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Abstra
t

In this paper we 
onsider the problem of testing bipartiteness of general graphs. The problem

has previously been studied in two models, one most suitable for dense graphs, and one most

suitable for bounded-degree graphs. Roughly speaking, dense graphs 
an be tested for bipartite-

ness with 
onstant 
omplexity, while the 
omplexity of testing bounded-degree graphs is

~

�(

p

n),

where n is the number of verti
es in the graph (and

~

�(f(n)) means �(f(n) � polylog(f(n)))).

Thus there is a large gap between the 
omplexity of testing in the two 
ases.

In this work we bridge the gap des
ribed above. In parti
ular, we study the problem of

testing bipartiteness in a model that is suitable for all densities. We present an algorithm whose


omplexity is

~

O(min(

p

n; n

2

=m)) where m is the number of edges in the graph, and mat
h it

with an almost tight lower bound.
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1 Introdu
tion

Property testing algorithms [21, 12℄ are algorithms that perform approximate de
isions. Namely,

for a predetermined property P they should de
ide whether a given obje
t O has property P or is

far from having property P . In order to perform this approximate de
ision they are given query

a

ess to the obje
t O. Property testing problems are hen
e de�ned by the type of obje
ts in

question, the property tested, the type of queries allowed, and the notion of distan
e to having

a property. Mu
h of the fo
us of property testing has been on testing properties of graphs. In

this 
ontext several models have been 
onsidered. In all models, for a �xed graph property P , the

algorithm is required to a

ept graphs that have P and to reje
t graphs that are �-far from having

P , for a given distan
e parameter �. In all 
ases the algorithm is allowed a 
onstant probability

of failure. The models di�er in the type of queries they allow and in the notion of distan
e they

use (whi
h underlies the de�nition of being �-far from having the property). The 
omplexity of the

algorithm is measured by the number of queries that the algorithm performs.

1.1 Models for Testing Graph Properties

The �rst model, introdu
ed in [12℄, is the adja
en
y-matrix model. In this model the algorithm may

perform queries of the form: \Is there an edge between verti
es u and v in the graph?" That is,

the algorithm may probe the adja
en
y matrix representing the graph. We refer to su
h queries

as vertex-pair queries. The notion of distan
e is also linked to this representation: a graph is said

to be �-far from having property P if more than �n

2

edge modi�
ations should be performed on

the graph so that it obtains the property, where n is the number of verti
es in the graph. In

other words, � measures the fra
tion of entries in the adja
en
y matrix of the graph that should be

modi�ed. This model is most suitable for dense graphs in whi
h the number of edges, denoted m,

is �(n

2

). This model was studied in [12, 3, 2, 1, 4, 16, 8℄.

The se
ond model, introdu
ed in [13℄, is the (bounded-degree) in
iden
e-lists model. In this

model, the algorithm may perform queries of the form: \Who is the i'th neighbor of vertex v in the

graph?" That is, the algorithm may probe the in
iden
e lists of the verti
es in the graph, where

it is assumed that all verti
es have degree at most d for some �xed degree-bound d. We refer to

these queries as neighbor queries. Here too the notion of distan
e is linked to the representation:

A graph is said to be �-far from having property P if more than �dn edge modi�
ations should be

performed on the graph so that it obtains the property. In this 
ase � measures the fra
tion of

entries in the in
iden
e lists representation (among all dn entries), that should be modi�ed. This

model is most suitable for graphs with m = �(dn) edges; that is, whose maximum degree is of the

same order as the average degree. In parti
ular, this is true for sparse graphs that have 
onstant

degree. This model was studied in [14, 13, 7℄.

In [20℄ it was suggested to de
ouple the issues of representation and type of queries allowed

from the de�nition of distan
e to having a property. Spe
i�
ally, it was suggested to measure

the distan
e simply with respe
t to the number of edges, denoted m, in the graph. Namely, a

graph is said to be �-far from having a property, if more than �m edge modi�
ations should be

performed so that it obtains the property. In [20℄ the algorithm was allowed the same type of

queries as in the bounded-degree in
iden
e-lists model, but no �xed upper-bound was assumed on

the degrees and the algorithm 
ould query the degree of any vertex. The main advantage of this

model over the bounded-degree in
iden
e-lists model is that it is suitable for graphs whose degrees

may vary signi�
antly. To illustrate this, 
onsider a (sparse) graph having m = O(n) edges, where

the maximum degree d of verti
es in the graph is 
(n). Suppose we want to determine whether the
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graph is bipartite or �-far from being bipartite for some 
onstant �. If we worked in the bounded-

degree in
iden
e-lists model then we 
ould trivially a

ept all graphs, sin
e for d = 
(n) and


onstant �, every graph having O(n) = o(dn) edges is �-
lose to being bipartite. However, this is

no longer true when distan
e is measured with respe
t to the a
tual number of edges m.

The Model Studied in this Paper. In this work we are interested in a model that may be

useful for testing all types of graphs: dense, sparse, and graphs that lie in-between the two extremes.

As is dis
ussed in more detail in the next subse
tion, the two extremes sometimes exhibit very

di�erent behavior in terms of the 
omplexity of testing the same property. We are interested in

understanding the transformation from testing sparse (and in parti
ular bounded-degree) graphs

to testing dense graphs.

Re
all that a model for testing graph properties is de�ned by the distan
e measure used and

by the queries allowed. The model of [20℄ is indeed suitable for all graphs in terms of the distan
e

measure used, sin
e distan
e is measured with respe
t to the a
tual number of edges m in the

graph. Thus this notion of distan
e adapts itself to the density of the graph, and we shall use it in

our work.

The fo
us in [20℄ was on testing properties that are of interest in sparse (but not ne
essarily

bounded-degree) graphs, and hen
e they allowed only neighbor queries. However, 
onsider the 
ase

in whi
h the graph is not sparse (but not ne
essarily dense). In parti
ular suppose that the graph

has !(n

1:5

) edges, and that we are seeking an algorithm that performs o(

p

n) queries. While in the


ase of sparse graphs, there is no use in asking vertex-pair queries (i.e., is there an edge between a

parti
ular pair of verti
es), su
h queries may be
ome helpful when the number of edges is suÆ
iently

large. Hen
e, we allow our algorithms to perform both neighbor queries and vertex-pair queries.

1.2 Testing Bipartiteness

One of the properties that has re
eived quite a bit of attention in the 
ontext of property testing,

is bipartiteness. Re
all that a graph is bipartite if it is possible to partition its verti
es into two

parts su
h that there are no edges with both endpoints in the same part. This property was �rst

studied in [12℄ where it was shown that bipartiteness 
an be tested in the adja
en
y-matrix model

by a simple algorithm using

~

O(1=�

3

) queries. This was improved in [3℄ to

~

O(1=�

2

) queries. The

best lower bound known in this model is

~


(1=�

1:5

), due to [8℄. Thus the 
omplexity of this problem

in the adja
en
y-matrix model is independent of the number of verti
es n and is polynomial in

1=�. It is interesting to note that testing bipartiteness is 
onsidered impli
itly already in [9℄. The

result in [9℄ 
an be used to obtain a testing algorithm in the adja
en
y-matrix model whose query


omplexity does not depend on the size of the graph, but whose dependen
e on � is a tower of

height polynomial in 1=�.

The 
omplexity of testing bipartiteness is signi�
antly di�erent when 
onsidering the bounded-

degree in
iden
e-lists model. In [14℄ a lower bound of 
(

p

n) was established in this model, for


onstant � and 
onstant d (where d is the degree bound). An almost mat
hing upper bound of

~

O(

p

n �poly(1=�)) was shown in [13℄. Thus, in the 
ase of bipartiteness there is a large gap between

the results that 
an be obtained for dense graphs and for 
onstant-degree graphs. Here we venture

into the land of graphs that are neither ne
essarily sparse, nor ne
essarily dense, and study the


omplexity of testing bipartiteness. As we dis
uss brie
y in Subse
tion 1.5, other graph properties

exhibit similar (and sometimes even larger) gaps, and hen
e we believe that understanding the

transformation from sparse to dense graphs is of general interest.
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1.3 Our Results

In this work we present two 
omplementary results for n-vertex graphs having m edges:

� We des
ribe and analyze an algorithm for testing bipartiteness in general graphs whose query


omplexity and running time are O(min(

p

n; n

2

=m) � poly(log n=�)). The algorithm has a one-

sided error (i.e., it always a

epts bipartite graphs). Furthermore, whenever it reje
ts a graph

it provides eviden
e that the graph is not bipartite in the form of an odd 
y
le

1

of length

poly(log n=�).

� We present an almost mat
hing lower bound of 
(min(

p

n; n

2

=m)) (for a 
onstant �). This

bound holds for all testing algorithms (that is, for those that are allowed a two-sided error and

are adaptive). Furthermore, the bound holds for regular graphs.

As seen from the above expressions, as long as m = O(n

1:5

), that is, the average degree is O(

p

n),

the 
omplexity of testing (in terms of the dependen
e on n) is

~

�(

p

n). On
e the number of edges

goes above n

1:5

, we start seeing a de
rease in the query 
omplexity, whi
h in this 
ase is at most

O((n

2

=m) � poly(logn=�)). In terms of our algorithm, this is exa
tly the point where our algorithm

starts exploiting its a

ess to vertex-pair queries. Our lower bound shows that this behavior of the

query 
omplexity is not only an artifa
t of our algorithm but is inherent in the problem.

Notes:

1. Observe that even if the graph is sparse then we obtain a new result that does not follow

from [13℄. Namely, we have an algorithm with 
omplexity

~

O(

p

n �poly(1=�)) for sparse graphs

with varying degrees.

2. We note that the algorithm does not a
tually require to be given the number of edges, m,

in the graph, but 
an instead 
ompute an estimate of this number. Su
h an estimate 
an be

obtained without in
reasing the query 
omplexity of the algorithm [11, 15℄, and we dis
uss

this issue shortly in Se
tion 4.

3. We assume that m = 
(n). Sin
e our distan
e measure is with respe
t to the number of edges

in the graph, without su
h an assumption it would be impossible to distinguish between the

following two (families of) graphs: a graph that 
onsists of many isolated edges and a single

very small subgraph that is far from bipartite (e.g., a 
lique), a graph that 
onsists of many

isolated verti
es and a very small bipartite subgraph. We dis
uss this issue shortly in Se
tion 4

as well.

1.4 Our Te
hniques

We present our algorithm in two stages. First we des
ribe an algorithm that works for almost-

regular graphs, that is, graphs in whi
h the maximum degree is of the same order as the average

degree. The algorithm and its analysis 
losely follow the algorithm and analysis in [13℄. Indeed, as

long as the degree d of the graph is at most

p

n, we exe
ute the algorithm des
ribed in [13℄. The

pla
e where we depart from [13℄ is in the usage of vertex-pair queries on
e d >

p

n. We refer to

our �rst algorithm as Test-Bipartite-Reg.

In the se
ond stage we show how to redu
e the problem of testing bipartiteness of general

graphs to testing bipartiteness of almost-regular graphs. Namely, we show how, for every given

1

We use the term \odd 
y
le" as a shorthand for \odd-length 
y
le".
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graph G, it is possible to de�ne a graph G

0

su
h that: (1) G

0

has roughly the same number of

verti
es and edges as G, and its maximum degree is of the same order as its average degree (whi
h

is roughly the same as the average degree in G); (2) If G is bipartite then so is G

0

, and if G is far

from being bipartite then so is G

0

. We then show how to emulate the exe
ution of the algorithm

Test-Bipartite-Reg on G

0

given query a

ess to G, so that we may a

ept G if it a

epts G

0

, and

reje
t G if it reje
ts G

0

.

In the 
ourse of this emulation we are 
onfronted with the following interesting problem: We

would like to sample verti
es in G a

ording to their degrees (whi
h aids us in sampling verti
es

uniformly in G

0

, a basi
 operation that is required by Test-Bipartite-Reg). The former is equivalent

to sampling edges uniformly in G. In order not to harm the performan
e of our testing algorithm,

we are required to perform this task using

~

O(min(

p

n; n

2

=m)) queries. Ifm is suÆ
iently large (on
e

again, ifm � n

1:5

), this 
an be performed without in
reasing the 
omplexity of our algorithm simply

by sampling suÆ
iently many pairs of verti
es in G. However, we do not know how to perform this

task exa
tly (in an eÆ
ient manner) when the number of edges is signi�
antly smaller than n

1:5

.

Nonetheless, we provide a sampling pro
edure that sele
ts edges a

ording to a distribution that

approximates the desired uniform distribution on edges, and is suÆ
ient for our purposes. The

approximation is su
h that for all but a small fra
tion of the m edges, the probability of sele
ting

an edge is 
(1=m). This pro
edure may be of independent interest.

We also 
onje
ture that variants of our 
onstru
tion of G

0

(and in parti
ular a simple proba-

bilisti
 
onstru
tion we suggest), may be useful in transforming other results that hold for graphs

whose maximum degree is similar to their average degree, to results that hold for graphs with

varying degrees.

We establish our lower bound by des
ribing, for every pair n; d (n even, d � 64), two distri-

butions over d-regular graphs. In one distribution all graphs are bipartite by 
onstru
tion. For

the other distribution we prove that almost all graphs are far from being bipartite. We then show

that every testing algorithm that 
an distinguish between a graph 
hosen randomly from the �rst

distribution (whi
h it should a

ept with probability at least 2=3), and a graph 
hosen randomly

from the se
ond distribution (whi
h it should reje
t with probability at least 2=3), must perform


(min(

p

n; n=d)) = 
(min(

p

n; n

2

=m) queries.

Our lower bound proof implies the ne
essity of both neighbor queries and vertex-pair queries

in obtaining an upper bound whose dependen
e on n and m is

~

O(min(

p

n; n

2

=m)). Spe
i�
ally,

if only neighbor queries are allowed then our analysis implies a lower bound of 
(

p

n) for every

m, whi
h is higher than

~

O(n

2

=m)) when m = !(n

1:5

). If only vertex-pair queries are allowed then

our analysis implies a lower bound of 
(n

2

=m), whi
h is above the upper bound of

~

O(

p

n) when

m = o(n

1:5

).

1.5 Further Resear
h

As noted previously, there are other problems that exhibit a signi�
ant gap between the query


omplexity of testing dense graphs (in the adja
en
y-matrix model) and the 
omplexity of testing

sparse, bounded-degree graphs (in the bounded-degree in
iden
e-lists model). In parti
ular this is

true for testing k-
olorability. It is possible to test dense graphs for k-
olorability using poly(k=�)

queries [12, 3, 10℄, while testing sparse graphs requires 
(n) queries [7℄. We stress that these bounds

are for query 
omplexity, where we put time 
omplexity aside. We would like to understand this

transformation, from essentially 
onstant 
omplexity (for 
onstant k and �), to linear 
omplexity,

and we would like to know whether any intermediate results 
an be obtained for graphs that are
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neither sparse nor dense. Other problems of interest are testing whether a graph has a relatively

large 
lique [12℄, testing a
y
li
ity of dire
ted graphs [6℄, and testing that a graph does not 
ontain

a 
ertain subgraph [1, 4℄.

1.6 Organization of the Paper

In Se
tion 2 we give some basi
 de�nitions and notation. In Se
tions 3 and 4 we des
ribe and

analyze our testing algorithms. In Se
tion 5 we present our lower bound.

2 Preliminaries

Let G = (V;E) be an undire
ted graph with n verti
es labeled 1; � � � ; n, and letm = m(G) = jE(G)j

be the total number of edges in G. Unless stated otherwise, we assume that G 
ontains no multiple

edges. For ea
h vertex v 2 V let �(v) denote its set of neighbors, and let deg(v) = j�(v)j denote

its degree. The edges in
ident to v are labeled from 1 to deg(v). We make no assumption on the


orresponding order of the neighbors of a vertex. Note that ea
h edge has two, possibly di�erent,

labels, one with respe
t to ea
h of its end-points. We hen
e view edges as quadruples. That is, if

there is an edge between v and u, and it is the i-th edge in
ident to v and the j-th edge in
ident

to u, then this edge is denoted by (u; v; i; j). When we want to distinguish between the quadruple

(u; v; i; j) and the pair (u; v) then we refer to the latter as an edge-pair . We let d

max

= d

max

(G)

denote the maximum degree in the graph G and d

avg

= d

avg

(G) denote the average degree in the

graph (that is, d

avg

(G) = 2m(G)=n).

Distan
e to Having a Property. Consider a �xed graph property P. For a given graph G, let

e

P

(G) be the minimum number of edges that should be added to G or removed from G so that

it obtains property P. The distan
e of G to having property P is de�ned as e

P

(G)=m(G). In

parti
ular, we say that graph G is �-far from having the property P for a given distan
e parameter

0 � � < 1, if e

P

(G) > � �m(G). Otherwise, it is �-
lose to having property P. In some 
ases we

may de�ne the distan
e to having a property with respe
t to an upper boundm

max

� m(G) on the

number of edges in the graph (that is, the distan
e to having property P is de�ned as e

P

(G)=m

max

).

For example, if the graph is dense, so that m(G) = 
(n

2

) then we set m

max

= n

2

, and alternatively,

if the graph has some bounded degree d, then we set m

max

= d � n. (In the latter 
ase we 
ould set

m

max

= (d � n)=2, but for simpli
ity we set the slightly higher upper bound.) If e

P

(G)=m

max

> �

then we shall say that the graph is �-far from having property P with respe
t to m

max

.

Testing Algorithms. A testing algorithm for a graph property P is required to a

ept with

probability at least 2=3 every graph that has property P and to reje
t with probability at least 2=3

every graph that is �-far from having property P, where � is a given distan
e parameter. If the

algorithm always a

epts graphs that have the property then it is a one-sided error algorithm. The

testing algorithm is given the number of verti
es in the graph, the number of edges in the graph,

or an upper bound on this number

2

, and it is provided with query a

ess to the graph. Spe
i�
ally,

we allow the algorithm the following types of queries.

� The �rst type of queries are degree queries. That is, for any vertex u of its 
hoi
e, the algorithm


an obtain deg(u). We assume that a degree query has 
ost one.

2

As noted in the introdu
tion, we 
an remove this assumption and have the algorithm 
ompute an estimate of the

number of edges.

5



� The se
ond type of queries are neighbor queries. Namely, for every vertex u and index 1 � i �

deg(u), the algorithm may obtain the i-th neighbor of vertex u.

� The third type of queries are vertex-pair queries. Namely, for any pair of verti
es (u; v), the

algorithm 
an query whether there is an edge between u and v in G.

Note that degree queries 
an be easily implemented using neighbor queries with 
ost O(log d

max

) =

O(log n).

Bipartiteness. In this work we fo
us on the property of bipartiteness. Let (V

1

; V

2

) be a partition

of V . We say that an edge (u; v) 2 E is a violating edge with respe
t to (V

1

; V

2

), if u and v belong

to the same subset V

b

, (for some b 2 f1; 2g). A graph is bipartite if there exists a partition of its

verti
es with respe
t to whi
h there are no violating edges. By de�nition, a graph is �-far from

being bipartite if for every partition of its verti
es, the number of violating edges with respe
t to

the partition is greater than � �m. Re
all that a graph is bipartite if and only if it 
ontains no odd


y
les.

