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1 Introdu
tion

Algorithmi
 Graph Coloring and Random Graphs have long be
ome one of the

most prominent bran
hes of Combinatori
s and Combinatorial Optimization. It

is thus very natural to expe
t that their mixture will produ
e quite many very

attra
tive, diverse and 
hallenging problems. And indeed, the last thirty or so

years witnessed rapid growth of the �eld of Algorithmi
 Random Graph Coloring,

with many resear
hers working in this area and bringing there their experien
e

from di�erent dire
tions of Combinatori
s, Probability and Computer S
ien
e.

One of the most distin
tive features of this �eld is indeed the diversity of tools

and approa
hes used to ta
kle its 
entral problems.

This survey is not intended to be a very detailed, monograph-like 
overage of

Algorithmi
 Random Graph Coloring. Instead, our aim is to a
quaint the reader

with several of the main problems in the �eld and to show several of the approa
hes

that proved most fruitful in atta
king those problems. We do not and we simply


annot provide all details of the proofs, referring the (hopefully) enthusiasti
 reader

to the papers where those proofs are presented in full, or to his/her previous

experien
e in Random Graphs, whi
h should be suÆ
ient to re
over many sket
hed

arguments. But of 
ourse, the best way to be
ome 
uent in this �eld is to learn

from the best, most in
uential papers, and above all, to engage in independent

resear
h, whi
h will undoubtedly bring new and ex
iting results.

2 Graph 
oloring is hard

Graph 
oloring ([21℄) has long been one of the 
entral notions in Graph Theory and

Combinatorial Optimization. Great many diverse problems 
an be formulated in

terms of �nding a 
oloring of a given graph in a small number of 
olors or 
al
ulat-

ing, exa
tly or approximately, the 
hromati
 number of the graph. Unfortunately,

it turns out that these 
omputational problems are very hard. Karp proved al-

ready in 1972 [25℄ that is it NP-
omplete to de
ide, for any �xed k � 3, whether a

given graph G is k-
olorable. Re
ent results show that one should not even hope

to obtain an eÆ
ient algorithm whi
h approximates the 
hromati
 number within

a non-trivial approximation ratio. Spe
i�
ally, Feige and Kilian proved [12℄ that,

unless 
oRP = NP , there is no approximation algorithm for the 
hromati
 num-

ber whose approximation ratio over graphs on n verti
es is less than n

1��

, for

any �xed � > 0. Coloring 3-
olorable graphs in four 
olors is NP-
omplete as well

([28℄, [18℄). Altogether, the situation does not appear parti
ularly en
ouraging,

from both theoreti
al and pra
ti
al points of view.
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3 The 
hromati
 number of random graphs

The pi
ture 
hanges dramati
ally when one swit
hes from the somewhat pes-

simisti
 worst 
ase s
enario to possibly more appli
able in pra
ti
e average 
ase

analysis. Already the term "average 
ase analysis" suggests that there should be

some underlying probability distribution, whose ground set is 
omposed of graphs,

and whose purpose is to help to measure the typi
al or average performan
e of

various 
oloring algorithms. Usually this underlying probability spa
e is 
omposed

of graphs with the same number n of verti
es.

It appears that the most natural and interesting de�nition of the probability

measure on graphs on n verti
es is the so 
alled binomial random graph G(n; p).

This is the probability spa
e whose elements are all labeled graphs G = (V;E)

with vertex set V = f1; : : : ; ng, where ea
h pair of verti
es (i; j) : 1 � i < j � n is


hosen to be an edge of G independently and with probability p, in general p may

be a fun
tion of the number of verti
es n: p = p(n). Thus G(n; p) 
an be viewed as

a produ
t probability spa
e, formed by

�

n

2

�

i.i.d. Bernoulli random variables with

parameter p. The probability of an individual graph G on n verti
es in G(n; p)

is easily seen to be Pr[G℄ = p

jE(G)

(1 � p)

(

n

2

)

�jE(G)j

. The spe
ial 
ase p = 0:5

o

upies a very prominent position in the study of random graphs, as for this 
ase

the probabilities of every pair (i; j) to be an edge or be a non-edge are equal,

resulting in the uniform distribution on the set on all labeled graphs on n verti
es:

Pr[G℄ = 2

�

(

n

2

)

. Therefore studying asymptoti
 properties of the random graph

G(n; 0:5) is in a sense equivalent to 
ounting graphs on n verti
es with spe
i�ed

properties.

Usually asymptoti
 properties of random graphs G(n; p) are of interest. For

this reason we will assume that the number of verti
es n tends to in�nity. Also,

for a graph property A (where "graph property" means just a family of graphs


losed under isomorphism), we say that A holds almost surely, or a.s. for brevity,

in G(n; p), if the probability that a random graph G, drawn a

ording to the

distribution G(n; p), possesses A tends to 1 as n tends to in�nity. With some abuse

of notation we will use G(n; p) both for the probability distribution on graphs on

n verti
es and for a graph G drawn from this distribution.

The theory of random graphs is one of the most rapidly developing areas of

Combinatori
s, with already thousands papers devoted to the subje
t. We 
ertainly

do not intend to 
over it here, instead referring the reader to re
ent monographs

[20℄ and [9℄. We will however represent the state of the art of one aspe
t of random

graphs, relevant to the subje
t of this survey { the asymptoti
 behavior of the


hromati
 number of random graphs.

To begin with, 
onsider the most important 
ase p = 0:5. For an integer k,

let

f(k) =

�

n

k

��

1

2

�

(

k

2

)

: (1)

Obviously, f(k) is just the expe
tation of the number of independent sets of size

k in G(n; 0:5). When f(k) = o(1), this expe
tation tends to zero as n grows,

and applying Markov's inequality we get immediately that a.s. G(n; 0:5) does not


ontain an independent set of size k. We thus set

k

0

= maxfk : f(k) � 1g : (2)
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Applying standard asymptoti
 estimates for the binomial 
oeÆ
ients, one 
an eas-

ily solve asymptoti
ally the above equation for k

0

, getting k

0

= (1� o(1))2 log

2

n.

Hen
e a.s. �(G(n; 0:5)) � (1� o(1))2 log

2

n. Providing a mat
hing lower bound on

the independen
e number of G(n; 0:5) requires more e�ort, but this 
an be done

as follows [41℄. Let X

k

be a random variable, 
ounting the number of indepen-

dent sets of size k in G(n; 0:5). Clearly, E[X

k

℄ = f(k). If k is 
hosen around k

0

,

using dire
t 
al
ulations one 
an show that V AR[X

k

℄ = o(E[X

k

℄

2

). Thus Cheby-

shev's inequality applies, and we get that X

k

is 
on
entrated around its mean.

In parti
ular, when f(k) ! 1, we derive that a.s. X

k

� 1, whi
h means exa
tly

that �(G) � k. To satisfy the former 
ondition it is enough to 
hoose k = k

0

or

k = k

0

+ 1. Altogether we get that a.s. �(G(n; 0:5)) = (1� o(1))2 log

2

n.

