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Abstra
t

It is known [8℄ that if the edge 
osts of the 
omplete graph K

n

are independent random

variables, uniformly distributed between 0 and 1, then the expe
ted 
ost of the minimum

spanning tree is asymptoti
ally equal to �(3) =

P

1

i=1

i

�3

. Here we 
onsider the following

sto
hasti
 two-stage version of this optimization problem. There are two sets of edge 
osts




M

: E ! R and 


T

: E ! R , 
alled Monday's pri
es and Tuesday's pri
es, respe
tively.

For ea
h edge e, both 
osts 


M

(e) and 


T

(e) are independent random variables, uniformly

distributed in [0; 1℄. The Monday 
osts are revealed �rst. The algorithm has to de
ide on

Monday for ea
h edge e whether to buy it at Monday's pri
e 


M

(e), or to wait until its

Tuesday pri
e 


T

(e) appears. The set of edges X

M

bought on Monday is then 
ompleted

by the set of edges X

T

bought on Tuesday to form a spanning tree. If both Monday's

and Tuesday's pri
es were revealed simultaneously, then the optimal solution would have

expe
ted 
ost �(3)=2 + o(1). We show that in the 
ase of two-stage optimization, the

expe
ted value of the optimal 
ost ex
eeds �(3)=2 by an absolute 
onstant � > 0. We also


onsider a threshold heuristi
, where the algorithm buys on Monday only edges of 
ost

less than � and 
ompletes them on Tuesday in an optimal way, and show that the optimal


hoi
e for � is � = 1=n with the expe
ted 
ost �(3)� 1=2 + o(1). The threshold heuristi


is shown to be sub-optimal. Finally we dis
uss the dire
ted version of the problem, where

the task is to 
onstru
t a spanning out-arbores
en
e rooted at a �xed vertex r, and show,

somewhat surprisingly, that in this 
ase a simple variant of the threshold heuristi
 gives

the asymptoti
ally optimal value 1� 1=e+ o(1).

�
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1 Introdu
tion

Sto
hasti
 Programming refers to the general 
lass of optimization problems where un
ertainty

is modelled by a probability distribution on the input variables. Two stage optimization with

re
ourse is a widely used framework for sto
hasti
 optimization (see, e.g., the re
ent text by

Birge and Louveaux [4℄). In this paper we 
onsider a parti
ular example of this approa
h in

the 
ontext of a basi
 
ombinatorial optimization problem.

The 2-stage spanning tree problem is de�ned as follows: We wish to �nd a low 
ost spanning

tree of the 
omplete graph K

n

. On Monday, say, we are given edge 
osts, 


M

: E ! R . We

also know that on Tuesday we will be given alternative 
osts for ea
h edge, 


T

: E ! R . We do

not know what the 
osts 


T

will be, but they are random and we know their joint distribution

�(!), ! 2 
, the set of possibilities. On Monday we must 
hoose a set of edges X

M

and pay

for them at Monday's pri
es. On Tuesday, Monday's pri
es will no longer be available. Some

edges will be 
heaper and some will be more expensive. We must now 
hoose a set of edges

X

T

, at Tuesday's pri
es to 
omplete a spanning tree. Our total 
ost will be 


M

(X

M

)+


T

(X

T

),

and our goal is to 
hoose the set of edges X

M

whi
h minimizes the expe
ted total 
ost of the

tree we 
reate. Formally, we wish to 
ompute

OPT = min

X

M




M

(X

M

) + E

�

min

X

T

f


T

(X

T

) : X

M

[X

T

is a spanning treeg

�

:

Anupam Gupta [9℄ has pointed out that in the worst 
ase, we 
an en
ode set 
over as su
h a

problem and so it probably 
annot be eÆ
iently approximated beyond a ratio of O(logn). A

version of his proof is in
luded in Appendix A.

The inapproximability result requires a worst-
ase set of 
osts 


M

and a worst-
ase distribution

for 


T

. In this paper we 
arry out a probabilisti
 analysis for instan
es where 


M

(e) and 


T

(e),

e 2 E(K

n

) are sele
ted independently and uniformly from the interval [0; 1℄.

It is well-known that if only Monday's 
osts are available then we 
an �nd a minimum spanning

tree in polynomial time and that the expe
ted 
ost Z

1

of the optimum solution is asymptoti
ally

equal to �(3) � 1:20205 : : :, Frieze [8℄. Here �(3) =

P

1

n=1

n

�3

. Furthermore, if we 
ould

a

urately predi
t the future and 
ould �nd a minimum spanning tree using 
osts 


2

(e) =

minf


M

(e); 


T

(e)g then [8℄ shows that we 
ould pi
k edges so that our optimal 
ost Z

2

is

asymptoti
ally �(3)=2 � :601028 : : :.