3 The Algorithm for the Almost-Regular Case

In this se
tion we des
ribe an algorithm that a

epts every bipartite graph and that reje
ts with

probability at least 2=3 every graph that is �-far from being bipartite with respe
t to an upper

bound m

max

= d

max

n on the number of edges. Namely, this algorithm reje
ts (with probability

at least 2=3) graphs for whi
h the number of edges that need to be removed so that they be
ome

bipartite is greater than � � m

max

= � � d

max

n. The query 
omplexity and running time of this

algorithm are O(min(

p

n; n=d

max

) � poly(log n=�)).

In the 
ase where the graph is almost-regular, that is, the maximum degree of the graph d

max

is of the same order as the average degree, d

avg

, then we essentially obtain a tester as desired (sin
e

in su
h a 
ase �d

max

n = O(�m)). However, in general, d

max

may be mu
h larger d

avg

(for example,

it is possible that d

max

= �(n) while d

avg

= �(1)). To deal with the general 
ase we show in

the next se
tion (Se
tion 4) how to redu
e the problem in the general 
ase to the spe
ial 
ase of

d

max

= O(d

avg

).

A High Level Des
ription of the Algorithm

Throughout this se
tion let d = d

max

. Our algorithm, whose pseudo-
ode appears in Figure 1,

builds on the testing algorithm for bipartiteness des
ribed in [13℄. The query 
omplexity of that

algorithm is O(

p

n � poly(log n=�)) and it works with respe
t to m

max

= dn as well. In fa
t, as long

as d �

p

n our algorithm is the same as the algorithm in [13℄.

In parti
ular, as in [13℄, our algorithm sele
ts �(1=�) starting verti
es and from ea
h it performs

several random walks (using neighbor queries), ea
h walk of length poly(log n=�). The exa
t form

of these random walks is des
ribed momentarily. If d �

p

n then the number of these random walks

from ea
h starting vertex s is O(

p

n � poly(log n=�)), and the algorithm simply 
he
ks whether an

odd 
y
le was dete
ted in the 
ourse of these random walks. Spe
i�
ally, the algorithm 
he
ks

whether there exists some vertex v that is rea
hed at the end of two di�erent walks from s, where

one walk 
orresponds to a path in the graph with even length, and one walk 
orresponds to a path

with odd length. The existen
e of su
h a vertex v implies an odd 
y
le that 
ontains s and v, and

the algorithm reje
ts in su
h a 
ase.

6



If d >

p

n then there are two important modi�
ations as 
ompared to the 
ase d �

p

n (whi
h,

as noted above, follows [13℄). These modi�
ations redu
e the number of queries performed as the

degree in
reases.

1. The number of random walks performed from ea
h starting vertex is redu
ed to O(

p

n=d �

poly(log n=�)) (as 
ompared to O(

p

n � poly(log n=�)) walks for the 
ase d �

p

n).

2. The algorithm still 
onsiders the verti
es rea
hed at the end of these walks, but now it

performs an additional step. It partitions these verti
es into two subsets, denoted A

0

and A

1

,

a

ording to the parity of the lengths of the paths 
orresponding to the walks. The algorithm

then performs vertex-pair queries on ea
h pair of verti
es that belong to the same subset. If

any edge (u; v) is dete
ted for u; v 2 A

0

or u; v 2 A

1

, then the algorithm has eviden
e to an

odd 
y
le that in
luded s (the starting vertex), u and v, and it reje
ts. The total number of

vertex-pair queries is O((n=d) � poly(logn=�)).

On a very intuitive level, if a graph is far from being bipartite then many edges (and verti
es)

belong to many odd 
y
les. The di�eren
e between the two 
ases des
ribed above is that if d �

p

n

then the algorithm tries to rea
h the same vertex twi
e, on
e via an even-length path and on
e

via an odd-length path. To this end it performs about

p

n random walks (so as to \hit" the same

vertex twi
e). In the 
ase d >

p

n, the algorithm performs mu
h fewer walks and so we 
annot

expe
t to rea
h the same vertex twi
e. However, sin
e the edge-density is higher, we do expe
t

to have an edge in the subgraph indu
ed by the ending points of the walk. In parti
ular, as our

analysis shows, we expe
t to see su
h an edge between verti
es that are rea
hed via paths whose

lengths have the same parity.

RandomWalks and Paths in the Graph. The random walks performed are de�ned as follows:

At ea
h step, if the degree of the 
urrent vertex v is d

0

� d, then the walk remains at v with

probability 1 �

d

0

2d

�

1

2

, and for ea
h u 2 �(v), the walk traverses to u with probability

1

2d

.

The important property of the random walk is that the stationary distribution it indu
es over the

verti
es is uniform.

To every walk (or, more generally, to any sequen
e of steps), there 
orresponds a path in the

graph. The path is determined by those steps in whi
h an edge is traversed (while ignoring all steps

in whi
h the walk stays at the same vertex). Su
h a path is not ne
essarily simple, but does not


ontain self loops. Note that when referring to the length of a walk, we mean the total number of

steps taken, in
luding steps in whi
h the walk remains at the 
urrent vertex, while the length of

the 
orresponding path does not in
lude these steps.

Theorem 1 The algorithm Test-Bipartite-Reg a

epts every graph that is bipartite, and reje
ts with

probability at least 2=3 every graph that is �-far from being bipartite with respe
t to m

max

= d

max

n.

Furthermore, whenever the algorithm reje
ts a graph it outputs a 
erti�
ate to the non-bipartiteness

of the graph in form of an odd 
y
le of length poly(log n=�). The query 
omplexity and running

time of the algorithm are O (min(

p

n; n=d

max

) � poly(log n=�)).

Note that the algorithm 
an work when G 
ontains self-loops and multiple-edges. The latter will

be of importan
e in the next se
tion.

As a dire
t 
orollary of Theorem 1 (using m(G) = (nd

avg

(G))=2) we get:
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Test-Bipartite-Reg(n; d

max

; �)

� Repeat T = �(

1

�

) times:

1. Uniformly sele
t a vertex s in V .

2. If Odd-Cy
le(s) returns found then output reje
t.

� In 
ase no 
all to Odd-Cy
le returned found then output a

ept.

Odd-Cy
le(s)

1. If d = d

max

�

p

n then let K

def

= �

�

p

n�log

1=2

(n=�)

�

3

�

and L

def

= �

�

log

3

(n=�)

�

5

�

. Otherwise

(d >

p

n), let K

def

= �

�

p

n=d�log

1=2

(n=�)

�

8

�

, and L

def

= �

�

log

6

(n=�)

�

8

�

.

2. Perform K random walks starting from s, ea
h of length L.

3. Let A

0

(A

1

) be the set of verti
es that appear at the ends of the walks performed in the

previous step whose paths are of even (odd) length.

4. If d �

p

n then 
he
k whether A

0

\ A

1

6= ;. If the interse
tion is non-empty then return

found, otherwise return not-found.

5. Else (d >

p

n), perform vertex-pair queries between every pair of verti
es u; v 2 A

0

(u; v 2 A

1

). If an edge is dete
ted then return found, otherwise return not-found.

Figure 1: Algorithm Test-Bipartite-Reg for testing bipartiteness with respe
t to the upper bound m

max

=

d

max

� n on the number of edges, and the pro
edure Odd-Cy
le for dete
ting odd 
y
les in the graph G.

Corollary 2 For a given graph G, let 
(G)

def

= d

max

(G)=d

avg

(G). Then Test-Bipartite-

Reg(n; d

max

(G); �=(2
(G))) a

epts every graph that is bipartite, and reje
ts with probability at least

2=3 every graph that is �-far from being bipartite (with respe
t to m(G)).

The 
orollary below will be
ome useful in the next se
tion.

Corollary 3 If G is �-far from being bipartite with respe
t to m

max

= d

max

n, then 
(�)-fra
tion of

its verti
es s are su
h that Odd-Cy
le(s) returns found with probability at least

2

3

.

The 
ompleteness part of Theorem 1 (i.e., showing that the algorithm a

epts bipartite graphs)

is straightforward. We fo
us on proving the soundness of the algorithm (i.e., that graphs that

are �-far from being bipartite are reje
ted with probability

2

3

). What we eventually show (in

Subse
tion 3.6) is the 
ontrapositive statement. Namely, that if the test a

epts G with probability

greater than

1

3

then there exists an �-good partition of G.

Our analysis follows the analysis presented in [13℄ quite 
losely. In parti
ular, whenever possible

we refer the reader to proofs given in [13℄. Here we present what is ne
essary to establish the


orre
tness of our algorithm and in parti
ular those proofs in whi
h we diverge from [13℄. Sin
e the

algorithm for the 
ase d

max

�

p

n is fully analyzed in [13℄, from this point on we assume d

max

>

p

n

and analyze the algorithm for this 
ase.

3.1 Gaining Intuition: The Rapidly{Mixing Case

To gain some intuition, 
onsider �rst the following \ideal" 
ase: From ea
h starting vertex s in

G, and for every v 2 V , the probability that a random walk of length L = poly((log n)=�) ends

8



at v is at least

1

2n

and at most

2

n

{ i.e., approximately the probability assigned by the stationary

distribution. (Note that this ideal 
ase o

urs when G is an expander). Let us �x a parti
ular

starting vertex s. For ea
h vertex v, let p

0

v

be the probability that a random walk (of length L)

starting from s, ends at v and 
orresponds to an even-length path. De�ne p

1

v

analogously for odd

paths. Then, by our assumption on G, for every v, p

0

v

+ p

1

v

�

1

2n

. We 
onsider two 
ases regarding

the sum �(G)

def

=

P

v;u2V

(v;u)2E

(p

0

v

p

0

u

+ p

1

v

p

1

u

).

In 
ase �(G) is (relatively) \small", we show that there exists a partition (V

0

; V

1

) of V that

is �-good, and so G is �-
lose to being bipartite. Otherwise (i.e., when the sum is not \small"),

we show that the reje
tion probability is bounded away from zero. This implies that in 
ase G is

a

epted with probability at least

1

3

then G is �-
lose to being bipartite.

Consider �rst the 
ase in whi
h �(G) < 
 �

�d

n

for some suitable 
onstant 
 < 1. Let the partition

(V

0

; V

1

) be de�ned as follows: V

0

= fv : p

0

v

� p

1

v

g and V

1

= fv : p

1

v

> p

0

v

g. Consider a parti
ular

vertex v 2 V

0

. By de�nition of V

0

and our rapid-mixing assumption, p

0

v

�

1

4n

.

�(G) =

X

v;u2V

(v;u)2E

(p

0

v

p

0

u

+ p

1

v

p

1

u

)

�

X

v;u2V

0

(v;u)2E

p

0

v

p

0

u

+

X

v;u2V

1

(v;u)2E

p

1

v

p

1

u

�

X

v;u2V

0

(v;u)2E

1

16n

2

+

X

v;u2V

1

(v;u)2E

1

16n

2

�

1

16n

2

� (The number of violating edges w.r.t. (V

0

; V

1

)) : (1)

Thus, if there are more than �dn violating edges with respe
t to (V

0

; V

1

), then �(G) >

1

16

�

�d

n

whi
h 
ontradi
ts our 
ase hypothesis 
on
erning �(G) assuming 
 � 1=16.

We now turn to the se
ond 
ase, �(G) � 
 �

�d

n

. For every �xed pair i; j 2 f1; � � � ;Kg, (re
all

that K = �(

p

n=d � poly(log n=�)) is the number of walks taken from s), 
onsider the 0/1 random

variable �

i;j

that is 1 if and only if both the i-th and the j-th walks have path length with the same

parity, and if the end-points of the paths are verti
es u; v su
h that (u; v) 2 E. Then for every pair

i; j,

Exp[�

i;j

℄ =

X

u;v2V;(u;v)2E

(p

0

v

p

0

u

+ p

1

v

p

1

u

) = �(G) : (2)

Sin
e there are K

2

= �(n=d � poly(log n=�)) su
h pairs i; j, the expe
ted value of the sum over all

�

i;j

's is greater than some 
onstant 


0

> 
. These random variables are not pairwise independent,

nonetheless we 
an obtain a 
onstant bound on the probability that the sum is 0 using Chebyshev's

inequality (
f., [5, Se
. 4.3℄).

Unfortunately, we may not assume in general that for every (or even some) starting vertex, all

(or even almost all) verti
es are rea
hed with probability �(1=n). However, roughly speaking, we

are able to show that every graph 
an be partitioned into parts su
h that within ea
h part we 
an

perform an analysis that builds on the ideas presented above. Furthermore, the di�erent parts are

separated by small 
uts so that if ea
h part is 
lose to being bipartite, then so is the whole graph.

An important 
omponent in the analysis is the de�nition of the Markov Chain M

`

2

`

1

(H), and we

turn to this de�nition in the next subse
tion.
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3.2 The Markov Chain M

`

2

`

1

(H)

Let H be an indu
ed subgraph of G. For any given pair of lengths, `

1

and `

2

, we de�ne a Markov

Chain M

`

2

`

1

(H). Roughly speaking, M

`

2

`

1

(H) 
aptures random walks of length at most `

1

� `

2

in G

that do not exit H for (sub)walks of length `

2

or more. The states of the 
hain 
onsist of the

verti
es of H and some additional auxiliary states. For verti
es that do not have neighbors outside

of H, the transition probabilities in M

`

2

`

1

(H) are exa
tly as in walks on G. However, for verti
es v

that have neighbors outside of H there are two modi�
ations: (1) For ea
h vertex u, the transition

probability from v to u, denoted q

v;u

, is the probability of a walk (in G) starting from v and ending

at u after less than `

2

steps (without passing through any other vertex in H). Thus, walks of length

less than `

2

out of H (and in parti
ular the walk v�u in 
ase (v; u) 2 E), are 
ontra
ted into single

transitions. Note that for every u and v in H we have q

u;v

= q

v;u

. (2) There is an auxiliary path

of length `

1

emitting from v. The transition probability from v to the �rst auxiliary vertex on the

path equals the probability that a walk starting from v exits H and does not return in less than

`

2

steps. From the last vertex on the auxiliary path there are transitions to verti
es in H with the


orresponding 
onditional probabilities of rea
hing them after su
h a walk.

A more formal de�nition of M

`

2

`

1

(H) appears in the appendix, together with an illustration (see

Figure 8). The following de�nition and lemma will be instrumental in our analysis.

De�nition 3.1 We say that a vertex s is useful with respe
t to M

`

2

`

1

(H) if the probability that a

walk in M

`

2

`

1

(H) starting from s enters an auxiliary path after at most `

1

steps, is at most

2`

1

`

2

�

n

jHj

.

Lemma 1 Let H be a subgraph of G, and let `

1

and `

2

be integers. Then at least half of the verti
es

s in H are useful with respe
t to M

`

2

`

1

(H).

The proof of the lemma appears in [13℄.

3.3 Useful Verti
es and Small Cuts

The following lemma 
an be viewed as presenting a \
ontrapositive statement" of the work of

Mihail [19℄. While Mihail showed that high expansion leads to fast 
onvergen
e of random walks

to the stationary distribution, the lemma below shows that too slow of a 
onvergen
e implies small


uts that have 
ertain additional properties. In parti
ular, the verti
es on one side of the 
ut 
an

be rea
hed with roughly the same, relatively high probability from some vertex s (where s need

not ne
essarily be on the same side of the 
ut). In the spe
ial 
ase where H = G and G is rapidly

mixing, the set S will be all of V , but in the general 
ase it will be a subset of those verti
es that

are rea
hed from s with probability that is not mu
h smaller than that assigned by the stationary

distribution (of M

`

2

`

1

(H)).

For states x and y in M

`

2

`

1

(H) and an integer t, let q

x;y

(t) denote the probability that a random

walk in M

`

2

`

1

(H) that starts at x, ends at y after t steps.

Lemma 2 Let H be a subgraph of G with at least

�

4

n verti
es, and let `

1

= �

�

�

log(n=�)

�

�

3

�

,

`

2

= �

�

`

1

�

2

�

, and F = O

�

1

�

�

. Then for every vertex s that is useful with respe
t to M

`

2

`

1

(H), there

exists a subset of verti
es S in H, an integer t, `

1

=2 � t � `

1

, and a value � = 


�

�

2

log(n=�)

�

, su
h

that:
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1. The number of edges between S and the rest of H is at most

�

2

� d � jSj.

2. For every v 2 S,

s

1

jSj

�

�

jHj

� q

s;v

(t) � F �

s

1

jSj

�

�

jHj

:

The proof of the lemma appears in [13℄.

3.4 SuÆ
ient Conditions for Good Partitions

In the next lemma we give suÆ
ient 
onditions under whi
h subsets of verti
es 
an be partitioned

without having many violating edges. For ea
h b 2 f0; 1g let q

b

s;v

(t) denote the probability in

M

`

2

`

1

(H) of a walk of length t starting from s, ending at v, and 
orresponding to a path whose

length has parity b. What the lemma essentially requires is that for some �xed vertex s and subset

of verti
es S in H, there is a lower bound on the probability that ea
h vertex in S is rea
hed from

s (in t steps), and there aren't too many verti
es v in the subset su
h that both q

0

s;v

(t) and q

1

s;v

(t)

are large (with respe
t to this lower bound).

Lemma 3 Let H be a subgraph of G, s a vertex in H, S a subset of verti
es in H and `

1

and `

2

integers. Assume that for some � > 0, t < `

1

, the following holds in M

`

2

`

1

(H):

1. For every v 2 S, q

s;v

(t) � �;

2.

P

v;u2S;(v;u)2E

(q

0

s;v

(t)q

0

s;u

(t) + q

1

s;v

(t)q

1

s;u

(t)) <

�




� d � jSj � �

2

for some 
onstant 
.

Let (S

0

; S

1

) be a partition of S, where S

0

= fv : q

0

s;v

(t) � q

1

s;v

(t)g, and S

1

= fv : q

1

s;v

(t) > q

0

s;v

(t)g.

Then the number of violating edges in G with respe
t to (S

0

; S

1

) is at most

�




� d � jSj.

Proof: Consider a vertex v and let v 2 S

b

, for b 2 f0; 1g. By de�nition of the partition (S

0

; S

1

),

q

b

s;v

(t) �

1

2

q

s;v

(t) �

�

2

.

Assume, 
ontrary to what is 
laimed in the lemma, that the number of violating edges with

respe
t to (S

0

; S

1

) is more than

�




� d � jSj. Then

X

v;u2S;(v;u)2E

(q

0

s;v

(t)q

0

s;u

(t) + q

1

s;v

(t)q

1

s;u

(t))

�

X

v;u2S;(v;u)2E;u;v2S

0

(q

0

s;v

(t)q

0

s;u

(t)) +

X

v;u2S;(v;u)2E;u;v2S

1

(q

1

s;v

(t)q

1

s;u

(t)) (3)

�

X

v;u2S;(v;u)2E;u;v2S

0

�

2

4

+

X

v;u2S;(v;u)2E;u;v2S

1

�

2

4

(4)

�

�

2

4

�

�




� d � jSj : (5)

But this 
ontradi
ts the se
ond hypothesis of the lemma.
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3.5 SuÆ
ient Conditions for Dete
ting Odd Cy
les

In the next lemma we des
ribe suÆ
ient 
onditions for \dete
ting" odd 
y
les when performing

walks in M

`

2

`

1

(H) starting from some vertex s. What the lemma essentially requires is that there

exists a subset S of verti
es su
h that there are both lower and upper bounds on the probability

that ea
h vertex in S is rea
hed from s (in t < `

1

steps), and there are many verti
es v in S

su
h that both q

0

s;v

(t) and q

1

s;v

(t) are large (with respe
t to the lower bound). As stated later in

Corollary 4, these 
onditions are suÆ
ient for dete
ting odd 
y
les when performing random walks

in G of length `

1

� `

2

.

