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Abstra
t

For a graph H and an integer n, the Tur�an number ex(n;H) is the maximum possible number

of edges in a simple graph on n verti
es that 
ontains no 
opy of H . H is r-degenerate if every

subgraph of it 
ontains a vertex of degree at most r. We prove that for any �xed bipartite graph

H in whi
h all degrees in one 
olor 
lass are at most r, ex(n;H) � O(n

2�1=r

). This is tight

for all values of r and 
an also be derived from an earlier result of F�uredi. We also show that

there is an absolute positive 
onstant 
 so that for every �xed bipartite r-degenerate graph H ,

ex(n;H) � O(n

2�
=r

): This is motivated by a 
onje
ture of Erd}os that asserts that for every su
h

H , ex(n;H) � O(n

2�1=r

):

For two graphs G and H , the Ramsey number r(G;H) is the minimum number n so that

in any 
oloring of the edges of the 
omplete graph on n verti
es by red and blue there is either

a red 
opy of G or a blue 
opy of H . Erd}os 
onje
tured that there is an absolute 
onstant 


su
h that for any graph G with m edges, r(G;G) � 2




p

m

. Here we prove this 
onje
ture for

bipartite graphs G, and prove that for general graphs G with m edges, r(G;G) � 2




p

m logm

for

some absolute positive 
onstant 
.

These results and some related ones are derived from a simple and yet surprisingly powerful

lemma, proved, using probabilisti
 te
hniques, at the beginning of the paper. This lemma is

a re�ned version of earlier results proved and applied by various resear
hers in
luding R�odl,

Kosto
hka, Gowers and Sudakov.
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1 Introdu
tion

All graphs 
onsidered here are �nite, undire
ted and simple. For a graph H and an integer n, the

Tur�an number ex(n;H) is the maximum possible number of edges in a simple graph on n verti
es that


ontains no 
opy of H. The asymptoti
 behavior of these numbers for graphs of 
hromati
 number

at least 3 is well known, see, e.g., [4℄. For bipartite graphs H, however, the situation is 
onsiderably

more 
ompli
ated, and there are relatively few nontrivial bipartite graphs H for whi
h the order of

magnitude of ex(n;H) is known. Our �rst result here asserts that for every �xed bipartite graph

H in whi
h the degrees of all verti
es in one 
olor 
lass are at most r, ex(n;H) � O(n

2�1=r

): This

result, whi
h 
an also be derived from an earlier result of F�uredi [14℄, is tight for every �xed r, as

shown by the 
onstru
tions in [18℄ and in [2℄. Our proof is di�erent from that in [14℄, and provides

somewhat stronger estimates.

A graph is r-degenerate if every subgraph of it 
ontains a vertex of degree at most r. An old


onje
ture of Erd}os ([9℄, see also [7℄, [12℄) asserts that for every �xed r-degenerate bipartite graph

H, ex(n;H) � O(n

2�1=r

): Here we prove that there is an absolute 
onstant 
 > 0, su
h that for

every su
h H, ex(n;H) � n

2�
=r

.

Our te
hnique here provides several Ramsey-type results as well. For two graphs G and H,

the Ramsey number r(G;H) is the minimum number n so that in any 
oloring of the edges of the


omplete graph on n verti
es by red and blue there is a red 
opy of G or a blue 
opy of H. If G = H

we sometimes denote r(G;G) by r(G).

Our �rst Ramsey-type result is that for every graph H with h verti
es, maximum degree r and


hromati
 number k � 2, and for every integer m, r(H;K

m

) �

�

100m

logm

�

(2r�k+2)(k�1)=2

(logm)h

r

: This

is nearly tight for k = 2, but is probably far from being tight for large values of k.

One of the basi
 results in Ramsey Theory is the fa
t that for the 
omplete graph G with m

edges, r(G) = 2

�(

p

m)

. A 
onje
ture of Erd}os (see [7℄) asserts that there is an absolute 
onstant 


su
h that for any graph G with m edges, r(G) � 2




p

m

. Here we prove this 
onje
ture for bipartite

graphs G, and prove that for general graphs G with m edges, r(G) � 2




p

m logm

for some absolute

positive 
onstant 
.

The basi
 tool in the proof of most of the results here is a simple and yet surprisingly powerful

lemma, whose proof is probabilisti
. An early variant of this lemma has �rst been proven in [8℄ and

[17℄, and versions that are 
loser to the one we prove and apply here have been proved and applied in

[15℄, [23℄, [20℄ and [3℄. There is no doubt that variants of the lemma will �nd additional appli
ations

as well.

Our notation is mostly standard. Here are a few less 
onventional notations. Given a graph

G = (V;E), for v 2 V and U � V let N

G

(v; U) be the set of all neighbors of v in U ; d

G

(v; U) =

jN

G

(v; U)j; let also N

G

(v) = N

G

(v; V ); for a subset U � V denote N

�

G

(U) = fv 2 V : (v; u) 2

E(G) for every u 2 Ug { the 
ommon neighborhood of U in G.

The rest of the paper is organized as follows. In the next se
tion we prove our basi
 lemma and

apply it for bounding the Tur�an numbers of bipartite graphs with bounded degrees on one side. In
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Se
tion 3 we bound the Tur�an numbers of degenerate bipartite graphs. In Se
tions 4 and 5 we prove

the Ramsey-type results mentioned above, and in Se
tion 6 we improve the estimate of F�uredi for

the Tur�an numbers of 
ertain generi
 bipartite graphs. The �nal se
tion 
ontains some 
on
luding

remarks and open problems.

Throughout the paper we make no attempts to optimize various absolute 
onstants. To simplify

the presentation, we often omit 
oor and 
eiling signs whenever these are not 
ru
ial. All logarithms

are in the natural base e, unless otherwise spe
i�ed.

2 Tur�an numbers of bipartite graphs of given maximum degree

We start with the following basi
 lemma, whose proof is probabilisti
.

Lemma 2.1 Let a; b; n; r be positive integers. Let G = (V;E) be a graph on jV j = n verti
es with

average degree d = 2jE(G)j=n. If

d

r

n

r�1

�

�

n

r

��

b� 1

n

�

r

> a� 1 ; (1)

then G 
ontains a subset A

0

of at least a verti
es so that every r verti
es of A

0

have at least b


ommon neighbors.