We �rst examine the performan
e of a simple threshold heuristi
. Let A

�

be the algorithm that

�nds the minimum spanning forest of K

n

that only uses eges of 
ost less than � on Monday

and then 
ompletes the tree as 
heaply as possible with new edges paid for at Tuesday's pri
es.

Let A

�

be the (random) value of the 
ost of the solution returned by A

�

.
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Theorem 1 The best 
hoi
e for � is 1=n in the sense that

E

�

A

1=n

�

= �(3)�

1

2

+ o(1) � E [A

�

℄ + o(1)

for any 
hoi
e of �.

Furthermore, for all �, the value A

�

is 
on
entrated around its mean.

The proof of Theorem 1 also gives a lower bound on the value of sto
hasti
 solution (VSS),

whi
h is de�ned as the di�eren
e between the expe
ted result of using the expe
ted value solution

(EEV) and the value of the optimal 2-stage solution OPT . To �nd the EEV, we observe that

when the distribution of ea
h Tuesday edge 
osts is repla
ed by its expe
ted value, then the

optimal solution whp ignores the Tuesday edges (whi
h now have 
ost 0:5) and buys the whole

tree on Monday. Thus, the EEV is asymptoti
ally equal to the 
ost of buying the whole tree

on Monday, whi
h is asymptoti
ally �(3). So we have V SS = OPT �EEV �

1

2

� o(1).

Note that

�(3)�1=2

�(3)=2

� 1:168 : : : and so whp

1

A

1=n

is within 17% of optimal.

Re
ently, Dhamdere and Singh showed that A

�(3)=n

is a 
onstant fa
tor approximation al-

gorithm for instan
es where Monday's 
osts are arbitrary and Tuesday's 
osts are sele
ted

independently and uniformly between 0 and 1 [7℄.

A threshold algorithm is the best we 
an do if we do not take a

ount of the stru
ture of the


osts for Monday's edges. Can we improve on this if we do? The answer is yes. We show that

we 
an redu
e the expe
ted 
ost by at least a (very) small amount.

Theorem 2 There is a polynomial time algorithm A

?

for sele
ting X

M

whose (random) 
ost

A

?

satis�es

E [A

?

℄ � �(3)�

1

2

� 10

�256

:

We see therefore that the algorithmA

1=n

is not optimal. Is it possible to asymptoti
ally a
hieve

�(3)=2? Let OPT denote the minimum expe
ted 
ost a
hievable by any 2-stage algorithm.

Theorem 3

OPT � �(3)=2 + 10

�5

Theorem 3 is equivalent to a lower bound on the expe
ted value of perfe
t information (EVPI),

whi
h is de�ned between the di�eren
e between the value of the optimal 2-stage solution

1

We use the term with high probability, abbreviated whp, to refer to a sequen
e of events fA

n

g for whi
h

Pr[A

n

℄! 1 as n!1.
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OPT and the expe
ted value of the optimal solution when Tuesday's 
osts are known (the

wait-and-see value (WS)). Theorem 3 shows that EV PI = OPT �WS � 10

�5

.

Finding the the optimal 
hoi
e of X

M

and determining what 
an be done in polynomial time

remain 
hallenging open problems.

We 
ontinue with a dire
ted version of this problem. Here we are given Monday and Tuesday


osts for all the ar
s of the 
omplete digraph D

n

. (The verti
es of D

n

are f1; : : : ; ng, and

ea
h ordered pair (i; j), 1 � i 6= j � n, forms an ar
 in D

n

). We now wish to �nd a low 
ost

spanning arbores
en
e rooted at vertex 1 i.e. a tree with ar
s dire
ted away from vertex 1.

We �rst 
onsider the threshold algorithm

~

A

�

whi
h �nds a minimum 
ost rooted forest using

ar
s from Monday of 
ost less than � and then 
ompletes it to a rooted arbores
en
e after

Tuesday's 
osts are revealed. Here � = 1=n is also the best 
hoi
e: Let

~

A

�

be the 
ost of the

output from

~

A

�

.

Theorem 4

E

h

~

A

1=n

i

= 1� e

�1

+ o(1) � E

h

~

A

�

i

+ o(1)

for any 
hoi
e of �.

Furthermore, for all �, the value

~

A

�

is 
on
entrated around its mean.

This turns out to be asymptoti
ally optimal. Let

�!

OPT denote the minimum expe
ted 
ost

a
hievable by any 2-stage algorithm.

Theorem 5

�!

OPT� 1� e

�1

� o(1):

We prove Theorem 1 in Se
tions 2.1, 2.2, Theorem 2 in Se
tion 2.3, Theorem 3 in Se
tion 2.4,

Theorem 4 in Se
tion 3 and Theorem 5 in Se
tion 3.2.

