810gn>
o ——— < —(1+ .
(2) —2nlogn n n

Using this bound for each of the r time steps, we get that

n

4.1k\"
PM(k+1) [Tk >r | Ty > 0] > (1 — ) .
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Using (7.2), we conclude that

4.1k
On the other hand, a simple calculation yields P [X}, > r| = (1 — %)TH, so the statement
follows. ]

Recall that ¢ = L%nij and let Teyen 1= Zf:logznTgi. To prove Lemma we will show

that Teven = 2(nlogn) with high probability. It suffices to prove a lower bound on Xeyen :=
¢
Zi:log2 n X2i'
Claim 7.11. For anyt > 0,
P[Teven > t] > P[Xeven > 1].

Proof. Since Toy, Top—3, . .., Tor1o are determined by the first M (2k 4 1) steps of the process,
Claim implies that for any ¢ > 0,

P[Tor >t | Top, Tor—2, - - -, Topt2] > P [Xop > t].

This implies the required statement (or in other words, that Teyven stochastically dominates
Xeven)- For a proof, see, e.g., [I7, Lemma 21.22]. We remark that in [I7] they consider random
variables taking values in [0, 1], but this assumption is never used in their proof. ]

To conclude the proof of the lemma, we will show that Xeyen > "{;’g" with high probability.
The analysis is essentially that of the classical coupon collector problem, which is described
for instance in [15].

By definition E [X2;] = g% —1 and Var [Xy;] = (1—22) (ﬁ)2 Also recall that £ = Lin%j
By linearity of expectation we have

l
n n 1 1 n nlogn
E [Xeven] = (55 -1) =35 ) o) ~ I loge .
Keenl = 2. (535 8.2 <5logn+ +£> ()~ g5 l8l> 555

i=log“n

We now calculate the variance of Xgyepn in order to use Chebyshev’s inequality to show that
Xeven does not deviate too far from its expectation. As the variables Xo; are independent,
we have

Var [Xeven] = Z Var [Xo;] = Z 0(Z2><0( )Zﬂ O (n?).

i=log?n i=log?n i=1

So by Chebyshev’s inequality, we have

P [|Xoven = E(Xoven)| = /nlogrn| = o< ! ) = o(1).

logn

It follows that, with high probability, Xeven > ”1§§”.

So, by Claim with high probability Teyen > ”1§§”. Assuming the statement of
Lemma all the time steps counted in Tuyen occur after mo, as required. O
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We remark that we are not able to give an optimal constant for Lemma because we
do not establish full control of the transition probabilities (i.e., X} is just a convenient lower
bound for T}), and we are ignoring any delay that arises before the time step ms. Therefore,
our computations are fairly crude.

7.3. Decay of the number of isolated vertices. We complete the proof of Theorem
by tracking the number of isolated vertices (not quasi-isolates). Our goal is to show that,
with high probability, at time m = (% + %)nlog n, the graph G,, contains isolated vertices.
Denote the number of isolated vertices in Gy, by I,,. From the previous section, we know
that G,, contains no helpers in a constant proportion of steps and we wish to show that this
‘slows down’ the decay of the number of isolates compared to G2,

Before presenting the techinical details of the proof, let us explain heuristically what we
will prove. As before, throughout the section we continue to condition on the events given by
Lemmas and (7.1)). Fix ¢ = ¢(n) = (log n)~1/19, Say that a time step m is unhelpful
if |Hp| = 0 and is not ¢-flexible, that is, |Dp,| < (3 + ¢) n (recalling that D,, is the set of
vertices contained in some optimal cover at time step m). The expected change in the number
of isolates at a time step depends on whether the step is unhelpful or not. Informally, we
have that ‘on average’

(74) I = Iia < 1iZ;,

where
1+4 oo

(7.5) 7 — 2+T<p, if ¢ is u.nhelpful,
T@v otherwise.

The formal statements and justification follow in the proof. Solving (7.4]), we might expect
that

(76) Im > IO €Xp (_ Z Z’L> )
i=1

and we will use martingales and Freedman’s Inequality (Theorem to track the isolates
and show that they behave essentially as in . The reader may find it helpful to com-
pare this decay rate with G, ,,, where ‘on average’, the number of isolated vertices decreases
by a factor of (1 — %(1 + 0(1))) per time step. Martingale concentration inequalities can be
used to show that with high probability, the number of isolated vertices in the graph G, ,, is

—2m/n < nlogn
— 2 .

asymptotically ne when m

There are two technicalities we would like highlight. Firstly, define
(7.7) r:=min{i: [; < [logn]}.

