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1 Introduction

Algorithmic Graph Coloring and Random Graphs have long become one of the
most prominent branches of Combinatorics and Combinatorial Optimization. It
is thus very natural to expect that their mixture will produce quite many very
attractive, diverse and challenging problems. And indeed, the last thirty or so
years witnessed rapid growth of the field of Algorithmic Random Graph Coloring,
with many researchers working in this area and bringing there their experience
from different directions of Combinatorics, Probability and Computer Science.
One of the most distinctive features of this field is indeed the diversity of tools
and approaches used to tackle its central problems.

This survey is not intended to be a very detailed, monograph-like coverage of
Algorithmic Random Graph Coloring. Instead, our aim is to acquaint the reader
with several of the main problems in the field and to show several of the approaches
that proved most fruitful in attacking those problems. We do not and we simply
cannot provide all details of the proofs, referring the (hopefully) enthusiastic reader
to the papers where those proofs are presented in full, or to his/her previous
experience in Random Graphs, which should be sufficient to recover many sketched
arguments. But of course, the best way to become fluent in this field is to learn
from the best, most influential papers, and above all, to engage in independent
research, which will undoubtedly bring new and exciting results.

2 Graph coloring is hard

Graph coloring ([21]) has long been one of the central notions in Graph Theory and
Combinatorial Optimization. Great many diverse problems can be formulated in
terms of finding a coloring of a given graph in a small number of colors or calculat-
ing, exactly or approximately, the chromatic number of the graph. Unfortunately,
it turns out that these computational problems are very hard. Karp proved al-
ready in 1972 [25] that is it NP-complete to decide, for any fixed k > 3, whether a
given graph G is k-colorable. Recent results show that one should not even hope
to obtain an efficient algorithm which approximates the chromatic number within
a non-trivial approximation ratio. Specifically, Feige and Kilian proved [12] that,
unless coRP = NP, there is no approximation algorithm for the chromatic num-
ber whose approximation ratio over graphs on n vertices is less than n'~¢, for
any fixed e > 0. Coloring 3-colorable graphs in four colors is NP-complete as well
([28], [18]). Altogether, the situation does not appear particularly encouraging,
from both theoretical and practical points of view.



3 The chromatic number of random graphs

The picture changes dramatically when one switches from the somewhat pes-
simistic worst case scenario to possibly more applicable in practice average case
analysis. Already the term ”average case analysis” suggests that there should be
some underlying probability distribution, whose ground set is composed of graphs,
and whose purpose is to help to measure the typical or average performance of
various coloring algorithms. Usually this underlying probability space is composed
of graphs with the same number n of vertices.

It appears that the most natural and interesting definition of the probability
measure on graphs on n vertices is the so called binomial random graph G(n,p).
This is the probability space whose elements are all labeled graphs G = (V, E)
with vertex set V = {1,...,n}, where each pair of vertices (i,j) : 1 <i<j<nis
chosen to be an edge of G independently and with probability p, in general p may
be a function of the number of vertices n: p = p(n). Thus G(n,p) can be viewed as
a product probability space, formed by (;‘) i.i.d. Bernoulli random variables with
parameter p. The probability of an individual graph G on n vertices in G(n,p)

is easily seen to be Pr[G] = p/F(@) (1 - p)(;)flE(G)l. The special case p = 0.5
occupies a very prominent position in the study of random graphs, as for this case
the probabilities of every pair (i,j) to be an edge or be a non-edge are equal,
resulting in the uniform distribution on the set on all labeled graphs on n vertices:

PriG@] = 2-(5). Therefore studying asymptotic properties of the random graph
G(n,0.5) is in a sense equivalent to counting graphs on n vertices with specified
properties.

Usually asymptotic properties of random graphs G(n,p) are of interest. For
this reason we will assume that the number of vertices n tends to infinity. Also,
for a graph property A (where ”graph property” means just a family of graphs
closed under isomorphism), we say that A holds almost surely, or a.s. for brevity,
in G(n,p), if the probability that a random graph G, drawn according to the
distribution G(n, p), possesses A tends to 1 as n tends to infinity. With some abuse
of notation we will use G(n,p) both for the probability distribution on graphs on
n vertices and for a graph G' drawn from this distribution.

The theory of random graphs is one of the most rapidly developing areas of
Combinatorics, with already thousands papers devoted to the subject. We certainly
do not intend to cover it here, instead referring the reader to recent monographs
[20] and [9]. We will however represent the state of the art of one aspect of random
graphs, relevant to the subject of this survey — the asymptotic behavior of the
chromatic number of random graphs.

To begin with, consider the most important case p = 0.5. For an integer k,

m=1)(3) v 0

Obviously, f(k) is just the expectation of the number of independent sets of size
k in G(n,0.5). When f(k) = o(1), this expectation tends to zero as n grows,
and applying Markov’s inequality we get immediately that a.s. G(n,0.5) does not
contain an independent set of size k. We thus set

let

ko = max{k : f(k) > 1} . 2)



Applying standard asymptotic estimates for the binomial coefficients, one can eas-
ily solve asymptotically the above equation for kg, getting ko = (1 — o(1))2log, n.
Hence a.s. a(G(n,0.5)) < (1 —o0(1))2log, n. Providing a matching lower bound on
the independence number of G(n,0.5) requires more effort, but this can be done
as follows [41]. Let X} be a random variable, counting the number of indepen-
dent sets of size k in G(n,0.5). Clearly, E[Xy] = f(k). If k is chosen around ko,
using direct calculations one can show that VAR[X}] = o(E[X]?). Thus Cheby-
shev’s inequality applies, and we get that X} is concentrated around its mean.
In particular, when f(k) — oo, we derive that a.s. X} > 1, which means exactly
that «(G) > k. To satisfy the former condition it is enough to choose k = kg or
k = ko + 1. Altogether we get that a.s. a(G(n,0.5)) = (1 — o(1))2log, n.

As for every graph G, x(G) > |V(G)|/a(G), the above asymptotic (upper)
bound on a(G(n,0.5)) supplies an easy asymptotic bound for the chromatic num-
ber — a.s. x(G(n,0.5)) > (14+0(1))n/(2log, n). Providing a matching upper bound
for the chromatic number was one of the major open questions in the theory of
random graphs for about quarter of a century until Béla Bollobds [8] discovered a
very inspiring proof of the following theorem.