As for every graph G, �(G) � jV (G)j=�(G), the above asymptoti
 (upper)

bound on �(G(n; 0:5)) supplies an easy asymptoti
 bound for the 
hromati
 num-

ber { a.s. �(G(n; 0:5)) � (1+o(1))n=(2 log

2

n). Providing a mat
hing upper bound

for the 
hromati
 number was one of the major open questions in the theory of

random graphs for about quarter of a 
entury until B�ela Bollob�as [8℄ dis
overed a

very inspiring proof of the following theorem.

Theorem 3.1 Almost surely in the probability spa
e G(n; 0:5), �(G) � (1 +

o(1))

n

2 log

2

n

.

Proof. Set m = n= log

2

n and de�ne

k

1

= max

(

k :

�

m

k

��

1

2

�

(

k

2

)

� n

3

)

:

The parameter k

1

is 
hosen so as to guarantee that the expe
ted number of inde-

pendent subsets of size k

1

in a �xed subset V

0

� V of m verti
es is at least n

3

.

An asymptoti
 
omputation very similar to the one mentioned above for k

0

shows

that still k

1

= (1� o(1))2 log

2

n.

The theorem will easily follow from the following lemma.

Lemma 3.2 Almost surely in G(n; 0:5), every subset V

0

of m verti
es 
ontains an

independent set of size k

1

.

We will return to the proof of the lemma shortly, but let us see �rst how it

implies Theorem 3.1. Assume that a graph G on n verti
es satis�es the 
on
lusion

of the lemma. We will prove then that �(G) < n=k

1

+m = (1 + o(1))n=(2 log

2

n).

To show this, we will a
t in a rather typi
al for existential 
oloring arguments way,


oloring the graph G by ex
avation. As long as G 
ontains at least m un
olored

verti
es, there exists an independent set I of size k

1

in G, all of whose verti
es are

still un
olored. We then 
olor I by a fresh 
olor and dis
ard all of its verti
es from

the graph. Clearly this pro
edure is repeated at most n=k

1

times. On
e less than

m verti
es are left un
olored, we 
an 
olor ea
h one of them in a new and separate


olor, resulting in less than m additional 
olors. The total number of 
olors used

by the above argument is less than n=k

1

+ m, as promised.

Of 
ourse, the above derivation was pretty easy, so the 
rux of the proof of

Theorem 3.1 lies in proving Lemma 3.2. In order to prove Lemma 3.2, �x a subset

V

0

� V of 
ardinality jV

0

j = m. The subgraph of G(n; 0:5), indu
ed by V

0

, behaves
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like a random graph G(m; 0:5). Let Y be the number of independent sets of size

k

1

inside V

0

. Then

E[Y ℄ =

�

m

k

��

1

2

�

(

k

2

)

� n

3

;

due to the de�nition of k

1

. To prove the lemma it is enough to prove that

Pr[Y = 0℄ �

1

�

n

m

�

; (3)

as then by the simple Union bound almost surely every subset of size m in G(n; 0:5)


ontains an independent set of the required size.

Noti
e that (3) is a typi
al large deviation statement { one needs to show

that the probability that a random variable (Y ) deviates from its expe
tation

(E[Y ℄ � n

3

) by a large quantity (n

3

) is exponentially small. However, this task,

rather standard and a

essible by now, was very 
hallenging �fteen years ago!

The main 
ontribution of Bollob�as was �rst to swit
h from Y to another random

variable Z, easier to ta
kle and su
h that the positivity of Z implies the positivity

of Y , and then to provide an exponential bound for Pr[Z = 0℄, using martingales

{ a very novel by then tool for 
ombinatorialists. Currently, there are at least

three alternative proofs of Lemma 3.2, based on three di�erent large deviation

te
hniques { the one of Bollob�as through martingales, a proof through the so 
alled

generalized Janson Inequality, and a proof using the Talagrand 
on
entration of

measure inequality. Sin
e all three of them require some te
hni
al 
al
ulations, we

prefer not to present any of them here, instead suggesting the reader to 
onsult

[5℄, where all three tools are dis
ussed in great details.

Bollobas' argument works also for smaller values of p(n) down to p(n) =

n

�a

for a small positive 
onstant a. Later,  Lu
zak [37℄ was able to establish the

asymptoti
 value of the 
hromati
 number of G(n; p) for all values of p(n) down

to p(n) � C=n for a large enough 
onstant C > 0:

Theorem 3.3 There exists C

0

su
h that for every p = p(n) satisfying C

0

=n �

p � log

�7

n a.s. in G(n; p)

np

2 log(np)� 2 log log(np) + 1

� �(G) �

np

2 log(np)� 40 log log(np)

:

 Lu
zak's argument is quite 
hallenging te
hni
ally and relies heavily on the so


alled expose-and-merge approa
h invented by Matula [42℄. We will not dis
uss it

here. For future referen
e we summarize the above dis
ussion by noting that the


hromati
 number of G(n; p) is almost surely (1+o(1))n log

2

(1(1�p))=(2 log

2

n) for

a 
onstant edge probability p, and (1 +o(1))np=(2 ln(np)) for C=n � p(n) � o(1)),

where the o(1) term tends to 0 as np tends to in�nity.

The above des
ribed results of Bollob�as and  Lu
zak have settled the most im-

portant problem in random graph 
oloring { the asymptoti
 value of the 
hromati


number of a random graph. Still many quite signi�
ant and attra
tive problems in

this area remain unsolved, for example, the 
on
entration of the 
hromati
 num-

ber of random graphs ([45℄, [38℄, [2℄), list 
oloring ([3℄, [29℄, [33℄), thresholds for

non-k-
olorability for a �xed value of k � 3 (see a re
ent survey of Molloy [43℄), to

mention just a few. And of 
ourse, there are many algorithmi
 problems related

to random graph 
oloring, some of them to be addressed later in this survey.
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4 The greedy algorithm for 
oloring random graphs

The greedy algorithm, sometimes also 
alled the �rst �t algorithm for reasons

to be
ome evident immediately, is probably the simplest imaginable algorithm for

graph 
oloring. The greedy algorithm pro
eeds as follows: given a graph G = (V;E)

on n verti
es, one �rst �xes some order (v

1

; : : : ; v

n

) of the verti
es of G, and then

s
ans the verti
es of G a

ording to the 
hosen order, ea
h time 
oloring a 
urrent

vertex v

i

in the �rst available 
olor, not used by any already 
olored neighbor

v

j

; j < i, of v

i

. Of 
ourse, the resulting number of 
olors may depend not only on

the graph G itself, but also on the 
hosen order of its verti
es. A distin
tive feature

of the greedy algorithm is that it is essentially an online algorithm as the 
olor

of a vertex is determined by the edges from the vertex to already seen verti
es,

and on
e the 
olor is 
hosen it will remain un
hanged (see [27℄ for a survey on

online graph 
oloring). This fa
t makes the analysis of the performan
e of the

greedy algorithm on random graphs G(n; p) quite a

essible, as we 
an generate

the random graph as the algorithm pro
eeds, using the so 
alled vertex exposure

me
hanism { on
e the algorithm rea
hes vertex i, a p-Bernoulli 
oin is 
ipped for

ea
h pair (j; i); 1 � j < i, to de
ide whether this pair is an edge of G(n; p), and

then a 
olor of i is 
hosen based on the results of 
oin 
ips and a 
oloring of verti
es

1; : : : ; i� 1.