We will work with the truncated variable I,, = max{Iy,, I} as the difference equations
stop holding if I, is too small. Secondly, we apply Freedman’s inequality (as apposed to,
e.g. Azuma’s) in order to work with larger differences as long as they only occur rarely.

Let us now proceed with the details of the proof.

Proof of Theorem[1.3. As before, let ¢ := (logn)~1/10. Let
Ap, = [{ma2 <i<mg+m—1: step i is unhelpful}|.
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The following claim says that the number of isolated vertices in our process decays slower
than in the corresponding G2\

Claim 7.12. Let ms < m < 2nlogn. With high probability,

(7.8) log Lnﬂm > — 2m -4 Am _ 76<pm
' me -~ n n n

Proof. For ma < i < mg + m, define random variables (Y;) by Yi+1 := log ( Z“) + Z;, where
Z; is defined in ([7.5)). By definition,

mo+m—1

Z Z — 1+4¢A (2+(’0)-(m—Am).

n

i=mg

The sequence (Y;) is set up in order to track the logarithm of I;, since we expect I; to decrease
exponentially. Moreover, the definition of Z; has been chosen to ensure that [E; [YHl] >0,i.e.,
o ", Yiis asubmartingale. To prove this, we first estimate the probablhty that I,+1 =I,—1.
First consider the case where ¢ < r, where r is defined in , and Z; = %, So 1 is
unhelpful. Asi < r, I; = I;. In this case, a pair uv with v isolated is acceptable for G; only if
u € D; U J;, or if u is the partner of a quasi-isolate. Since |D;| < (% + ap) n and |Jp,,| < n%%

by (7.1]), we have

Li(|D;| + 2|J; 1 I
P [1s1 = I; — 1] < i(l :L| + .|JZ|) < (14 3¢p) 1
(3) —i n

Now we compute E; [Y;11]. We have

2 1
Ei D/i-i-l] = ]P)i [Ii+1 = Ii — 2] log (1 — I> + P [Ii-i-l = Ii - 1] log <1 — I) + Z

(2 7
I? 2 2 (14 3¢)1; 1

>z . — = ] 1-—— T og (1 — — Z;.

~ 2 n(n-—>5logn) og( Ii)+ n o8 I; *
The first summand, corresponding to {I; 11 = I; — 2}, is of a lower order. This event happens
when we offered one of ('Izil) acceptable pairs with both vertices in I;. Its denominator is
n — 5logn to account for i < 2nlogn edges which have been offered so far. We also use the
inequality log(1 — z) > —z — 22 for 2 < 0.1 to obtain the bound

I; 14 3p)I; 1 1 144
Ei[Y;-l—l]ZO(Q)"F(—'_SD)(— — >+ i
n n

- — = > 0.

In the case ¢ < r and Z; = QJFT“", we do a similar computation to see that E; [Y; 1] > 0.
The only change is in the second summand, since now any pair containing an isolated vertex
v can be acceptable and therefore the probability that v is not isolated in G;41 is at most

This gives

12 2 2 21; 1
iYin] 2 5 n(n — 5logn) Og( Ii>+n—5logn g( fz)+

I 21, 1 1\ 2+4¢
>0 = ik Y > 0.
- <n2>+n—5logn< I; IZ.2>+ no -

2
n—5logn "’
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In the case i > r, we have fi+1 =1I,=1, by (7.7), so E; [Yi+1] =0+ Z; > 0.
To control Y 1" Y; we will use Freedman’s Inequality (Theorem , so let us bound the

predictable quadratic variation of the process. Since log < }“) <0,

E; [Y1] <E; [log2 (Il}rl>

A . 2 . A 1
<P [IZ-H — - 2} log? (1 - I> +P [L-H — - 1} log? (1 - ) + Z2.

i i

i=mg

v (2]

The first two summands in the following inequality correspond to the event where fi+1 < fi,
which only occurs for ¢ > r. The third term corresponds to the event where fi+1 = I,. We
use the notation log? z = (logz)2. Once again, we use the inequality —log(1 — z) < 2z (for
x < 0.1) to conclude that

212 16 41, 4 5 _ 20

E; [Yi] < P TR R
Summing over ¢ and usmg = 103%”, we get
e 20m
W,, = zZmQ E; [V2,] < Togn < 40.