Theorem 3.1 Almost surely in the probability space G(n,0.5), x(Q) (1 +

o(1)) 31055
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Proof. Set m =n/log’ n and define

ko= (1) (3) 20},

The parameter k; is chosen so as to guarantee that the expected number of inde-
pendent subsets of size k; in a fized subset Vo C V of m vertices is at least n3.
An asymptotic computation very similar to the one mentioned above for kg shows
that still k1 = (1 — o(1))2log, n.

The theorem will easily follow from the following lemma.

Lemma 3.2 Almost surely in G(n,0.5), every subset Vy of m vertices contains an
independent set of size k.

We will return to the proof of the lemma shortly, but let us see first how it
implies Theorem 3.1. Assume that a graph G on n vertices satisfies the conclusion
of the lemma. We will prove then that x(G) < n/ki + m = (14 o(1))n/(2log, n).
To show this, we will act in a rather typical for existential coloring arguments way,
coloring the graph G by excavation. As long as G contains at least m uncolored
vertices, there exists an independent set I of size k; in G, all of whose vertices are
still uncolored. We then color I by a fresh color and discard all of its vertices from
the graph. Clearly this procedure is repeated at most n/k; times. Once less than
m vertices are left uncolored, we can color each one of them in a new and separate
color, resulting in less than m additional colors. The total number of colors used
by the above argument is less than n/k; + m, as promised.

Of course, the above derivation was pretty easy, so the crux of the proof of
Theorem 3.1 lies in proving Lemma 3.2. In order to prove Lemma 3.2, fix a subset
Vo C V of cardinality |Vy| = m. The subgraph of G(n,0.5), induced by Vj, behaves



like a random graph G(m,0.5). Let Y be the number of independent sets of size

k1 inside V4. Then
m\ 71\ )
= Z > nd
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due to the definition of k;. To prove the lemma it is enough to prove that

Prly =0] < % , (3)

m

as then by the simple Union bound almost surely every subset of size m in G(n, 0.5)
contains an independent set of the required size.

Notice that (3) is a typical large deviation statement — one needs to show
that the probability that a random variable (Y') deviates from its expectation
(E[Y] > n?®) by a large quantity (n®) is exponentially small. However, this task,
rather standard and accessible by now, was very challenging fifteen years ago!
The main contribution of Bollobas was first to switch from Y to another random
variable Z, easier to tackle and such that the positivity of Z implies the positivity
of Y, and then to provide an exponential bound for Pr[Z = 0], using martingales
— a very novel by then tool for combinatorialists. Currently, there are at least
three alternative proofs of Lemma 3.2, based on three different large deviation
techniques — the one of Bollobas through martingales, a proof through the so called
generalized Janson Inequality, and a proof using the Talagrand concentration of
measure inequality. Since all three of them require some technical calculations, we
prefer not to present any of them here, instead suggesting the reader to consult
[5], where all three tools are discussed in great details.

Bollobas’ argument works also for smaller values of p(n) down to p(n) =
n~® for a small positive constant a. Later, Luczak [37] was able to establish the
asymptotic value of the chromatic number of G(n,p) for all values of p(n) down
to p(n) > C/n for a large enough constant C' > 0:

Theorem 3.3 There exists Cy such that for every p = p(n) satisfying Co/n <
p <log™"n a.s. in G(n,p)

P <x(@) < b
2log(np) — 2loglog(np) + 1 — M= 2log(np) — 40loglog(np)

Luczak’s argument is quite challenging technically and relies heavily on the so
called ezpose-and-merge approach invented by Matula [42]. We will not discuss it
here. For future reference we summarize the above discussion by noting that the
chromatic number of G(n, p) is almost surely (1+0(1))n log,(1(1—p))/(2log, n) for
a constant edge probability p, and (1+0(1))np/(21n(np)) for C/n < p(n) < o(1)),
where the o(1) term tends to 0 as np tends to infinity.

The above described results of Bollobas and Luczak have settled the most im-
portant problem in random graph coloring — the asymptotic value of the chromatic
number of a random graph. Still many quite significant and attractive problems in
this area remain unsolved, for example, the concentration of the chromatic num-
ber of random graphs ([45], [38], [2]), list coloring ([3], [29], [33]), thresholds for
non-k-colorability for a fixed value of k > 3 (see a recent survey of Molloy [43]), to
mention just a few. And of course, there are many algorithmic problems related
to random graph coloring, some of them to be addressed later in this survey.



4 The greedy algorithm for coloring random graphs

The greedy algorithm, sometimes also called the first fit algorithm for reasons
to become evident immediately, is probably the simplest imaginable algorithm for
graph coloring. The greedy algorithm proceeds as follows: given a graph G = (V, E)
on n vertices, one first fixes some order (v1,...,v,) of the vertices of G, and then
scans the vertices of G according to the chosen order, each time coloring a current
vertex v; in the first available color, not used by any already colored neighbor
vj,J <1, of v;. Of course, the resulting number of colors may depend not only on
the graph G itself, but also on the chosen order of its vertices. A distinctive feature
of the greedy algorithm is that it is essentially an online algorithm as the color
of a vertex is determined by the edges from the vertex to already seen vertices,
and once the color is chosen it will remain unchanged (see [27] for a survey on
online graph coloring). This fact makes the analysis of the performance of the
greedy algorithm on random graphs G(n,p) quite accessible, as we can generate
the random graph as the algorithm proceeds, using the so called vertez exposure
mechanism — once the algorithm reaches vertex ¢, a p-Bernoulli coin is flipped for
each pair (4,7),1 < j < 4, to decide whether this pair is an edge of G(n,p), and
then a color of ¢ is chosen based on the results of coin flips and a coloring of vertices
1,...,i—1.

The greedy algorithm turns out to be quite successful for most graphs, using
about twice as many colors as the chromatic number of a graph — a remarkable
achievement taking into account its simplicity and also the hardness results for
graph coloring mentioned above!