Lemma 4 Let H be a subgraph of G, s a vertex in H, S a subset of verti
es in H and `

1

and `

2

integers. Assume that for some � > 0 and F = �(

1

�

) and t < `

1

, the following holds in M

`

2

`

1

(H):

1. For every v 2 S, � � q

s;v

(t) � F � �;

2.

P

v;u2S;(v;u)2E

(q

0

s;v

(t)q

0

s;u

(t) + q

1

s;v

(t)q

1

s;u

(t)) �

�




� d � jSj � �

2

for some 
onstant 
.

Suppose we perform O

�

F

5

���

p

d

p

jSj

�

random walks of length t starting from s in M

`

2

`

1

(H). Let A

0

(A

1

) be the set of verti
es that appear at the end of the walks whose 
orresponding paths have even

(odd) length, and let G

0

(G

1

) be the subgraph indu
ed by A

0

(A

1

). Then with probability at least

0:99 (taken over the random walks), either G

0


ontains an edge or G

1


ontains an edge (i.e., the

algorithm dete
ts an odd 
y
le).

We note that when we apply Lemma 4, we set � = poly(�=(log n))=

p

jSj � jHj, and F = O(1=�), so

that the number of random walks that should be performed is O(

p

n=d � poly((log n)=�)).

Proof: Let 


def

=

P

v;u2S;(v;u)2E

(q

0

s;v

(t)q

0

s;u

(t) + q

1

s;v

(t)q

1

s;u

(t)) so that by the se
ond hypothesis of

the lemma 
 �

�




� d � jSj � �

2

. Consider m = O

�

F

5

����

p

d

p

jSj

�

random walks of length t starting

from s. For 1 � i 6= j � m, let �

i;j

be a 0/1 random variable that is 1 if and only if both the i-th

and the j-th walk have path length with the same parity, and if the end-points of the paths are the

verti
es u; v 2 S su
h that (u; v) 2 E.

Thus, we would like to bound the probability that

P

i<j

�

i;j

= 0. The diÆ
ulty is that the �

i;j

's

are not pairwise independent. Yet, sin
e the sum of the 
ovarian
es of the dependent �

i;j

's is quite

small, Chebyshev's Inequality is still very useful (
f., [5, Se
. 4.3℄). Details follow. For every i 6= j,

Exp[�

i;j

℄ =

X

v;u2S;(v;u)2E

(q

0

s;v

(t)q

0

s;u

(t) + q

1

s;v

(t)q

1

s;u

(t)) = 
 :

By Chebyshev's inequality,

Pr

2

4

X

i<j

�

i;j

= 0

3

5

�

Var

h

P

i<j

�

i;j

i

�

Exp

h

P

i<j

�

i;j

i�

2

<

Var

h

P

i<j

�

i;j

i

��

m

2

�

� 


�

2

: (6)

We now bound Var[

P

i<j

�

i;j

℄. Sin
e the �

i;j

's are not pairwise independent, some 
are is needed:

Let ��

i;j

def

= �

i;j

� Exp[�

i;j

℄.

Var

2

4

X

i<j

�

i;j

3

5

= Exp

2

4

0

�

X

i<j

��

i;j

1

A

2

3

5
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=

X

i<j

X

k<`

Exp [��

i;j

� ��

k;`

℄

=

X

i<j

Exp

�

��

2

i;j

�

+ 4

X

i<j<k

Exp [��

i;j

� ��

j;k

℄ + 0

=

�

m

2

�

� Exp[��

2

1;2

℄ + 4 �

�

m

3

�

� Exp [��

1;2

� ��

2;3

℄ : (7)

The fa
tor of 4 in the third equality is the number of possibilities that among the four elements

i; j; k; ` (where i < j and k < `) exa
tly two are equal (namely: i = k < j < `; i < j = k < `;

i < k < j = `; and k < i = ` < j). The 0 term is due to the fa
t that when i; j; k; l are all distin
t,

Exp [��

i;j

� ��

k;`

℄ = Exp [�

i;j

� �

k;`

℄� 


2

=

X

i;j;k;`2S;(i;j);(k;`)2E

q

0

s;i

(t)q

0

s;j

(t)q

0

s;k

(t)q

0

s;`

(t)

+

X

i;j;k;`2S;(i;j);(k;`)2E

q

0

s;i

(t)q

0

s;j

(t)q

1

s;k

(t)q

1

s;`

(t)

+

X

i;j;k;`2S;(i;j);(k;`)2E

q

1

s;i

(t)q

1

s:j

(t)q

0

s;k

(t)q

0

s;`

(t)

+

X

i;j;k;`2S;(i;j);(k;`)2E

q

1

s;i

(t)q

1

s;j

(t)q

1

s;k

(t)q

1

s;`

(t)� 


2

=

0

�

X

(i;j)2E(S)

q

0

s;i

(t)q

0

s;j

(t) + q

1

s;i

(t)q

1

s;j

(t)

1

A

2

� 


2

= 


2

� 


2

= 0 : (8)

We next bound ea
h of the two terms in Equation (7).

Exp[��

2

1;2

℄ � Exp[�

2

1;2

℄ = Exp[�

1;2

℄ = 
 : (9)

Let v

i

be a random variable that represents the vertex that the i-th walk ends at.

Exp[��

1;2

� ��

2;3

℄ � Exp[�

1;2

� �

2;3

℄

�

X

v

1

;v

2

;v

3

2S;(v

1

;v

2

);(v

3

;v

2

)2E

q

0

s;v

1

(t)q

0

s;v

2

(t)q

0

s;v

3

(t) + q

1

s;v

1

(t)q

1

s;v

2

(t)q

1

s;v

3

(t)

� (number of pairs of edges in S with a 
ommon vertex in S) � 2(max

v

fq

s;v

(t)g)

3

� 2 �min(jSj

2

d; jSjd

2

) � F

3

� �

3

(10)

Sin
e by the lemma's se
ond hypothesis 
 �

�




� d � jSj � �

2

, we 
an repla
e � in Equation (10)

with

q


�


��d�jSj

and get

Exp[��

1;2

� ��

2;3

℄ � 2 �min(jSj

2

d; jSjd

2

) � F

3

� (





�djSj

)

3

2

(11)

Combining Equations (6){(11) we get

Pr

2

4

X

i<j

�

i;j

= 0

3

5

= O

0

�

m

2

� 
 +m

3

�min(jSj

2

d; jSjd

2

) � F

3

� (




�djSj

)

3

2

m

4

� 


2

1

A
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= O

0

B

�

1


 �m

2

+

F

3

min(

q

jSj

d

;

q

d

jSj

)

m � �

3

2

�

p




1

C

A

= O

�

�

F

10

+

1

F

2

� �

�

= O(�) (12)

As observed above, by the lemma's hypothesis 
on
erning 
, it holds that � = O(

p


=(�djSj)).

Sin
e m = 


�

F

5

����

p

d

p

jSj

�

, we have that m = 


�

F

5

q

1

��


�

, and the lemma follows.

Based on the 
onstru
tion of M

`

2

`

1

(H) we 
an map walks of length `

1

� `

2

in G to walks of length

`

1

in M

`

2

`

1

(H), and obtain as a 
orollary to Lemma 4:

Corollary 4 Let H be a subgraph of G and let S, s, `

1

, `

2

, t, � and F be as in Lemma 4. Suppose

we perform �

�

F

5

����

p

d

p

jSj

�

random walks of length `

1

� `

2

starting from s in G. Let A

0

(A

1

) be

the set of verti
es that appear at the end of the walks whose 
orresponding paths have even (odd)

length, and let G

0

(G

1

) be the subgraph indu
ed by A

0

(A

1

). Then with probability at least 0:99,

either G

0


ontains an edge or G

1


ontains an edge (i.e., the algorithm dete
ts an odd 
y
le).

The proof of the 
orollary is similar to that of an analogous 
orollary that appears in [13℄.

3.6 Proof of Theorem 1

Re
all that we need to show that if the test a

epts G with probability greater than

1

3

then G is

�-
lose to being bipartite.

We say that a vertex s in G is good (for de�ning a partition) if the following holds. Suppose

we take K random walks of length L in G starting from s. Then the probability that we rea
h

two verti
es u and v su
h that (u; v) 2 E and both u and v appear at the ends of walks whose


orresponding paths have lengths with the same parity, is at most 0:1. If a vertex is not good then

it is bad . Here K and L are are set in the algorithm.

Sin
e the test reje
ts G with probability less than

2

3

, and T = �(1=�), we know that, for an

appropriate 
onstant in the �(�) notation above, the fra
tion of bad verti
es in G is at most

�

16

.

We now show that in su
h a 
ase we 
an �nd a partition of the graph verti
es that has at most

�dn violating edges. We shall do so in steps, where in ea
h step we partition a new set of verti
es,

denoted S, until we are left with at most

�

4

n verti
es. For ea
h partitioned set S we show that:

(1) there are few (at most

�

4

djSj) violating edges with respe
t to the partition of S; and (2) there

are few (at most

�

2

djSj) edges between S and the yet \unpartitioned" verti
es R so that no matter

how the verti
es in R are partitioned, the number of violating edges between S and R is small.

At ea
h step, let D be the set of verti
es we have already partitioned, and let H be the subgraph

indu
ed by V nD. Initially, D = ;, and H = G. Let `

1

and `

2

be as required by Lemma 2, and let

the length L of the walks we perform on G be `

1

� `

2

. Sin
e `

1

= O

�

�

log(n=�)

�

�

3

�

, and `

2

= O

�

`

1

�

2

�

,

we get that L = O

�

log

6

(n=�)

�

8

�

. Let M

def

= M

`

2

`

1

(H). While jHj �

�

4

n we do the following. We sele
t

any vertex s in H that is both good and useful with respe
t to M (see De�nition 3.1). By Lemma 1,

at least half of the verti
es in H are useful . Sin
e jHj �

�

4

n and the total number of bad verti
es

is

�

16

n <

�

8

n, there exist at least

�

16

n verti
es whi
h are good and useful .
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We next apply Lemma 2 to determine a set S, and an integer t, `

1

=2 � t � `

1

, with the properties

stated in the lemma. In parti
ular, the number of edges between S and the rest of H is at most

�

2

djSj, and for every v 2 S,

q

�

jSj�jHj

� q

s;v

(t) � F �

q

�

jSj�jHj

, where F = O

�

1

�

�

, and � = 


�

�

2

log(n=�)

�

.

We 
laim that it must be the 
ase that

P

v;u2V;(v;u)2E

(p

0

v

(t)p

0

u

(t)+ p

1

v

(t)p

1

u

(t)) �

����d

jHj

. This 
laim,

(whi
h we establish momentarily) implies that we 
an apply Lemma 3 (with � =

q

�

jSj�jHj

) to show

that S 
an be partitioned so that there are at most

�

4

djSj violating edges with respe
t to this

partition. The 
laim holds sin
e otherwise we 
ould apply Corollary 4 and rea
h a 
ontradi
tion.

Spe
i�
ally, by letting the number of walks performed from ea
h starting vertex be

O

 

F

5

� � � �

p

d �

p

jSj

!

= O

 

p

jHj

�

6

�

p

d �

p

�

!

= O

 

log

1=2

(n=�) �

p

n=d

�

8

!

= K

(where F , � and � are as set above), we would obtain a 
ontradi
tion to our assumption that s is

good .

Thus, as long as jHj �

�

4

n, ea
h set S 
ontributed at most

�

4

� jSj � d+

�

2

� jSj � d violating edges

to the partition. Sin
e these sets are disjoint, all these violating edges sum up to

3�

4

� d � n. The

�nal H 
ontributes at most

�

4

� n � d, and so G is �-
lose to being bipartite.

Verifying that indeed T = O(1=�), K = �(

p

n=d �poly(log n=�)), and L = poly((log n)=�)), and

that the algorithm 
an be implemented using O(K � L+K

2

) = O(n=d � poly(log n=�)) queries, the

theorem follows. (Re
all that if d <

p

n then we obtain the bound of O(

p

n � poly(log n=�)).

4 The Algorithm for the General Case

In this se
tion we build on the testing algorithm presented in the previous se
tion and des
ribe a

one-sided error testing algorithm for bipartiteness that works with respe
t to the a
tual number

of edges m = m(G). Hen
e this algorithm is suitable for general graphs (for whi
h d

max

may

vary signi�
antly from d

avg

). The query 
omplexity and running time of the algorithm are of the

same order of magnitude as for Test-Bipartite-Reg, that is, O(min(

p

n; n

2

=m) � poly(log n=�)). We

note that on
e the graph be
omes very dense, that is m = 
(n

2

= log




n) (where 
 is approximately

4), it is preferable to use the adja
en
y-matrix model algorithm [12, 3℄ with distan
e parameter

�=(n

2

=m).

A High Level Des
ription of the Algorithm. The basi
 idea is to redu
e the problem of

testing with respe
t to the a
tual number of edges m to the problem of testing with respe
t to the

upper bound m

max

= d

max

� n. Spe
i�
ally, for any graph G we show how to de�ne a graph G

0

over �(n) verti
es that has the following useful properties. First, the maximum degree in G

0

is

roughly the same as the average degree, and furthermore, this degree is roughly the same as the

average degree in G. In parti
ular this implies that the two graphs have roughly the same number

of edges. Se
ond, G

0

approximately preserves the distan
e of G to bipartiteness. More pre
isely, if

G is bipartite then so is G

0

, but if G is far from being bipartite with respe
t to m(G), then G

0

is

far from being bipartite with respe
t to m

max

= d

max

(G

0

)n

0

. Thus G

0


an be viewed as a kind of

\regularized-degree version" of G.

If we had dire
t a

ess to G

0

, then by the above we would be done: by running the algorithm

Test-Bipartite-Reg on G

0

we 
ould de
ide whether G is bipartite or far from being bipartite. How-

ever, we only have a

ess to G. Nonetheless, given query a

ess to G we 
an eÆ
iently \emulate"
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queries in G

0

. This would almost suÆ
e for running Test-Bipartite-Reg on G

0

. One more issue is

the uniform sele
tion of starting verti
es in G

0

, required by Test-Bipartite-Reg. As we shall see,

sele
ting a vertex uniformly from G

0

is (roughly) equivalent to uniformly sele
ting an edge in G.

While we do not know how to eÆ
iently sele
t a vertex in G

0

uniformly, we des
ribe a di�erent

sele
tion pro
edure that suÆ
es for our purposes. Spe
i�
ally, the sele
tion pro
edure is su
h

that for all but a small fra
tion of the n

0

verti
es in G

0

, the probability of sele
ting a vertex v

is 
(1=n

0

). With slight abuse of terminology we shall refer to this pro
edure as Sample-Verti
es-

Almost-Uniformly-in-G'.

3

By Corollary 3, this suÆ
es for our purposes.

Multiple Edges and the Relation Between m and n. The analysis of the algorithm Test-

Bipartite-Reg did not require any assumptions on the a
tual number of edges m in the graph, and

it did not pre
lude the existen
e of multiple edges. Here we 
onsider graphs that do not 
ontain any

multiple edges and we assume that the number of edges m in G is 
(n). To justify the assumption

on the number of edges, 
onsider a graph that 
onsists of a 
lique over k = o(

p

n) verti
es, where

all remaining verti
es are isolated. This graph has m = �(k

2

) edges, and is 
learly far from being

bipartite. However, in order to distinguish it from a graph that 
onsists of a 
omplete bipartite

graph over 2k verti
es (where all remaining verti
es are isolated and is 
learly bipartite), we need


(n=k) = !(

p

N) queries. (Taking this to an extreme, if k = �(1) then we will need 
(n) queries.)

We note that we 
ould repla
e this assumption by introdu
ing to the 
omplexity of the algorithm

a dependen
e on n=m. This would however make the analysis more 
umbersome, without mu
h

bene�t.

Another alternative assumption would be that the algorithm has the ability to \ignore" isolated

verti
es (that is, verti
es that have no in
ident edges and are hen
e immaterial to the question of

bipartiteness), and sample uniformly from the non-isolated verti
es. This would e�e
tively imply

that the algorithm is exe
uted on a subgraph indu
ed by the n

0

� n non-isolated verti
es, where

within this subgraph, the number of edges m

0

=m, is at least n

0

=2.

For simpli
ity we assume from this point on that m � n.

We also note that we 
an a
tually deal with the 
ase where there are multiple edges, but they

do not 
onstitute more than a 
onstant fra
tion of the total number of edges.

4

However, in order

to deal with this 
ase eÆ
iently, we need to assume that there is a 
on
ise way to represent the sets

of labels of multiple edges that are in
ident to ea
h vertex. (In parti
ular this holds if the labels

of multiple edges in
ident to ea
h vertex are 
onse
utive). For simpli
ity we assume there are no

multiple edges.

The main theorem of this subse
tion follows.

Theorem 5 For every graph G having n verti
es and m � n edges, we 
an de�ne a graph G

0

having n

0

verti
es and m

0

edges for whi
h the following holds:

1. n � n

0

� 4n, m � m

0

� 8m, and d

max

(G

0

) � 2d

avg

(G).

3

The reason we say that we abuse terminology is that the distribution on verti
es in G

0

indu
ed by this pro
edure

may be very far from uniform a

ording to any standard distan
e measure (e.g. statisti
al di�eren
e). However,

it approximates the uniform distribution in the sense of assigning relatively large weight to every suÆ
iently large

subset.

4

If the number of multiple edges is more than a 
onstant fra
tion then it is possible to obtain a lower bound on

the number of queries that depends on the ratio between the number of multiple edges and the total number of edges.

Spe
i�
ally, 
onsider a graph that 
ontains a small 
lique with many multiple edges, whi
h is far from bipartite, but


annot be distinguished from a bipartite graph that 
ontains a small 
omplete bipartite graph with many multiple

edges.

16



2. If G is bipartite then G

0

is bipartite, and if G is �-far from being bipartite with respe
t to m,

then G

0

is �

0

-far being from bipartite with respe
t to m

max

(G

0

) = d

max

(G

0

)n

0

for �

0

= �(�).

3. Given a starting verti
es s in G

0

, it is possible to emulate random walks in G

0

starting from s,

by performing queries to G. The amortized 
ost of ea
h random walk step is O(log

2

n) (degree

and neighbor) queries in G. By emulating these random walks it is possible to exe
ute a slight

variant of Odd-Cy
le(s) in G

0

whi
h we denote Odd-Cy
le'(s). This variant is su
h that

Pr[Odd-Cy
le'(s)=found℄ � Pr[Odd-Cy
le(s)=found℄, where if Odd-Cy
le'(s) returns found,

then we 
an obtain an odd 
y
le of length poly(log n=�) in the original graph G.

4. There exists a pro
edure Sample-Verti
es-Almost-Uniformly-in-G' that for any given param-

eter 0 < Æ � 1, performs

~

O(min(

p

n=Æ; n

2

=m)) queries in G and returns a vertex in G

0

su
h

that the following holds: For all but at most Æn

0

of the verti
es x in G

0

, the probability that x

is sele
ted by the pro
edure is 
(1=n

0

).

We note that for every graph G there is a
tually a family of graphs G

0

with the above properties (all

de�ned over the same set of verti
es). When we run algorithm Test-Bipartite-Gen, we 
onstru
t

one su
h (arbitrary) graph G

0

in the family as we go along. One diÆ
ulty that arises is that when

the algorithm asks a neighbor query of the form: "Who is the i-th neighbor of v"?, it gets a vertex

name u as an answer. However, the algorithm la
ks the information that v is (say) the j-th neighbor

of u. This la
k of knowledge makes the emulation of random walks and Odd-Cy
le(s) in G

0

more


ompli
ated. Due to that, Item 3 of Theorem 5 is somewhat more involved.