Proof. Let T be a subset of r random verti
es of V , 
hosen uniformly with repetitions. Set

A = N

�

G

(T ) = fv 2 V : T � N(v)g :

Denote by X the 
ardinality of A. By linearity of expe
tation:

E [X ℄ =

X

v2V

�

jN(v)j

n

�

r

=

1

n

r

X

v2V

jN(v)j

r

�

1

n

r

n

�

P

v2V

jN(v)j

n

�

r

=

1

n

r�1

�

2jE(G)j

n

�

r

=

d

r

n

r�1

;

where the inequality follows from the 
onvexity of f(x) = x

r

.

Let Y denote the random variable 
ounting the number of r-tuples inA with fewer than b 
ommon

neighbors. For a given r-tuple R � V , the probability that R will be a subset of A is pre
isely

�

jN

�

G

(R)j

n

�

r

. As there are at most

�

n

r

�

subsets R of 
ardinality jRj = r for whi
h jN

�

G

(R)j � b� 1, it

follows that:

E [Y ℄ �

�

n

r

��

b� 1

n

�

r

:

Applying linearity of expe
tation on
e again and re
alling 
ondition (1) of the lemma, we 
on
lude

that

E [X � Y ℄ �

d

r

n

r�1

�

�

n

r

��

b� 1

n

�

r

> a� 1 :
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Hen
e there exists a 
hoi
e for T so that for the 
orresponding set A we get X � Y � a. Pi
k su
h

a set, and for every r-tuple from A with fewer than b 
ommon neighbors delete one vertex from A.

Denote the obtained set by A

0

. Then jA

0

j � a, and every r-tuple of verti
es of A

0

has at least b


ommon neighbors. This 
ompletes the proof. 2

Theorem 2.2 Let H = (A [ B;F ) be a bipartite graph with sides A and B of sizes jAj = a and

jBj = b, respe
tively. Suppose that the degrees of all verti
es b 2 B in H do not ex
eed r. Let

G = (V;E) be a graph on jV j = n verti
es with average degree d = 2jE(G)j=n. If

d

r

n

r�1

�

�

n

r

��

a+ b� 1

n

�

r

> a� 1 ;

then G 
ontains a 
opy of H.

Proof. Let v

1

; : : : ; v

b

be the verti
es of B. By Lemma 2.1 (with a + b playing the role of b) there

is a subset A

0

� V (G) of 
ardinality jA

0

j = a so that every r-subset of A

0

has at least a + b


ommon neighbors in G. Next we �nd an embedding of H in G des
ribed by an inje
tive fun
tion

f : A [ B ! V (G). Start by de�ning f : A ! A

0

to be an arbitrary bije
tion. Now embed the

verti
es of B one by one. Suppose that the 
urrent vertex to be embedded is v

i

2 B, 1 � i � b. By

the assumption on H, v

i

has at most r neighbors in H, all of them obviously in A. Let N

i

� A be

the set of neighbors of v

i

in A, jN

i

j � r. The set of images f(N

i

) = ff(v

i

) : v

i

2 N

i

g is a subset of

A

0

of 
ardinality at most r, and has therefore at least a + b 
ommon neighbors in G. As the total

number of verti
es embedded so far is stri
tly less than a+ b, there is a vertex w 2 V (G) 
onne
ted

to all verti
es in f(N

i

) and not used in the embedding previously. Set f(v

i

) = w. It is immediate

from the above des
ription that on
e the embedding ends, the fun
tion f produ
es a 
opy of H in

G. 2

Corollary 2.3 Let H be a bipartite graph with maximum degree r on one side. Then there exists a


onstant 
 = 
(H) > 0 su
h that

ex(n;H) � 
n

2�

1

r

:

Note that the last 
orollary is tight for every value of r � 2. Indeed, by the 
onstru
tion in [2℄

(modifying that in [18℄), and by the well known results of [21℄, for every �xed s � (r � 1)! + 1 the

Tur�an number of the 
omplete bipartite graph K

r;s

is �(n

2�1=r

): Note also that the assertion of the


orollary 
an be dedu
ed from the main result of F�uredi in [14℄. An improved version of his result

is proved in Se
tion 6.

3 Tur�an numbers of bipartite degenerate graphs

Re
all that a graph is r-degenerate if every subgraph of it 
ontains a vertex of degree at most r. We

need the following easy and well known fa
t.
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Proposition 3.1 Let H = (U;F ) be an r-degenerate graph on jU j = h verti
es. Then there is an

ordering (v

1

; : : : ; v

h

) of the verti
es of H so that for every 1 � i � h the vertex v

i

has at most r

neighbors v

j

with j < i.

The following lemma is similar to a result proved in [20℄.

Lemma 3.2 For every integer r � 1 and every integer n, every graph G = (V;E) with jV j = n

verti
es and at least n

2�

1

10r

edges 
ontains disjoint sets A

1

; B

1

� V su
h that every r-tuple of verti
es

in A

1

has at least n

1

10


ommon neighbors in B

1

, and every r-tuple of verti
es in B

1

has at least n

1

10


ommon neighbors in A

1

.

Proof. Note, �rst, that sin
e n

2�

1

10r

< n

2

=2, n > 2

10r

> 1000. Partition the vertex set V into

disjoint sets A;B of 
ardinalities jAj =

�

n

2

�

, jBj =

�

n

2

�

su
h that at least half of the edges of G 
ross

between A and B. (The existen
e of su
h a partition 
an be proved, for example, by 
hoosing a set

A of the desired size at random and by estimating the expe
ted number of edges between A and its


omplement.) Denote by G

1

the bipartite subgraph of G 
onsisting of all edges of G between A and

B. Obviously, jE(G

1

)j �

1

2

jE(G)j �

1

2

n

2�

1

10r

.

Choose at random a subset T

1

� B 
onsisting of 4r (not ne
essarily distin
t) random members

of B. Thus jT

1

j � 4r. Denote

A

0

= A

0

(T

1

) = fa 2 A : T

1

� N

G

1

(a)g :

Let X = jA

0

j. Let Y be the random variable 
ounting the number of 3r-tuples in A

0

whose 
ommon

neighborhood in B has fewer than n

1

10

verti
es. We estimate the expe
tations of X and Y .

E [X℄ =

X

a2A

�

d

G

1

(a;B)

jBj

�

4r

� jAj

�

jE(G

1

)j

jAjjBj

�

4r

� 2

4r�1

n

1�

4r

10r

� 2n

0:6

;

where the �rst inequality follows from the 
onvexity of f(x) =

�

x=jBj

�

4r

.