2 Undire
ted 
ase

2.1 Threshold heuristi


Proof of Theorem 1 Fix some 0 < � � 1 and let T be the spanning tree produ
ed by

the threshold heuristi
 A

�

, and let T

m

and T

t

be the edges bought on Monday and Tuesday

4



respe
tively. Then


(T ) =

X

e2T

m




m

(e) +

X

e2T

t




t

(e)

=

X

e2T

m

Z

1

p=0

1

f


m

(e)�pg

dp+

X

e2T

t

Z

1

p=0

1

f


t

(e)�pg

dp

=

Z

1

p=0

X

e2T

m

1

f


m

(e)�pg

dp+

Z

1

p=0

X

e2T

t

1

f


t

(e)�pg

dp

For any graph G, let �(G) denote the number of 
onne
ted 
omponents in G.

Now, let G

p

be the graph 
ontaining only edges with Monday 
ost less than p. Sin
e T

m

is

the minimum spanning forest on edges with Monday 
ost less than �, for p � � we have by

the greedy algorithm of Kruskal:

X

e2T

m

1

f


m

(e)�pg

= �(G

p

)� �(G

�

):

Let H

p

be the graph 
ontaining edges with Monday 
ost less than � or Tuesday 
ost less

than p. Then, sin
e T

t

is a minimum spanning tree on the graph formed by 
ontra
ting ea
h


omponent of T

m

to a single vertex, we have

X

e2T

t

1

f


t

(e)�pg

= �(H

p

)� 1:

Linearity of expe
tations gives

E [
(T )℄ =

Z

�

p=0

E [�(G

p

)� �(G

�

)℄ dp+

Z

1

p=0

E [�(H

p

)� 1℄ dp

=

Z

�

p=0

E [�(G

p

)℄ dp� �E [�(G

�

)℄ +

Z

1

p=0

E [�(H

p

)℄ dp� 1: (1)

We point out here that this implies

Z

1

p=0

E [�(G

p

)℄ dp = 1 + �(3) + o(1); (2)

sin
e putting � = 1 into (1) we have E [
(T )℄ is the expe
ted value of the minimum spanning

tree using Monday 
osts. As already mentioned, this is �(3) + o(1). But we have �(G

�

) =

�(H

p

) = 1 for all p � 1.

Now, G

p

is identi
ally distributed with the Erd}os-R�enyi random graph G

n;p

(in whi
h ea
h

pair of n verti
es appears as an edge independently with probability p) and H

p

is identi
ally
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distributed with the Erd}os-R�enyi random graph G

n;p

0

for p

0

= � + p� �p. So we have

Z

1

p=0

E [�(H

p

)℄ dp = (1� �)

�1

Z

1

p

0

=�

E

�

�(G

p

0

)

�

dp

0

:

We may assume � � 2 log n=n. If � > 2 log n=n then whp G

�

is 
onne
ted (see, for example,

Bollob�as [5, Thm. 7.3, p. 164℄) whi
h means that whp all the edges are pur
hased on Monday,

and thus the expe
ted 
ost E[A℄

�

will be �(3) + o(1):

The integral

R

1

p

0

=�

E

�

�(G

p

0

)

�

dp

0

is bounded by

R

1

p

0

=0

E

�

�(G

p

0

)

�

dp

0

= 1 + �(3) + o(1), so we

have (re
alling that � = o(1))

Z

�

p=0

E [�(G

p

)℄ dp +

Z

1

p=0

E [�(H

p

)℄ dp =

Z

1

p=0

E[�(G

p

)℄dp�

�

1� �

Z

1

p=�

E[�(G

p

)℄dp

=

Z

1

p=0

E [�(G

p

)℄ dp + o(1):

So, altogether we have

E [
(T )℄ = �(3) + o(1)� �E [�(G

�

)℄ :

Set � so that � = �=n and put �

T

equal to the number of tree 
omponents. There are at most

n

2=3


omponents of size at least n

1=3

and so we see that

�E [�

T

(G

�

)℄ =

�

n

n

1=3

X

k=1

�

n

k

�

k

k�2

�

�

n

�

k�1

�

1�

�

n

�

k(n�k)+(k

2

�3k+2)=2

+ o(1) (3)

=

1

X

k=1

k

k�2

k!

�

�e

��

�

k

+ o(1): (4)

Note that the sum in (4) is 
onvergent, even for � = 1.

Let �

N

denote the number of non-tree 
omponents. Then we have

�E [�

N

(G

�

)℄ �

�

n

n

1=3

X

k=1

�

n

k

�

k

k

�

�

n

�

k

�

1�

�

n

�

k(n�k)

+ o(1) �

�

n

n

1=3

X

k=1

(�e

1��

)

k

+ o(1) = o(1);

and so

�E [�(G

�

)℄ =

1

X

k=1

k

k�2

k!

�

�e

��

�

k

+ o(1): (5)

Now �e

��

has a unique maximum at � = 1, whi
h shows that the threshold � = 1=n is

asympoti
ally best for the threshold heuristi
.