Theorem 4.1 [16] Almost all graphs on n vertices are colored by the greedy algo-
rithm in at most n/(log, —3log, log, n) colors.

Proof. Let k = |——"———|. We assume that the greedy algorithm colors

log, n—3log, log, n
the vertices of G according to their natural order 1,...,n. Denote by x,(G) the
number of colors used by the greedy algorithm to color G. In the probability space
G(n,0.5) define A; to be the event ”Vertex i is the first to get color k& + 1”. Then
clearly the event ”x,(G) > k” is the union of the events 4;,1 < ¢ < n, which are
pairwise disjoint, and thus:

Prix,(G) > k] = Pr[U Ai] = Z Pr[Aj],

and the theorem will follow if we will prove Pr[A4;] = o(1/n) for all i.

Consider vertex i of G. The probability Pr[4;] obviously depends only on the
coloring of preceding vertices 1,...,i — 1. Moreover, we can assume that exactly
k colors have been used by the algorithm to color those vertices, for otherwise
Pr[A;] = 0. So we fix a k-coloring (Cy,...,Cf) of {1,...,i — 1} and estimate
the conditional probability Pr[A;|(C4,...,Ck)]. In order to force vertex i to be
colored in color k + 1 at least one edge should connect i with each of the color



classes (1, ..., C). We therefore get:
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where the first inequality above follows from the convexity of log(1 — (1/2)%) for
z > 0.

Grimmett and McDiarmid also showed in [16] that the upper bound on the
greedy algorithm from Theorem 4.1 is asymptotically tight — almost every graph
in G(n,0.5) will be colored by at least (1 + o(1))n/log,n colors by the greedy
algorithm. Moreover, almost surely all color classes produced by the greedy algo-
rithm have size at most (1 + o(1)) log, n. Another attractive feature of the greedy
algorithm is its extreme robustness when applied to to random graphs, as shown
by the following result of McDiarmid [39]:

Theorem 4.2 Prx,(G(n,0.5) > (1+5log, log, n/log, n)n/log, n] < 1/n™. There-

fore, almost every graph on n vertices is such that no matter which order of the ver-

tices is chosen, the greedy algorithm uses fewer than (145 log, log, n/ log, n)n/log, n

colors.

When the edge density becomes lower, the greedy algorithm becomes less
competitive. Pittel and Weishaar show in [44] that when applied in the probabil-
ity space G(n,c/n), the greedy algorithm almost surely outputs a coloring with
(1 + o(1)) log, logn colors, while the chromatic number of most of the graphs in
this probability space is bounded from above by a constant C = C(c¢) (see, e.g.,
Theorem 3.3). As explained in [44], it is quite easy to see why the number of colors
used by the greedy algorithm in G(n,c¢/n) is a.s. unbounded. To show this, define
a sequence of trees T}, as follows: T} is a single vertex, and for k£ > 2 the tree T} in
obtained from T},_; by joining each vertex of Tj_; with a new pendant vertex. A
standard second moment argument shows that G(n,c/n) contains a.s. ©(n) con-
nected components isomorphic to T}, for each fixed k. Observe that if the vertices
of T}, are colored from ”outside in”, k colors will be required. As the graph a.s. has
so many copies of T}, at least one of them will a.s. be ordered in this adversarial
way. One can however reach essentially the same approximation ratio 2+ o(1) like
in the dense case by a simple modification of the greedy algorithm as suggested
by Shamir and Upfal in [46]. The algorithm of Shamir and Upfal proceeds in two
phases. The first phase is the usual greedy algorithm as described above. In the
second phase, called the correction phase in [46], a subgraph of G spanned by the
set Vp of all vertices that received color higher than some predetermined quantity
K(n,p) = (1 + o(1))np/In(np) is considered. This set is then shown to be a.s.
colorable by a breadth-first search in a bounded number of colors.

Unfortunately, the greedy algorithm is not always as good as the typical
behavior analysis suggests. It is quite easy to construct an example of a bipartite
graph G on n vertices for which the greedy algorithm will use a linear in n number

e = e (o) login — (1 /)

)



of colors for a certain ordering of the vertices of G. Choosing an ordering of vertices
at random does not necessarily help much, as Kucera shows in [35] that for every
positive € > 0 and all sufficiently large n there exists a graph G on n vertices with
chromatic number at most n¢, for which the greedy algorithm with a randomly
chosen initial vertex ordering uses almost surely at least (1 — €)n/log, n colors.

Let us return to the most basic case p = 0.5. We know already that almost
surely in G(n,0.5), x4(G)/x(G) = 2 4+ o(1). Is there a better on average coloring
algorithm than the greedy coloring? Specifically,

Research Problem 1 Does there exist a polynomial time algorithm which colors
most of the graphs on n vertices in (1 — €)n/log, n colors, for some fived e > 07

This is certainly one of the major problems in algorithmic random graph color-
ing. It is instructive to observe that any such algorithm would produce also an
independent set of size (1 + €')log, n (a largest independent set in such a color-
ing). Therefore the coloring problem is closely related to a quarter century old
question of Karp, who asked [26] for a polynomial time algorithm for finding an
independent set of size (1+¢) log, n in almost all graphs on n vertices. As we men-
tioned already, the greedy algorithm almost surely does not provide such a large
set. Jerrum proved in [22] that the Metropolis algorithm, which in this case is a
random walk on independent sets of the graph biased towards larger independent
sets, also requires almost surely a super-polynomial time to reach an independent
set of size (1 + €)log, n. So apparently the problem of finding a large indepen-
dent set in a typical graph is hard algorithmically, the fact which has been used
even for cryptographic purposes [23]. An interesting fact is that it follows from
the above mentioned expose-and-merge technique of Matula that an algorithm for
finding a.s. an independent set of size (1 + €)log, n in G(n,0.5) can be used as a
subroutine in an algorithm for coloring a typical graph in (1 — €')n/log, n colors.