The greedy algorithm turns out to be quite su

essful for most graphs, using

about twi
e as many 
olors as the 
hromati
 number of a graph { a remarkable

a
hievement taking into a

ount its simpli
ity and also the hardness results for

graph 
oloring mentioned above!

Theorem 4.1 [16℄ Almost all graphs on n verti
es are 
olored by the greedy algo-

rithm in at most n=(log

2

�3 log

2

log

2

n) 
olors.

Proof. Let k = b

n

log

2

n�3 log

2

log

2

n


. We assume that the greedy algorithm 
olors

the verti
es of G a

ording to their natural order 1; : : : ; n. Denote by �

g

(G) the

number of 
olors used by the greedy algorithm to 
olor G. In the probability spa
e

G(n; 0:5) de�ne A

i

to be the event "Vertex i is the �rst to get 
olor k + 1". Then


learly the event "�

g

(G) > k" is the union of the events A

i

; 1 � i � n, whi
h are

pairwise disjoint, and thus:

Pr[�

g

(G) > k℄ = Pr[

n

[

i=1

A

i

℄ =

n

X

i=1

Pr[A

i

℄ ;

and the theorem will follow if we will prove Pr[A

i

℄ = o(1=n) for all i.

Consider vertex i of G. The probability Pr[A

i

℄ obviously depends only on the


oloring of pre
eding verti
es 1; : : : ; i � 1. Moreover, we 
an assume that exa
tly

k 
olors have been used by the algorithm to 
olor those verti
es, for otherwise

Pr[A

i

℄ = 0. So we �x a k-
oloring (C

1

; : : : ; C

k

) of f1; : : : ; i � 1g and estimate

the 
onditional probability Pr[A

i

j(C

1

; : : : ; C

k

)℄. In order to for
e vertex i to be


olored in 
olor k + 1 at least one edge should 
onne
t i with ea
h of the 
olor
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lasses C

1

; : : : ; C

k

. We therefore get:

Pr[A

i

j(C

1

; : : : ; C

k

)℄ =

k

Y

j=1

 

1�

�

1

2

�

jC

j

j

!

�

 

1�

�

1

2

�

P

k

j=1

jC

j

j=k

!

k

<

 

1�

�

1

2

�

n

k

!

k

< e

�

(

1

2

)

n

k

k

� e

�

(

1

2

)

log

2

n�3 log

2

log

2

n

k

= e

�

k log

3

2

n

n

= e

�(1+o(1)) log

2

2

n

= o(1=n) ;

where the �rst inequality above follows from the 
onvexity of log(1� (1=2)

x

) for

x > 0.

Grimmett and M
Diarmid also showed in [16℄ that the upper bound on the

greedy algorithm from Theorem 4.1 is asymptoti
ally tight { almost every graph

in G(n; 0:5) will be 
olored by at least (1 + o(1))n= log

2

n 
olors by the greedy

algorithm. Moreover, almost surely all 
olor 
lasses produ
ed by the greedy algo-

rithm have size at most (1 + o(1)) log

2

n. Another attra
tive feature of the greedy

algorithm is its extreme robustness when applied to to random graphs, as shown

by the following result of M
Diarmid [39℄:

Theorem 4.2 Pr[�

g

(G(n; 0:5) > (1+5 log

2

log

2

n= log

2

n)n= log

2

n℄ < 1=n

n

. There-

fore, almost every graph on n verti
es is su
h that no matter whi
h order of the ver-

ti
es is 
hosen, the greedy algorithm uses fewer than (1+5 log

2

log

2

n= log

2

n)n= log

2

n


olors.

When the edge density be
omes lower, the greedy algorithm be
omes less


ompetitive. Pittel and Weishaar show in [44℄ that when applied in the probabil-

ity spa
e G(n; 
=n), the greedy algorithm almost surely outputs a 
oloring with

(1 + o(1)) log

2

logn 
olors, while the 
hromati
 number of most of the graphs in

this probability spa
e is bounded from above by a 
onstant C = C(
) (see, e.g.,

Theorem 3.3). As explained in [44℄, it is quite easy to see why the number of 
olors

used by the greedy algorithm in G(n; 
=n) is a.s. unbounded. To show this, de�ne

a sequen
e of trees T

k

as follows: T

1

is a single vertex, and for k � 2 the tree T

k

in

obtained from T

k�1

by joining ea
h vertex of T

k�1

with a new pendant vertex. A

standard se
ond moment argument shows that G(n; 
=n) 
ontains a.s. �(n) 
on-

ne
ted 
omponents isomorphi
 to T

k

, for ea
h �xed k. Observe that if the verti
es

of T

k

are 
olored from "outside in", k 
olors will be required. As the graph a.s. has

so many 
opies of T

k

, at least one of them will a.s. be ordered in this adversarial

way. One 
an however rea
h essentially the same approximation ratio 2 + o(1) like

in the dense 
ase by a simple modi�
ation of the greedy algorithm as suggested

by Shamir and Upfal in [46℄. The algorithm of Shamir and Upfal pro
eeds in two

phases. The �rst phase is the usual greedy algorithm as des
ribed above. In the

se
ond phase, 
alled the 
orre
tion phase in [46℄, a subgraph of G spanned by the

set V

0

of all verti
es that re
eived 
olor higher than some predetermined quantity

K(n; p) = (1 + o(1))np= ln(np) is 
onsidered. This set is then shown to be a.s.


olorable by a breadth-�rst sear
h in a bounded number of 
olors.

Unfortunately, the greedy algorithm is not always as good as the typi
al

behavior analysis suggests. It is quite easy to 
onstru
t an example of a bipartite

graph G on n verti
es for whi
h the greedy algorithm will use a linear in n number
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of 
olors for a 
ertain ordering of the verti
es of G. Choosing an ordering of verti
es

at random does not ne
essarily help mu
h, as Ku�
era shows in [35℄ that for every

positive � > 0 and all suÆ
iently large n there exists a graph G on n verti
es with


hromati
 number at most n

�

, for whi
h the greedy algorithm with a randomly


hosen initial vertex ordering uses almost surely at least (1� �)n= log

2

n 
olors.

Let us return to the most basi
 
ase p = 0:5. We know already that almost

surely in G(n; 0:5), �

g

(G)=�(G) = 2 + o(1). Is there a better on average 
oloring

algorithm than the greedy 
oloring? Spe
i�
ally,

Resear
h Problem 1 Does there exist a polynomial time algorithm whi
h 
olors

most of the graphs on n verti
es in (1� �)n= log

2

n 
olors, for some �xed � > 0?