Finally, we note that for � = 1,

�E [�(G

�

)℄ =

1

X

k=1

k

k�2

k!

e

�k

+ o(1) =

1

2

+ o(1); (6)

6



and so the threshold heuristi
 attains a value of �(3)�

1

2

+ o(1):

(The last equation in (6) 
an be justi�ed as follows: Consider the exponential generating fun
-

tion U(x) =

P

1

k=1

k

k�2

k!

x

k

for the number of labelled trees with k verti
es and the exponential

generating fun
tion T (x) =

P

1

k=1

k

k�1

k!

x

k

for the number of labelled rooted trees with k ver-

ti
es. These satisfy U(x) = T (x)�

T (x)

2

2

(equation (3.3) of [10℄). Now T (e

�1

) = 1 
an be seen

from the fa
t that nT (e

�1

) is asymptoti
ally equal to the number of verti
es on trees in the

random graph G

n;1=n

. The sum in (6) is U(e

�1

).)

2.2 Con
entration

The goal of this se
tion is to prove that for any 
onstant � > 0, there exists Æ = Æ(�) > 0 su
h

that for suÆ
iently large n,

Pr[jA

�

� E [A

�

℄ j � �℄ � e

�Æn

:

We need only show this for � suÆ
iently small, and it is 
onvenient to de�ne " so that " +

4(1� ")

�1

(2"+ H(")) = �, where H(x) = �x lnx� (1� x) ln(1� x) is the entropy fun
tion.

In our analysis we 
onsider separately the 
ontribution of long and short edges. Let C = 2"

�1

,

and let Z denote the total 
ost of the edges used by A

�

with edge 
ost at most C=n. Let

N = 2

�

n

2

�

and note that Z is a fun
tion of N i.i.d. random variables X

1

; : : : ;X

N

(one for ea
h

edge for ea
h day). Also, ea
h X

i

is uniformly distributed on [0; 1℄.

We will show Z is 
on
entrated using a variant of the Symmetri
 Logarithmi
 Sobolev In-

equality from [6℄. Let Z

0

i

denote the same quantity as Z, but with the variable X

i

repla
ed

by an independent 
opy X

0

i

. Then a simpli�ed form of the Symmetri
 Logarithmi
 Sobolev

Inequality [6, Corollary 3℄ says that if

E

�

N

X

i=1

(Z � Z

0

i

)

2

1

Z>Z

0

i

�

�

�

�

X

1

; : : : ;X

N

�

� 


then for all t > 0,

Pr[Z > E [Z℄ + t℄ � e

�t

2

=4


;

and if

E

�

N

X

i=1

(Z

0

i

� Z)

2

1

Z

0

i

>Z

�

�

�

�

X

1

; : : : ;X

N

�

� 


then for all t > 0,

Pr[Z < E [Z℄� t℄ � e

�t

2

=4


:

Changing the value of one edge 
an 
hange the value of Z by at most C=n, so (Z � Z

0

i

)

2

<

(C=n)

2

. Let I denote the indi
es of the edges whi
h 
ontribute to Z. If i =2 I then Z

0

i

< Z

7



implies X

0

i

� C=n. So

N

X

i=1

(Z � Z

0

i

)

2

1

Z>Z

0

i

�

X

i2I

(C=n)

2

+

X

i=2I

(C=n)

2

1

X

0

i

<C=n

:

Sin
e there are less than n terms in the �rst sum and less than n

2

terms in the se
ond sum,

we have

E

�

N

X

i=1

(Z � Z

0

i

)

2

1

Z>Z

0

i

�

�

�

�

X

1

; : : : ;X

N

�

� C

2

=n + C

3

=n � 2C

3

=n:

If i =2 I then we also have that Z

0

i

> Z implies X

0

i

� C=n. So we also have

E

�

N

X

i=1

(Z

0

i

� Z)

2

1

Z

0

i

>Z

�

�

�

�

X

1

; : : : ;X

N

�

� C

2

=n + C

3

=n � 2C

3

=n:

Therefore,

Pr [jZ � E [Z℄ j � "℄ � 2e

�"

2

n=8C

3

= 2e

�"

5

n=64

:

Let Z

0

denote the total 
ost of the edges used by A

�

with edge 
ost at least C=n. We will

show that Z

0

� �� " with exponentially small probability.

Let G be the graph 
ontaining edges with Monday or Tuesday 
ost less than C=n. Then G is

identi
ally distributed with G

n;p

for p = 2C=n� (C=n)

2

. Let S denote the set of verti
es that

are not in the giant (more pre
isely, largest) 
omponent of G. We will obtain a exponential

bound on the probability that jSj � "n. To do so, we let B

1

denote the event \there exists a

set T su
h that "n � jT j � n=2 and no edge of G 
rosses the 
ut between T and

�

T ." Note

that in order for jSj � "n, it is ne
essary that event B

1

holds: if j

�

Sj � "n, then (sin
e jSj

also ex
eeds "n) either T = S or T =

�

S shows that B

1

o

urs; if j

�

Sj � "n, then all 
onne
ted


omponents of the graph have size at most "n and we 
an 
hoose T to be the union of an

appropriate 
olle
tion of 
onne
ted 
omponents.