As a 
orollary to Theorem 5 and Corollary 3 we obtain:

Corollary 6 Algorithm Test-Bipartite-Gen (see Figure 2) a

epts every graph G that is bipartite,

and reje
ts with probability at least 2=3 every graph G that is �-far from being bipartite (with respe
t

to m(G)). Furthermore, whenever the algorithm reje
ts a graph it outputs a 
erti�
ate to the

non-bipartiteness of the graph G in form of an odd 
y
le of length poly(log n=�).

The query 
omplexity and running time of the algorithm are O

�

min(

p

n; n

2

=m) � poly(log n=�)

�

.

Test-Bipartite-Gen(n; d

avg

; �)

� Repeat T = �(

1

�

) times:

1. Set �

0

= �=144.

2. Sele
t a vertex s in G

0

by 
alling the pro
edure Sample-Verti
es-Almost-Uniformly-in-

G' with Æ = �

0

=
 (where 
 is a suÆ
iently large 
onstant).

3. Apply Odd-Cy
le'(s).

4. If Odd-Cy
le'(s) returns found then output reje
t.

� In 
ase no 
all to Odd-Cy
le' returned found then output a

ept.

Figure 2: Algorithm Test-Bipartite-Gen for testing bipartiteness with respe
t to the a
tual number of edges

m = m(G) in the graph G.

Note that d

avg

, the average degree of the graph, is given as a parameter to the algorithm. Sin
e

the algorithm does not a
tually need the exa
t value of d

avg

it 
an instead estimate it. Spe
i�
ally,

Feige [11℄ shows how to obtain an estimate that is within a fa
tor of roughly 2 of the true value

by performing at most O(

p

n=d

0

) degree queries where d

0

is an apriori lower bound on d

avg

.
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Inspired by our pro
edure Sample-Edges-Almost-Uniformly-in-G', Goldrei
h and Ron [15℄ suggest

an alternative pro
edure that improves on the quality of the estimate. More importantly in our


ontext, they observe that both in the 
ase of their pro
edure and in the 
ase of Feige's pro
edure,

it is possible to eliminate the need of the lower bound d

0

. That is, given's Feige's algorithm, it

is possible to obtain a 
onstant fa
tor estimate by performing O(

p

n=d

avg

) � O(min(

p

n; n

2

=m))

queries (but without any knowledge about d

avg

).

We now turn to proving Theorem 5. We a
tually provide two proofs: one is based on a

deterministi
 
onstru
tion of G

0

and one on a probabilisti
 
onstru
tion. We start by presenting

the deterministi
 
onstru
tion.

4.1 De�ning G

0

and Proving the First Two Items in Theorem 5

In all that follows, let d = d

avg

(G), and let d

0

= d

max

(G

0

). We shall assume that d is a suÆ
iently

large 
onstant. If d

avg

(G) is not suÆ
iently large then we still set d in the 
onstru
tion below to

be suÆ
iently large, and run the algorithm with � set to �=(d=d

avg

(G)).

The Idea. Re
all that part of our goal is to have G

0

be a \regularized" version of G in the sense

that in G

0

all verti
es have degree at most 2d (while in G there may be verti
es with degree mu
h

higher than the average degree d). To this end, every vertex of G with degree higher than d is

represented in G

0

by a subset of verti
es. Ea
h su
h subset is partitioned into two equal parts:

an external subset (
onsisting of external verti
es), and an internal subset (
onsisting of internal

verti
es). The edges between external verti
es in G

0

are determined by the edges of G. Namely, if

(u; v) is an edge in G, then in G

0

there is an edge between one of the verti
es in the external subset

of u to one of the verti
es in the external subset of v. In addition, for every vertex v (with degree

greater than d) there is a bipartite subgraph between its internal and external verti
es. All verti
es

in the subgraph have degree d, and the subgraph has good expansion properties.

The role of these subgraphs between external and internal verti
es is to ensure that if G is

far from being bipartite then so is G

0

. To gain some intuition observe that for every partition

(V

1

; V

2

) of G, there exists a 
orresponding partition (V

0

1

; V

0

2

) of G

0

that has the same number of

violating edges. Spe
i�
ally, for every vertex v 2 V

1

(v 2 V

2

) we put in V

0

1

(V

0

2

) all external verti
es

that 
orrespond to v, and we put in V

0

2

(V

0

1

) all internal verti
es that 
orrespond to v. By this


onstru
tion, there is a one-to-one mapping between the edges in G that are violating with respe
t

to (V

1

; V

2

) and the edges in G

0

that are violating with respe
t to (V

0

1

; V

0

2

) (where all edges in the

subgraphs between external and internal verti
es are non-violating). Thus, if G is far from being

bipartite, so that all partitions (V

1

; V

2

) of G have many violating edges, then this is also true of

all partitions (V

0

1

; V

0

2

) as de�ned above. However, there are other partitions of G

0

that may split

the external verti
es that 
orrespond to the same vertex in G into di�erent parts and possibly

have fewer violating edges. What we show is that su
h splits must introdu
e violating edges in the

subgraphs between external and internal edges, where this is due to the expansion properties of

the subgraphs. Roughly speaking, if a partition \avoids violations" between external verti
es by

splitting sets of external verti
es, then it \pays" by introdu
ing violations between external and

internal verti
es.

4.1.1 The Constru
tion of G

0

For ea
h vertex v in G su
h that deg(v) � d, we have a single vertex in G

0

. For ea
h vertex v

in G su
h that deg(v) > d the graph G

0


ontains a subgraph, denoted H(v). It is a bipartite
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graph over two subsets of verti
es, one denoted X(v), the external part, and one denoted I(v), the

internal part. Both parts 
onsist of ddeg(v)=de verti
es. Every vertex in X(v) is assigned up to d

spe
i�
 neighbors of v a

ording to some �xed, but arbitrary partition of the neighbors of v. As we

shall see below, this assignment determines the edges between pairs of external verti
es in G

0

that


orrespond to di�erent verti
es in G. We refer to the verti
es in the two subsets by fX

i

(v)g

ddeg(v)=de

i=1

and fI

i

(v)g

ddeg(v)=de

i=1

, respe
tively.

The edges in H(v) are determined as follows. In 
ase deg(v)=d < d then we have

bd

2

=deg(v)


2

-

multiple edges between every internal vertex and every external vertex in H(v). It follows that the

degree of every vertex within H(v) is

bd

2

=deg(v)


2

� ddeg(v)=de �

d

2

2 � deg(v)

�

deg(v) + d

d

�

d

2

2 � deg(v)

�

2deg(v)

d

= d

In 
ase deg(v)=d � d, denote s = ddeg(v)=de and let H(v) be a bipartite expander where ea
h of

its sides has s verti
es (s � d). Ea
h vertex in H(v) has degree d. All eigenvalues of the adja
en
y

matrix of H, but the largest one and the smallest one (whi
h are equal to d and �d, respe
tively),

are at most d=4 in their absolute values. Expli
it 
onstru
tions of su
h expanders 
an be found,

e.g., in [18, 17℄. Furthermore, these 
onstru
tions allow the determination of the i-th neighbor of

any given vertex in 
onstant time.

For sake of the presentation, when deg(v) � d, so that v is represented by a single vertex, we

let H(v) be the subgraph that 
onsists of this single vertex. This vertex is 
onsidered an external

vertex, denoted X

1

(v), and it is assigned all neighbors of v.

We have des
ribed how verti
es of G are transformed into verti
es of G

0

(some of whi
h are


onne
ted by edges). It remains to des
ribe the relevant transformation to the edges of G. Consider

an edge (u; v) 2 E(G) where v is the i-th neighbor of u and u is the j-th neighbor of v. Let

X

k

(u) and X

`

(v) be the external verti
es that are assigned the i-th neighbor of u, and the j-th

neighbor of v, respe
tively. Then, there is an edge (X

k

(u);X

`

(v)) in G

0

. It dire
tly follows that

every vertex in G

0

has degree at most 2d and that n

0

= jV (G

0

)j �

P

v2G

2ddeg(v)=de � 4n, and

m

0

= m(G

0

) � 4dn = 8m.

For an illustration of the 
onstru
tion of G

0

, see Figure 3.

We have thus established the �rst item in Theorem 5, and we turn to the se
ond item. From

the 
onstru
tion of G

0

it is obvious that if G is bipartite, then so is G

0

. It remains to prove the

following lemma.

Lemma 5 If G is �-far from being bipartite (with respe
t to m = (dn)=2) then G

0

is �

0

-far from

being bipartite with respe
t to d

0

n

0

, for �

0

=

�

144

.

In order to prove Lemma 5, we �rst prove the following proposition 
on
erning bipartite ex-

pander graphs. For any two (disjoint) subsets of verti
es, A and B, we let e(A;B) denote the

number of edges with one end-point in A and another in B.

Proposition 7 Let G = (A [ B;E) be a d-regular bipartite graph with sides A and B of size s.

Assume that all eigenvalues of the adja
en
y matrix of G, but the largest one and the smallest one,

are at most � in their absolute values. Assume further that � � d=4. Then for every two partitions

A = A

1

[A

2

, B = B

1

[B

2

, satisfying jA

1

j � s=2,

e(A

1

; B

1

) + e(A

2

; B

2

) �

djA

2

j

8

:
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Figure 3: An illustration for the 
onstru
tion of G

0

. On the left are 4 verti
es in G and their indu
ed

subgraph. On the right are the 4 
orresponding subgraphs in G

0

and the edges between the external verti
es

in these subgraphs. (The external verti
es are marked in bold, and there are additional edges that do not

appear in the �gure, between the external verti
es in the �gure and external verti
es of other subgraphs.)

Proof: It is well known that the larger is the \spe
tral gap" (i.e., the di�eren
e between d and

�), the 
loser the edge distribution in G approa
hes that of a truly random bipartite graph with

sides of size s and edge probability d=s. Spe
i�
ally, for every A

0

� A, B

0

� B of sizes jA

0

j = a

0

,

jB

0

j = b

0

,

�

�

�

�

e(A

0

; B

0

)�

da

0

b

0

s

�

�

�

�

� �

p

a

0

b

0

(13)

(see, e.g., Chapter 9 of [5℄).

Let jA

1

j = a

1

, jA

2

j = a

2

= s� a

1

, jB

1

j = b

1

, jB

2

j = b

2

= s� b

1

. It is given that a

1

� s=2. We

may obviously assume that b

1

� a

2

=2, as otherwise at least half of the edges in
ident to A

2

have

their other endpoint outside B

1

, implying e(A

2

; B

2

) � da

2

=2.

Applying the bound in Equation (13) twi
e we get:

e(A

1

; B

1

) = djB

1

j � e(A

2

; B

1

) � db

1

�

da

2

b

1

s

� �

p

a

2

b

1

=

da

1

b

1

s

� �

p

a

2

b

1

; (14)

e(A

2

; B

2

) = djA

2

j � e(A

2

; B

1

) � da

2

�

da

2

b

1

s

� �

p

a

2

b

1

=

da

2

b

2

s

� �

p

a

2

b

1

: (15)

Consider �rst the 
ase b

2

� s=2. In this 
ase it follows from Equation (14) that

e(A

1

; B

1

) �

da

1

b

1

s

� �

p

a

2

b

1

�

d(s=2)(s=2)

s

� �

p

(s=2)s

=

ds

4

�

�s

p

2

�

ds

14

�

da

2

7

:

We thus assume that b

2

> s=2. If da

2

b

2

=s � 2�

p

a

2

b

1

, we obtain from Equation (15) that

e(A

2

; B

2

) �

da

2

b

2

2s

�

da

2

(s=2)

2s

=

da

2

4

:
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Hen
e we may assume that da

2

b

2

=s � 2�

p

a

2

b

1

. If da

1

b

1

=s � 2�

p

a

2

b

1

, then it follows from

Equation (14) that

e(A

1

; B

1

) �

da

1

b

1

2s

�

d(s=2)(a

2

=2)

2s

=

da

2

8

;

as required. Hen
e we may assume that da

1

b

1

=s � 2�

p

a

2

b

1

. It remains to 
he
k that the latter

assumption together with da

2

b

2

=s � 2�

p

a

2

b

1

bring to a 
ontradi
tion. Indeed, multiplying these

inequalities we get: d

2

a

1

a

2

b

1

b

2

=s

2

� 4�

2

a

2

b

1

, or d

2

a

1

b

2

� 4�

2

s

2

. Re
alling that a

1

� s=2, b

2

> s=2,

it follows that d < 4� { a 
ontradi
tion to our assumption on �.

Proof of Lemma 5: We shall show that the number of edges that should be removed from G

0

so

as to make it bipartite, is at most a 
onstant fa
tor smaller than the number of edges that should

be removed from G so as to make G bipartite. Sin
e the total number of edges in G and in G

0

is of

the same order, this suÆ
es to prove the lemma. To this end we prove the 
ontrapositive statement.

Spe
i�
ally, suppose G

0

is �

0

-
lose to being bipartite with respe
t to m

max

= d

0

n

0

. Namely, there

exists a partition P

0

= (V

0

0

; V

0

1

) of the verti
es in G

0

with respe
t to whi
h there are at most �

0

� d

0

n

0

violating edges in G

0

. We shall show how to 
onstru
t, based on P

0

, a partition P = (V

0

; V

1

) of

the verti
es in G with respe
t to whi
h there are at most �dn=2 = �m violating edges in G, thus

proving the lemma.

Consider a parti
ular vertex v in G, and the subset of external verti
es X(v) in G

0

that 
orre-

spond to v. Let X

0

(v) = X(v)\V

0

0

, and let X

1

(v) = X(v)\V

0

1

. We refer to the larger subset as the

majority subset of v, and to the smaller subset as the minority subset of v. We de�ne P = (V

0

; V

1

)

by assigning ea
h vertex v in G a

ording to its majority subset. Namely, if jX

0

(v)j � jX

1

(v)j then

v is assigned to V

0

, otherwise it is assigned to V

1

. In what follows it will be 
onvenient to refer to

0 and 1 as 
olors.

Also, when we refer to edges in G

0

as violating edges, we mean with respe
t to P

0

, and when

we refer to edges in G as violating edges, we mean with respe
t to P . Note that the partition P

is de�ned only a

ording to the 
oloring of the external verti
es in G

0

, ignoring the 
oloring of the

internal verti
es. Also re
all that there is a one-to-one mapping between edges in G and edges in

G

0

whose end-points are both external verti
es.

Sin
e ea
h vertex v in G is assigned the 
olor of its majority subset, the violating edges in G

0

between pairs of verti
es that both belong to majority subsets, or between pairs of verti
es that

both belong to minority subsets, be violating edges in G. Similarly, non-violating edges in G

0

between verti
es in majority subsets, or between verti
es in minority subsets, be
ome non-violating

edges in G. It remains to deal with edges between minority and majority subsets in G

0

. These

edges 
an be non-violating in G

0

, but may be
ome violating in G.

We next show that the total number of verti
es in G

0

that belong to minority subsets 
an be

bounded as a fun
tion of the number of violating edges in G

0

. To this end we show that if there

were many minority verti
es, then there would be many violating edges in G

0

between internal and

external verti
es.

For ea
h vertex v in G, 
onsider the majority and minority subsets of (the external verti
es

of) v. Let the majority subset of X(v) be X

�

(v) and let the minority subset be X

�

(v) (where

�; � 2 f0; 1g).

Claim 5.1 For every vertex v in G, the number of violating edges in G

0

between verti
es in X(v)

and verti
es in I(v) is at least

�

�

X

�

(v)

�

�

� (d=8).

Proof: Similarly to our notation for external verti
es, for the internal verti
es of v let I

0

(v)

def

=

I(v) \ V

0

0

and I

1

(v)

def

= I(v) \ V

0

1

. Consider �rst the 
ase

deg(v)

d

< d. By 
onstru
tion of G

0

,
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jX(v)j = jI(v)j = ddeg(v)=de, and there are

bd

2

=deg(v)


2

multiple edges between every pair of verti
es

(x; y) su
h that x 2 X(v) and y 2 I(v). Hen
e the number of edges between X(v) and I(v) that

are violating (with respe
t to P

0

) is

�

jX

�

(v)jjI

�

(v)j + jX

�

(v)jjI

�

(v)j

�

�

bd

2

=deg(v)


2

�

�

jX

�

(v)jjI

�

(v)j+ jX

�

(v)jjI

�

(v)j

�

�

d

2

4deg(v)

= jX

�

(v)j �

d

4

:

Next 
onsider the more interesting 
ase where

deg(v)

d

� d. In this 
ase Claim 5.1 dire
tly follows

from Proposition 7. � (Proof of Claim 5.1.)

Thus we 
an 
on
lude that if there are w external verti
es that belong to minority subsets then

they 
ontribute at least w � d=8 violating edges in G

0

. Sin
e the number of violating edges in G

0

is

at most �

0

n

0

d

0

� 8�

0

nd, we have that w � 64�

0

n. As noted previously, the total number of violating

edges in G is upper bounded by the number of violating edges in G

0

plus the number of edges

between minority and majority (external) subsets. By the above dis
ussion and the fa
t that every

external vertex has at most d neighbors that are external verti
es, the number of violating edges in

G is at most 8�

0

nd+ 64�

0

nd = 72�

0

nd. Sin
e �

0

= �=144, and m = (nd)=2, the lemma follows.

We have 
ompleted proving the �rst two items of Theorem 5, and we now turn to the third item.

4.2 Establishing Item 3 in Theorem 5

Here we stress that if the neighbor and the vertex-pair queries would have returned more infor-

mation, then the proof of the 
urrent item would be signi�
antly simpler. In parti
ular, suppose

that a neighbor query (u; i) is answered with a pair (v; j) (instead of only v), whi
h means that v

is the i-th neighbor of u, and u is the j-th neighbor of v. Suppose also that when performing a

vertex-pair query (u; v), the algorithm is not only told whether (u; v) is an edge or not, but rather,

in the former 
ase it is also provided with pair (i; j), whi
h means that v is the i-th neighbor of u,

and u is the j-th neighbor of v. With this additional information, the stru
ture of G

0

is impli
itly

given and, thus, the emulation of random walks in the exe
ution of the pro
edure Odd-Cy
le on

G

0

, is straightforward. Here we need to work harder to over
ome the la
k of information.

Random-Walk Steps. We �rst shortly dis
uss the emulation of random walks. If the walk

stays at the 
urrent vertex, then 
learly there is no need for any emulation. Hen
e, we only need

to 
onsider the 
ase in whi
h we have to sele
t a random neighbor. Re
all that verti
es in G

0

are

either of the form X

i

(v) (the i-th external vertex 
orresponding to vertex v in G), or I

i

(v) (the i-th

internal vertex), where 1 � i � ddeg(v)=de. Re
all that we 
an obtain deg(v) for any v by a single

degree query, and in parti
ular use this to �nd the degree of verti
es in G

0

. For simpli
ity of the

presentation, we assume from this point on that for every vertex v in G, the degree of every vertex

I

i

(v) in G

0

is d (instead of being at most d), and the degree of every X

i

(v) is 2d (instead of being

at most 2d).