In order to estimate the expe
ted value of Y , observe that for a �xed 3r-tuple R � A the

probability that R will be a subset of A

0

is pre
isely

�

jN

�

G

1

(R)j

jBj

�

4r

: As there are at most

�

jAj

3r

�

subsets R of 
ardinality 3r of A for whi
h jN

�

G

1

(R)j < n

0:1

it follows that

E [Y ℄ �

�

jAj

3r

��

n

0:1

jBj

�

4r

�

�

ejAj

3r

�

3r

�

n

0:1

jBj

�

4r

=

�

ejAj

3rjBj

�

3r

�

n

0:4

jBj

�

r

� 1:

By linearity of expe
tation we 
on
lude that E [X � Y ℄ = E [X℄ � E [Y ℄ � n

0:6

. Hen
e there exists

a 
hoi
e of T

1

for whi
h X � Y � n

0:6

. Choose su
h T

1

, and for ea
h 3r-tuple in A

0

with fewer

than n

0:1


ommon neighbors, delete one vertex from A

0

. It follows that there is a set A

1

� A of


ardinality jA

1

j � n

0:6

so that

every 3r-tuple in A

1

has at least n

0:1


ommon neighbors in B. (2)
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Fix an A

1

as above.

Now 
hoose at random a subset T

2

� A

1


onsisting of 2r (not ne
essarily distin
t) uniformly


hosen members of A

1

. Note that jT

2

j � 2r, and set

B

1

= B

1

(T

2

) = fb 2 B : T

2

� N

G

1

(b)g :

We estimate the probability that B

1


ontains an r-tuple R

1

, whose 
ommon neighborhood in A

1

has less than n

1

10

verti
es. As in the 
al
ulation of E [Y ℄ above, this probability is at most

�

jBj

r

��

n

0:1

jA

1

j

�

2r

�

jBj

r

r!

(n

�0:5

)

2r

�

n

r

2

r

r!

� n

�r

< 1 :

Hen
e there exists a 
hoi
e of T

2

for whi
h

every r-tuple in B

1

has at least n

0:1


ommon neighbors in A

1

: (3)

We 
laim that the pair (A

1

; B

1

) ful�lls the requirements of the lemma. Indeed, for B

1

the desired

property holds by (3). To show it for A

1

, 
onsider an arbitrary subset S � A

1

of 
ardinality jSj = r.

As jS [ T

2

j � jSj+ jT

2

j � r + 2r = 3r, by (2) the set S [ T

2

has at least n

0:1


ommon neighbors in

B. Observe, 
ru
ially, that by the de�nition of B

1

all 
ommon neighbors of T

2

in B belong to B

1

. It

follows that N

�

G

1

(S[T

2

) � N

�

G

1

(T

2

) � B

1

and jN

�

G

1

(S[T

2

)j � n

0:1

. As N

�

G

1

(S)\B

1

= N

�

G

1

(S[T

2

),

the statement is proven. 2

Theorem 3.3 Every graph G = (V;E) on jV j = n verti
es with jE(G)j � n

2�

1

10r

edges 
ontains

every r-degenerate bipartite graph H = (A [B;F ) with jAj; jBj � n

0:1

.

Proof. Let h = jAj+ jBj. Order the verti
es of H in su
h a way that for every 1 � i � h, a vertex

v

i

2 V (H) has at most r neighbors pre
eding it. Su
h an ordering is possible by Proposition 3.1.

Now apply Lemma 3.2 to G to get disjoint subsets A

1

; B

1

� V (G) so that every r-tuple of verti
es

in A

1

has at least n

0:1


ommon neighbors in B

1

, and every r-tuple in B

1

has at least n

0:1


ommon

neighbors in A

1

. We 
onstru
t an embedding f : V (H) ! V (G) by pla
ing images of verti
es from

A into A

1

, and images of verti
es of B into B

1

.

To 
onstru
t the desired embedding, we pro
eed a

ording to the 
hosen order (v

1

; : : : ; v

h

) of the

verti
es of H. If the 
urrent vertex v

i

2 V (H) is a vertex from A, we �rst lo
ate the images f(v

j

),

j < i, of the already embedded neighbors of v

i

in B. The set ff(v

j

) : j < i; (v

j

; v

i

) 2 E(H)g is a

subset of B

1

of 
ardinality at most r. It has therefore at least n

0:1


ommon neighbors in A

1

, and

obviously not all of them have been already used in the embedding. We pi
k one unused vertex w

and set f(v

i

) = w. If v

i

2 B, we 
an repeat the above argument, inter
hanging the roles of A

1

and

B

1

. 2

Corollary 3.4 For every r-degenerate bipartite graph H on h verti
es and for every n � n

0

(H) =

h

10

:

ex(n;H) � n

2�

1

10r

:

6



In fa
t the 
onstant 10 in this 
orollary 
an be improved to 4 as stated in the following theorem,

whose proof is similar to that of one of the lemmas in [3℄. This theorem also improves the estimate in

Theorem 3.3, but we believe it is instru
tive to in
lude the somewhat simpler proof of that theorem

as well, and present the next proof separately.

Theorem 3.5 Let H be a bipartite r-degenerate graph of order h. Then for all n � h

ex(n;H) � h

1=2r

n

2�

1

4r

:

Proof. The 
laim is trivial for r = 1 and we thus assume r � 2. Let G be a graph of order n with

at least h

1=2r

n

2�

1

4r

edges. As des
ribed in the proof of Lemma 3.2, there is a bipartite subgraph

G

1

of G with parts A and B of sizes jAj = bn=2
 and jBj = dn=2e su
h that jE(G

1

)j �

1

2

jE(G)j �

1

2

h

1=2r

n

2�

1

4r

.

Choose at random an ordered subset T 
onsisting of 2r (not ne
essarily distin
t) randommembers

of B. Denote A

0

= N

�

G

1

(T ) = fa 2 A : T � N

G

1

(a)g. Let X = jA

0

j. Let Y be the random variable


ounting the number of ordered 3r-tuples of verti
es in A

0

whose 
ommon neighborhood in B has

fewer than h verti
es. We next estimate the expe
tations of X

2r

and of Y . Using the 
onvexity of

f(x) =

�

x=jBj

�

2r

we get

E [X ℄ =

X

a2A

�

d

G

1

(a;B)

jBj

�

2r

� jAj

�

jE(G

1

)j

jAjjBj

�

2r

� 2

2r�2

hn

1�

2r

4r

� 2hn

1=2

;

where here we used the fa
t that jAj = bn=2
 > n=4: By Jensen's Inequality and the fa
t that the

fun
tion z

2r

is 
onvex, E

�

X

2r

�

� E [X℄

2r

� (2h)

2r

n

r

: As explained in the proof of Lemma 3.2,

E [Y ℄ � jAj

3r

�

h� 1

jBj

�

2r

< jAj

r

h

2r

< h

2r

n

r

:

By linearity of expe
tation we 
on
lude that

E

�

X

2r

� Y � h

2r

�

n

r

��

= E

�

X

2r

�

� E [Y ℄� h

2r

�

n

r

�

> 2

2r

h

2r

n

r

� h

2r

n

r

� h

2r

�

n

r

�

> 0:

Hen
e we 
an �x a 
hoi
e of T su
h that X

2r

� Y � h

2r

�

n

r

�

> 0.