This is 
ertainly one of the major problems in algorithmi
 random graph 
olor-

ing. It is instru
tive to observe that any su
h algorithm would produ
e also an

independent set of size (1 + �

0

) log

2

n (a largest independent set in su
h a 
olor-

ing). Therefore the 
oloring problem is 
losely related to a quarter 
entury old

question of Karp, who asked [26℄ for a polynomial time algorithm for �nding an

independent set of size (1+�) log

2

n in almost all graphs on n verti
es. As we men-

tioned already, the greedy algorithm almost surely does not provide su
h a large

set. Jerrum proved in [22℄ that the Metropolis algorithm, whi
h in this 
ase is a

random walk on independent sets of the graph biased towards larger independent

sets, also requires almost surely a super-polynomial time to rea
h an independent

set of size (1 + �) log

2

n. So apparently the problem of �nding a large indepen-

dent set in a typi
al graph is hard algorithmi
ally, the fa
t whi
h has been used

even for 
ryptographi
 purposes [23℄. An interesting fa
t is that it follows from

the above mentioned expose-and-merge te
hnique of Matula that an algorithm for

�nding a.s. an independent set of size (1 + �) log

2

n in G(n; 0:5) 
an be used as a

subroutine in an algorithm for 
oloring a typi
al graph in (1� �

0

)n= log

2

n 
olors.

A marginal improvement over the greedy algorithm (Theorem 4.1) has been

a
hieved by Krivelevi
h and Sudakov [31℄, who provided a randomized polynomial

time algorithm that 
olors almost every graph on n verti
es is n=(log

2

n+


p

log

2

n)


olors for every positive 
onstant 
, thus outputting a 
oloring with 
olor 
lasses

of average size log

2

n + 


p

log

2

n, 
ompared to log

2

n��(log logn) of the greedy

algorithm. Again, the 
riti
al task here is to �nd an independent set of size log

2

n+




p

logn. This is a
hieved in [31℄ by running the greedy algorithm for �nding an

independent set I of size jI j = log

2

n � 2


p

logn in the �rst n=2 verti
es of the

graph. The set U of non-neighbors of I in the se
ond half of the graph has then

almost surely about 2

2


p

log

2

n

verti
es and 
ontains inside an independent set I

1

of size (1�o(1))2 log

2

jU j = (1�o(1))4


p

log

2

n, whi
h 
an be found in polynomial

time by 
he
king exhaustively all

�

jUj

4


p

log

2

n

�

subsets of U of the appropriate size.

The union of I and I

1

forms a desired independent set.

There is (at least) one reason to believe that it would be hard to break the

log

2

n+ �(

p

logn) barrier. Going ba
k to the expe
tation (1) of the number of in-

dependent sets of size k, we 
an easily 
he
k that f(k) is polynomially smaller than

the total number of independent sets in G(n; 0:5) only if k � log

2

n + �(

p

logn).

This may indi
ate that �nding independent sets of larger size may take superpoly-

nomial time. Further dis
ussion 
an be found in [31℄.
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5 Approximating the 
hromati
 number in ex-

pe
ted polynomial time

As dis
ussed above, the greedy algorithm is quite su

essful for most of graphs,

providing a 
oloring that uses about twi
e as many 
olors as an optimal 
oloring.

But there are some (very rare though) graphs for whi
h the greedy 
oloring per-

forms rather miserably. On the other hand, one 
annot probably expe
t to design

a 
oloring algorithm that beats signi�
antly the trivial approximation ratio n for

all graphs, due to the 
omplexity results stated in Se
tion 2. It is therefore desir-

able to provide a 
oloring algorithm with a guaranteed approximation ratio for all

graphs on n verti
es and with running time polynomial on average in n. We thus

arrive naturally at the 
on
ept of algorithms with expe
ted polynomial running

time.

Given an algorithm A whose domain is the set of all graphs on n verti
es,

and a probability distribution Pr[�℄ on the same set, the expe
ted running time of

A is de�ned as

P

G

Pr[G℄R

A

(G), where the sum runs over all graphs on n verti
es,

Pr[G℄ is the probability of G a

ording to the 
hosen probability measure, and

R

A

(G) is the running time of A on G. Thus, while looking for an algorithm A whose

expe
ted running time is polynomial, we 
an allow A to spend a superpolynomial

time on some graphs on n verti
es, but it should be eÆ
ient on average.

Observe that if an algorithm A has expe
ted polynomial running time with

respe
t to the probability distribution P (�), then A is polynomial for almost all

graphs a

ording to P . Therefore, it is more diÆ
ult to develop algorithms with

expe
ted polynomial running time than algorithms that perform the same algo-

rithmi
 task for almost all graphs.

Obviously the problem is quite sensitive to the 
hoi
e of the underlying proba-

bility distribution. In this se
tion we 
on
entrate on the 
ase where the distribution

is 
hosen to be G(n; p), the binomial random graph. There have been a few papers

addressing di�erent probability distributions, we will dis
uss some of them later.

Krivelevi
h and Vu prove in [32℄ the following result on the existen
e of an

approximate 
oloring algorithm with expe
ted polynomial running time:

Theorem 5.1 For any 
onstant � > 0 the following holds. If the edge proba-

bility p(n) satis�es n

�1=2+�

� p(n) � 0:99, then there exists a deterministi



oloring algorithm, approximating the 
hromati
 number �(G) within a fa
tor

O((np)

1=2

= logn) and having polynomial expe
ted running time over G(n; p).

Thus in the most basi
 
ase p = 0:5 we get a 
oloring algorithm with ap-

proximation ratio O(

p

n= logn) { a 
onsiderable improvement over best known

approximation algorithm for the worst 
ase [19℄, whose approximation ratio is

only O(n=polylog(n)). Note also that the approximation ratio de
reases with the

edge probability p(n).

Before des
ribing the basi
 idea of the algorithm of [32℄, we would like to say a

few words about 
ombinatorial ideas forming the 
ore of its analysis. As is typi
ally

the 
ase with developing algorithms whose expe
ted running time is polynomial,

we need to distinguish eÆ
iently between "typi
al" graphs in the probability spa
e

G(n; p), for whi
h it is relatively easy to provide a good approximation algorithm,

and "non-typi
al" ones, whi
h are rare but may be hard for approximating a

desired quantity. As these rare and possibly hard graphs have an exponentially

small probability in G(n; p), this gives us a possibility to spend an exponential
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time on ea
h of them. This in turn enables to approximate the 
hromati
 number

within the desired fa
tor even for these graphs.

A separation between typi
al and non-typi
al instan
es will be made based on

the �rst eigenvalue of an auxiliary matrix, to be de�ned later. Then we will apply

a large deviation result to show that this eigenvalue deviates from its expe
tation

with exponentially small probability, and thus bad instan
es are indeed extremely

rare. Thus our main tools will 
ome from two seemingly unrelated �elds - graph

spe
tral te
hniques and large deviation inequalities.

We now des
ribe a proof of a somewhat weaker version of Theorem 5.1 for

the 
ase p = 0:5. Re
all that a

ording to Theorem 4.2 the probability that the

greedy algorithm fails to 
olor a graph in G(n; 0:5) in 1 + o(1))n= log

2

n 
olors is

less than n

�n

. Therefore we 
an run the greedy algorithm, and then apply the

exhaustive sear
h for graphs 
olored by more than, say, 2n= log

2

n 
olors.