Performing a random-walk step in G

0

from an internal vertex I

i

(v) 
an be easily done by using

the expli
it stru
ture of the graph H(v) (whi
h is either a 
omplete bipartite graph with multiple

edges, or an expli
itly 
onstru
tible expander). In order to perform a random-walk step from an

external vertex, X

i

(v), we �rst determine whether to take one of the d edges within the graph H(v),

or whether to take one of the d edges going from X

i

(v) to another external vertex. In the �rst 
ase

we then sele
t an internal neighbor given the expli
it stru
ture of H(v). It remains to deal with
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sele
ting an external neighbor. Note that in the spe
ial, but easy, 
ase in whi
h deg(v) � d and so

H(v) is a single vertex, there is only the latter option.

As noted just following the statement of Theorem 5, we a
tually 
onstru
t G

0

as we go along.

The important thing to note is that the de�nition of G

0

allows us to assign the verti
es in X(v)

edges of v in an arbitrary manner (as long as ea
h X

i

(v) is assigned (at most d) di�erent edges).

Hen
e, all we need to take 
are of is to be 
onsistent with previous 
hoi
es, and to ensure the 
orre
t

distribution in the 
hoi
e of the random walk step. To this end we may think of ea
h external vertex

as having d \ports", labeled 1; � � � ; d, whi
h are initially unassigned. As the algorithm pro
eeds, it

puts a \link" between, say, the t'th port of X

i

(v) and the `'th port of X

j

(u) (where (v; u) 2 E(G)).

When performing a random-walk step from X

i

(v) (to a vertex outside of H(v)), we uniformly sele
t

a port. Let us denote the index of the port sele
ted by t. If port t of X

i

(v) is already linked to

another port, then we simply take this link to the port (and vertex) at the other end. Otherwise,

we �rst set the link, and then take it. In order to set the link properly, we need to uniformly sele
t

a neighbor u of v among the neighbors of v that were not yet assigned (to any port of one of the

external verti
es of v). After doing so, and sele
ting a neighbor u, we need to sele
t a yet unassigned

port of one of the external verti
es of u. The above 
an be done, with the aid of sampling, at an

amortized 
ost of O(log n) queries in G. Details follow.

For ea
h external vertex X

i

(v), the algorithm keeps a ve
tor of length d, �

i

(v). The k'th entry

of �

i

(v) 
ontains the k'th neighbor of X

i

(v), if it was determined, and is empty otherwise. Denote

by f

i

(v) the number of free entries in the ve
tor �

i

(v). Also denote by A(v) the set of neighbors

of v that were already assigned to external verti
es of v, and by NA(v) the verti
es that were

not assigned. When setting a link to a yet-unassigned port (�lling in a new entry in �

i

(v)), we

distinguish between two 
ases.

Case 1: If less than half of the neighbors of v in G are in A(v), the algorithm repeats at most

(log

2

n) times the following pro
edure: It 
hooses uniformly at random a neighbor of v in G. If that

neighbor belongs to NA(v), then a desired neighbor is found. By repeating the above pro
edure

O(log

2

n) times, the probability that the algorithm didn't �nd a desired neighbor is at most o(1=n).

In this 
ase we say that the algorithm fails. Sin
e the total number of queries that the algorithm

performs is at most o(n), the total failure probability of the algorithm is o(1). Suppose that a

desired neighbor of v, with the name u is found. In that 
ase the algorithm should move to one of

the external verti
es of u. The sele
ted vertex X

k

(u) is 
hosen with probability:

f

k

(u)

P

1�j�ddeg(u)=de

f

j

(u)

.

A

ording to the 
hosen X

j

(u), the algorithm sets �

i

(v)[t℄  X

j

(u). In addition, the algorithm


hooses uniformly at random one of the f

j

(u) free entries in the ve
tor �

j

(u). Assume that the


hosen index is t

0

, 1 � t

0

� d, then, the algorithm sets �

j

(u)[t

0

℄ X

i

(v).

Case 2: If more than half of the neighbors of v in G are in A(v), the algorithm reads all the

neighbors of v in G that belong to NA(v), and atta
hes them arbitrarily to the uno

upied entries

in �

j

(v), 1 � j � ddeg(v)=de. By doing this, the algorithm (at most) doubles the number of

neighbor queries performed on vertex v of G. Now, suppose that in �

i

(v)[t℄ there is a name of a

vertex of G, say u. In that 
ase, the algorithm should move to one of the external verti
es X

k

(u),

1 � k � ddeg(u)=de, and this is done as in the �rst 
ase.

Modifying the pro
edure Odd-Cy
le. The pro
edure Odd-Cy
le' is the same as Odd-Cy
le

in terms of the performan
e of random walks, whi
h are emulated as des
ribed above. The only

modi�
ation is in the last stage, where the pro
edure performs vertex-pair queries. Let (x; y) be

the pair of verti
es queried in G

0

. We answer the query as follows. If (x; y) = (X

i

(v); I

j

(v)) for

some vertex v in G, then we answer a

ording to the expli
it 
onstru
tion of the subgraph H(v).
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If (x; y) = (X

i

(v); I

j

(u)) for u 6= v, then the answer is always negative. If (x; y) = (X

i

(u);X

j

(v))

then we query the pair (u; v) in G. If there is no edge between (u; v) in G, we answer that there is

no edge between X

i

(u) and X

j

(v). Otherwise, we give a positive answer. While this answer may be

in
onsistent with the 
onstru
tion of G

0

, (sin
e it would 
orrespond to having a 
omplete bipartite

subgraph in G

0

between the external verti
es of u and the external verti
es of v), it always provides

eviden
e to an odd 
y
le in the input graph G. An explanation follows.

Consider two paths in G

0

, where both paths start at the same vertex x 2 H(s), end at a pair of

external verti
es X

i

(v) and X

j

(u), respe
tively, and whose lengths have the same parity (so that

X

i

(v) and X

j

(u) both belong to the same A

b

, b 2 f0; 1g). By 
onstru
tion of G

0

, su
h a pair of

paths in G

0


orresponds to a pair of paths in G, whi
h start at s, end at v and u respe
tively, and

have the same parity b as well. But if there is an edge in G between v and u, then there is an odd


y
le in G.

4.3 Establishing Item 4 in Theorem 5

In this subse
tion we prove the last item in Theorem 5. Re
all that we are interested in a pro
edure

for sele
ting a vertex in G

0

so that there is a suÆ
iently high probability of hitting any �xed

suÆ
iently large subset of verti
es in G

0

. In parti
ular, if G

0

is far from being bipartite then we are

interested in hitting the subset of verti
es s for whi
h Odd-Cy
le(s) returns found with probability

at least 2=3.

Let V

`

(G) = fv 2 V (G) : deg(v) � dg and let V

h

(G) = fv 2 V (G) : deg(v) > dg, where ``'

stands for low , and `h' for high, and as before, d = d

avg

(G) denotes the average degree of verti
es

in G. We also de�ne the 
orresponding sets in G

0

: V

`

(G

0

) = fx 2 V (H(v)) : v 2 V

`

(G)g and

V

h

(G

0

) = fx 2 V (H(v)) : v 2 V

h

(G)g. (Re
all that H(v) is the subgraph in G

0

that 
orresponds

to v, and V (H(v)) is its set of verti
es.) Sin
e V (G

0

) = V

`

(G

0

) [ V

h

(G

0

), it follows that sele
ting

a vertex uniformly in V (G

0

) 
an be done by �rst de
iding whether to pi
k a vertex from V

`

(G

0

) or

from V

h

(G

0

) with probability proportional to the size of ea
h set (relative to n

0

= jV (G

0

)j), and

then pi
king a vertex uniformly from the sele
ted set.

Re
all that for every v 2 V

`

(G) we have jV (H(v))j = 1 while for every v 2 V

h

(G), jV (H(v))j =

2ddeg(v)=de. Therefore, pi
king a vertex uniformly in V

`

(G

0

) 
orresponds to pi
king a vertex

uniformly in V

`

(G), while pi
king a vertex uniformly in V

h

(G

0

) 
orresponds to pi
king a vertex in

V

h

(G) with probability proportional to its degree.

Sin
e we are not required to a
tually sele
t every vertex in V (G

0

) with exa
tly equal probability,

but rather we are required to be able to sele
t all but Æn

0

of the verti
es in V (G

0

) with probability

at least 
(1=n

0

), we may perform the above steps in an approximate manner. In parti
ular, by

taking a sample of �(1=Æ

2

) verti
es in G and querying their degrees, we may obtain an estimate,

denoted �̂(G

0

), of jV

`

(G

0

)j=n

0

= jV

`

(G)j=n

0

su
h that if jV

`

(G

0

)j=n

0

� Æ=2 then (1=8)jV

`

(G

0

)j=n

0

�

�̂(G

0

) � 2(jV

`

(G

0

)j=n

0

) (re
all that n � n

0

� 4n). In order to uniformly sele
t a vertex in V

`

(G) (so

as to obtain a uniformly sele
ted vertex in V

`

(G

0

)), we 
an simply take a sample of verti
es from

V (G), query their degrees, and pi
k the �rst vertex in the sample that belongs to V

`

(G), if su
h

exists. If jV

`

(G

0

)j=n

0

� Æ=2, so that jV

`

(G)j=n � Æ=2, then a sample of size O(1=Æ) suÆ
es to ensure

that with high 
onstant probability, the sample will indeed 
ontain a vertex in V

`

(G).

The only step that is more involved is that of sele
ting a vertex in V

h

(G) with probability

proportional to its degree. Observe that sele
ting a vertex from all of V (G) with probability

proportional to its degree 
an be performed by uniformly sele
ting an edge in E(G) and then

sele
ting one of its two end-points with equal probability. In the next subse
tion we des
ribe and

analyze a pro
edure that performs a 
ertain approximation to the uniform sele
tion of an edge in
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E(G). In Subse
tion 4.3.2 we return to the problem of sele
ting a vertex in G

0

almost uniformly.

4.3.1 Sampling Edges Almost Uniformly in G

We 
onsider two 
ases: d >

p

Æn and d �

p

Æn. Re
all that our goal is to use

~

O(min(

p

n=Æ; n=d))

queries to G. The �rst 
ase is easy sin
e if G 
ontains suÆ
iently many edges then we simply

sample �(n=d) = �(n

2

=m) pairs of verti
es in order to obtain an edge.

Sample-Edges-Uniformly-in-G

Repeat �(n=d) times:

� Sele
t two verti
es in G uniformly and at random.

� Che
k if there is an edge between these two verti
es (by performing a single vertex-pair

query). If the answer is positive then output this edge (and exit the repeat loop).

Figure 4: A pro
edure for sampling edges uniformly in G.

The straightforward pro
edure for this 
ase is given in Figure 4. Clearly every edge in G has

equal probability of being sele
ted by the pro
edure, and the query 
omplexity of this pro
edure is

�(n=d), whi
h for d >

p

Æn is �(min(

p

n=Æ; n=d) as required. (To be more pre
ise, there is some

probability that this pro
edure fails to output an edge. However, the probability that this o

urs


an be made suÆ
iently small so as to have a negligible e�e
t on the su

ess probability of our

algorithm.)

In the se
ond 
ase, where G 
ontains fewer edges (d �

p

Æn), we do not have an algorithm

that sele
ts an edge uniformly from G (using relatively few queries). However, we 
an show the

following:

Lemma 6 There exists a pro
edure Sample-Edges-almost-Uniformly-in-G that uses

~

O(

p

n=Æ) de-

gree and neighbor queries in G and for whi
h the following holds: For all but (Æ=4)m of the edges

e in G, the probability that the pro
edure outputs e is at least 1=(64m). Furthermore, there exists a

subset U

0

� V (G), jU

0

j � (Æn=2), su
h that for all edges e = (u; v) that are output with probability

less than 1=(64m), we have u; v 2 U

0

.

Sample-Edges-Almost-Uniformly-in-G(Æ)

1. Let t = 2

p

n=Æ � logm. Uniformly sele
t a subset of verti
es S � V (G), where jSj = t.

2. Partition the sampled verti
es into subsets a

ording to their degree: S

i

= fv 2 S :

deg(v) 2 (2

i�1

; 2

i

℄g.

3. Choose an index i, 1 � i � logm with probability

jS

i

j2

i

P

i

jS

i

j2

i

.

4. Uniformly sele
t a vertex v 2 S

i

.

5. Uniformly sele
t an edge in
ident to v.

Figure 5: A pro
edure for sele
ting an edge in G so that all but at most a (Æ=4)-fra
tion of the edges are

sele
ted with probability 
(1=m).
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The pro
edure referred to in Lemma 6 is des
ribed in Figure 5. Before proving Lemma 6 we

provide some intuition 
on
erning this pro
edure. We de�ne the following logm \bu
kets": for

1 � i � logm,

B

i

=

�

v 2 V (G) : deg(v) 2 (2

i�1

; 2

i

℄

	

: (16)

Thus, in ea
h bu
ket, all verti
es have approximately the same degree. Suppose we had a way to

pi
k an index i with probability proportional to jB

i

j �2

i

, whi
h is approximately the same as pi
king

i with probability proportional to the number of edges in
ident to verti
es in B

i

. Further assume

that for ea
h i we 
ould uniformly sele
t a vertex in B

i

. Then we 
ould sele
t an edge almost

uniformly by sele
ted an index i as des
ribed above, uniformly sele
ting a vertex v 2 B

i

, and then

uniformly sele
ted an edge in
ident to v.

The pro
edure Sample-Edges-Almost-Uniformly-in-G 
an be viewed as approximating this \ideal"

pro
edure. Assume �rst that all bu
kets are relatively large (i.e., jB

i

j = 
(

p

n) for every 1 � i �

logm). Then, by taking a uniformly sele
ted sample of

~

�(

p

n) verti
es in G, we 
an obtain a good

estimate of jB

i

j (and by that, of jB

i

j � 2

i

), for every i, and we 
an uniformly sele
t a vertex v 2 B

i

for any given i. Unfortunately, if some bu
kets are small, then we might not sample from them at

all.

To illustrate the seeming diÆ
ulty with su
h a 
ase, suppose the graph is a star, so that there

is one vertex, denoted v

�

with degree n� 1, and all other verti
es have degree 1. In terms of our

bu
kets we have jB

0

j = n� 1 so that jB

0

j � 2

0

= n� 1, and jB

log n

j = 1, so that jB

log n

j � 2

log n

= n.

The \ideal" pro
edure would sele
t ea
h of the two bu
kets roughly with equal probability, and if it

sele
ts the bu
ket B

log n

then it pi
ks v

�

. In other words, it pi
ks v

�

with probability roughly 1=2.

But if we take a sample of

~

�(

p

n) verti
es then the probability v

�

falls in the sample is extremely

small. However, this turns out to be almost immaterial to the analysis sin
e we are interested in

the end result of the distribution on edges. In the 
ase of the star graph, every edge in
ident to v

�

is also in
ident to one of the degree-1 verti
es, and hen
e will be sele
ted with equal probability.

In general, as we shall see in detail in the proof of Lemma 6, we 
an lower bound the probability

of sele
ting ea
h edge that has both end-points in suÆ
iently large bu
kets. On the other hand,

we 
an upper bound the total number of edges that have both end-points is small bu
kets. Details

follow.

Proof of Lemma 6: Let the subsets (\bu
kets") B

i

be as de�ned in Equation (16). Note that

in the pro
edure Sample-Edges-Almost-Uniformly-in-G (Figure 5), the subsamples S

i

are simply

S

i

= S \ B

i

. Next we de�ne a set of indi
es I

0

, that in
ludes indi
es of all bu
kets B

i

that have

\few" elements. More pre
isely,

I

0

=

(

i : 1 � i � logm and jB

i

j �

p

Æn

2 logm

)

: (17)

Let U

0

be the set of verti
es that belong to bu
kets with \few" elements: U

0

=

S

i2I

0

B

i

.

Consider any �xed vertex v =2 U

0

, and let i(v) be the index of the bu
ket that v belongs to, that

is, v 2 B

i(v)

. We denote by C

v

the event that v is sele
ted in the Step 4 of the sampling algorithm.

Then, for a ve
tor (s

1

; � � � ; s

logm

) we 
an estimate:

Pr[C

v

: jS

1

j = s

1

; � � � ; jS

logm

j = s

logm

℄ =

s

i(v)

jB

i(v)

j

�

s

i(v)

2

i(v)

P

i

s

i

2

i

�

1

s

i(v)

(18)

(�rst require that v falls in S

i(v)

, then 
hoose the bu
ket S

i(v)

, and then 
hoose v inside S

i(v)

). Thus
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the above 
onditional probability is:

s

i(v)

jB

i(v)

j

�

2

i(v)

P

i

s

i

2

i

�

s

i(v)

deg(v)

jB

i(v)

j

P

i

s

i

2

i

: (19)

The random variable s

i(v)

is hypergeometri
ally distributed with parameters n, jB

i(v)

j and t. It

thus has mean tjB

i(v)

j=n, and using known bounds on the tails of the hypergeometri
 distribution

and our assumption on v (v 62 U

0

and therefore B

i(v)

is large), we 
an get:

Pr

�

s

i(v)

jB

i(v)

j

�

t

2n

�

�

3

4

:

Consider the sum

P

t

i=1

s

i

2

i

. We have:

Exp

"

X

i

jS

i

j2

i

#

=

X

i

jB

i

j

n

� t � 2

i

=

t

n

�

X

i

jB

i

j2

i

�

t

n

�

X

i

X

v2B

i

(2deg(v)) �

4 � t �m

n

:

By Markov's inequality, the probability that

P

i

jS

i

j2

i

>

16tm

n

is less than 1=4. It thus follows that

Pr

"

�

s

i(v)

jB

i(v)

j

�

t

2n

�

&

 

X

i

s

i

2

i

�

16tm

n

!#

�

1

2

: (20)

Consider only su
h ve
tors (s

1

; � � � ; s

t

). From Equation (19) we obtain:

Pr[C

v

℄ �

1

2

�

t

2n

�

deg(v)

16tm

n

=

deg(v)

64m

: (21)

Finally, for an edge e 2 E(G), let us denote by C

e

the event that e is sele
ted in the fourth

step of the pro
edure Sample-Edges-Almost-Uniformly-in-G. Let E(U

0

) denote the set of edges

between pairs of verti
es in U

0

, that is, E(U

0

) = f(u; v) 2 E(G) : u; v 2 U

0

g. By de�nition of

U

0

, jU

0

j �

p

Æn=2, and hen
e jE(U

0

)j � (Æn)=4. Therefore, for all but at most (Æn)=4 � Æm=4 of

the edges in E(G), at least one of their end-points is not in U

0

. (Note that here we have used the

assumption that m � n.) For ea
h su
h edge (u; v) where u =2 U

0

(or v =2 U

0

), we have

Pr[C

e

℄ � Pr[C

u

℄ �

1

deg(u)

�

deg(u)

64m

�

1

deg(u)

=

1

64m

: (22)

4.3.2 Sampling Verti
es in G

0

We now return to sele
ting verti
es in G

0

. As dis
ussed earlier, we 
an easily obtain an estimate of

jV

`

(G

0

)j=n

0

= jV

`

(G)j=n

0

, denoted �̂ = �̂(G

0

), su
h that if jV

`

(G

0

)j=n

0

� Æ=2 then (1=8)jV

`

(G

0

)j=n

0

�

�̂(G

0

) � 2(jV

`

(G

0

)j=n

0

), and hen
e we assume that we indeed have su
h an estimate.
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Sample-Verti
es-Almost-Uniformly-in-G'(d; Æ; �̂)

1. Flip a 
oin with bias �̂.

2. If the out
ome is \heads" then do (sele
t a vertex in V

`

(G

0

)):

(a) Uniformly sele
t �(1=Æ) verti
es in G and query their degrees.