Call an ordered subset S of 2r (not ne
essarily distin
t) elements of A

0

bad if:

(i) all elements of S are 
ontained in the 
ommon neighborhood of a set U � B of size r for whi
h

jN

�

G

1

(U) \A

0

j < h, or

(ii) there exists an ordered subset R of 3r elements of A

0

whose �rst 2r members form the ordered

set S, su
h that jN

�

G

1

(R)j < h,

otherwise it is 
alled good. To rephrase, S is good if: (i) for every U � B of size jU j = r, for whi
h

S � N

�

G

1

(U), one has:

jN

�

G

1

(U) \A

0

j � h ; (4)

7



and (ii) for all subsets W � A

0

of size jW j = r,

jN

�

G

1

(S [W )j � h : (5)

Every subset U � B satisfying jN

�

G

1

(U)\A

0

j < h 
reates at most (h�1)

2r

< h

2r

bad ordered 2r-

tuples in A

0

, and every ordered subset R � A

0

of size 3r with jN

�

G

1

(R)j < h generates exa
tly one bad

ordered 2r-tuple. Therefore, the total number of bad ordered 2r-tuples is at most Y +h

2r

�

n

r

�

< X

2r

.

It follows that there is some ordered 2r-tuple S � A

0

whi
h is good. Fix su
h a good S and de�ne

B

0

= N

�

G

1

(S) = fb 2 B : S � N

G

1

(b)g. As in the derivation of Theorem 3.3, to 
omplete the proof

it suÆ
es to show that every r-tuple of verti
es in A

0

has at least h 
ommon neighbors in B

0

, and

every r-tuple of verti
es in B

0

has at least h 
ommon neighbors in A

0

. For B

0

the desired property

follows dire
tly from the fa
t that S is good, and from (4). To show it for A

0


onsider an arbitrary

subset W � A

0

of 
ardinality r. Let S [W denote the ordered 3r-tuple of elements of A

0

starting

with the 2r members of S and 
ontinuing with the r members of W . By (5), jN

�

G

1

(S [W )j � h:

The 
ru
ial observation is now that by the de�nition of B

0

, all 
ommon neighbors of S in G

1

belong

to B

0

. Hen
e jN

�

G

1

(W ) \B

0

j = jN

�

G

1

(S [W )j � h: This 
ompletes the proof. 2

Substituting, for example, h = n

1=4

in the last theorem, we obtain the following strengthening

of Theorem 3.3

Theorem 3.6 Every graph G = (V;E) on jV j = n verti
es with jE(G)j � n

2�

1

8r

edges 
ontains

every r-degenerate bipartite graph H = (A [B;F ) with at most n

1=4

verti
es.

As mentioned in the introdu
tion, an old 
onje
ture of Erd}os ([9℄, see also [7℄), asserts that for every

�xed r-degenerate bipartite graph H, ex(n;H) = O(n

2�1=r

): Moreover, for r = 2 Erd}os 
onje
tured

(see [12℄, [13℄, [7℄) that for any �xed bipartite graph H, ex(n;H) = O(n

3=2

) if and only if H is

2-degenerate. The last theorems do not prove any of these 
onje
tures, but do supply an estimate of

a similar form, and hen
e provide eviden
e to support them. The problem of redu
ing the 
onstant

4 in Theorem 3.5 all the way to 1, remains a 
hallenging open question whose resolution seems to

require some additional ideas.

4 Ramsey numbers of graphs with given maximum degree

In this se
tion we des
ribe an appli
ation of Lemma 2.1 in the proof of the following Ramsey-type

result.

Theorem 4.1 Let H be a graph with h verti
es and 
hromati
 number k � 2. Suppose that there is

a proper k-
oloring of H in whi
h the degrees of all verti
es besides possibly those in the �rst 
olor


lass are at most r, where 1 � r (< h). De�ne �(k; r) to be 1 if k > r and 0 otherwise. Then, for

every integer m > 1,

r(H;K

m

) �

�

100m

logm

�

(2r�k+2)(k�1)=2

(logm)

�(k;r)

h

r

:

8



Note that in the above theorem k is always at most r+1, sin
e the graph H is r-degenerate and

is thus (r+1)-
olorable. To prove this theorem we will need the following well known bound on the

independen
e number of a graph 
ontaining few triangles (see, e.g., Lemma 12.16 in [5℄, also see [1℄

for a more general result).

Proposition 4.2 Let G be a graph on n verti
es with maximum degree at most d su
h that the

neighborhood of every vertex in G spans at most t > 0 edges. Then G 
ontains an independent set

of order at least

0:1

n

d

�

log d� (1=2) log t

�

:

Proof of Theorem 4.1. We apply indu
tion on k. Starting with k = 2 and r = 1, put n = 100mh

and 
onsider a red-blue edge 
oloring of K

n

. Note that in this 
ase H is just a disjoint union of

stars. If the red graph has average degree at least 4h then it 
ontains a subgraph with minimum

degree 2h. In this subgraph one 
an �nd any union of stars of order h just greedily. Otherwise, the

average degree of the red graph is at most 4h, so by Tur�an's theorem it 
ontains a blue independent

set of size 100mh=(4h + 1) � m.

Now let r � k = 2 and 
onsider a red-blue edge 
oloring of K

n

with n =

�

100m

logm

�

r

h

r

. If the

number of red edges is at least

1

2

�

100m

logm

�

r�1

h

r

n, then we 
laim that the red graph 
ontains a set of

at least h verti
es, su
h that every r of them have at least h 
ommon neighbors in the red graph.

Indeed, by Lemma 2.1 it suÆ
es to 
he
k that

�

(

100m

logm

)

r�1

h

r

�

r

n

r�1

�

�

n

r

��

h� 1

n

�

r

� h

r

� h

r

=r! � h

r

=2 > h� 1:

This indeed holds, sin
e h � r � 2. By the reasoning des
ribed in Se
tion 2, this implies that the

red graph 
ontains a 
opy of H.