In order to show that the greedy 
oloring is within

~

O(

p

n) fa
tor from an op-

timal 
oloring of a graph G, we need to bound from below the 
hromati
 number

of G. As �(G) � n=�(G), it is enough to 
ertify that �(G) =

~

O(

p

n). We thus

need an eÆ
iently 
omputable graph parameter that bounds from above the inde-

penden
e number of G. Given a graph G = (V;E) with vertex set V = f1; : : : ; ng

de�ne an n-by-n matrix M = (m

ij

) as follows:

m

ij

=

�

1; if i; j are non-adja
ent in G,

�1; otherwise ;

(4)

Then M is a real symmetri
 matrix and has therefore n real eigenvalues �

1

�

�

2

� : : : � �

n

. The 
onne
tion between �(G) and the �rst eigenvalue �

1

(M(G))

is given by the following lemma.

Lemma 5.2 Let M = M(G) be as de�ned in (4). Then �

1

(M) � �(G).

Proof. Let k = �(G). Then M 
ontains a k by k blo
k of all 1's, indexed by

the verti
es of an independent set of size k. It follows from interla
ing (see, e.g.,

Chapter 31 of [51℄) that �

1

(M) � �

1

(1

k�k

) = k.

(In fa
t, �

1

(M(G)) is an upper bound not only for the independen
e number

of G, but also for its Lov�asz theta-fun
tion [36℄.)

The spe
trum of a real symmetri
 matrix 
an be eÆ
iently 
al
ulated within

any desired pre
ision. So if we 
al
ulate �

1

(M(G)) and see that �

1

(M(G)) =

~

O(

p

n), then we have a 
erti�
ate of the desired lower bound for �(G).

What is a typi
al value of �

1

(M(G))? Re
all that G is distributed a

ording

to G(n; 0:5), and therefore M(G) is a random symmetri
 matrix, ea
h of its entries

above the main diagonal is independently 1 or�1 with probability 0:5. This enables

us to apply known results on eigenvalues of random symmetri
 matri
es. F�uredi

and Koml�os proved in [14℄ that

E[�

1

(M)℄ = (1 + o(1))2

p

n :

This shows that typi
ally �

1

(M(G)) is of order

p

n.

Now we need to estimate the probability that �

1

(M(G)) is signi�
antly larger

than its expe
tation. The desired estimate is provided by the following large devi-

ation result from [32℄ (see also [4℄ for a more general result):
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Lemma 5.3 Let M = (m

ij

) be an n-by-n random symmetri
 matrix with all

entries bounded by 1 in their absolute values. Then for all t > 0,

Pr[�

1

(M) > E[�

1

(M)℄ + t℄ � 2e

�(1+o(1))t

2

=32

:

This lemma is proven by applying the Talagrand 
on
entration of measure inequal-

ity, see [32℄, [4℄ for details of the proof.

Plugging an estimate of F�uredi and Koml�os on E[�

1

(M)℄ in the above lemma

we 
on
lude that Pr[�

1

(M(G)) � 6

p

n logn℄ < n

�n

.

Now we have at hand all ne
essary ingredients to formulate our 
oloring

algorithm and analyze its performan
e.

Step 1. Run the greedy algorithm on G. Let C be the resulting 
oloring. If C uses

more than 2n= log

2

n 
olors, go to Step 3;

Step 2. De�ne M = M(G) a

ording to (4) and 
ompute �

1

(M). If �

1

(M) �

6

p

n lnn, output C;

Step 3. Find an optimal 
oloring by the exhaustive sear
h and output it.

Let us verify that the above algorithm approximates �(G) within a fa
tor

of O(

p

n= logn). If 
oloring C is output at Step 2, then jCj � 2n= log

2

n and

�(G) � n=�(G) � n=�

1

(G) � O(

p

n= logn), implying jCj=�(G) = O(

p

n= logn).

Of 
ourse, if we ever get to Step 3 of the algorithm, an optimal 
oloring is output.

To estimate the expe
ted running time, observe that Steps 1 and 2 take

obviously a polynomial in n number of steps. The probability of getting to Step 3

is at most O(n

�n

) as follows from the above dis
ussion. As the 
omplexity of Step

3 is O(n

n

poly(n)) the desired expe
ted running time estimate follows.

A more 
areful implementation of the same basi
 idea enables to shave o�

an extra logarithmi
 fa
tor from the above des
ribed result. We refer the reader

to [32℄ for details.

Resear
h Problem 2 Find a 
oloring algorithm with approximation ratio o(

p

n= logn)

and polynomial expe
ted running time over the probability spa
e G(n; 0:5).

Resear
h Problem 3 Find 
oloring algorithms with good approximation ratios

and polynomial expe
ted running time in probability spa
es G(n; n

�a

) for a > 0:5.

6 De
iding k-
olorability in expe
ted polynomial

time

In this se
tion we 
ontinue our 
overage of 
oloring algorithms with expe
ted poly-

nomial running time in probability spa
es G(n; p). The subje
t here is algorithms

for de
iding k-
olorability.

As stated in Se
tion 2, de
iding k-
olorability in NP-
omplete for every �xed

k � 3. Observe however that for absolute most of the graphs G on n verti
es the

answer to the question whether G is k-
olorable is "No":

Proposition 6.1 For every �xed positive integer k, the random graph G(n; 0:5)

is non-k-
olorable with probability 1� 2

��(n

2

)

.
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Proof. If G has n verti
es and is k-
olorable then it 
ontains an independent set

of size at least n=k. The probability of the latter event in G(n; 0:5) is at most:

�

n

n

k

�

2

�

(

2

)

< 2

n

� 2

��(n

2

)

= 2

��(n

2

)

:

The above proposition indi
ates that it should be probably easy to de
ide

k-
olorability qui
kly on average { the answer is "No" for vast majority of the

graphs, and ex
eptional instan
es are very rare. And indeed, Wilf showed in [52℄

that the ba
ktra
k algorithm for de
iding k-
olorability in graphs on n verti
es

has a 
onstant expe
ted running time over G(n; 0:5) as n approa
hes in�nity. For

instan
e, a ba
ktra
k sear
h tree for 3-
oloring a graph has an average of about

197 nodes only! The ba
ktra
k sear
h tree of a graph G with vertex set f1; : : : ; ng

is the tree whose nodes are on levels 0; : : : ; n, and in whi
h there is a node on level

i 
orresponding to every proper k-
oloring of the subgraph of G indu
ed by its

�rst i verti
es. A node v

0

at level i is 
onne
ted by an edge to a node v

00

at level

i+ 1 if the 
olors of verti
es 1; : : : ; i are the same at v

0

and v

00

. Level 0 
ontains a

single root node, 
orresponding to the empty 
oloring.