A marginal improvement over the greedy algorithm (Theorem 4.1) has been
achieved by Krivelevich and Sudakov [31], who provided a randomized polynomial
time algorithm that colors almost every graph on n vertices is n/(log, n+cy/log, 1)
colors for every positive constant ¢, thus outputting a coloring with color classes
of average size log, n + c¢y/log, n, compared to log, n — ©(loglogn) of the greedy
algorithm. Again, the critical task here is to find an independent set of size log, n+
cy/logn. This is achieved in [31] by running the greedy algorithm for finding an
independent set I of size |I| = log, n — 2cy/logn in the first n/2 vertices of the
graph. The set U of non-neighbors of I in the second half of the graph has then

almost surely about 22¢V!°82" vertices and contains inside an independent set I
of size (1—0(1))2log, |U| = (1—0(1))4cy/log, n, which can be found in polynomial
time by checking exhaustively all ( L ‘%‘l& n) subsets of U of the appropriate size.
The union of I and I; forms a desired independent set.

There is (at least) one reason to believe that it would be hard to break the
log, n + ©(y/Iogn) barrier. Going back to the expectation (1) of the number of in-
dependent sets of size k, we can easily check that f(k) is polynomially smaller than
the total number of independent sets in G(n,0.5) only if k < log, n + ©(y/logn).
This may indicate that finding independent sets of larger size may take superpoly-
nomial time. Further discussion can be found in [31].



5 Approximating the chromatic number in ex-
pected polynomial time

As discussed above, the greedy algorithm is quite successful for most of graphs,
providing a coloring that uses about twice as many colors as an optimal coloring.
But there are some (very rare though) graphs for which the greedy coloring per-
forms rather miserably. On the other hand, one cannot probably expect to design
a coloring algorithm that beats significantly the trivial approximation ratio n for
all graphs, due to the complexity results stated in Section 2. It is therefore desir-
able to provide a coloring algorithm with a guaranteed approximation ratio for all
graphs on n vertices and with running time polynomial on average in n. We thus
arrive naturally at the concept of algorithms with expected polynomial running
time.

Given an algorithm A whose domain is the set of all graphs on n vertices,
and a probability distribution Pr[-] on the same set, the ezpected running time of
Ais defined as ), Pr[G]RA(G), where the sum runs over all graphs on n vertices,
Pr[@] is the probability of G according to the chosen probability measure, and
R4 (@) is the running time of A on G. Thus, while looking for an algorithm A whose
expected running time is polynomial, we can allow A to spend a superpolynomial
time on some graphs on n vertices, but it should be efficient on average.

Observe that if an algorithm A has expected polynomial running time with
respect to the probability distribution P(-), then A is polynomial for almost all
graphs according to P. Therefore, it is more difficult to develop algorithms with
expected polynomial running time than algorithms that perform the same algo-
rithmic task for almost all graphs.

Obviously the problem is quite sensitive to the choice of the underlying proba-
bility distribution. In this section we concentrate on the case where the distribution
is chosen to be G(n, p), the binomial random graph. There have been a few papers
addressing different probability distributions, we will discuss some of them later.

Krivelevich and Vu prove in [32] the following result on the existence of an
approximate coloring algorithm with expected polynomial running time:

Theorem 5.1 For any constant ¢ > 0 the following holds. If the edge proba-
bility p(n) satisfies n~Y/*t¢ < p(n) < 0.99, then there ewists a deterministic
coloring algorithm, approzimating the chromatic number x(G) within a factor
O((np)*/?/logn) and having polynomial expected running time over G(n,p).

Thus in the most basic case p = 0.5 we get a coloring algorithm with ap-
proximation ratio O(y/n/logn) — a considerable improvement over best known
approximation algorithm for the worst case [19], whose approximation ratio is
only O(n/polylog(n)). Note also that the approximation ratio decreases with the
edge probability p(n).

Before describing the basic idea of the algorithm of [32], we would like to say a
few words about combinatorial ideas forming the core of its analysis. As is typically
the case with developing algorithms whose expected running time is polynomial,
we need to distinguish efficiently between ”typical” graphs in the probability space
G(n, p), for which it is relatively easy to provide a good approximation algorithm,
and ”non-typical” ones, which are rare but may be hard for approximating a
desired quantity. As these rare and possibly hard graphs have an exponentially
small probability in G(n,p), this gives us a possibility to spend an exponential



time on each of them. This in turn enables to approximate the chromatic number
within the desired factor even for these graphs.

A separation between typical and non-typical instances will be made based on
the first eigenvalue of an auxiliary matrix, to be defined later. Then we will apply
a large deviation result to show that this eigenvalue deviates from its expectation
with exponentially small probability, and thus bad instances are indeed extremely
rare. Thus our main tools will come from two seemingly unrelated fields - graph
spectral techniques and large deviation inequalities.

We now describe a proof of a somewhat weaker version of Theorem 5.1 for
the case p = 0.5. Recall that according to Theorem 4.2 the probability that the
greedy algorithm fails to color a graph in G(n,0.5) in 1 + o(1))n/log, n colors is
less than n~". Therefore we can run the greedy algorithm, and then apply the
exhaustive search for graphs colored by more than, say, 2n/log, n colors.

In order to show that the greedy coloring is within O(y/n) factor from an op-
timal coloring of a graph G, we need to bound from below the chromatic number
of G. As x(G) > n/a(@G), it is enough to certify that a(G) = O(y/n). We thus
need an efficiently computable graph parameter that bounds from above the inde-
pendence number of G. Given a graph G = (V, E) with vertex set V = {1,...,n}
define an n-by-n matrix M = (m;;) as follows:

. 1, if 4,7 are non-adjacent in G,
Mij = { —1, otherwise , (4)

Then M is a real symmetric matrix and has therefore n real eigenvalues A; >

Az > ... > An. The connection between a(G) and the first eigenvalue A; (M (G))
is given by the following lemma.

Lemma 5.2 Let M = M(G) be as defined in (4). Then A1 (M) > aG).

Proof. Let k = a(G). Then M contains a k by k block of all 1’s, indexed by
the vertices of an independent set of size k. It follows from interlacing (see, e.g.,
Chapter 31 of [51]) that Ay (M) > A\ (1exk) = k.

(In fact, A1 (M (G)) is an upper bound not only for the independence number
of G, but also for its Lovasz theta-function [36].)