Next suppose that the red graph has at most

1

2

�

100m

logm

�

r�1

h

r

n edges. Then, by deleting repeatedly

verti
es of degree larger than d =

�

100m

logm

�

r�1

h

r

we 
an obtain a red subgraph G with maximum

degree at most d and at least n=2 verti
es. If the neighborhood of every vertex in G spans at most

t =

�

100m

logm

�

2r�3+1=r

h

2r

edges then, by Proposition 4.2 it 
ontains a blue independent set of size at

least

0:1

n=2

d

�

log d� 1=2 log t

�

=

5m

logm

�

1=2 � 1=(2r)

�

log

�

100m= logm

�

� m:

Here we used that 1=2 � 1=(2r) � 1=4 and that log(100m= logm) � (4=5) logm for all m � 2.

Otherwise, there is a subset of verti
es of G of size at most d whi
h spans at least t red edges.

Then the 
onditions of Lemma 2.1 are satis�ed again, sin
e

(2t=d)

r

d

r�1

�

�

d

r

��

h� 1

d

�

r

� (2h)

r

� h

r

=r! � h

r

> h� 1:

Therefore the red graph 
ontains a set of at least h verti
es, su
h that every r of them have at least

h 
ommon neighbors in the red graph. As was explained earlier, this implies that the red graph


ontains a 
opy of H, showing that indeed the result holds for k = 2.

9



Assuming the result for k � 1, we prove it for k, k � 3. Given H as in the theorem, �x a proper

k-
oloring of it with k 
olor 
lasses V

1

; V

2

; : : : ; V

k

in whi
h the degrees of all verti
es besides possibly

those in V

1

are at most r. Moreover, take su
h a 
oloring in whi
h the 
ardinality of V

k

is as large

as possible. Clearly every vertex in V

2

[ V

3

: : : [ V

k�1

has a neighbor in V

k

(sin
e otherwise we 
an

shift it to V

k

, 
ontradi
ting the maximality). Put V

0

= V � V

k

and let H

0

be the indu
ed subgraph

of H on V

0

. Then H

0

is (k� 1)-
hromati
, and it has a proper (k� 1)-
oloring in whi
h the degrees

of all verti
es besides those in the �rst 
olor 
lass are at most r � 1.

Put n =

�

100m

logm

�

(2r�k+2)(k�1)=2

(logm)

�(k;r)

h

r

and 
onsider a red-blue edge 
oloring of K

n

. As

before, if the number of red edges is at least e =

1

2

�

100m

logm

�

(2r�k+2)(k�1)=2�1

(logm)

�(k;r)

h

r

n, then we


laim that the red graph 
ontains a set U of at least

�

100m

logm

�

(2(r�1)�k+3)(k�2)=2

(logm)

�(k�1;r�1)

h

r�1

verti
es, so that any r of them have at least h 
ommon neighbors in the red graph. Note that

�(k � 1; r � 1) = �(k; r). Hen
e, by Lemma 2.1, to prove this 
laim it suÆ
es to 
he
k that

(2e=n)

r

n

r�1

�

�

n

r

��

h� 1

n

�

r

�

�

100m

logm

�

(2(r�1)�k+3)(k�2)=2

(logm)

�(k;r)

h

r

� h

r

=r!

�

�

100m

logm

�

(2(r�1)�k+3)(k�2)=2

(logm)

�(k�1;r�1)

h

r�1

:

Thus, there is a set U as 
laimed. By the indu
tion hypothesis, either the indu
ed blue subgraph

on U 
ontains a 
opy of K

m

, in whi
h 
ase the desired result follows, or the indu
ed red graph on

U 
ontains a 
opy of H

0

. In the latter 
ase, this 
opy 
an be 
ompleted to a red 
opy of H in K

n

,

sin
e every r verti
es of U have at least h 
ommon neighbors in the red graph.

Next suppose that the red graph has at most

1

2

�

100m

logm

�

(2r�k+2)(k�1)=2�1

(logm)

�(k;r)

h

r

n edges.

Then, by deleting repeatedly verti
es of degree larger than d =

�

100m

logm

�

(2r�k+2)(k�1)=2�1

(logm)

�(k;r)

h

r

we 
an obtain a red subgraph G with maximum degree d and at least n=2 verti
es. If the neighbor-

hood of every vertex in G spans at most t =

�

100m

logm

�

(2r�k+2)(k�1)�3+1=r

(logm)

2�(k;r)

h

2r

edges then,

by Proposition 4.2 it 
ontains a blue independent set of size at least

0:1

n=2

d

�

log d� (1=2) log t

�

=

5m

logm

�

1=2� 1=(2r)

�

log

�

100m= logm

�

� m:

Finally, we 
an assume that there is a subset of verti
es of G of size at most d whi
h spans at

least t red edges. Then the 
onditions of Lemma 2.1 for getting a set U as before are satis�ed again,

sin
e

(2t=d)

r

d

r�1

�

�

d

r

��

h� 1

d

�

r

�

�

100m

logm

�

(2(r�1)�k+3)(k�2)=2

(logm)

�(k;r)

(2h)

r

� h

r

=r!

�

�

100m

logm

�

(2(r�1)�k+3)(k�2)=2

(logm)

�(k�1;r�1)

h

r�1

:

Therefore the red graph 
ontains a set of at least

�

100m

logm

�

(2(r�1)�k+3)(k�2)=2

(logm)

�(k�1;r�1)

h

r�1

verti
es, su
h that every r of them have at least h 
ommon neighbors in the red graph. As was

10



explained earlier, using this we 
an either �nd in the red graph a 
opy of H or in the blue graph a


opy of K

m

. This 
ompletes the proof of the theorem. 2

An easy probabilisti
 argument shows that the above theorem is nearly tight when m is large

and the �xed graph H is H = K

r;s

with s mu
h bigger than r. In fa
t, for every � > 0, and

every �xed r, if s > s

0

(r; �), then r(K

r;s

;K

m

) > m

r��

for all m > m

0

(s), whereas by Theorem 4.1,

r(K

r;s

;K

m

) � 
(s)(m= logm)

r

. See also [22℄ for some related results.

5 On a Ramsey-type problem of Erd}os

As mentioned in the introdu
tion, the following 
onje
ture was raised by Erd}os (see [7℄).

Conje
ture 5.1 There exists an absolute 
onstant 
 > 0 su
h that for every graph G with m edges

and no isolated verti
es,

r(G) � 2




p

m

:

Here we �rst des
ribe a very short proof of the 
onje
ture for bipartite graphs G.

Theorem 5.2 Let G be a bipartite graph with m edges and no isolated verti
es. Then

r(G) � 2

16

p

m+1

:

The order of the exponent in this estimate is asymptoti
ally tight. Indeed, let G be the 
omplete

bipartite graph K

p

m;

p

m

. Then it 
ontains m edges and it is easy to 
he
k that almost every

two-edge-
oloring of the 
omplete graph of order 2

p

m=2

, where the 
olor of every edge is 
hosen

randomly and independently with probability 1=2, does not 
ontain a mono
hromati
 
opy of G.