In fa
t, it is quite easy to see why there exists an algorithm for de
iding

k-
olorability in 
onstant expe
ted time. To show this, �x t = C(k)n edge disjoint


opies K

1

; : : : ;K

t

of the 
omplete graph K

k+1

in the 
omplete graph on n verti
es,

where C(k) is a large enough 
onstant (this is of 
ourse feasible, as in fa
t �(n

2

)

su
h 
opies 
an be found). The probability of ea
h 
opy K

i

to appear in the random

graph G(n; 0:5) is 2

�

(

k+1

2

)

, whi
h is a 
onstant. The appearan
e of a 
opy of K

k+1

is G(n; 0:5) 
an serve as a 
erti�
ate for non-k-
olorability. Our algorithm s
ans


hosen 
opies K

i

looking for a 
lique on k + 1 verti
es. If su
h 
lique is found,

the algorithm reje
ts the graph G. If no su
h 
opy is found, the algorithm de
ides

k-
olorability of G by performing the exhaustive sear
h. The 
orre
tness of the

above algorithm is immediate. To estimate the expe
ted running time, observe

the running time of the �rst phase is the trun
ated geometri
 distribution with

parameter p = 2

�

(

k+1

2

)

= �(1) and has therefore a 
onstant expe
tation. The

probability of ever getting to the se
ond phase 
an be made mu
h smaller than

k

�n

by 
hoosing the 
onstant C(k) large enough, and hen
e the expe
ted number

of steps spent at the se
ond phase is o(1).

The problem be
omes signi�
antly harder as the edge probability p(n) de-


reases. Bender and Wilf proved [6℄ that in this 
ase the ba
ktra
k algorithm has

expe
ted running time e

�(1=p)

, i.e., be
omes exponential in n. Also, one 
an easily

show that for every �xed k � 3, if the edge probability p satis�es p(n) = o(n

�2=k

),

then a.s. every subgraph of G(n; p) with a bounded number of verti
es is k-


olorable, and thus one 
annot hope to �nd a 
erti�
ate for non-k-
olorability

by performing lo
al sear
h only.

Here we present an algorithm from [30℄ for de
iding k-
olorability in expe
ted

polynomial time in G(n; p) for every �xed k � 3, as long as p(n) � C=n, where

C = C(k) > 0 is a suÆ
iently large 
onstant. Our algorithm 
an be immediately

extended for larger values of p(n). Note that if C is suÆ
iently large, the random

graph G(n; p) is not k-
olorable with probability 1 � e

��(n)

. Therefore the algo-

rithm still reje
ts most of the graphs from G(n; p). In order to be able to reje
t an

input graph, the algorithm needs some graph parameter whose value 
an serve as

a 
erti�
ate for non-k-
olorability. This parameter should be 
omputable in poly-

nomial time. The parameter we will use in our algorithm is the so 
alled ve
tor
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hromati
 number of a graph [24℄. Besides being 
omputable in polynomial time,

the ve
tor 
hromati
 number turns out to be extremely robust, and the probabil-

ity that its value is small is exponentially small in n. This will enable us to invest

exponential time in "ex
eptional" graphs, i.e. those with small ve
tor 
hromati


number.

Let us now provide ne
essary ba
kground on the ve
tor 
hromati
 number.

This 
on
ept has been introdu
ed by Karger, Motwani and Sudan in [24℄. Suppose

we are given a graph G = (V;E) with vertex set V = f1; : : : ; ng. A ve
tor k-


oloring of G is an assignment of unit ve
tors v

i

2 R

n

to the verti
es of G so

that for every edge (i; j) 2 E(G) the standard s
alar produ
t of the 
orresponding

ve
tors v

i

; v

j

satis�es the inequality (v

i

; v

j

) � �

1

k�1

. The graph G is 
alled ve
tor

k-
olorable if su
h a ve
tor k-
oloring exists. Finally, the ve
tor 
hromati
 number

of G, whi
h we denote by v�(G), is the minimal real k � 1 for whi
h G is ve
tor

k-
olorable.

Karger, Motwani and Sudan established the 
onne
tion between the usual


hromati
 number of a graph, �(G), and its ve
tor 
hromati
 number, v�(G).

Below we repeat some of their arguments and 
on
lusions.

Lemma 6.2 If �(G) = k, then G is ve
tor k-
olorable. Thus, v�(G) � �(G).

Proof. The statement will follow easily from the proposition below.

Proposition 6.3 For every k � n+ 1, there exists a family fv

1

; : : : ; v

k

g of k unit

ve
tors is R

n

satisfying (v

i

; v

j

) = �

1

k�1

for every 1 � i 6= j � k.

Proof. The existen
e of su
h a family 
an be proven by indu
tion on n, as in

[24℄. Here we present an alternative proof.

Clearly it is enough to prove the proposition for the 
ase k = n + 1 (if

k < n + 1, �nd su
h a family in R

k�1

and 
omplete the found ve
tors by zeroes

in the last n � k + 1 
oordinates to get the desired family). De�ne an n-by-n

matrix A = (a

ij

) by setting a

ii

= 1 for 1 � i � n, and a

ij

= �1=n for all

1 � i 6= j � n. Then A is a symmetri
 positive de�nite matrix (the eigenvalues of A

are �

1

= : : : = �

n�1

= 1+1=n, �

n

= 1=n). Therefore it follows from standard linear

algebra results that there exists a family fv

1

; : : : ; v

n

g of n ve
tors in R

n

so that

a

ij

= (v

i

; v

j

) for all 1 � i; j � n. In parti
ular, (v

i

; v

i

) = a

ii

= 1, so all members of

this family are unit ve
tors. Also, (v

i

; v

j

) = a

ij

= �1=n for all 1 � i 6= j � n. Set

now v

n+1

= �(v

1

+ : : :+ v

n

). Then (v

n+1

; v

n+1

) = (v

1

+ : : :+ v

n

; v

1

+ : : :+ v

n

) =

n � 1 + 2

�

n

2

�

(�1=n) = 1, and v

n+1

is a unit ve
tor as well. Also, for all 1 � i � n,

(v

i

; v

n+1

) = (v

i

;�v

1

�: : :�v

n

) = �1+(n�1)=n = �1=n. Hen
e, fv

1

; : : : ; v

n

; v

n+1

g

forms the desired family.

Returning to the proof of the lemma, we argue as follows. Let V = C

1

[

: : :[C

k

be a k-
oloring of G. Based on the above proposition, we 
an �nd a family

fv

1

; : : : ; v

k

g of unit ve
tors in R

n

so that (v

i

; v

j

) = �1=(k�1) for all 1 � i 6= j � k.

Now, for ea
h 
olor 
lass C

i

, every vertex from C

i

gets the ve
tor v

i

assigned to

it. The obtained assignment is 
learly a ve
tor k-
oloring of G.

The most important algorithmi
 feature of the ve
tor 
hromati
 number,

noti
ed by Karger et al., is that it is polynomially 
omputable. Formally, if a graph

G on n verti
es is ve
tor k-
olorable, then a ve
tor (k + �)-
oloring of the graph


an be 
onstru
ted in time polynomial in k; n and log

1

�

. This is due to the fa
t

that ve
tor 
hromati
 number 
an be represented as a solution of a Semide�nite

Program and as su
h is polynomial time 
omputable (see [17℄).
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Another 
on
ept, needed for the analysis of our algorithm and borrowed again

from [24℄, is that of a semi-
oloring. Given a graph G = (V;E) on n verti
es and

an integer 1 � t � n, a semi-
oloring of G in t 
olors is a family (C

1

; : : : ; C

t

),

where ea
h C

i

� V (G) is an independent set in G, the subsets C

i

are pairwise

disjoint, and j

S

t

i=1

C

i

j �

n

2

.