The spectrum of a real symmetric matrix can be efficiently calculated within
any desired precision. So if we calculate A\ (M (G)) and see that A (M (G)) =
O(4/n), then we have a certificate of the desired lower bound for x(G).

What is a typical value of A; (M (G))? Recall that G is distributed according
to G(n,0.5), and therefore M (G) is a random symmetric matrix, each of its entries
above the main diagonal is independently 1 or —1 with probability 0.5. This enables
us to apply known results on eigenvalues of random symmetric matrices. Fiiredi
and Komlés proved in [14] that

EM(M)] = (1+ o(1))2v/n .

This shows that typically A; (M (QG)) is of order /n.

Now we need to estimate the probability that A; (M (G)) is significantly larger
than its expectation. The desired estimate is provided by the following large devi-
ation result from [32] (see also [4] for a more general result):



Lemma 5.3 Let M = (my;) be an n-by-n random symmetric matriz with all
entries bounded by 1 in their absolute values. Then for all t > 0,

Prixi(M) > EM(M)]+1t] < 2e— (1+0(1))t*/32

This lemma is proven by applying the Talagrand concentration of measure inequal-
ity, see [32], [4] for details of the proof.

Plugging an estimate of Fiiredi and Komls on E[\; (M)] in the above lemma
we conclude that Pr{A; (M(G)) > 6v/nlogn] <n~".

Now we have at hand all necessary ingredients to formulate our coloring
algorithm and analyze its performance.

Step 1. Run the greedy algorithm on G. Let C be the resulting coloring. If C' uses
more than 2n/log, n colors, go to Step 3;

Step 2. Define M = M(G) according to (4) and compute A\ (M). If A (M) <
6vnlnn, output C;

Step 3. Find an optimal coloring by the exhaustive search and output it.

Let us verify that the above algorithm approximates x(G) within a factor

of O(y/n/logn). If coloring C is output at Step 2, then |C| < 2n/log,n and
X(G) > n/a(G) > n/(G) > O(y/nflogn), implying |C|/x(G) = O(y/n/logn).
Of course, if we ever get to Step 3 of the algorithm, an optimal coloring is output.

To estimate the expected running time, observe that Steps 1 and 2 take
obviously a polynomial in n number of steps. The probability of getting to Step 3
is at most O(n~") as follows from the above discussion. As the complexity of Step
3 is O(n"poly(n)) the desired expected running time estimate follows.

A more careful implementation of the same basic idea enables to shave off
an extra logarithmic factor from the above described result. We refer the reader
to [32] for details.

Research Problem 2 Find a coloring algorithm with approzimation ratio o(y/n/logn)
and polynomial expected running time over the probability space G(n,0.5).

Research Problem 3 Find coloring algorithms with good approximation ratios
and polynomial expected running time in probability spaces G(n,n~%) for a > 0.5.

6 Deciding k-colorability in expected polynomial
time

In this section we continue our coverage of coloring algorithms with expected poly-
nomial running time in probability spaces G(n, p). The subject here is algorithms
for deciding k-colorability.

As stated in Section 2, deciding k-colorability in NP-complete for every fixed
k > 3. Observe however that for absolute most of the graphs G on n vertices the
answer to the question whether GG is k-colorable is "No”:

Proposition 6.1 For every fized positive integer k, the random graph G(n,0.5)
is mon-k-colorable with probability 1 — 2-0(n%),
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Proof. If G has n vertices and is k-colorable then it contains an independent set
of size at least n/k. The probability of the latter event in G(n,0.5) is at most:

<n> 27(2) < on. 2—9(n2) — 2—®(n2) )

n

k

The above proposition indicates that it should be probably easy to decide
k-colorability quickly on average — the answer is ”No” for vast majority of the
graphs, and exceptional instances are very rare. And indeed, Wilf showed in [52]
that the backtrack algorithm for deciding k-colorability in graphs on n vertices
has a constant expected running time over G(n,0.5) as n approaches infinity. For
instance, a backtrack search tree for 3-coloring a graph has an average of about
197 nodes only! The backtrack search tree of a graph G with vertex set {1,...,n}
is the tree whose nodes are on levels 0, ..., n, and in which there is a node on level
i corresponding to every proper k-coloring of the subgraph of G induced by its
first 7 vertices. A node v’ at level i is connected by an edge to a node v" at level
© + 1 if the colors of vertices 1,...,¢ are the same at v’ and v”. Level 0 contains a
single root node, corresponding to the empty coloring.

In fact, it is quite easy to see why there exists an algorithm for deciding
k-colorability in constant expected time. To show this, fix ¢ = C'(k)n edge disjoint
copies K1,. .., K; of the complete graph K**1 in the complete graph on n vertices,
where C'(k) is a large enough constant (this is of course feasible, as in fact ©(n?)
such copies can be found). The probability of each copy K; to appear in the random

graph G(n,0.5) is 2_(“{1)7 which is a constant. The appearance of a copy of K**!
is G(n,0.5) can serve as a certificate for non-k-colorability. Our algorithm scans
chosen copies K; looking for a clique on k 4 1 vertices. If such clique is found,
the algorithm rejects the graph G. If no such copy is found, the algorithm decides
k-colorability of G by performing the exhaustive search. The correctness of the
above algorithm is immediate. To estimate the expected running time, observe
the running time of the first phase is the truncated geometric distribution with

parameter p = 9-("1) = ©(1) and has therefore a constant expectation. The
probability of ever getting to the second phase can be made much smaller than
k=™ by choosing the constant C(k) large enough, and hence the expected number
of steps spent at the second phase is o(1).

The problem becomes significantly harder as the edge probability p(n) de-
creases. Bender and Wilf proved [6] that in this case the backtrack algorithm has
expected running time e®(1/P) i.e. becomes exponential in n. Also, one can easily
show that for every fixed k > 3, if the edge probability p satisfies p(n) = o(n~2/%),
then a.s. every subgraph of G(n,p) with a bounded number of vertices is k-
colorable, and thus one cannot hope to find a certificate for non-k-colorability
by performing local search only.