(b) If some vertex in the sample belongs to V

`

(G) then let v be the �rst su
h vertex and

output the single vertex x 2 V (H(v)). Otherwise, pi
k an arbitrary vertex v in the

sample and output an arbitrary vertex x 2 V (H(v)).

3. Else (the out
ome is \tails") do (sele
t a vertex in V

h

(G

0

)):

(a) If d >

p

Æn then sample an edge e 2 E(G) by running the pro
edure Sample-Edges-

Uniformly-in-G. In 
ase the pro
edure fails, pi
k an arbitrary edge e in E(G).

(b) Else (d �

p

Æn), sample an edge e 2 E(G) by running the pro
edure Sample-Edges-

Almost-Uniformly-in-G(Æ=2).

(
) Choose with equal probability one of the end-points v of the edge e.

(d) Choose uniformly at random one of the verti
es x in V (H(v)).

Figure 6: A pro
edure for sele
ting a vertex in G

0

so that all but at most a Æ-fra
tion of the verti
es

are sele
ted with probability 
(1=n

0

).

Proof of Item (4) in Theorem 5. We now show that the pro
edure Sample-Verti
es-Almost-

Uniformly-in-G' (see Figure 6), is as required in Item (4) of Theorem 5. Consider �rst the verti
es

in V

`

(G

0

). If jV

`

(G

0

)j=n

0

� Æ=2, then for ea
h vertex x 2 V

`

(G

0

), the probability that we sele
t x

is �̂(G

0

), times the probability that the sample 
ontains a vertex in V

`

(G

0

), times 1=jV

`

(G

0

)j. Sin
e


̂ = 
(jV

`

(G

0

)=n

0

) and the sample 
ontains a vertex from V

`

(G) with 
onstant probability, the

probability that we sele
t x is 
(1=n

0

) as required. If jV

`

(G

0

)j=n

0

< Æ=2 then the probability that

we obtain any vertex in V

`

(G

0

) may be very small, but we are allowed to have Æn

0

su
h verti
es and

we shall a

oount for these at most (Æ=2)n

0

verti
es.

We now turn to the verti
es in V

h

(G

0

). For an edge e 2 E(G), let C

e

denote the event that e is

sele
ted by Sample-Edges-Uniformly-in-G in 
ase d >

p

Æn, or by Sample-Edges-Almost-Uniformly-

in-G in 
ase d �

p

Æn. For v 2 V (G) let C

v

denote the event that v is sele
ted in Step 3
 of pro
edure

Sample-Verti
es-Almost-Uniformly-in-G'. For x 2 V (G

0

) let C

x

denote the event that x is sele
ted

in Step 3d of the pro
edure and let v(x) be su
h that x 2 H(v(x)). Re
all that for every v 2 V

h

(G),

we have jV (H(v))j = 2ddeg(v)=de. Therefore for every x 2 V

h

(G

0

),

Pr[C

x

℄ � Pr[C

v(x)

℄ �

1

2ddeg(v(x))=de

=

X

e=(u;v(x))

1

2

Pr[C

e

℄ �

1

2ddeg(v(x))=de

(23)

If d >

p

Æn then Pr[C

e

℄ is only slightly smaller than 1=m (sin
e there is a probability that the

pro
edure Sample-Edges-Uniformly-in-G fails to output an edge), implying that Pr[C

x

℄ = 
(1=n

0

).

If d �

p

Æn, then Pr[C

e

℄ is determined by the pro
edure Sample-Edges-Almost-Uniformly-in-G. Let

U

0

be as de�ned in Lemma 6, and 
onsider �rst the 
ase where v(x) =2 U

0

. Then for every edge e

that is in
ident to v(x), we have that Pr[C

e

℄ � 1=(64m) = 1=(32dn). By Equation (23), for ea
h
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su
h vertex x we have that

Pr[C

x

℄ �

1

2

deg(v(x)) �

1

32dn

�

1

2ddeg(v(x))=de

�

1

256n

�

1

256n

0

(24)

as required. Next 
onsider the 
ase that v(x) 2 U

0

but deg(v(x)) � 2jU

0

j. In su
h a 
ase for at

least half of the edges e in
ident to v(x) we have that Pr[C

e

℄ � 1=(32dn), and we 
an dedu
e that

Pr[C

x

℄ �

1

512n

0

. It remains to show that the total number of verti
es x su
h that v(x) 2 U

0

and

deg(v) � 2jU

0

j, is at most (Æ=2)n

0

. Using the fa
t that jU

0

j �

p

(Æ=2)n=2 (re
all that the pro
edure

Sample-Edges-Almost-Uniformly-in-G is 
alled with its input parameter set to Æ=2), and for every

vertex v 2 V

h

(G), jV (H(v))j = 2ddeg(v)=de � 2deg(v), we get:

X

v2U

0

: deg(v)�2jU

0

j

jV (H(v))j � 4jU

0

j

2

� (Æ=2)n

0

: (25)

The lemma follows.

4.4 A Probabilisti
 Constru
tion of G

0

In this subse
tion we des
ribe an alternative, probabilisti
 
onstru
tion of a graph G

0

that estab-

lishes Theorem 5. More pre
isely, we des
ribe su
h a 
onstru
tion that, under 
ertain 
onditions

on d and �, results, with very high probability, in a graph G

0

as required in the theorem. Here too

the graph is 
onstru
ted as the algorithm pro
eeds. In all that follows, let d = d

avg

(G), and let

d

0

= d

max

(G

0

). Let n (n

0

) be the number of verti
es in G (G

0

), and m (m

0

) be the number of edges

in G (G

0

). The probabilisti
 
onstru
tion is simpler and it is possible that it may be appli
able to

other problems as well. However in this 
onstru
tion we need that d = 
(logn+ 1=�).

4.4.1 The Constru
tion

As in the deterministi
 
onstru
tion, every vertex of G is transformed into ddeg(v)=de verti
es.

Denote by X(v) the verti
es in G

0

related to a vertex v 2 V (G). The verti
es in X(v) are denoted

by X

i

(v); 1 � i � ddeg(v)=de. Thus, n

0

= jV (G

0

)j �

P

v2G

d

deg(v)

d

e � 2n. The edges of G

0

are

determined as follows: an edge (u; v) 2 E(G) 
hooses independently uniformly at random a vertex

from X(v) and a vertex from X(u). In G

0

there will be an edge between these two randomly 
hosen

verti
es. Clearly, m

0

= jE(G

0

)j = jE(G)j = (nd)=2.

Lemma 7 For d = 
(log n), the maximum degree d

0

of G

0


onstru
ted above is 2d with probability

1� o(1).

Proof: Let W

i;j

v

be an indi
ator random variable whi
h is 1, if the j-th indu
ed edge of v 2 V (G)

(1 � j � deg(v)), 
hooses vertex X

i

(v) 2 V (G

0

). Let W

i

v

def

=

P

1�j�deg(v)

W

i;j

v

. W

i

v

is a sum of

j independent indi
ator variables. Exp[W

i

v

℄ = deg(v) � 1=(deg(v)=d) = d. Let X

i

v

be an indi
ator

variable whi
h is 1, if W

i

v

> 2Exp[W

i

v

℄ = 2d, and 0 otherwise.

Using standard bounds on tails of sums of bounded random variables (see, e.g., [5℄), for a spe
i�


v 2 V (G) and 1 � i � ddeg(v)=de, it follows that Pr[X

i

v

= 1℄ < e

�
d

. Using a union bound over

all X

i

v

's v 2 V (G) and 1 � i � ddeg(v)=de, we get that the probability that there exists a vertex

v and an index i for whi
h X

i

v

= 1 is at most n

0

� e

�
d

= o(1), thus with probability 1 � o(1), the

maximum degree of G

0


onstru
ted above is 2d.
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Lemma 8 For a graph G with d > 512=� the following holds: If G is �-far from being bipartite

(with respe
t to m = (dn)=2), then with probability 1 � o(1), G

0

is �

0

-far from being bipartite with

respe
t to d

0

n

0

, for �

0

=

�

128

.

Proof: Consider a �xed partition P

0

= (V

0

0

; V

0

1

) of the verti
es in G

0

. The partition P

0

indu
es

a partition of X(v) for every v. Let us denote by X

�

(v) the majority subset of X(v) indu
ed by

P

0

. Consider a partition P = (V

0

; V

1

) of the verti
es of G indu
ed by P

0

in the following way. For

v 2 V (G), if X

�

(v) � V

0

0

, then v 2 V

0

, otherwise v 2 V

1

. Sin
e G is �-far from being bipartite, at

least one of the subsets V

0

; V

1


ontains

1

4

�nd edges. W.l.o.g. assume that jE(V

0

)j �

1

4

�nd. Let H

0

be a subgraph of G

0

, de�ned as follows. The verti
es of H

0

are:

[

v2V

0

X

�

(v)

The edges of H

0

are the edges of G

0

, indu
ed by V (H

0

). Thus, V (H

0

) � V

0

0

and E(H

0

) � E(V

0

0

).

Claim 8.1 Pr[jE(H

0

)j � (�=32)nd℄ < 2

�
�n

, where 
 > 1.

On
e Claim 8.1 is proved, by taking a union bound over all possible partitions P

0

of the verti
es

of G

0

we get that for every partition P

0

= (V

0

0

; V

0

1

) of the verti
es of G

0

, the number of violating

edges in G

0

is at least �=32 � n � d with probability 1 � o(1). Re
all that n

0

� 2n and d

0

� 2d with

probability 1� o(1). Thus, for every partition of the verti
es of G

0

, the number of violating edges

is at least �=128 � n

0

� d

0

with probability 1� o(1), as required.

Proof of Claim 8.1 Consider an edge e = (u; v) 2 E(G), and let �(e) = (X

i

(v);X

j

(u)) be its


orresponding edge in E(G

0

). For e 2 E(V

0

), Pr[�(e) 2 E(H

0

)℄ � 1=2 � 1=2 = 1=4. Thus,

Exp[jE(H

0

)j℄ � 1=4jE(V

0

)j:

As jE(H

0

)j is a sum of jE(V

0

)j independent Bernoulli random variables, ea
h with expe
tation at

least 1=4, it follows from standard bounds on the tails of binomial random variables (see, e.g., [5℄)

that

Pr[X

jE(V

0

)j

< (1=32)�nd℄ < e

��nd=512

Thus, for d � 512=� we have

Pr[jE(H

0

)j � �=32nd℄ < 2

�
n

for 
 > 1, and the lemma is proved. (Proof of Claim 8.1 and Lemma 8.)

We have 
ompleted proving the �rst two items of Theorem 5, with regard to the probabilisti



onstru
tion.

4.4.2 Proving Item (3) in Theorem 5

In order to prove this item we need to explain how to emulate queries in G

0

by performing queries

in G.

Degree Queries. Here we assume that in G

0

the maximum degree is 2d. It was proved before

to be true with probability 1 � o(1). Consider the following pro
edure Assign-Edges(v) where v is

a vertex of G: Find deg(v) by one query on G; for ea
h edge-index r 2 f1; � � � ;deg(v)g, 
hoose one

of the verti
es X

i

(v) 2 X(v) (1 � i � ddeg(v)=de), uniformly at random. Denote by Q

i

(v) a ve
tor

of 2d 
ells. This ve
tor 
ontains the indi
es of edges that are assigned to X

i

(v). Finally, 
hoose an

empty 
ell t in the ve
tor Q

i

(v), and set Q

i

(v)[t℄ := r. This pro
edure 
orresponds to the random


onstru
tion of G

0

.
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Neighbor Queries. For ea
h vertex X

i

(v), the algorithm keeps a ve
tor (of length 2d), W

i

(v)

that 
ontains an ordered list of all the verti
es of G

0

s.t. the algorithm is 
ommitted to the existen
e

of an edge between them and X

i

(v). That is, if W

i

(v)[t℄ = X

j

(u), it means that there is an edge

(X

i

(v);X

j

(u)) in G

0

. In this 
ase W

j

(u)[t

0

℄ = X

i

(v) for some t

0

, 1 � t

0

� 2d. Note that the

pro
edure Assign-Edges(v) assigns ea
h of the edges of v independently to one of the verti
es X

i

(v),

1 � i � ddeg(v)=de.

Suppose that the algorithm is lo
ated in X

i

(v) and it wishes to perform a neighbor query.

Choose uniformly at random, a number k, 1 � k � 2d. Take an empty ve
tor Q

i

(v) of length 2d

and 
opy into it the ve
tor W

i

(v). By that the algorithm keeps its 
ommitment about the edges

whi
h have already been exposed. Then, apply the Assign-Edges(v) pro
edure only for edges of v,

that do not appear in one of the W

i

(v), 1 � i � ddeg(v)=de (i.e. to edges whi
h were not exposed

yet by the algorithm). If Q

i

(v)[k℄ is empty then the walk remains at X

i

(v). If Q

i

(v)[k℄ 
ontains

a name of a vertex in G

0

, the walk moves to that vertex, otherwise, Q

i

(v)[k℄ 
ontains an index of

a neighbor of v in G. By performing a single neighbor query on G, the algorithm determines the

name of that neighbor (say) u in G. Then the walk needs to move to one of the verti
es X

j

(u),

1 � j � deg(u)=d. It 
hooses one of the verti
es X

j

(u) uniformly at random. For the 
hosen j set

W

i

(v)[k℄ := X

j

(u). Now 
hoose a free 
ell k

0

, 1 � k

0

� 2d, in W

j

(v), and set W

j

(v)[k

0

℄ := X

i

(v).

The walk is now at X

j

(u).

Modifying the pro
edure Odd-Cy
le. The pro
edure is modi�ed in a similar manner to that

des
ribed for the deterministi
 
onstru
tion. In parti
ular, random-walks are emulated as des
ribed

above. In the last stage, when vertex-pair queries are performed we do the following. In order to

answer a vertex-pair query (X

i

(v);X

j

(u)) in G

0

, perform a vertex pair query (u; v) in G. If there

is no edge between (u; v) in G, answer that there is no edge between X

i

(u) and X

j

(v). Otherwise,

as explained for the determinsti
 
ase, an odd 
y
le is dete
ted in G.

4.4.3 Establishing Item 4 in Theorem 5

In this subse
tion we prove the last item in Theorem 5 (for the probabilisti
 
onstru
tion). The

proof is essentially a simpli�ed version of the proof for the deterministi
 
ase, but for sake of


ompleteness we in
lude the details.

Re
all that we are interested in a pro
edure for sele
ting a vertex in G

0

su
h that there is

suÆ
iently high probability of hitting any �xed suÆ
iently large subset of verti
es in G

0

(and in

parti
ular of hitting the subset of verti
es s for whi
h Odd-Cy
le(s) returns found with probability

at least 2=3 (in the 
ase G

0

is far from being bipartite)).

We now show that the pro
edure Sample-Verti
es-Almost-Uniformly-in-G' (see Figure 7) is as

required in Item (4) of Theorem 5.

For an edge e 2 E(G), let C

e

denote the event that e is sele
ted by Sample-Edges-Uniformly-in-

G in 
ase d >

p

Æn, or by Sample-Edges-Almost-Uniformly-in-G in 
ase d �

p

Æn. For v 2 V (G) let

C

v

denote the event that v is sele
ted in Step 3 of pro
edure Sample-Verti
es-Almost-Uniformly-

in-G'. For x 2 V (G

0

) let C

x

denote the event that x is sele
ted in Step 4 of the pro
edure and let

v(x) be su
h that x 2 X(x(v)). Re
all that jX(v)j = ddeg(v)=de. Therefore for every x 2 V (G

0

),

Pr[C

x

℄ � Pr[C

v(x)

℄ �

1

ddeg(v(x))=de

=

X

e=(u;v(x))

1

2

Pr[C

e

℄ �

1

ddeg(v(x))=de

: (26)

If d >

p

Æn then Pr[C

e

℄ is only slightly smaller than 1=m (sin
e there is a probability that the

pro
edure Sample-Edges-Uniformly-in-G fails to output an edge), implying that Pr[C

x

℄ = 
(1=n

0

).
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Sample-Verti
es-Almost-Uniformly-in-G'(d; Æ)

1. If d >

p

Æn then sample an edge e 2 E(G) by running the pro
edure Sample-Edges-

Uniformly-in-G. In 
ase the pro
edure fails, pi
k an arbitrary edge e in E(G).

2. Else (d �

p

Æn), sample an edge e 2 E(G) by running the pro
edure Sample-Edges-Almost-

Uniformly-in-G(Æ=2).

3. Choose with equal probability one of the end-points v of the edge e.

4. Choose uniformly at random one of the verti
es x in X(v).

Figure 7: A pro
edure for sele
ting a vertex in G

0

so that all but at most a Æ-fra
tion of the verti
es

are sele
ted with probability 
(1=n

0

).

If d �

p

Æn, then Pr[C

e

℄ is determined by the pro
edure Sample-Edges-Almost-Uniformly-in-G. Let

U

0

be as de�ned in Lemma 6, and 
onsider �rst the 
ase where v(x) =2 U

0

. Then for every edge e

that is in
ident to v(x), we have that Pr[C

e

℄ � 1=(64m) = 1=(32dn). By Equation (26), for ea
h

su
h vertex x we have that

Pr[C

x

℄ �

1

2

deg(v(x)) �

1

32dn

�

1

ddeg(v(x))=de

�

1

128n

�

1

128n

0

: (27)

as required. Next 
onsider the 
ase that v(x) 2 U

0

but deg(v(x)) � 2jU

0

j. In su
h a 
ase for at

least half of the edges e in
ident to v(x) we have that Pr[C

e

℄ � 1=(32dn), and we 
an dedu
e that

Pr[C

x

℄ �

1

256n

0

. It remains to show that the total number of verti
es x su
h that v(x) 2 U

0

and

deg(v) � 2jU

0

j, is at most (Æ=2)n

0

. Using the fa
t that jU

0

j �

p

(Æ=2)n=2 (re
all that the pro
edure

Sample-Edges-Almost-Uniformly-in-G is 
alled with its input parameter set to Æ=2), and for every

vertex v 2 V (G), jX(v)j = ddeg(v)=de � deg(v), we get:

X

v2U

0

: deg(v)�2jU

0

j

jX(v)j � 2jU

0

j

2

� (Æ=2)n

0

: (28)

Thus, Item 4 of Theorem 5 follows.

5 A Lower Bound

In this se
tion we present a lower bound on the number of queries ne
essary for testing bipartiteness.

Similarly to the lower bound presented in [14℄, this lower bound holds for testing algorithms that

are allowed a two-sided error, and the graphs used for the lower bound 
onstru
tion are regular

graphs. However, the lower bound of 
(

p

n) (for 
onstant �) established in [14℄, holds for graphs

having 
onstant degree (e.g., degree 3), and when the algorithm is allowed only neighbor queries.

Our lower bound is more general in that it allows the algorithm to perform both neighbor queries

and vertex-pair queries, and it is appli
able to all degrees. Indeed, the two families of graphs that

we de�ne below in our lower bound 
onstru
tion, 
an be viewed as generalizing the two families

presented in [14℄. However, sin
e we have to deal with any given degree d and not only with

d = 3, and sin
e we have to deal with both types of queries, the analysis itself does not follow as a

straightforward generalization of the analysis in [14℄.
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Theorem 8 Every algorithm for testing bipartiteness with distan
e parameter � � 2

�4

must per-

form 
(min(

p

n; n

2

=m)) queries.