Thus r(G) > 2

p

m=2

.

Proof of Theorem 5.2. First we prove that G is

p

m-degenerate. Otherwise, by de�nition, G


ontains a subgraph G

0

with minimal degree larger than

p

m. Let (U;W ) be the bipartition of G

0

.

Clearly, every vertex in U has at most jW j neighbors in G

0

. Therefore jW j >

p

m and we obtain a


ontradi
tion sin
e the number of edges in G

0

is

jE(G

0

)j =

X

v2W

d(v) >

p

mjW j > m = jE(G)j:

Let n = 2

16

p

m+1

and suppose that the edges of the 
omplete graph K

n

are 2-
olored. Then


learly at least

1

2

�

n

2

�

� n

2�

1

8

p

m

edges have the same 
olor. These edges form a mono
hromati


graph whi
h satis�es the 
onditions of Theorem 3.6 with r =

p

m. Thus this graph 
ontains every

p

m-degenerate bipartite graph of order n

1=4

> 2

4

p

m

> 2m. In parti
ular, sin
e the order of G is

obviously bounded by 2jE(G)j = 2m it 
ontains a 
opy of G. This 
ompletes the proof. 2

Theorem 5.3 Let G be a graph with m edges and no isolated verti
es. If m is suÆ
iently large

then

r(G) � 2

7

p

m log

2

m

:

11



To prove this theorem we need two lemmas of Graham, R�odl and Ru
i�nski [16℄. We start with

some notation. Let H be a graph with vertex set V and let U be a subset of V . Then we denote by

H[U ℄ the subgraph of H indu
ed by U and by e(U) its number of edges. The edge density d(U) of

U is de�ned by

d(U) =

e(U)

�

jU j

2

�

:

Similarly if X and Y are two disjoint subset of V , then e(X;Y ) is the number of edges of G adja
ent

to exa
tly one vertex from X and one from Y and the density of the pair (X;Y ) is de�ned by

d(X;Y ) =

e(X;Y )

jXjjY j

:

We say that H is (�; 
)-dense if for all U � V with jU j � �jV j, we have d(U) � 
. Similarly we say

that H is bi-(�; 
)-dense if all pairs (X;Y ) of disjoint subsets of V with jXj � �jV j and jY j � �jV j

satisfy d(X;Y ) � 
. The following two lemmas are proved in [16℄.

Lemma 5.4 Let the numbers s; �; �; � satisfy 0 < �; �; � < 1; s � log

2

(4=�) and (1 � �)

2s

� 2=3.

Then if H is a

�

(2�)

s

�

s�1

; �

�

-dense graph on N verti
es, then there exists U � V (H) of size at least

�

s�1

�

s�2

N su
h that H[U ℄ is bi-(�; �=2)-dense.

Lemma 5.5 Let � and n be two integers and let a; �; 
 be positive numbers su
h that for all 0 �

r � �,

�




��r

� r�

�

a � 1:

Let also G be a graph on n verti
es with maximum degree at most �. If H is a graph of order at

least a(� + 1)n whi
h is bi-

�

�

�+1

; 


�

-dense then H 
ontains a 
opy of G.

Using these two lemmas we next prove the following statement.

Proposition 5.6 Let m be an integer and let H be a graph with vertex set V; jV j � 2

3

p

m log

2

m

su
h

that every subset of H of size at least 4m

2

has density at least 1=(2m). If m is suÆ
iently large,

then H 
ontains a 
opy of every graph G on 2m verti
es with maximum degree at most

p

m

log

2

m

.

Proof. Let � = 1=(2m); s = log

2

(4=�) = log

2

m+ 3; � = 1=(8 log

2

m) and let � = 2

�2

p

m

. Sin
e m

is suÆ
iently large, it is easy to 
he
k that

(1� �)

2s

=

�

1�

1

8 log

2

m

�

2 log

2

m+6

= e

�(1+o(1))=4

>

2

3

:

Also, by assumption, every subset of H of size

�

2�

�

s

�

s�1

jV j � 2

3

p

m log

2

m

2

(�2

p

m+1)(log

2

m+3)

�

1

8 log

2

m

�

log

2

m+2

= 2

3

p

m log

2

m

2

�(2+o(1))

p

m log

2

m

� 2

(1+o(1))

p

m log

2

m

> 4m

2

12



has density at least � = 1=(2m). Therefore, by Lemma 5.4, H 
ontains an indu
ed subgraph H

0

of

order at least

�

s�1

�

s�2

jV j � 2

�2

p

m(log

2

m+2)

�

1

8 log

2

m

�

log

2

m+1

2

3

p

m log

2

m

= 2

3

p

m log

2

m

2

�(2+o(1))

p

m log

2

m

� 2

(1+o(1))

p

m log

2

m

su
h that H

0

is bi-

�

2

�2

p

m

; 1=(4m)

�

-dense.

Let G be a graph of order 2m with maximum degree at most � =

p

m

log

2

m

. Set 
 = 1=(4m); a =

2

3

p

m

and � = (� + 1)2

�2

p

m

. Then it is easy to 
he
k that 2m(� + 1)a = 2

(3+o(1))

p

m

<

2

(1+o(1))

p

m log

2

m

� jV (H

0

)j and that for every 0 � r � � we have

�




��r

� r�

�

a >

�




�

���

�

a =

 

�

1

4m

�

p

m

log

2

m

�

p

m

log

2

m

�

p

m

log

2

m

+ 1

�

2

�2

p

m

!

2

3

p

m

=

�

2

�(1+o(1))

p

m

� 2

�(2+o(1))

p

m

�

2

3

p

m

= 2

(2+o(1))

p

m

> 1:

In addition, we have that H

0

is bi-

�

�

�+1

; 


�

-dense. Thus G and H

0

satisfy all the 
onditions of

Lemma 5.5 and therefore it follows that H

0


ontains a 
opy of G. 2

Having �nished all the ne
essary preparations we are now ready to prove Theorem 5.3.

Proof of Theorem 5.3. Let G = (V;E) be a graph with m edges and no isolated verti
es. Then,


learly, the number of verti
es of G is at most 2m. Let V

0

be the subset of 2

p

m log

2

m verti
es of

G of largest degrees. Denote by G

0

the subgraph of G indu
ed by the set V � V

0

and by �(G

0

) its

maximum degree. Note that

m = e(G) �

1

2

X

v2V

0

d(v) �

1

2

�(G

0

)jV

0

j =

�

p

m log

2

m

�

�(G

0

):

Therefore the maximum degree of G

0

is bounded by

p

m

log

2

m

.