Here we present an algorithm from [30] for deciding k-colorability in expected
polynomial time in G(n,p) for every fixed k > 3, as long as p(n) > C/n, where
C = C(k) > 0 is a sufficiently large constant. Our algorithm can be immediately
extended for larger values of p(n). Note that if C is sufficiently large, the random
graph G(n,p) is not k-colorable with probability 1 — e~©("). Therefore the algo-
rithm still rejects most of the graphs from G(n,p). In order to be able to reject an
input graph, the algorithm needs some graph parameter whose value can serve as
a certificate for non-k-colorability. This parameter should be computable in poly-
nomial time. The parameter we will use in our algorithm is the so called wvector
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chromatic number of a graph [24]. Besides being computable in polynomial time,
the vector chromatic number turns out to be extremely robust, and the probabil-
ity that its value is small is exponentially small in n. This will enable us to invest
exponential time in ”exceptional” graphs, i.e. those with small vector chromatic
number.

Let us now provide necessary background on the vector chromatic number.
This concept has been introduced by Karger, Motwani and Sudan in [24]. Suppose
we are given a graph G = (V, E) with vertex set V = {1,...,n}. A vector k-
coloring of G is an assignment of unit vectors v; € R™ to the vertices of G so
that for every edge (i,j) € E(G) the standard scalar product of the corresponding
vectors v;, v; satisfies the inequality (v, v;) < _lel_ The graph G is called vector
k-colorable if such a vector k-coloring exists. Finally, the vector chromatic number
of G, which we denote by vx(G), is the minimal real k¥ > 1 for which G is vector
k-colorable.

Karger, Motwani and Sudan established the connection between the usual
chromatic number of a graph, x(G), and its vector chromatic number, vyx(G).
Below we repeat some of their arguments and conclusions.

Lemma 6.2 If x(G) =k, then G is vector k-colorable. Thus, vx(G) < x(G).

Proof. The statement will follow easily from the proposition below.

Proposition 6.3 For every k < n+ 1, there exists a family {v1,...,v;} of k unit
vectors is R" satisfying (vi,v;) = — 325 for every 1 <i# j <k.

Proof. The existence of such a family can be proven by induction on n, as in
[24]. Here we present an alternative proof.

Clearly it is enough to prove the proposition for the case k = n + 1 (if
k < n+1, find such a family in R*~! and complete the found vectors by zeroes
in the last n — k + 1 coordinates to get the desired family). Define an n-by-n
matrix A = (ay;) by setting a; = 1 for 1 < i < n, and a;; = —1/n for all
1 <i# j <n.Then A is asymmetric positive definite matrix (the eigenvalues of A
are \; = ... = A1 = 1+1/n, A\, = 1/n). Therefore it follows from standard linear
algebra results that there exists a family {vi,...,v,} of n vectors in R™ so that
a;j = (v;,v;) for all 1 < 4,7 < n. In particular, (v;,v;) = a; = 1, so all members of
this family are unit vectors. Also, (v;,vj) = a;; = —1/nfor all 1 <i# j <n. Set

now v,41 = —(v1 + ... +v,). Then (vp41,Vn41) = (V1 + ...+ vp,v1 +...+v,) =
n-142(3)(=1/n) =1, and vp41 is a unit vector as well. Also, for all 1 <4 <n,
(ViyUpt1) = (U, —v1—...—vy) = —=1+(n—1)/n = —1/n. Hence, {v1,...,vn, Unt1}

forms the desired family.

Returning to the proof of the lemma, we argue as follows. Let V' = C; U
...UC% be a k-coloring of G. Based on the above proposition, we can find a family
{v1,..., v} of unit vectors in R" so that (v;,v;) = —1/(k—1)forall1 <i #j <k.
Now, for each color class C;, every vertex from C; gets the vector v; assigned to
it. The obtained assignment is clearly a vector k-coloring of G.

The most important algorithmic feature of the vector chromatic number,
noticed by Karger et al., is that it is polynomially computable. Formally, if a graph
G on n vertices is vector k-colorable, then a vector (k + €)-coloring of the graph
can be constructed in time polynomial in k,n and log % This is due to the fact
that vector chromatic number can be represented as a solution of a Semidefinite
Program and as such is polynomial time computable (see [17]).
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Another concept, needed for the analysis of our algorithm and borrowed again
from [24], is that of a semi-coloring. Given a graph G = (V, E)) on n vertices and
an integer 1 < t < n, a semi-coloring of G in t colors is a family (C,...,Cy),
where each C; C V(G) is an independent set in G, the subsets C; are pairwise

disjoint, and | J'_, Ci| > 5.

Lemma 6.4 [24] For any k > 3, there exist ¢ = c¢(k) > 0,n9 = no(k) > 0 so that
the following holds. For any n > ng and for any graph G on n vertices and with
m > n edges, if vx(G) < k then there exists a semi-coloring of G in t colors, where

()T (2)

Thus the assumption that the vector chromatic number of G is small enables
to claim the existence of many pairwise disjoint and large on average independent
sets in G.

Now we formulate an algorithm for deciding k-colorability. As the reader will
see immediately, the algorithm is extremely simple and in a sense just calculates
the vector chromatic number of an input graph.

Input: An integer £ > 3 and a graph G = (V, E) on n vertices.

Step 1. Calculate the vector chromatic number vy (G) of the input graph G;
Step 2. If vx(G) > k, output "G is not k-colorable”;

Step 3. Otherwise, check exhaustively all k™ potential k-colorings of G. If a
proper k-coloring of G is found, output ”G is k-colorable”, else output ”G is
not k-colorable”.

The correctness of the algorithm is immediate from Lemma 6.2. Let us show
that its expected running time is polynomial in G(n,C/n) for C = C(k) large
enough. Steps 1 and 2 of the algorithm take polynomial time. Notice that we get
to Step 3 only if vx(G) < k. At Step 3 we check exhaustively all k™ potential
k-colorings of G, and checking each potential coloring costs us time polynomial in
n. Therefore it takes at most k™poly(n) time to perform Step 3. Thus it is enough
to prove the following lemma:

Lemma 6.5 If C = C(k) > 0 is large enough, and G is distributed according to
G(n,p) with p= C/n, then

Privx(G) <k <k .