Applying Theorem with £ = /logn, we get that with high probability szntﬁl Y, >
—+/logn. Therefore

f ma+m mao+m—1
log(W) = Z (Y, — Zi—1) > —+/logn — Z Z;

ma2 i=mao+1 1=mg
Ltdy 4 5 2m, Am bpm
n n n n

2
= - logn—L-(m—Am)—
n
]

Let C := 3; and m = (% + %) nlogn. Assume that |H;| = 0 and |J;| > 0 for at least
Cnlogn steps ¢ > mg. By Lemma [7.4] this holds with high probability. If one of those steps
satisfies i > m + mg, then |Jp,+m| > 0. Lemma with a = 2 implies that with high
probability there are no quasi-isolates at time mg + m, so Lp,4+m > 0 as required. Therefore
we may assume that all the steps ¢ with |.J;| > 0 occur before mg + m. This, along with the
fact that (by Lemma the number of p-flexible steps is typically o(nlogn), implies that
A > Cnlogn(l —o(1)). By substituting in our value of m, we have

2m  Ap 6g0m 1 34C (1 C
7_74_ " (4+?’5—C’+0( )>logn—(4—35+0( )>logn.

This along with Claim [7.12] implies that with high probability,

I 2 A, 6 1 C
log [ Imatm ) 5 _2m _W>_<4_40)10gn.
]m2 n n n
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Since me = Ip, > %nl/‘l by Lemma we get that fm2+m > %ni*i+% > n¢/%0 > |logn],
and therefore I,,,,4+y, > 0. It remains to verify that the constant is as stated in Theorem [1.3
that is, mo +m = (% + % + %) nlogn = (; + %) nlogn.

8. CONCLUDING REMARKS AND OPEN PROBLEMS

In this paper we studied the random graph process which at every step maintains the
property that the matching and cover number of the current graph coincide. We have made
progress in understanding the properties of the graph obtained at various stages of this pro-
cess. Yet several interesting problems remain open. Theorems and give us bounds on
the typical appearance of a perfect matching in G,,. We have a heuristic argument which
suggests the threshold is (1 + 0(1))%71 logn and we wonder if this can be made rigorous.

Question 8.1. What is the threshold for appearance of a perfect matching in G, ¢

Lemma says that with high probability, most of the time when m > ¢nlogn for a small
constant ¢ > 0, the union of optimal covers Dy, has §(1 + o(1)) vertices. We wonder if this
holds all the time.

Question 8.2. Is it true that, with high probability, the union of optimal covers D,, have
5(1+o0(1)) vertices for all m > cnlogn for a small positive constant c?

In light of Theorem [1.2] it would also be interesting to determine precisely when G, has a
unique optimal vertex cover and to determine the correct order of the number of vertex pairs
that are not present in G (in particular, whether it is sublinear in n). In order to get precise
bounds for any of the properties discussed above, we believe it is necessary to analyse more
carefully the earlier stages of the process (before m = %nlog n). We have made essentially no
attempt to do this.

Another direction of research could be to study a corresponding random Ké&nig hypergraph

process. Here we fix r > 3 and n such that r[n. Let N := (7). e1,...,en be a uniformly
random ordering of the edges of the complete r-uniform hypergraph on n vertices. Let Gy
be an independent set of n vertices. For i = 0,...,N — 1 we define G;4+1 := G; + ¢; if

7(Gi + €;) = v(G; + €;), and G;41 := G; otherwise. As in the graph process, we expect to
reach a hypergraph G, where 7(G) = v(G) = 7. We also expect V(G) = TUI, where |T| = 7,
nearly all edges touching T' are present and [ is independent. It seems that the hypergraph
process will require a different set of tools, as there is no concept analogous to alternating
paths.

Finally, it is also interesting to study random graph processes preserving other global
properties, for example the property of being a perfect graph.
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