Lemma 6.4 [24℄ For any k � 3, there exist 
 = 
(k) > 0; n

0

= n

0

(k) > 0 so that

the following holds. For any n > n

0

and for any graph G on n verti
es and with

m > n edges, if v�(G) � k then there exists a semi-
oloring of G in t 
olors, where

t � 


�

m

n

�

k�2

k

ln

1=2

�

m

n

�

:

Thus the assumption that the ve
tor 
hromati
 number of G is small enables

to 
laim the existen
e of many pairwise disjoint and large on average independent

sets in G.

Now we formulate an algorithm for de
iding k-
olorability. As the reader will

see immediately, the algorithm is extremely simple and in a sense just 
al
ulates

the ve
tor 
hromati
 number of an input graph.

Input: An integer k � 3 and a graph G = (V;E) on n verti
es.

Step 1. Cal
ulate the ve
tor 
hromati
 number v�(G) of the input graph G;

Step 2. If v�(G) > k, output "G is not k-
olorable";

Step 3. Otherwise, 
he
k exhaustively all k

n

potential k-
olorings of G. If a

proper k-
oloring of G is found, output "G is k-
olorable", else output "G is

not k-
olorable".

The 
orre
tness of the algorithm is immediate from Lemma 6.2. Let us show

that its expe
ted running time is polynomial in G(n;C=n) for C = C(k) large

enough. Steps 1 and 2 of the algorithm take polynomial time. Noti
e that we get

to Step 3 only if v�(G) � k. At Step 3 we 
he
k exhaustively all k

n

potential

k-
olorings of G, and 
he
king ea
h potential 
oloring 
osts us time polynomial in

n. Therefore it takes at most k

n

poly(n) time to perform Step 3. Thus it is enough

to prove the following lemma:

Lemma 6.5 If C = C(k) > 0 is large enough, and G is distributed a

ording to

G(n; p) with p = C=n, then

Pr[v�(G) � k℄ � k

�n

:

Proof. The proof is based on the following te
hni
al propositions about the

probability spa
e G(n; p).

Proposition 6.6 If C > 0 is large enough then

Pr[jE(G)j � 2n

2

p℄ � 1� o(k

�n

) :

Proposition 6.7 For every �xed 
 > 0, k � 3, if C > 0 is large enough then the

following is true in G(n; p) with p = C=n. Let t = 
(2C)

k�2

k

ln

1=2

(2C). Then

Pr[G has a semi-
oloring in t 
olors℄ = o(k

�n

) :
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Assuming the above two propositions hold, we prove now Lemma 6.5. By

Proposition 6.6 we may assume that G has at most 2n

2

p = 2Cn edges. If the ve
tor


hromati
 number of su
h a graph is at most k, then by Proposition 6.4 G has

a semi-
oloring in t = 
(m=n)

(k�2)=k)

ln

1=2

(m=n) � 
(2C)

(k�2)=k

ln

1=2

(2C) 
olors.

However, by Proposition 6.7 this happens in G(n; p) with probability o(k

�n

).

Both Propositions 6.6 and 6.7 are proven by straightforward 
al
ulations,

quite standard for the probability spa
e G(n; p). We omit the details here, referring

the reader to [30℄.

Resear
h Problem 4 Find an algorithm for de
iding k-
olorability whose ex-

pe
ted running time is polynomial over G(n; p) for any value of the edge probability

p = p(n).

Note that if p(n) � 
=n with 
 = 
(k) > 0 suÆ
iently small, then G(n; p) is k-


olorable almost surely (see, e.g. [43℄), and the algorithm should thus a

ept most

of the input graphs. The problem be
omes espe
ially 
hallenging when p(n) is 
lose

to the threshold probability for non-k-
olorability. This is due to the widespread

belief that typi
al instan
es at the non-
olorability threshold are 
omputationally

hard (see, e.g., [10℄ for a relevant dis
ussion).

Resear
h Problem 5 Find an algorithm for de
iding k-
olorability in expe
ted

polynomial time in G(n; p) when the parameter k is a growing fun
tion of n: k =

k(n).

The apparent diÆ
ulty here lies in the fa
t that the ve
tor 
hromati
 number

seems no longer be useful as Lemma 6.4 degenerates to a trivial statement already

for k � logn.

7 Coloring random k-
olorable graphs

The somewhat 
ontradi
tory title of this se
tion should not 
onfuse the reader {

of 
ourse, a k-
oloring of the input graph is not known to an algorithm, and the

task it to re
over it or to �nd some k-
oloring.

We should �rst de�ne models or probability spa
es we will be working with.

The �rst one, whi
h we denote by G(n; p; k) is formed as follows. The vertex set

is a union of k disjoint subsets of V

1

; : : : ; V

k

of size n ea
h, and for every pair

of verti
es u 2 V

i

; v 2 V

j

; i 6= j, (u; v) is an edge of G(n; p; k) independently

and with probability p = p(n). The se
ond model G

S

(n; p; k), usually 
alled the

semi-random model, is more 
ompli
ated { �rst a random graph G is generated

a

ording to the distribution G(n; p; k), and then the adversary 
an for every non-

edge (u; v) of G, where u and v belong to di�erent 
olor 
lasses, add this pair to

the set of edges. Adding extra edges to the otherwise random graph G(n; p; k) 
an

spoil its random stru
ture, making the task of re
overing its k-
oloring signi�
antly

more diÆ
ult. Of 
ourse, the resulting graphs in both models are guaranteed to be

k-
olorable with proper 
oloring (V

1

; : : : ; V

k

), but this k-
oloring is not ne
essarily

unique, and in fa
t the resulting graph 
an even have 
hromati
 number smaller

than k. It should be 
lear to the reader that those two models are not the most

general ones, and quite a few other models of random k-
olorable graphs exist

(see, e.g., Se
tion 1 of [49℄ for a detailed dis
ussion). In this survey we will mostly

restri
t ourselves with the 
ase of a 
onstant k � 3, although some of the results

we will des
ribe work for growing k = k(n) as well.
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Just as in the previous se
tions, we will 
onsider here two algorithmi
 tasks.

The �rst task is to provide an algorithm that k-
olors in polynomial time almost

all graphs in a 
hosen probability spa
e. The se
ond, more 
hallenging task is to

give a k-
oloring algorithm with expe
ted polynomial running time.