The high-level stru
ture of our proof is similar to other lower-bound proofs for testing, whi
h


an be tra
ed ba
k to [22℄. Spe
i�
ally, we present two distributions over graphs (whi
h are de�ned

in detail below): G(n; d), and G(n=2; n=2; d), where d is the degree of the verti
es in the graphs.

(For simpli
ity we assume that n is even.) We prove that graphs 
reated randomly a

ording

to G(n; d) are �-far from being bipartite with high probability, while all graphs in the support of

G(n=2; n=2; d) are bipartite. We then show that a bipartite tester that asks o(min(

p

n; n

2

=m))

queries, 
annot distinguish with suÆ
iently high probability whether a graph is 
reated a

ording

to the distribution G(n; d) or G(n=2; n=2; d). Note that by de�nition, in both 
ases m = (nd)=2,

and so n

2

=m = 2n=d.

The Graph Distribution G(n; d). A graph G in the support of the distribution G(n; d) is


omposed of n verti
es, and it is a d-regular graph. The edges of G are determined a

ording to

the following random pro
ess. Consider a two-dimensional table of size n� d, whi
h we refer to as

the mat
hing table. Ea
h 
ell in the mat
hing table is denoted by 


u;i

, where u denotes the row in

whi
h the 
ell is lo
ated, (and 
orresponds to a vertex in the graph) and i denotes the 
olumn in

whi
h the 
ell is lo
ated (and 
orresponds to a label of an edge in
ident to v).

Consider a perfe
t mat
hing over the 
ells of the table, randomly 
hosen over all possible perfe
t

mat
hing. This randomly 
hosen mat
hing de�nes the edges of the graph G. That is, if the 
ells




u;i

and 


v;j

are mat
hed then this means that there is an edge (u; v; i; j) in the graph.

The Graph Distribution G(n=2; n=2; d). A graph G in the support of the distribution

G(n=2; n=2; d) is a bipartite d-regular graph 
omposed of n verti
es, where ea
h side of the partition

is of size n=2. The edges of G are determined a

ording to the following random pro
ess. First we

sele
t a random partition of the graph verti
es f1; � � � ; ng into two parts (sides), ea
h of size n=2.

Se
ond, 
onsider two tables, ea
h of size n=2 � d, where ea
h is atta
hed to one of the partition

sides. The rows in ea
h table refer to the verti
es that belong to the relevant side of the partition.

Let us refer to the table atta
hed to the �rst side of the partition as the even table, and to the

table atta
hed to the se
ond side of the partition as the odd table.

A 
ell in these tables is denoted by 


b;u;i

, where b 2 f1; 2g denotes the relevant table, u denotes

the row in whi
h the 
ell is lo
ated, and i denotes the 
olumn in whi
h the 
ell is lo
ated.

Now, 
onsider a perfe
t mat
hing over the 
ells of the two tables, randomly 
hosen over all

possible perfe
t mat
hings that are restri
ted to mat
hing 
ells from the odd table with 
ells from

the even table. This randomly 
hosen mat
hing de�nes the edges of the graph G. That is, if the


ell 


1;u;i

is mat
hed to the 
ell 


2;v;j

, this means that there is an edge (u; v; i; j) in the graph (where

u belongs to one side of the bipartite graph and v to the other side).

By de�nition, all graphs in the support of G(n=2; n=2; d) are bipartite. We 
an show that almost

all graphs in the support of G(n; d) are far from being bipartite.

Lemma 9 With probability 1�o(1), a graph 
hosen uniformly a

ording to the distribution G(n; d)

is �-far from being bipartite for every � � 1=16 and d � 64.

Proof: We shall show that for every �xed partition (V

0

; V

1

) of V , the probability, taken over the

sele
tion of a graph in G(n; d), that there are more than � � n � d violating edges with respe
t to

(V

0

; V

1

), is very 
lose to one. The lemma will then follow by a union bound (over all partitions).
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Let P = (V

0

; V

1

) be an arbitrary �xed partition of V . Without loss of generality let jV

0

j � n=2.

Consider the following pro
ess, denoted by C

P

, for 
hoosing a random d-regular graph having n

verti
es (i.e., a perfe
t mat
hing over a mat
hing table of size n�d). Starting from b = 0, 
hoose an

arbitrary 
ell 


u;i

su
h that u 2 V

b

, and mat
h 


u;i

to a randomly 
hosen unmat
hed 
ell 


v;j

. If the

number of unmat
hed 
ells that belong to verti
es in V

b

is smaller than the number of unmat
hed


ells that belong to the other side of the partition, then swit
h sides (i.e. let b  1 � b). Finish

when all the 
ells are mat
hed. Thus, the number of steps in this pro
ess is

nd

2

�1. (In the last step

there are two unmat
hed 
ells, whi
h are mat
hed together). We denote by G

P

the graph 
hosen

a

ording to pro
ess C

P

.

Claim 9.1 For every �xed partition P , the distribution on graphs indu
ed by the pro
ess C

P

is

identi
al to G(n; d)

Proof: For ea
h step t in the pro
ess C

P

, 1 � t �

nd

2

� 1, let e

t

be the edge sele
ted in that step.

Let R

0

be the set of all graphs in the support of G(n; d) and denote by R

t

� R

0

the set of graphs

in R

0

that 
ontain the edges e

1

; � � � ; e

t

. Using this notation, at the start of pro
ess C

P

, before any

edge was sele
ted (any two 
ells were mat
hed), the pro
ess 
an potentially sele
t any graph in R

0

.

After performing t steps it is restri
ted to sele
ting graphs from R

t

.

The probability that a parti
ular graph G in the support of G(n; d) is sele
ted is

Pr[G

P

= G℄ = Pr[G 2 R

1

℄ � Pr[G 2 R

2

jG 2 R

1

℄ � � � � � Pr[G 2 R

nd

2

�1

jG 2 R

nd

2

�2

℄ :

Consider any parti
ular term Pr[G 2 R

t

jG 2 R

t�1

℄ in the above expression. Conditioned on G

belonging to R

t�1

(that is, the edges e

1

; � � � ; e

t�1

sele
ted by the pro
ess C

P

are all edges in G), we

would like to know what is the probability that G belongs to R

t

as well. Let 


u;i

be the arbitrary

unmat
hed 
ell sele
ted by C

P

in step t. Let v be the i-th neighbor of u in G, where u is the j-th

neighbor of v. Sin
e G 2 R

t�1

, ne
essarily 


v;j

is an unmat
hed 
ell in the mat
hing table. Hen
e,

the probability that G belongs to R

t

(
onditioned on it belonging to R

t�1

) equals the probability

that 


u;i

is mat
hed to 


v;j

whi
h is 1=(dn� 2(t� 1)� 1). Therefore,

Pr[G

P

= G℄ =

1

dn� 1

�

1

dn� 3

� � � � �

1

3

=

dn � (dn� 2) � � � � � 2

(dn)!

=

(2(dn=2)) � (2((dn=2) � 1)) � � � � � 2

(dn)!

=

2

dn=2

� (dn=2)!

(dn)!

: (29)

It remains to show that the above expression equals 1=jR

0

j. But this is easy to verify: By de�nition,

jR

0

j is the total number of possible perfe
t mat
hings between the dn 
ells in the mat
hing table.

Ea
h su
h mat
hing 
an be obtained by ordering all the 
ells and letting the mat
hing be de�ned by

su

essive pairs. The number of su
h orderings is (dn)!. However, di�erent orderings may produ
e

the same mat
hing. In parti
ular we need to take into a

ount the over-
ounting due to orderings

within the pairs (i.e., the pairs (


v;i

; 


u;j

) and (


u;j

; 


v;i

) are the same), and the over-
ounting due

to orderings between the di�erent pairs. In other words, we need to divide (dn)! by 2

dn=2

� (dn=2)!.

We have thus obtained the inverse of the expression in Equation (29), as required. � (Proof of

Claim 9.1.)

We have thus 
ompleted proving the 
laim and may view a graph G sele
ted uniformly from

G(n; d), as if it is 
reated a

ording to the pro
ess C

P

, for any �xed partition P . It remains to show

that with very high probability over the 
hoi
e of su
h a graph, it has more than � � nd violating

edges with respe
t to the partition P .
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By de�nition, during the pro
ess C

P

, we always try to mat
h a 
ell that belongs to a side of

the partition having more unmat
hed 
ells. Thus, at ea
h step we 
reate a violating edge with

probability at least

1

3

(ex
ept the last stage), independent of the past events. It follows that the

expe
ted number of violating edges in the �nal resulting graph G, with respe
t to a parti
ular

partition P , is � � (nd=2 � 1) �

1

3

>

nd

8

. Let Y

P

denote the number of violating edges with respe
t

to P . By applying the Cherno� bound we have that for any 
onstant 0 < � < 1,

Pr[Y

P

< (1� �)�℄ < exp(�(1=2)�

2

�) :

In parti
ular, for � = 1� 8� (re
all that � � 1=16) we obtain:

Pr[Y

P

< �nd℄ � Pr[Y

P

< 8��℄

< exp(�(1=2)(1 � 8�)

2

�)

� exp(�(1� 8�)

2

nd=16)

Sin
e the total number of partitions is 2

n

, if we take a union bound over all possible partitions

then we 
an dedu
e that the probability that G has less then �nd violating edges with respe
t to

any partition P is bounded from above by 2

n

� exp(�(1� 8�)

2

nd=16). Taking � � 1=16 and d � 64

we get that a graph 
onstru
ted a

ording to a distribution G(n; d) is �-far from being bipartite

with probability 1� o(1) as required.

Let ALG be an algorithm for testing bipartiteness using Q = Q(n) queries. Namely, ALG

is a (possibly probabilisti
) mapping from query-answer histories h(q

1

; a

1

); �; (q

t

; a

t

)i to q

t+1

, for

every t < Q, and to fa

ept,reje
tg for t = Q. Re
all that a query q

t


an be of two types: a

neighbor query and a vertex-pair query. A neighbor query q

t

is a pair (u

t

; i

t

), where u

t

2 V ,

and i

t

2 f1; � � � ;deg(u

t

)g. Here the 
orresponding answer a

t

is a pair (v

t

; j

t

) where v

t

2 V and

j

t

2 f1; � � � ;deg(v

t

)g su
h that v

t

is the i

t

-th neighbor of u

t

and u

t

is the j

t

-th neighbor of v

t

. A

vertex-pair query q

t

is a pair (u

t

; v

t

), where u

t

; v

t

2 V , and the 
orresponding answer is of the form

a

t

= (y

t

; i

t

; j

t

). If there is an edge between u

t

and v

t

then y

t

= 1, and i

t

and j

t

are the 
orresponding

labels of the edge. If no su
h edge exists then y

t

= 0, and i

t

and j

t

are set arbitrarily, say to 1. In

the former 
ase we shall say that ALG has dete
ted an edge (by a vertex-pair query). In the latter


ase we'll say that (u

t

; v

t

) is a non-edge (and that ALG has dete
ted a non-edge)

5

. Note, that the

answers to the queries of ALG, 
ontain additional indexing information, that does not appear in

our model. We show that even by using the extra information, ALG 
annot do better than the

stated lower bound.

We assume that the mapping determined by the algorithm is de�ned only on histories that are


onsistent with some n-vertex graph. Any query-answer history of length t 
an be used to de�ne a

knowledge graph G

t

, at time t. The vertex set of G

t


ontains all verti
es that appear in the history

(either in queries or in answers). For every neighbor query (u

t

0

; i

t

0

) answered by (v

t

0

; j

t

0

) (t

0

� t),

the graph G

t


ontains the edge (u

t

0

; v

t

0

; i

t

0

; j

t

0

), and similarly for every vertex-pair query (v

t

0

; u

t

0

)

that is answered by (1; i

t

0

; j

t

0

). In addition, for every vertex-pair query (v

t

0

; u

t

0

) that is answered

by (0; 1; 1), the knowledge graph maintains the information that (v

t

0

; u

t

0

) is a non-edge. Thus G

t

is a subgraph of the graph tested by ALG.

In what follows we des
ribe two random pro
esses, P

1

and P

2

, whi
h intera
t with an arbi-

trary algorithm ALG. The pro
ess P

1

answers ALG's queries while 
onstru
ting a random graph

from G(n; d), and the pro
ess P

2

answers ALG's queries while 
onstru
ting a random graph from

5

In 
ase multiple edges are allowed then the answer is of the form (y

t

; I

t

; J

t

) where I

t

and J

t

are sets of labels.
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G(n=2; n=2; d). We assume without loss of generality that ALG does not ask queries whose answer


an be derived from its knowledge graph, sin
e su
h queries give it no new information. (For ex-

ample ALG does not ask a vertex-pair query about a pair of verti
es that are already known to be


onne
ted by an edge due to a neighbor query).

For a �xed algorithm ALG that uses Q queries, and for b 2 f1; 2g, let D

b

ALG

denote the

distribution on query-answers histories (of length Q) indu
ed by the intera
tion of ALG and P

b

.

We show that for any given ALG that uses o(min(

p

n; n=d)) queries, the statisti
al distan
e between

D

1

ALG

and D

2

ALG

is o(1). Combining this with Lemma 9 (and the fa
t thatm = (nd)=2), Theorem 8

follows.

De�nition of P

b

, b 2 1; 2.

� Let R

1

be the set of all graphs in the support of G(n; d), and let R

2

be the set of all graphs in

the support of G(n=2; n=2; d).

For an edge e

k

= (u; v; i; j), denote by R

b

e

k

� R

b

the subset of graphs in R

b

that 
ontain e

k

.

We may refer to R

b

e

k

as R

b

(u;v;i;j)

.

For an edge-pair f

k

= (u; v), denote by R

b

f

k

� R

b

the subset of graphs in R

b

that 
ontain an

edge between the verti
es u; v. Denote by R

b

f

k

� R

b

the subset of graphs in R

b

that do not


ontain an edge between the verti
es u; v.

� The pro
ess P

b

answers queries as follows. Initialize R

b

0

= R

b

(in general, as is explained in

more detail below, for any t � 0, the set R

b

t


onsists of all graphs in R

b

that are 
onsistent with

the �rst t queries and answers).

1. If the t-th query is a vertex-pair query q

t

= (u

t

; v

t

) then the answer a

t

= (y

t

; i

t

; j

t

) is

sele
ted as follows. Let y

t

= 1 with probability jR

b

(u

t

;v

t

)

\R

b

t�1

j=jR

b

t�1

j and let y

t

= 0 with

probability 1 � jR

b

(u

t

;v

t

)

\ R

b

t�1

j=jR

b

t�1

j. In the former 
ase, for any pair i; j 2 f1; � � � ; dg,

the probability that i

t

= i and j

t

= j is jR

b

(u

t

;v

t

;i;j)

\ R

b

t�1

j=jR

b

t�1

j and we set R

b

t

=

R

b

(u

t

;v

t

;i;j)

\R

b

t�1

. In the latter 
ase, the values of i

t

and j

t


an be sele
ted arbitrarily (say

to 1), and we set R

b

t

= R

b

(v

t

;u

t

)

\R

b

t�1

.

2. If the t-th query is a neighbor query q

t

= (u

t

; i

t

) then for ea
h v 2 V , j 2 f1; � � � ; dg, answer

a

t

= (v; j) with probability jR

b

(u

t

;v;i

t

;j)

\R

b

t�1

j=jR

b

t�1

j, and set R

b

t

= R

b

(u

t

;v

t

;i;j)

\R

b

t�1

� After all queries are answered (that is, after Q queries), uniformly 
hoose a random graph G

from R

b

Q

. This is the graph 
onstru
ted by P

b

; b 2 1; 2.

Lemma 10 For every algorithm ALG, the pro
ess P

1

, when intera
ting with ALG, uniformly

generates graphs in G(n; d), and the pro
ess P

2

, when intera
ting with ALG, uniformly generates

graphs in G(n=2; n=2; d).

Proof: Consider a spe
i�
 graph G 2 R

b

0

. Re
all that R

1

0

= G(n; d), and R

2

0

= G(n=2; n=2; d).

The probability that G is generated by P

b

; b 2 1; 2 is:

Pr[G 2 R

b

1

℄ � Pr[G 2 R

b

2

jG 2 R

b

1

℄ � � � � � Pr[G 2 R

b

Q

jG 2 R

b

Q�1

℄ �

1

jR

b

Q

j

=

jR

b

1

j

jR

b

0

j

�

jR

b

2

j

jR

b

1

j

� � � � �

jR

b

Q

j

jR

b

Q�1

j

�

1

jR

b

Q

j

=

1

jR

b

0

j
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and the lemma follows.

We next want to upper bound the probability that ALG, after performing o(n=d) queries, gets a

positive answer (that is, of the form (1; �; �)) when it performs a new vertex-pair query and intera
ts

with either one of the two pro
esses. We �rst introdu
e some more notation. For b 2 f1; 2g and

any set of edges B = fe

1

; � � � ; e

`

g, let R

b

B

def

= R

b

e

1

\ : : : \ R

b

e

`

(where R

b

e

j

is as de�ned above in the

des
ription of the pro
esses fP

b

g

b2f1;2g

). Similarly, for any set of edge-pairs D = ff

1

; � � � ; f

h

g, let

R

b

D

def

= R

f

1

\ : : :\R

f

h

. Finally, let R

b

B;D

= R

b

B

\R

b

D

. That is, R

b

B;D

is the subset of all graphs in R

b

that are 
onsistent with a parti
ular set of edges and a parti
ular set of non-edges. In parti
ular,

if B and D 
orrespond to the set of edges and non-edges, respe
tively, that were observed by ALG

in the 
ourse of its �rst t queries, then R

b

B;D

= R

b

t

.

Lemma 11 Let B = fe

1

; � � � ; e

`

g be any set of edges, and let D = ff

1

; � � � ; f

h

g be any set of edge-

pairs su
h that no edge-pair in D appears in B and su
h that jBj; jDj = o(n=d). Then for ea
h

b 2 f1; 2g, and for every (u; v; i; j) =2 B we have

jR

b

(u;v;i;j)

\R

b

B;D

j

jR

b

B;D

j

�

4

dn

:

Proof: Consider �rst the pro
ess P

1

and re
all that R

1

is the set of graphs in the support of

G(n; d). For sake of brevity we remove the supers
ript 1 for the remaining dis
ussion (until we turn

to the pro
ess P

2

). For ea
h e

k

2 B, let e

k

= (u

k

; v

k

; i

k

; j

k

). For any w � ` = jBj, the total number

of possible perfe
t mat
hings in the mat
hing table that mat
h 


u

k

;i

k

to 


v

k

;j

k

for 1 � k � w (that

is, the number of mat
hings that are 
onsistent with the edges e

1

; � � � ; e

w

), is

(dn� 2w)!

2

(

dn

2

�w)

(

dn

2

�w)!

:

The argument required for establishing this expression is a slight extension of the one used in the

proof of Lemma 9 (when determining the size of R

0

). It follows that for any (u; v; i; j) su
h that

neither 


u;i

nor 


v;j

is yet mat
hed,

jR

(u;v;i;j)

\R

B

j

jR

B

j

=

(dn�2(k+1))!

2

(

dn

2

�(k+1))

(

dn

2

�(k+1))!

(dn�2k)!

2

(

dn

2

�k)

(

dn

2

�k)!