Proof. The proof is based on the following technical propositions about the
probability space G(n,p).

Proposition 6.6 If C' > 0 is large enough then
Pr(|E(G)| < 2n%p] > 1 —o(k™") .

Proposition 6.7 For every fized ¢ > 0, k > 3, if C > 0 is large enough then the
following is true in G(n,p) with p=C/n. Let t = ¢(2C)*F In'/?(2C). Then

Pr|G has a semi-coloring in t colors] = o(k™") .

13



Assuming the above two propositions hold, we prove now Lemma 6.5. By
Proposition 6.6 we may assume that G has at most 2n?p = 2Cn edges. If the vector
chromatic number of such a graph is at most k, then by Proposition 6.4 G has
a semi-coloring in t = c¢(m/n)*=2/8) In*/?(m/n) < ¢(2C)*=2/* 1n1/2(2C) colors.
However, by Proposition 6.7 this happens in G(n,p) with probability o(k—").

Both Propositions 6.6 and 6.7 are proven by straightforward calculations,
quite standard for the probability space G(n,p). We omit the details here, referring
the reader to [30].

Research Problem 4 Find an algorithm for deciding k-colorability whose ex-
pected running time is polynomial over G(n,p) for any value of the edge probability

p=p(n).

Note that if p(n) < ¢/n with ¢ = ¢(k) > 0 sufficiently small, then G(n, p) is k-
colorable almost surely (see, e.g. [43]), and the algorithm should thus accept most
of the input graphs. The problem becomes especially challenging when p(n) is close
to the threshold probability for non-k-colorability. This is due to the widespread
belief that typical instances at the non-colorability threshold are computationally
hard (see, e.g., [10] for a relevant discussion).

Research Problem 5 Find an algorithm for deciding k-colorability in expected
polynomial time in G(n,p) when the parameter k is a growing function of n: k =

The apparent difficulty here lies in the fact that the vector chromatic number
seems no longer be useful as Lemma 6.4 degenerates to a trivial statement already
for k > logn.

7 Coloring random k-colorable graphs

The somewhat contradictory title of this section should not confuse the reader —
of course, a k-coloring of the input graph is not known to an algorithm, and the
task it to recover it or to find some k-coloring.

We should first define models or probability spaces we will be working with.
The first one, which we denote by G(n,p, k) is formed as follows. The vertex set
is a union of k disjoint subsets of Vi,...,V} of size n each, and for every pair
of vertices u € V;,v € Vj,i # j, (u,v) is an edge of G(n,p, k) independently
and with probability p = p(n). The second model Gs(n,p, k), usually called the
semi-random model, is more complicated — first a random graph G is generated
according to the distribution G(n,p, k), and then the adversary can for every non-
edge (u,v) of G, where u and v belong to different color classes, add this pair to
the set of edges. Adding extra edges to the otherwise random graph G(n,p, k) can
spoil its random structure, making the task of recovering its k-coloring significantly
more difficult. Of course, the resulting graphs in both models are guaranteed to be
k-colorable with proper coloring (V7, ..., V}), but this k-coloring is not necessarily
unique, and in fact the resulting graph can even have chromatic number smaller
than k. It should be clear to the reader that those two models are not the most
general ones, and quite a few other models of random Ek-colorable graphs exist
(see, e.g., Section 1 of [49] for a detailed discussion). In this survey we will mostly
restrict ourselves with the case of a constant k > 3, although some of the results
we will describe work for growing k = k(n) as well.

14



Just as in the previous sections, we will consider here two algorithmic tasks.
The first task is to provide an algorithm that k-colors in polynomial time almost
all graphs in a chosen probability space. The second, more challenging task is to
give a k-coloring algorithm with expected polynomial running time.

Let us start with the random model G(n,p, k) and the edge probability p =
0.5. This value of the edge probability is the most natural choice as most k-colorable
graphs are easily seen to have a quadratic number of edges. Turner [50] proposed
the following very simple algorithm for finding a.s. a k-coloring in this case. The
algorithm of Turner starts with finding a clique K = {vy,..., v} of size k in G and
coloring its vertices arbitrary in k£ distinct colors. Then the algorithm repeatedly
searches for an uncolored vertex v that has neighbors in exactly k£ — 1 colors, and
colors such a vertex in a unique available color. It is rather easy to see that for a
constant k such a vertex can almost surely be found at each step. Turner proves
in fact that the above algorithm works as long as the number of colors k satisfies
k < (1 —€)log, n. The result of Turner has been strengthened by Dyer and Frieze
[11], who proposed an algorithm for finding a k-coloring in G(n,0.5,k) in O(n?)
expected time. As the number of edges in G(n,0.5,k) is almost surely quadratic
in n, the algorithm of Dyer and Frieze colors this random graph in linear in the
number of edges expected time.

An equally simple algorithm has been proposed by Kucera [34] for the case
of £ < Cn/logn. (It could be helpful for the reader to note here that a formal
statement of Kucera’s result in his paper appears different; this is due to the fact
that he considers the probability space of k-colorable graphs on n vertices, so if
k = ©(y/n/logn) in his result, this approximately translates to ©(n/logn) colors
in our setting). Observe that if vertices u,v belong to the same color class V; of
G(n,p, k), then the number of their common neighbors is binomially distributed
with parameters (k — 1)n,p?), while if u and v come from distinct color classes
u € Vi,v € V},i # j, the number of their common neighbors is again binomially
distributed, but this time with parameters (k — 2),n,p?). Therefore we expect a
pair of vertices in the same color class to have more common neighbors than a pair
from different color classes. Using standard bounds on the tails of the binomial
distribution, one can easily show that for the case p = 0.5, k < cn/logn, almost
surely the number of common neighbors of any two vertices in the same color class
is strictly larger than the number of common neighbors in different color classes.
We can thus use the number of common neighbors to classify vertices into the
same of different color classes. Technical details of the proof can be easily filled or
alternatively found in [34].

Research Problem 6 Find an algorithm that almost surely k-colors a random
graph G(n,0.5,k) for k> n.