Sin
e C = 2"

�1

, we have

Pr[jSj � "n℄ � Pr[B

1

℄ �

n=2

X

k="n

�

n

k

��

1�

C

n

�

2k(n�k)

�

n=2

X

k="n

e

n�2Ck(1�k=n)

� ne

�n

: (7)

Z

0


an be bounded by the sum of (i) the edges of length > C=n in the minimum spanning tree

using Monday 
osts and (ii) the sum of the edges of length > C=n in a minimum spanning tree

of the graph obtained by shrinking the 
omponents of the Tuesday forest. (ii) is sto
hasti
ally

less than by (i). The sum in (i) 
an be bounded by the sum over the verti
es s 2 S of the

length of the 
heapest edge from s to the giant 
omponent (more pre
isely largest 
omponent)

of the graph spanned by the edges of length < C=n.

8



We �nish by 
al
ulating an upper bound on the probability that any subset of size "n has the

sum of the minimum 
ost edges ex
eeding (� � ")=2. Let V

1

denote the minimum of n

0

:=

(1�")n independent random variables ea
h uniformly distributed in [0; 1℄. Then E [V

1

℄ =

1

n

0

+1

;

and

E

�

e

tV

1

�

=

Z

1

x=0

e

tx

n

0

(1� x)

n

0

�1

dx = 1 +

X

k�1

t

k

n

0

(n

0

+ 1) � � � (n

0

+ k � 1)

�

�

1 +

2t

n

0

�

:

(The se
ond equality follows from integration by parts, inequality holds for t � n

0

=2).

Then, for any set T with jT j = k,

Pr

�

X

v2T

V

1

(v) � �

�

= Pr

h

e

n

0

2

P

v2T

V

1

(v)

� e

�n

0

=2

i

� e

��n

0

=2

E

h

e

n

0

V

1

=2

i

k

� e

��n

0

=2+k

:

Let B

2

denote the event \there exists a set T with jT j � "n and

P

v2T

V

1

(v) � (� � ")=2 =

2(1� ")

�1

(2"+ H("))". Then we have

Pr[B

2

℄ �

X

1�k�"n

�

n

k

�

e

�"n�H(")n

� "ne

�"n

: (8)

We 
ombine (7) and (8) to show that the probability Z

0

ex
eeds �� " is small.

Pr

�

Z

0

� �� "

�

� Pr[jSj � "n℄ + 2 Pr[B

2

℄ � ne

�n

+ 2"ne

�"n

:

Finally,

Pr[jA

�

� E [A

�

℄ j � �℄ � Pr[jZ � E [Z℄ j � "℄ + Pr[Z

0

� �� "℄

� 2e

�"

5

n=64

+ ne

�n

+ 2"ne

�"n

:

2.3 Beyond the threshold heuristi


We 
an a
hieve a slightly better expe
ted value than the threshold heuristi
 A

1=n

by being

more 
areful about edges with 
ost near the threshold.

Let ` be a positive integer and let " > 0 be a small positive 
onstant and let F be the minimum

spanning forest on the edges with Monday 
ost less than (1� ")=n. Let an edge e = fu; vg be

bad if it has Monday 
ost 


M

(e) 2 [(1� ")=n; 1=n℄, and for x = u; v there are:

(A) Exa
tly ` verti
es w for whi
h 


M

(x;w) < (1� 2")=n. Denote this set of verti
es by C

x

.

(B) No verti
es w for whi
h 


M

(x;w) 2 [(1� 2")=n; 1=n℄.

9



(C) No verti
es w 2 C

x

and y 62 fxg [ C

x

for whi
h 


M

(y; w) < 1=n.

If e is bad then e will be part of an isolated tree of G

1=n


ontaining 2`+ 1 edges and e will be


hosen by A

1=n

.

Let T

1

be the tree 
onstru
ted by A

1=n

and let T

2

be obtained by taking the minimum spanning

forest whi
h uses edges e with 


M

(e) < 1=n whi
h are not bad, and then 
ompleting this forest

to a tree as 
heaply as possible with edges at Tuesday's 
osts. We will show that

E [T

1

� T

2

℄ � 10

�256

(9)

and so 
ompleting the proof of Theorem 2.

We must estimate the expe
ted savings if we leave out the bad edges and only the bad edges

from the threshold solution. In this 
ase, fxg[C

x

; x = u; v are trees of the forest of the edges


hosen on Monday.