=

1

dn� 2k � 1

:

For an edge-pair (u; v) we 
an thus dedu
e that

jR

(u;v)

\R

B

j

jR

B

j

=

�

�

�

�

S

1�i;j�d

R

(u;v;i;j)

�

\R

B

�

�

�

jR

B

j

�

P

1�i;j�d

jR

(u;v;i;j)

\R

B

j

jR

B

j

�

d

2

dn� 2k � 1

= O

�

d

n

�

; (30)
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Hen
e we obtain that

jR

B;D

j

jR

B

j

=

�

�

�

R

B

\

�

T

1�w�h

R

f

w

�

�

�

�

jR

B

j

=

�

�

�

R

B

n

�

S

1�w�h

R

f

w

�

�

�

�

jR

B

j

� 1�

X

1�w�h

jR

f

w

\R

B

j

jR

B

j

= 1� o

�

n

d

�

� O

�

d

n

�

= 1� o(1) ; (31)

and so

jR

B

j

jR

B;D

j

= 1 + o(1).

Putting the above together we get that for every (u; v; i; j) =2 B:

jR

(u;v;i;j)

\R

B;D

j

jR

B;D

j

=

jR

(u;v;i;j)

\R

B

j

jR

B

j

�

jR

(u;v;i;j)

\R

B;D

j

jR

(u;v;i;j)

\R

B

j

�

jR

B

j

jR

B;D

j

�

1

dn� 2k � 1

� 1 � (1 + o(1)) �

4

dn

: (32)

We now turn to P

b

= P

2

and re
all that R

2

is the support of G(n=2; n=2; d). Also re
all that

in order to 
onstru
t a random graph from G(n=2; n=2; d) we do the following: we partition the n

verti
es into two equal parts at random and we use two mat
hing tables (one named the odd table

and one the even table). We then randomly sele
t a perfe
t mat
hing between 
ells in the odd table

and 
ells in the even table. Here too we remove the supers
ript b = 2 for sake of brevity.

Let w = o(n=d), and let M

w

be the number of possibilities to partition n verti
es into two parts

of equal size so that the end-points of the edges e

1

; � � � ; e

w

belong to di�erent sides of the partition.

The total number of graphs in R = R

2

that 
ontain the edges e

1

; :; e

w

2 B is M

w

� (dn=2 � w)! .

To verify this, 
onsider any �xed equal-partition amongst the M

w

possible ones (su
h that the

end-points of the edges e

1

; ::; e

w

belong to di�erent sides of the partition). For ea
h su
h partition,


onsider the dn=2 � w 
ells in the odd/even tables whi
h are not part of the edges e

1

; ::; e

w

. A

mat
hing between them 
an be uniquely de�ned by an arbitrary order on the un-mat
hed 
ells in

the odd table, and a permutation on the un-mat
hed 
ells in the even table.

Note that by the de�nition of M

w

we have that

M

w+1

M

w

� 1. Therefore,

jR

(u;v;i;j)

\R

B

j

jR

B

j

=

M

k+1

� (dn=2 � (k + 1))!

M

k

� (dn=2� k)!

�

1

dn=2� k

: (33)

As in the 
ase of P

b

= P

1

it follows that

jR

(u;v)

\R

B

j

jR

B

j

�

d

2

dn=2� k

= O

�

d

n

�

; (34)

from whi
h we 
an obtain that

jR

B

j

jR

B;D

j

= 1 + o(1).
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By 
ombining the above we get that

jR

(u;v;i;j)

\R

B;D

j

jR

B;D

j

=

jR

(u;v;i;j)

\R

B

j

jR

B

j

�

jR

(u;v;i;j)

\R

B;D

j

jR

(u;v;i;j)

\R

B

j

�

jR

B

j

jR

B;D

j

�

1

dn=2� k

� 1 � (1 + o(1)) �

4

dn

: (35)

The next two lemmas follow as 
orollaries of Lemma 11.

Lemma 12 Let ALG be an algorithm that intera
ts with a pro
ess P

b

, b 2 1; 2 and performs o(n=d)

queries. The probability that ALG dete
ts an edge by a vertex-pair query at any step, is o(1).

Proof: Consider the intera
tion of ALG with P

b

. For ea
h 1 � t � Q, Q = o(n=d), let B

t�1

be

the set of edges in the indu
ed knowledge graph G

t�1

, and let D

t�1

be the set of edge-pairs that are

non-edges in the graph. By de�nition of the pro
ess P

b

, we know that R

b

t�1

= R

b

B

t�1

;D

t�1

. Suppose

that the t-th query of ALG is a vertex-pair query (u

t

; v

t

) (where by our assumption, the pair

(u

t

; v

t

) is neither an edge(-pair) nor a non-edge in G

t�1

, but other than that it may be any vertex-

pair). Then by Lemma 11 (and using the fa
t that R

b

t�1

= R

b

B

t�1

;D

t�1

), for every i; j 2 f1; � � � ; dg,

jR

b

(u

t

;v

t

;i;j)

\R

b

t�1

j=jR

b

t�1

j � 4=(dn) . Therefore,

�

�

�

R

b

(u

t

;v

t

)

\R

b

t�1

�

�

�

jR

b

t�1

j

=

�

�

�

�

S

i;j2f1;���;dg

R

b

u

t

;v

t

;i;j

�

\R

b

t�1

�

�

�

jR

b

t�1

j

�

P

d

i;j=1

�

�

�

�

R

b

u

t

;v

t

;i;j

\R

b

t�1

�

�

�

�

jR

b

t�1

j

�

4d

n

: (36)

It follows by de�nition of P

b

that the answer a

t

= (y

t

; i

t

; j

t

) satis�es y

t

= 1 with probability at most

4d=n. Note that the above is true for every step t, for every pair of sets B

t�1

and D

t�1

and for

every vertex pair (u

t

; v

t

) (that does not already appear in B

t�1

or in D

t�1

). Hen
e, the probability

that y

t

= 1 in any one of the Q = o(n=d) queries performed by the algorithm is o(1) as required.

Next we turn to neighbor queries and prove a similar 
laim.

Lemma 13 Let ALG be an algorithm that intera
ts with pro
ess P

b

, b 2 1; 2 and performs o(

p

n)

queries. Then the probability that ALG, while performing a neighbor query q

t

= (u

t

; i

t

) at any step

t of the intera
tion, re
eives as an answer a

t

= (v

t

; j

t

) where v

t

is a vertex that belongs to the

knowledge graph G

t�1

, is o(1).

Proof: Let t = o(

p

n) and let q

t

= (u

t

; i

t

) be a neighbor query. Denote by p

t

the probability that

following this query ALG rea
hes a vertex that was previously visited (i.e., p

t

is the probability

that in the answer a

t

= (v

t

; j

t

) we get a vertex v

t

that already belongs to the knowledge graph

G

t�1

). Then by de�nition of P

b

(for both b = 1 and b = 2),

p

t

=

�

�

�

S

v2G

t�1

; 1�j�d

�

R

b

(u

t

;v;i

t

;j)

\R

b

t�1

�

�

�

�

jR

b

t�1

j

: (37)

By Lemma 11 (using the same argument as the one applied in the proof of Lemma 12), we 
an

dedu
e that for any spe
i�
 v and j, v 2 G

t�1

and 1 � j � d,

�

�

�

R

b

(u

t

;v;i

t

;j)

\R

b

t�1

�

�

�

�

4

dn

�

�

�

�

R

b

t�1

�

�

�

: (38)
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Therefore,

�

�

�

�

�

�

[

v2G

t�1

; 1�j�d

�

R

b

(u

t

;v;i

t

;j)

\R

b

t�1

�

�

�

�

�

�

�

�

X

v2G

t�1

; 1�j�d;

�

�

�

R

b

(u

t

;v;i

t

;j)

\R

b

t�1

�

�

�

� d � 2t �

4

dn

�

�

�

�

R

b

t�1

�

�

�

=

8t

n

�

�

�

�

R

b

t�1

�

�

�

: (39)

Sin
e t = o(

p

n) we get that p

t

= o(1=

p

n). Sin
e this holds for every 1 � t � Q = o(

p

n), the

probability that for some t (in whi
h a neighbor query is performed), the algorithm rea
hes a vertex

in the knowledge graph is o(1).

In parti
ular we 
an obtain the following 
orollary:

Corollary 9 Let ALG be an algorithm that intera
ts with pro
ess P

b

and performs Q =

o(min(

p

n; n=d)) queries. Then ALG does not dete
t a 
y
le with probability 1� o(1).

Re
all that D

b

ALG

, b 2 f1; 2g, denotes the distribution on query-answer histories (of length Q),

indu
ed by the intera
tion of ALG and P

b

. We are now ready to show that the two distributions

are indistinguishable if Q is suÆ
iently small.

Lemma 14 For every algorithm ALG that asks Q = o(min(

p

n; n=d)) queries, the statisti
al dis-

tan
e between D

1

ALG

and D

2

ALG

is at most o(1). Furthermore, with probability at least 1� o(1) the

knowledge graph at time of termination of ALG 
ontains no 
y
les.

Proof: Re
all that G

Q

, the knowledge graph after Q queries, 
ontains all the verti
es that appeared

in one of the queries or answers, all the edges found by queries, and all the non-edges found by

queries.

Re
all that we assume without loss of generality that ALG does not ask queries whose answer


an be derived from the knowledge graph, sin
e those give it no new information. Under this

assumption the following holds:

1. A

ording to Lemma 12, both inD

1

ALG

and inD

2

ALG

the total weight of query answer histories

in whi
h an edge is dete
ted by a vertex-pair query is o(1). In all other histories (whose weight

is 1�o(1) under both distributions), all answers to vertex-pair queries are of the form (0; 1; 1).

2. A

ording to Lemma 13, both inD

1

ALG

and inD

2

ALG

the total weight of query-answer histories

in whi
h any neighbor query q

t

is answered with a vertex that belongs to the knowledge graph

G

t�1

, is o(1). In parti
ular, this means that with probability at least 1� o(1), the knowledge

graph at time of termination of ALG 
ontains no 
y
les.

Let �

1

be the set of all possible query-answer histories in whi
h a vertex-pair query is answered

by (1; �; �), let �

2

be the set of histories in whi
h a neighbor query is answered with a vertex that

appears in the 
urrent knowledge graph, and let �

3

be the set of all remaining histories. Then the

statisti
al distan
e between D

1

ALG

and D

2

ALG

is upper bounded by

X

�2�

1

�

�

D

1

ALG

(�)�D

2

ALG

(�)

�

�

+

X

�2�

2

�

�

D

1

ALG

(�)�D

2

ALG

(�)

�

�

+

X

�2�

2

�

�

D

1

ALG

(�)�D

2

ALG

(�)

�

�

: (40)

Observe that

X

�2�

1

�

�

D

1

ALG

(�)�D

2

ALG

(�)

�

�

�

X

�2�

1

D

1

ALG

(�) +

X

�2�

1

D

2

ALG

(�) = D

1

ALG

(�

1

) +D

2

ALG

(�

2

)

40



(and similarly for the sum over �

2

). Hen
e the �rst two terms in Equation (40) 
ontribute o(1).

As for the third term, �rst note that for every �xed history h(q

1

; a

1

); � � � ; (q

t�1

; a

t�1

)i, the

distribution on the next query q

t

that ALG performs is the same no matter whi
h pro
ess it intera
ts

with. By de�nition of �

3

, if q

t

is a vertex-pair query, then a

t

= (0; 1; 1) for both pro
esses. Finally,

if q

t

= (u

t

; i

t

) then again by de�nition of �

3

the answer a

t

= (v

t

; j

t

) is su
h that v

t

=2 G

t�1

. For both

pro
esses, 
onditioned on v

t

=2 G

t�1

, the vertex v

t

is uniformly distributed among all verti
es not

in G

t�1

, and j

t

is uniformly distributed over f1; � � � ; dg. Therefore, the third term in Equation (40)

is bounded by jD

1

ALG

(�

3

)�D

2

ALG

(�

3

)j whi
h is o(1) as well, and the lemma follows.

Theorem 8 follows by 
ombining Lemma 14 with Lemma 9.

5.1 Self Loops and Multiple Edges

The lower bound proof as stated above is valid for graphs that may 
ontain multiple edges and

self loops. In both the distribution G(n; d) and the distribution G(n=2; n=2; d) the probability of a

multiple edge between verti
es u and v is O(

d

2

n

2

), and the probability of a self loop edge in
ident

to vertex v is O(

d

n

). Thus, graphs 
reated a

ording to these distributions 
ontain self loops and

multiple edges with probability 
lose to 1. However, with probability 1 � o(1) there are at most

O(d

2

) loops and multiple edges in the graphs 
reated a

ording to these distributions.

We have shown in Lemma 9 that graphs 
reated a

ording to the distribution G(n; d) are �-far

from being bipartite with probability 1 � o(1). Hen
e we 
an dedu
e that by removing self-loops

and multiple edges from a graph G 
onstru
ted a

ording to a distribution G(n; d), the resulting

graph is �-far from being bipartite with probability 1� o(1).

In addition, an algorithm ALG that intera
ts with pro
ess P

b

, dete
ts a multiple edge with

probability o(1), due to the following reason: ALG does not dete
t any edges by sampling steps

with probability 1� o(1). The probability to dete
t a multiple edge/self loop in a neighbor query

is at most the probability that su
h a query is answered by a vertex in the knowledge graph. This

probability was shown (in Lemma 13) to be o(1).

Thus, P

b

in the end of the intera
tion with ALG, 
an delete all the loops and multiple edges

from the resulting graph, so that the resulting graph 
ontain no loops and multiple edges. In the


ase of P

2

the graph is bipartite as before, and in the 
ase of P

1

the graph is (still) �-far from being

bipartite.

As a 
on
lusion we get that our lower bound is valid also for graphs with no multiple edges and

loops.

5.2 The Ne
essity of Both Neighbor Queries and Vertex-Pair Queries

As noted in the introdu
tion, our lower bound proof implies the ne
essity of both neighbor

queries and vertex-pair queries in obtaining an upper bound whose dependen
e on n and m is

~

O(min(

p

n; n

2

=m)). Spe
i�
ally, if only neighbor queries are allowed then Lemma 13 implies a

lower bound of 
(

p

n) for every m, whi
h is higher than

~

O(n

2

=m)) when m = !(n

1:5

). On the

other hand, every bipartite tester that uses only vertex-pair queries, has to make 
(n

2

=m) sin
e

otherwise it won't see any edge. This lower bound is above the upper bound of

~

O(

p

n) when

m = o(n

1:5

).
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5.3 A Lower bound for Testing k-Colorability

It is possible to generalize the lower bound stated for bipartite-testers to a lower bound for

k-
olorability. By using similar arguments we 
an get that a graph 
hosen uniformly from

the distribution G(n; d) is �-far from being k-
olorable. In addition, by de�ning a distribution

G(n=k; n=k; � � � ; n=k; d) in an analogues way to the de�nition of G(n=2; n=2; d), and by an ana-

logues de�nition of the pro
esses P

b

; b 2 1; 2, we 
an get a lower bound for k-
olorability whi
h is:


(min(

p

n; n

2

=m)).
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A A formal de�nition of M

`

2

`

1

(H)

For every vertex v in H we have a state v in M

`

2

`

1

(H). For simpli
ity, we shall 
ontinue referring

to these states as verti
es. Let the border of H, denoted B(H), be the set of verti
es in H that

have at least one neighbor in G that is not in H. Then, for every vertex v 2 B(H), we have a

set a

v;1

; � � � ; a

v;`

1

of auxiliary states. Let p

H

v;u

(t) denote the probability of a walk of length t that

starts at v and ends at u without passing through any other vertex in H. Namely, it is the sum

over all su
h walks w, of the produ
t, taken over all steps in w, of the transition probabilities of

these steps. In parti
ular, p

H

v;v

(1) �

1

2

(where equality holds in 
ase v has degree d), and for every

u 2 �(v), p

H

v;u

(1) =

1

2d

(here we assume that we 
an 
hoose a random neighbor of a vertex with in

time whi
h is O(1)). The transition probabilities, q

x;y

, in M

`

2

`

1

(H) are de�ned as follows:

� For every v and u in H, q

v;u

=

P

`

2

�1

t=1

p

H

v;u

(t).

Thus, q

v;u

is a sum of p

H

v;u

(1) and

P

`

2

�1

t=2

p

H

v;u

(t). The �rst term implies that for every v in

H, q

v;v

�

1

2

and for every pair of neighbors v and u, q

v;u

�

1

2d

. The se
ond term, whi
h we
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refer to as the ex
ess probability is due to walks of length less than `

2

(from v to u) passing

through verti
es outside of H, and 
an be viewed as 
ontra
tion of these walks.

Hen
e, for every pair of verti
es v and u, q

v;u

= q

u;v

.

� For every v 2 B(H), q

v;(a

v;1

)

=

P

u2H

P

t�`

2

p

H

v;u

(t); for every `, 1 � ` < `

1

, q

(a

v;`

);(a

v;`+1

)

= 1;

and for every u 2 H, q

(a

v;`

1

);u

=

1

q

v;(a

v;1

)

�

P

t�`

2

p

H

v;u

(t). (The parentheses added in the notation

above (e.g., q

(a

v;`

);(a

v;`+1

)

) are only for sake of readability.)

In other words, q

v;(a

v;1

)

is the probability that a random walk in G that starts from v takes at

least `

2

steps outside of H before returning to H, and q

(a

v;`

1

);u

is the 
onditional probability

of rea
hing u in su
h a walk. Thus, the auxiliary states form auxiliary paths in M

`

2

`

1

(H),

where these paths 
orrespond to walks of length at least `

2

outside of H.

We shall restri
t our attention to walks of length at most `

1

in M

`

2

`

1

(H), and hen
e any walk

that starts at a vertex of H and enters an auxiliary path never returns to verti
es of H.

For any two states y; z in M

`

2

`

1

(H) let q

y;z

(t) be the probability that a walk of length t starting

from y ends at z. In parti
ular q

y;z

� q

y;z

(1), and for any two verti
es u and v and any integer t,

we have q

u;v

(t) = q

v;u

(t). We further let the parity of the lengths of paths 
orresponding to walks

in G be 
arried on to M

`

2

`

1

(H). That is, ea
h transition between verti
es v and u that 
orresponds

to walks outside of H 
onsists of two transitions { one due to even-length paths 
orresponding to

walks from v to u outside of H, and one to odd-length paths. For any two verti
es in H we let

q

b

v;u

(t) denote the probability in M

`

2

`

1

(H) of a walk of length t starting from v, ending at u, and


orresponding to a path whose length has parity b.

In all that follows we assume that G is 
onne
ted. Our analysis 
an easily be modi�ed to deal

with the 
ase in whi
h G is not 
onne
ted, simply by treating separately ea
h of its 
onne
ted


omponents. Under the assumption that G is 
onne
ted, for every v and u in H, there exists a

t su
h that q

u;v

(t) > 0, and hen
e M

`

2

`

1

(H) is irredu
ible. Furthermore, be
ause for ea
h v 2 H

q

v;v

�

1

2

, M

`

2

`

1

(H) is also aperiodi
. Thus it has a unique stationary distribution.
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Figure 8: The stru
ture of M

`

2

`

1

(H). The states 
orresponding to verti
es of H are depi
ted as bla
k

dots, and the auxiliary states as white ones. Here ~p

x;y

denotes the transition probability between

any two verti
es x; y 2 B(H), whi
h equals

P

`

2

�1

t=1

p

H

x;y

(1), �p

u

denotes the probability of entering

an auxiliary path starting from u 2 B(H), whi
h equals

P

z2H

P

t�`

2

p

H

u;z

(t), and �p

ujz

denotes

the probability of returning from the last state on this auxiliary path to z 2 B(H), whi
h equals

1

�p

u

�

P

t�`

2

p

H

u;z

(t).
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