Let n = 2

7

p

m log

2

m

and let � be a 2-
oloring of the edges of the 
omplete graph K

n

. De�ne, for

1 � i � 4

p

m log

2

m, sets of verti
es U

i

and elements u

i

2 U

i

as follows. U

1

is the set of all verti
es

of K

n

.

� Having 
hosen U

i

, sele
t u

i

in U

i

arbitrarily.

� Having sele
ted u

i

2 U

i

, de�ne

W

j

=

�

u 2 U

i

j �(u

i

; u) = j

	

; j = 1; 2:

Set U

i+1

to be the largest of the setsW

1

;W

2

. By de�nition, jU

i+1

j � (jU

i

j�1)=2. Also, by indu
tion,

it is easy to show that

jU

i

j �

n

2

i�1

�

i�1

X

t=1

2

�t

>

n

2

i�1

� 1 >

n

2

i

:

In parti
ular we obtain that for l = 2

p

m log

2

m, jU

2l

j � 2

7

p

m log

2

m

=2

2l

= 2

3

p

m log

2

m

.
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De�ne a new 
oloring �

�

on u

1

; : : : ; u

2l�1

by setting �

�

(u

i

) = j (1 or 2) if �(u

i

; x) = j for all

x 2 U

i+1

. Sin
e this 
oloring splits the above 2l � 1 verti
es into two parts, there is a set S of l

verti
es u

i

1

; : : : ; u

i

l

all having the same 
olor. Without loss of generality we 
an assume that this


olor is 1. Note that the verti
es of S form a mono
hromati
 
lique of size 2

p

m log

2

m whi
h has


olor 1 and that all the edges between S and U

2l

are also 
olored 1.

Let H be the graph 
onsisting of all the edges within the set U

2l

with 
olor 1. First suppose

that the density of every subset of H of size at least 4m

2

is at least 1=2m. Then, by Proposition

5.6, H 
ontains a 
opy of the graph G

0

. It is easy to see that su
h a 
opy of G

0

together with the

set of verti
es S forms a mono
hromati
 subgraph of K

n


ontaining G. On the other hand if X is a

subset of H of size at least 4m

2

and density less than 1=2m, then an easy 
omputation shows that

X spans at least

�

1�

1

2m

��

jXj

2

�

>

�

1�

1

2m� 1

�

jXj

2

2

;

edges of the se
ond 
olor. Therefore by Tur�an's theorem there is a mono
hromati
 
lique of size 2m

of the se
ond 
olor. This 
lique 
ontains every graph on 2m verti
es and in parti
ular a 
opy of G.

This 
ompletes the proof of the theorem. 2

Note that the proof a
tually shows the following, whi
h is obviously stronger than the assertion

of Theorem 5.3.

Theorem 5.7 For every graph G with m edges and no isolated verti
es, r(G;K

2m

) � 2

7

p

m log

2

m

provided m is suÆ
iently large.

6 Improved bounds on a Tur�an-type problem

Given integers k; t � 2 and s � 1 de�ne the graph L

k;s

t

as follows. The vertex set of this graph


onsists of two disjoint sets X and Y of sizes s

�

k

t

�

+ 1 and k respe
tively. X = fx

0

g [

�

x

�

I

	

where

I runs through all t-element subsets of f1; : : : ; kg and 1 � � � s, and Y = fy

1

; : : : ; y

k

g. For every

1 � i � k we join y

i

to x

0

and also to every x

�

I

if i 2 I. In parti
ular, for s = 1 and t = 2 this graph

is the indu
ed subgraph on the �rst three layers of the Boolean k-
ube. In this se
tion we prove the

following result.

Theorem 6.1

ex

�

2n;L

k;s

t

�

� 2

1+1=t

(s+ 1)

1=t

kn

2�1=t

:

This improves a result of F�uredi [14℄, who proved that

ex

�

n;L

k;s

t

�

= O((s+ 1)

1=t

k

2�1=t

n

2�1=t

):

Note that this result, as well as that of [14℄, supplies an alternative proof for Corollary 2.3, as L

k;k

t


ontains every bipartite graph with maximum degree t on one side and at most k verti
es. The

dependen
e on k in our estimate above is essentially optimal for k = n

1=t

, and the dependen
e on s

is essentially optimal for all s > t!, as shown by the examples in [2℄.

14



Proof. Let G = (V;E) be a graph on 2n verti
es with at least 2

1+1=t

(s+1)

1=t

kn

2�1=t

edges. As in

Se
tion 3, start with a partition of the vertex set V into disjoint sets V

1

; V

2

, ea
h of 
ardinality n, su
h

that at least half of the edges of G 
ross between V

1

and V

2

. Denote by G

1

the bipartite subgraph

of G 
onsisting of all edges of G between V

1

and V

2

. By de�nition, jE(G

1

)j � 2

1=t

(s+ 1)

1=t

kn

2�1=t

.

Without loss of generality assume that

X

v2V

1

�

d

G

1

(v)

�

t

�

X

v2V

2

�

d

G

1

(v)

�

t

:

Let x

0

; :::; x

t�1

be a sequen
e of t not ne
essarily distin
t verti
es of V

1

, 
hosen uniformly and

independently at random, and denote T = fx

0

; :::; x

t�1

g. Let U be the set of all the 
ommon

neighbors of verti
es from T in V

2

, that is, U = N

�

G

1

(T ) = fv 2 V

2

j T � N

G

1

(v)g, and denote by X

the size of U . By linearity of expe
tation and Jensen's inequality:

E [X℄ =

X

v2V

2

Pr

�

v 2 U

�

=

X

v2V

2

�

jN

G

1

(v)j

jV

1

j

�

t

=

P

v2V

2

�

d

G

1

(v)

�

t

n

t

�

n

�

P

v2V

2

d

G

1

(v)

n

�

t

n

t

=

n

�

jE(G

1

)j=n

�

t

n

t

= 2(s+ 1)k

t

:

For every subset of verti
es S � V

2

of size t de�ne a weight w(S) by w(S) =

1

jN

�

G

1

(S)j

. Let Y be

the random variable whi
h sums the total weight of subsets of U of size t with at most (s + 1)

�

k

t

�


ommon neighbors in G

1

. Note that for a given subset S � V

2

of size t the probability that it belongs

to U is pre
isely

�

jN

�

G

1

(S)j

n

�

t

. Therefore we 
an obtain the following bound on the expe
tation of Y :

E [Y ℄ =

X

S�V

2

;jSj=t;jN

�

G

1

(S)j�(s+1)

(

k

t

)

w(S)Pr

�

S � U

�

=

X

S�V

2

;jSj=t;jN

�

G

1

(S)j�(s+1)

(

k

t

)

jN

�

G

1

(S)j

t�1

n

t

�

�

(s+ 1)

�

k

t

��

t�2

P

S�V

2

;jSj=t

jN

�

G

1

(S)j

n

t

=

�

(s+ 1)

�

k

t

��

t�2

P

v2V

1

�

d

G

1

(v)

t

�

n

t

�

((s+ 1)

�

k

t

�

)

t�2

t!