We 
onsider the 
ontribution from the removal of a single bad edge e = fu; vg. We expose the


osts of the edges 
arefully to avoid unpleasant 
onditioning. First we expose the Monday 
ost

of e. The probability 


M

(e) is in the 
orre
t range is "=n. If 


M

(e) is in this range, we expose

the Monday 
osts of the other edges in
ident to u and v. The probability that the 
osts of the

other edges are in the 
orre
t range is

 

�

n� 1

`

��

1� 2"

n

�

`

�

1�

1

n

�

n�2�`

!

2

�

(1� 2")

2`

e

2

(`!)

2

(1� o(1)):

Now, we expose the Monday 
osts of the neighbors of C

u

[C

v

. The probability that (C) holds

is (1� 1=n)

2`(n�2�2`)

= e

�2`

(1 + o(1)).

Thus the expe
tation of the number of bad edges b is given by

E [b℄ = (1 + o(1))

"(1� 2")

2`

e

�2`�2

2(`!)

2

n: (10)

We now expose all the Monday and Tuesday 
osts between the n � 2 � 2` verti
es that are

not part of C

u

and C

v

. Let H be the graph 
ontaining all edges just exposed with Monday

or Tuesday 
ost at most (1 � 2")=n. Note that H is identi
ally distributed with G

n

0

;p

for

n

0

= n � 2 � 2` and p = (1 + o(1))(2 � 4")=n. If " < 1=4 then H has a giant 
omponent

K

H

qs

2

. We expose the remaining edge 
osts and let X

u

(resp. X

v

) be the minimum 
ost

of a Tuesday edge from C

u

(C

v

) to K

H

, assuming that it exists. The size of K

H

is at least

�n(1�o(1)) qs, where � is the root of �+e

�2(1�2")�

= 1 in the interval (0; 1). We take " = 0:1

and then � > 0:7. So, for ` = 100 we have E[X

u

℄ = E[X

v

℄ =

1+o(1)

`�n

� 0:02n

�1

. For ea
h bad

edge e = fu; vg we then have expe
ted 
ost savings of at least

1� "

n

�max

�

1� 2"

n

;X

u

+ X

v

�

�

0:1

n

: (11)

2

A sequen
e of events E

n

o

urs quite surely qs if Pr(E

n

) = 1�O(n

�K

) for any K > 0.
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We 
an prove (11) as follows: Let e = fu; vg be bad. e =2 T

2

and there is a path from u to v

whi
h goes to a vertex of C

u

, goes to H via an edge of length X

u

, traverses H and then goes

via an edge of length X

v

to a vertex of C

v

and then to v. If A;B are the 
omponents of T

1

� e

then at least one edge f =2 T

1

of P will join A to B. We observe that

minf


M

(f); 


T

(f)g � max

�

1� 2"

n

;X

u

;X

v

�

� max

�

1� 2"

n

;X

u

+ X

v

�

:

So, if we repla
e e by f in T

1

we will, by (11), save at least

0:1

n

. If we repeat this for all bad

edges, then we will have a tree 
ontaining all of the Monday pur
hased edges and it will, in

expe
tation, be at least

0:1E[b℄

n


heaper. We obtain (9) by using this together with (10) with

` = 100.

2.4 A lower bound on OPT

If we 
ould see all the Monday and Tuesday 
osts before sele
ting any edge then we 
ould �nd

a spanning tree with 
ost � �(3)=2. Sin
e we have to make some de
isions before we see the

Tuesday 
osts, it seems likely that our solution should, in expe
tation, 
ost at least �(3)=2+",

for some small ". This is the 
ontent of Theorem 3.

Let C be a positive 
onstant, (whi
h we will eventually take to be 3, to obtain a 
on
rete

bound). Consider the edges we buy on Monday with 
ost ex
eeding

C

n

. Let

" = �

C

e

�(2C+3)

=2

where �

C

is the solution to � + e

�(C�1)�

= 1 in the interval (0; 1).

We will see that if we buy more than "n of these edges, then we will regret our pur
hase on

Tuesday. We also argue that if we buy less than "n, then we will regret it too.

Case 1: Suppose X

M


ontains at least "n edges with 


M

(e) �

C

n

, and let e

1

; e

2

; : : : ; e

m

; m � "n

be these edges. Let H be the graph 
onsisting of all the edges e

0

with 


T

(e

0

) <

C�1

n

. Then (for

any C > 2), H 
ontains a giant 
omponent K

H

with size �

C

n(1�o(1) whp. For i = 1; : : : ;m,

if e

i

has both end verti
es in K

H

, then we 
an �nd a 
heaper spanning tree T

i

by removing e

i

from T

i�1

and adding an edge from H on Tuesday. This will de
rease the 
ost of the solution

by at least 1=n. Sin
e ea
h edge e

i

has both verti
es in K

H

with probability �

�

�

C

n

2

�

=

�

n

2

�

� �

2

C

,

the 2-stage solution ex
eeds the optimal solution by at least �

2

C

"� o(1) in expe
tation.