However, as the edge probability p = p(n) decreases, it becomes harder and
harder to find a k-coloring in G(n,p, k) even for fixed k. This should not be sur-
prising — the more random edges we have, the more evident becomes the prefixed
coloring scheme. Still, algorithms are known even for very sparse random graphs.
The best achievement belongs to Alon and Kahale [1], who gave an algorithm for
k-coloring G(n,p, k) for p > C/n, where C = c¢(k) is a large enough constant.
Notice that if p = C'/n, then the random graph has typically only a linear in n
number of edges, and a linear number of vertices are isolated.

Let us describe briefly the main idea of the algorithm of [1] for the case
of k£ = 3 colors. Denote d = pn, then d is the expected number of neighbors of
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every vertex v € V; in every other color class. Let us assume for simplicity that
every vertex v has indeed exactly d neighbors in every other color class in G.
Consider the adjacency matrix A = A(G) of G. Let Ay > ... > A3p—1 > Az
be the eigenvalues of A, and eq,...,e3,_1, €3, be the corresponding orthonormal
basis of eigenvectors. The largest eigenvalue of A is then \; = d, and the spectrum
of A is in the interval [—d, d]. Let F be the 2-dimensional subspace of all vectors
z = (z, : v € V) that are constant on every color class, and whose sum is zero:
Zvev x, = 0. A simple calculation shows that any non-zero vector from F' is an
eigenvector of A with eigenvalue —d. One can also show that almost surely the
multiplicity of the eigenvalue —d is two, and thus F' is in fact the eigenspace of
—d. Therefore any linear combination ¢ of the vectors ez,—1 and es, (both can
be efficiently computed) is constant on every color class. Now we find a non-zero
linear combination ¢ of es,, 1 and es3,, whose median is zero, that is, the numbers
of positive and negative components of ¢ both do not exceed 3n/2. (It is easy to see
that such a combination always exists and can be found efficiently.) Normalizing

such t to have it with ls-norm +/2n, we get a vector ¢ whose coordinates take
values 0,1 or —1 depending on the color class. Defining now

Vi = {veV:t,=0};
Vo = {veV:t, =1};
Vs = {veV:t,=-1},

we get a proper coloring of G in three colors. The real algorithm of Alon and
Kahale is of course much more complicated, it starts from defining an approximate
coloring (V7, V4, V3) according to the last two eigenvectors esy,—1, €3, as described
above, and then refines it to get a proper coloring.

Very recently, McSherry [40] described a very general spectral algorithm, ap-
plicable to several partitioning problems in random graphs. This algorithm differs
significantly from the one of Alon and Kahale, and when applied to the k-coloring
problem works for the edge probability p(n) down to p(n) > clog®(n)/n.

Research Problem 7 Find an algorithm that k-colors almost every graph in
G(n,c/n, k) for a fized k > 3, for all values of the constant ¢ > 0.

If the constant ¢ in the above problem is small enough, the random graph
G(n,c/n,k) almost surely does not contain a subgraph with minimal degree k
and hence can be easily colored by a greedy-type algorithm. The problem is most
challenging for moderate values of c.

The expected time version of the problem has been considered by Subra-
manian in [48], who proposed a k-coloring algorithm with expected running time
polynomial in n as long as p(n) > n~® and a < 3/4. It would be interesting to
obtain coloring algorithms with polynomial expected time for smaller values of the
edge probability p(n).

Let us now switch to the semi-random model Gg(n,p, k). This model has
been considered by Blum and Spencer [7], who applied the so-called forced color-
ing approach. To explain this approach, assume that vertices u,v of G are fully
connected to a common clique of size £ — 1. Then every proper k-coloring of G
should put u,v in the same color class. Blum and Spencer implemented this ap-
proach as follows: (a) Given a graph G = (V, E), define a new graph G' = (V, F)
where (u,v) € F if 4 and v are both adjacent to a common (k — 1)-clique; (b)
Find all connected components of G'. If G’ contains exactly k& connected compo-
nents, then they coincide with color classes of the original graph G. Returning to
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the probability space Gs(n,p, k), observe that adding edges to the random graph
G ~ G(n,p, k) can only add edges in the corresponding auxiliary graph G’, and
hence it is enough to show that already in G(n,p, k) almost surely the graph G’
has exactly k connected components. The expected number of copies of K*t1 —¢

becomes linear in n for p(n) = R 2 , and Blum and Spencer were able to
show that increasing this probability a bit (say, by factor n¢ for any € > 0) suffices
to get almost surely k& connected components in G'. Later, Subramanian, Fiirer
and Veni Madhavan [49] extended the result of Blum and Spencer by giving a
k-coloring algorithm for Gg(n,p, k) with expected polynomial time for the same
range of edge probabilities.

The best result for the semi-random coloring problem has been obtained by
Feige and Kilian [13]:

Theorem 7.1 For every constant k, there is a polynomial time algorithm that k-
colors almost graphs in the probability space Gs(n,p, k) for p(n) > (1+¢e)klnn/n.

Feige and Kilian observed also that the above result is close to optimal, as
given by the next theorem:

Theorem 7.2 Let € > 0, k > 3 be constants and let p(n) < (1 —€)Ilnn/n. Then
unless NP C BPP, every random polynomial time algorithm will fail almost surely
to k-color a semi-random graph from Gs(n,k,p).

We do not intend to cover a rather complicated algorithm of Feige and Kilian
here. Very briefly, it starts by finding a large independent set in Gs(n, p, k), using
Semidefinite Programming in the spirit of Lemma 6.4. This independent set I is
shown to belong almost entirely to one of the color classes V;. Then [ is purified
to get rid of the vertices outside V;, and then remaining vertices from V; are found
to recover one color class completely; the algorithm then proceeds to recovering
the next color class and so on.

Finally we note that a random graph G(n,p, k) can have in fact chromatic
number less than k. Subramanian in [47] provides algorithms that color G(n,p, k)
and Gg(n,p, k) in minimal possible number of colors in expected polynomial time,
as long as p(n) > n~"®)+e for the random model and p(n) > n~2®)+e for the

semi-random model, where (k) = ,CZE—’ZH and a(k) = %
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