P

v2V

1

�

d

G

1

(v)

�

t

n

t

�

((s+ 1)

�

k

t

�

)

t�2

t!

P

v2V

2

�

d

G

1

(v)

�

t

n

t

�

((s+ 1)

�

k

t

�

)

t�2

2

E [X℄:

This implies that

E

"

X � (s+ 1)k

t

�

Y

((s+ 1)

�

k

t

�

)

t�2

#

� 0: (6)

Hen
e there exists a 
hoi
e of T su
h that the random variables X and Y for the 
orresponding set U

satisfy (6). Pi
k su
h a set U . Then, by (6), we have jU j = X � (s+1)k

t

and Y � ((s+1)

�

k

t

�

)

t�2

X.

Let U

1

be a random subset of U of size pre
isely k and let Y

1

be the random variable whi
h


ounts the total weight of subsets S of U

1

of size t with at most (s+1)

�

k

t

�


ommon neighbors in G

1

.
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Note that for every su
h S the probability that it lies in U

1

equals

�

X�t

k�t

�

=

�

X

k

�

. Thus, it is easy to

see that

E [Y

1

℄ =

�

X�t

k�t

�

�

X

k

�

Y �

�

k

X

�

t

Y �

�

k

X

�

t

�

(s+ 1)

�

k

t

��

t�2

X =

k

t

((s+ 1)

�

k

t

�

)

t�2

X

t�1

�

k

t

((s+ 1)

�

k

t

�

)

t�2

((s+ 1)k

t

)

t�1

�

k

t

(s+ 1)

t�2

�

k

t

=t!

�

t�2

(s+ 1)

t�1

k

t(t�1)

=

1

(t!)

t�2

(s+ 1)

�

1

s+ 1

:

This implies that there is a parti
ular subset U

1

� V

2

of size k with Y

1

� 1=(s + 1). Fix su
h a set

U

1

.

Let S

1

; : : : ; S

(

k

t

)

be all the subsets of U

1

of size t. We 
onstru
t a set of distin
t verti
es

�

z

�

i

2

V

1

j1 � i �

�

k

t

�

; 1 � � � s

	

su
h that for every i and �, z

�

i

is adja
ent to all verti
es in S

i

and

z

�

i

6= x

0

. Arrange the sets S

i

in a non-de
reasing order of jN

�

G

1

(S

i

)j and assign the verti
es z

�

i

one by one to these sets in this order. Always pi
k the next vertex z

�

i

from N

�

G

1

(S

i

) su
h that it

is di�erent from all previous verti
es and x

0

. Note that if this greedy pro
edure fails at step r,

1 � r �

�

k

t

�

, then 
learly the set S

r

has jN

�

G

1

(S

r

)j < rs+1 < (s+1)

�

k

t

�

. Also by de�nition, we have

that jN

�

G

1

(S

i

)j � jN

�

G

1

(S

r

)j for all i < r. Thus we obtain a 
ontradi
tion, sin
e

1

s+ 1

� Y

1

=

X

S

i

;jN

�

G

1

(S

i

)j�(s+1)

(

k

t

)

1

jN

�

G

1

(S

i

)j

�

r

jN

�

G

1

(S

r

)j

>

r

sr + 1

�

1

s+ 1

:

Finally, re
all that x

0

is adja
ent to all the verti
es in U and hen
e also to all the verti
es in U

1

.

Thus x

0

together with the verti
es in U

1

and the verti
es fz

�

i

g form a 
opy of L

k;s

t

. This 
ompletes

the proof of the theorem. 2

7 Con
luding remarks

� A topologi
al 
opy of a graph H is any graph obtained from H by repla
ing ea
h edge by a

simple path, where all these paths are internally vertex disjoint. A 1-subdivision of H is the

topologi
al 
opy of H obtained by repla
ing ea
h edge of H by a path of length 2.

In [10℄ Erd}os asked whether any graph on n verti
es with 


1

n

2

edges 
ontains a 1-subdivision

of K

m

with m = 


2

p

n for some positive 


2

depending on 


1

. We note that the results in [6℄,

as well as those in [19℄, imply that any su
h graph 
ontains a topologi
al 
opy of K




3

p

n

, but

this 
opy is not ne
essarily a 1-subdivision.

However, the existen
e of a 1-subdivision of the required size follows immediately from Theorem

6.1 with t = 2, s = 1 and k = �(

p

n). A similar result 
an also be derived from the main

result of [8℄, and 
an also be proved dire
tly from the reasoning in the proof of Lemma 2.1

here. In fa
t, it is not diÆ
ult to show that for any �xed positive 
 and Æ there is a positive




0

= 


0

(
; Æ) su
h that any graph on n verti
es with at least n

1=2+Æ

verti
es of degree at least


n ea
h, 
ontains a set of of at least

p

n verti
es so that ea
h pair has at least 


0

n 
ommon

16



neighbors. This 
learly implies that any su
h graph 
ontains a 1-subdivision of K

m

for any m

satisfying m+

�

m

2

�

� 


0

n.

� As mentioned in Se
tion 4, our estimate in Theorem 4.1 is nearly tight for some bipartite

graphs H. It seems, however, that this estimate is far from being tight for graphs H with

a large 
hromati
 number. We 
onje
ture that r(H;K

m

) � m

O(r)

for every �xed graph H

with maximum degree r and all suÆ
iently large m. Note that Theorem 4.1 implies merely

r(H;K

m

) � m

O(r

2

)

for this 
ase.

� The assertion of Theorem 5.2 
an be extended to graphs with bounded 
hromati
 number,


ombining our ideas here with the te
hniques in [20℄. We omit the details.

� The proof of Theorem 6.1 implies a similar estimate for the Tur�an number of the graph

^

L

k;s

t

obtained from L

k;s

t

by repla
ing the vertex x

0

by an independent set of t verti
es with the

same neighbors. This is be
ause the set T in the proof 
an be 
hosen with no repetitions.
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