Case 2: Suppose X

M


ontains less than "n edges with 


M

(e) �

C

n

. For a vertex v, let E

v

be

the event \the 
heapest Monday edge in
ident to v has 
ost between

C

n

and

C+1

n

and the other

endpoint is in K

H

". Then Pr

�

E

v

�

�

jK

H

j

�

= jK

H

j

1

n

�

1�

C+1

n

�

n�2

, and so Pr[E

v

℄ � �

C

e

�(C+1)

.

Let E

0

v

be the event \there is no edge in
ident to v with Tuesday 
ost less than

C+2

n

". Then

Pr[E

0

v

℄ =

�

1�

C+2

n

�

n�1

� e

�(C+2)

. If E

v

and E

0

v

o

ur then not buying the edge from v to K

H

11



with 
ost less than (C + 1)=n on Monday results in paying at least

1

n

more than optimal to


onne
t v on Tuesday. But we only take "n edges on Monday with 


M

(e) �

C

n

, so we expe
t

to pay this penalty on at least n�

C

e

�(2C+3)

� "n verti
es, and so our 2-stage solution ex
eeds

optimal by at least �

C

e

�(2C+3)

=4 in expe
tation, after a

ounting for the fa
t that one edge

has 2 endpoints.

Taking C = 3, numeri
al 
omputation shows that the 2-stage solution ex
eeds optimal by at

least 10

�5

.

3 Spanning arbores
en
e problem

The dire
ted version of this problem is to build a 
heap spanning out-arbores
en
e rooted at a

�xed vertex r. Given a random 
ost for ea
h dire
ted edge on Monday and a distribution for

the random 
ost for ea
h dire
ted edge on Tuesday, �nd dire
ted edges to buy on Monday to

minimize the expe
ted total 
ost when you buy the missing edges on Tuesday. In other words,


ompute

OPT = min

X

M




M

(X

M

)+E

�

min

X

T

f


T

(X

T

) : X

M

[X

T

is a spanning arbores
en
e rooted at rg

�

:

In this 
ase there is a lower bound that mat
hes the threshold heuristi
.

3.1 Threshold heuristi


This 
omprises two phases:

Phase 1: For ea
h vertex, if the 
heapest in-edge on Monday has 
ost at most � we will

buy it, and otherwise we will wait till Tuesday and buy the 
heapest in-edge available. This

does not de�ne an arbores
en
e, it de�nes a fun
tional digraph, with all in-degrees equal to 1.

This 
onsists of a 
olle
tion of vertex disjoint 
y
les C

1

; C

2

; : : : ; C

m

, and for ea
h vertex v in

C

1

[ C

2

[ � � � [ C

m

there is an arbores
en
e dire
ted from v.

Phase 2: We delete the ar
 dire
ted into r. We then delete one (arbitrary) ar
 from ea
h 
y
le

that remains. At this point we have m

0

vertex disjoint dire
ted rooted trees T

1

; T

2

; : : : ; T

m

0

,

say, where m � m

0

� m + 1. Assume that r is the root of T

1

. Now we make a spanning

arbores
en
e as follows:

For i = m

0

;m

0

� 1; : : : ; 2 we do the following:

Find the 
heapest ar
, at Tuesday's pri
es, into T

i

from a vertex in T

1

\ T

2

\ : : : \ T

i�1

.

If this ar
 
ame from T

j

then this 
reates a rooted tree T

0

j

from the verti
es of T

j

; T

i

.

T

0

j

repla
es T

j

and T

i

disappears.

12



Note that sin
e the ar
 removed in Phase 2 is 
hosen arbitrarily, this pro
edure 
an be imple-

mented in the 2-Stage framework: on Monday, we leave some edge out of any 
y
le that Phase

1 wants to buy. This does not require any knowledge of the Tuesday 
osts.

Analysis of Phase 1

We �nd that the expe
ted 
ost of the ar
s 
hosen is given by

n

�

Z

�

x=0

(n� 1)x(1� x)

n�2

dx + (1� �)

n�1

Z

1

x=0

(n� 1)x(1� x)

n�2

dx

�

= n

�

1

n

�

(1� �)

n�1

n

(1 + �n� �) +

(1� �)

n�1

n

�

= 1� (n� 1)�(1� �)

n�1

:

This is minimised at � = 1=n giving a value whi
h is asymptoti
ally equal to 1� e

�1

.

Analysis of Phase 2

It remains to show that the 
ost added in this phase is o(1) whp. First of all, it is known (see,

e.g., [5℄, Ch. 14.5), that for some K > 0, m � K log n with probability at least 1 � O(n

�2

).

An easy 
al
ulation shows that with probability 1 � o(n

�2

) over Tuesdays' pri
es, for every

ordered partition (V

1

; V

2

) of V the 
heapest Tuesday's ar
 from V

1

to V

2

has 
ost at most

4 logn

n

. Indeed, the probability that this is not so 
an be bounded from above by

n�1

X

k=1

�

n

k

��

1�

4 log n

n

�

k(n�k)

� 2

n=2

X

k=1

�

n

k

��

1�

4 log n

n

�

k(n�k)

� 2

n=2

X

k=1

�

en

k

�

k

e

�

4 logn

n

�

kn

2

= o(n

�2

) :

Assuming the above 
onditions hold the ar
s added at Phase 2 in
rease the total weight of the

obtained solution by at most O(

log

2

n

n

).

Con
entration

The proof is analogous to the proof in se
tion 2.2. Given a � > 0, we pi
k the appropriate


onstant C, and use Azuma's inequality to show the total 
ost of the ar
s with 
ost less than

C=n is 
on
entrated around its mean. Then we show that the probability the total 
ost of the

remaining ar
s is anything signi�
ant is exponentially small, by showing that (with probability

exponentially 
lose to 1) there are not too many verti
es left un
onne
ted, and for any small

set of verti
es, there is a set of edges 
onne
ting them to the remaining verti
es whi
h doesn't


ost anything signi�
ant.

3.2 Mat
hing lower bound on

�!

OPT

In any feasible solution ea
h vertex v besides the root r has to have a unique edge dire
ted to

it. So we 
an obtain a lower bound on what is a
hievable by looking at ea
h vertex individually.
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For any realization of 


M

, taking expe
tations over 


T

we have

min

X

M

�




M

(X

M

) + E

�

min

X

T




T

(X

T

) : X

M

[X

T

is an arbores
en
e

��

�

X

v 6=r

min

�

min

w 6=v

f


M

(w; v)g;E

�

min

w 6=v

f


T

(w; v)g

��

=

X

v 6=r

min

�

min

w 6=v

f


M

(w; v)g; 1=n

�

:

And so taking expe
tations over 


M

, we obtain, where X

i

are independent, uniformly dis-

tributed between 0 and 1,

�!

OPT � (n� 1) E [minf1=n;X

1

;X

2

; : : : ;X

n�1

g℄

= (n� 1)

 

Z

1=n

x=0

(n� 1)x(1� x)

n�2

dx +

�

1�

1

n

�

n�1

Z

1

x=1=n

1

n

dx

!

� 1� e

�1

:

4 Open questions

As far as this pie
e of work is 
on
erned, the main open question is how to 
lose the gap

between the results of Theorems 2 and 3.

Another natural question might be to 
onsider a 2-stage version of the random assignment

problem. See Aldous [1℄, [2℄, Linusson and W�astlund [12℄ and Nair, Prabhakar and Sharma

[13℄ for re
ent work on the standard one-stage analysis. In prin
ipal, one 
ould try to 
arry

out a similar 2-stage probabilisti
 analysis for any 
ombinatorial optimization problem.
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A Hardness of approximation in worst 
ase

We des
ribe a gap preserving redu
tion from set 
over. Let S

1

; S

2

; : : : ; S

m

� [n℄ be a set 
over

instan
e. We 
onstru
t an MST instan
e with n+m+ 1 verti
es by de�ning the fun
tion 


M

and the random fun
tion 


T

. Denote the verti
es by fr; v

1

; : : : ; v

m

; 1; : : : ; ng. Set the Monday

edge 
ost of fr; v

i

g to 1 and set all the other Monday edge 
osts to 1.




M

(fu; vg) =

(

1; if fu; vg = fr; v

i

g;

1; otherwise.

Make the Tuesday edge 
osts uniformly distributed over n fun
tions, where the j-th fun
tion

sets to 1 the 
ost of edges in the 
ut separating T

j

= fjg [ fv

i

: S

i

3 jg from the rest of the

graph, and sets the other edges 
osts to 0.




(j)

T

(fu; vg) =

(

1; if fu; vg 2 (T

j

; T

j

);

0; otherwise.

If S

i

1

[ S

i

2

[ � � � [ S

i

k

= [n℄ then by buying Monday edges fr; v

i

j

g where j = 1; : : : ; k, we 
an


omplete the spanning tree on Tuesday with 0-
ost edges for any future.

On the other hand, 
onsider any set X

M

of Monday edges su
h that the expe
ted total 
ost of

the spanning tree is �nite. Then ea
h fu; vg 2 X

M

must have the form fr; v

i

j

g. Consider set

of sets 
orresponding to these edges, fS

i

1

; : : : ; S

i

k

g. For any ` 2 [n℄, we must have ` 2 S

i

j

for

some i

j

; otherwise with probability 1=n, we realize future `, and have to buy an in�nite 
ost

edge a
ross 
ut (T

`

; T

`

).
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