Let us start with the random model G(n; p; k) and the edge probability p =

0:5. This value of the edge probability is the most natural 
hoi
e as most k-
olorable

graphs are easily seen to have a quadrati
 number of edges. Turner [50℄ proposed

the following very simple algorithm for �nding a.s. a k-
oloring in this 
ase. The

algorithm of Turner starts with �nding a 
lique K = fv

1

; : : : ; v

k

g of size k in G and


oloring its verti
es arbitrary in k distin
t 
olors. Then the algorithm repeatedly

sear
hes for an un
olored vertex v that has neighbors in exa
tly k � 1 
olors, and


olors su
h a vertex in a unique available 
olor. It is rather easy to see that for a


onstant k su
h a vertex 
an almost surely be found at ea
h step. Turner proves

in fa
t that the above algorithm works as long as the number of 
olors k satis�es

k � (1� �) log

2

n. The result of Turner has been strengthened by Dyer and Frieze

[11℄, who proposed an algorithm for �nding a k-
oloring in G(n; 0:5; k) in O(n

2

)

expe
ted time. As the number of edges in G(n; 0:5; k) is almost surely quadrati


in n, the algorithm of Dyer and Frieze 
olors this random graph in linear in the

number of edges expe
ted time.

An equally simple algorithm has been proposed by Ku�
era [34℄ for the 
ase

of k � Cn= logn. (It 
ould be helpful for the reader to note here that a formal

statement of Ku�
era's result in his paper appears di�erent; this is due to the fa
t

that he 
onsiders the probability spa
e of k-
olorable graphs on n verti
es, so if

k = �(

p

n= logn) in his result, this approximately translates to �(n= logn) 
olors

in our setting). Observe that if verti
es u; v belong to the same 
olor 
lass V

i

of

G(n; p; k), then the number of their 
ommon neighbors is binomially distributed

with parameters (k � 1)n; p

2

), while if u and v 
ome from distin
t 
olor 
lasses

u 2 V

i

; v 2 V

j

; i 6= j, the number of their 
ommon neighbors is again binomially

distributed, but this time with parameters (k � 2); n; p

2

). Therefore we expe
t a

pair of verti
es in the same 
olor 
lass to have more 
ommon neighbors than a pair

from di�erent 
olor 
lasses. Using standard bounds on the tails of the binomial

distribution, one 
an easily show that for the 
ase p = 0:5, k � 
n= logn, almost

surely the number of 
ommon neighbors of any two verti
es in the same 
olor 
lass

is stri
tly larger than the number of 
ommon neighbors in di�erent 
olor 
lasses.

We 
an thus use the number of 
ommon neighbors to 
lassify verti
es into the

same of di�erent 
olor 
lasses. Te
hni
al details of the proof 
an be easily �lled or

alternatively found in [34℄.

Resear
h Problem 6 Find an algorithm that almost surely k-
olors a random

graph G(n; 0:5; k) for k � n.

However, as the edge probability p = p(n) de
reases, it be
omes harder and

harder to �nd a k-
oloring in G(n; p; k) even for �xed k. This should not be sur-

prising { the more random edges we have, the more evident be
omes the pre�xed


oloring s
heme. Still, algorithms are known even for very sparse random graphs.

The best a
hievement belongs to Alon and Kahale [1℄, who gave an algorithm for

k-
oloring G(n; p; k) for p � C=n, where C = 
(k) is a large enough 
onstant.

Noti
e that if p = C=n, then the random graph has typi
ally only a linear in n

number of edges, and a linear number of verti
es are isolated.

Let us des
ribe brie
y the main idea of the algorithm of [1℄ for the 
ase

of k = 3 
olors. Denote d = pn, then d is the expe
ted number of neighbors of
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every vertex v 2 V

i

in every other 
olor 
lass. Let us assume for simpli
ity that

every vertex v has indeed exa
tly d neighbors in every other 
olor 
lass in G.

Consider the adja
en
y matrix A = A(G) of G. Let �

1

� : : : � �

3n�1

� �

3n

be the eigenvalues of A, and e

1

; : : : ; e

3n�1

; e

3n

be the 
orresponding orthonormal

basis of eigenve
tors. The largest eigenvalue of A is then �

1

= d, and the spe
trum

of A is in the interval [�d; d℄. Let F be the 2-dimensional subspa
e of all ve
tors

x = (x

v

: v 2 V ) that are 
onstant on every 
olor 
lass, and whose sum is zero:

P

v2V

x

v

= 0. A simple 
al
ulation shows that any non-zero ve
tor from F is an

eigenve
tor of A with eigenvalue �d. One 
an also show that almost surely the

multipli
ity of the eigenvalue �d is two, and thus F is in fa
t the eigenspa
e of

�d. Therefore any linear 
ombination t of the ve
tors e

3n�1

and e

3n

(both 
an

be eÆ
iently 
omputed) is 
onstant on every 
olor 
lass. Now we �nd a non-zero

linear 
ombination t of e

3n�1

and e

3n

, whose median is zero, that is, the numbers

of positive and negative 
omponents of t both do not ex
eed 3n=2. (It is easy to see

that su
h a 
ombination always exists and 
an be found eÆ
iently.) Normalizing

su
h t to have it with l

2

-norm

p

2n, we get a ve
tor t

0

whose 
oordinates take

values 0,1 or �1 depending on the 
olor 
lass. De�ning now

V

1

= fv 2 V : t

0

v

= 0g ;

V

2

= fv 2 V : t

0

v

= 1g ;

V

3

= fv 2 V : t

0

v

= �1g ;

we get a proper 
oloring of G in three 
olors. The real algorithm of Alon and

Kahale is of 
ourse mu
h more 
ompli
ated, it starts from de�ning an approximate


oloring (V

1

; V

2

; V

3

) a

ording to the last two eigenve
tors e

3n�1

; e

3n

as des
ribed

above, and then re�nes it to get a proper 
oloring.

Very re
ently, M
Sherry [40℄ des
ribed a very general spe
tral algorithm, ap-

pli
able to several partitioning problems in random graphs. This algorithm di�ers

signi�
antly from the one of Alon and Kahale, and when applied to the k-
oloring

problem works for the edge probability p(n) down to p(n) � 
 log

3

(n)=n.

Resear
h Problem 7 Find an algorithm that k-
olors almost every graph in

G(n; 
=n; k) for a �xed k � 3, for all values of the 
onstant 
 > 0.

If the 
onstant 
 in the above problem is small enough, the random graph

G(n; 
=n; k) almost surely does not 
ontain a subgraph with minimal degree k

and hen
e 
an be easily 
olored by a greedy-type algorithm. The problem is most


hallenging for moderate values of 
.

The expe
ted time version of the problem has been 
onsidered by Subra-

manian in [48℄, who proposed a k-
oloring algorithm with expe
ted running time

polynomial in n as long as p(n) � n

�a

and a < 3=4. It would be interesting to

obtain 
oloring algorithms with polynomial expe
ted time for smaller values of the

edge probability p(n).

Let us now swit
h to the semi-random model G

S

(n; p; k). This model has

been 
onsidered by Blum and Spen
er [7℄, who applied the so-
alled for
ed 
olor-

ing approa
h. To explain this approa
h, assume that verti
es u; v of G are fully


onne
ted to a 
ommon 
lique of size k � 1. Then every proper k-
oloring of G

should put u; v in the same 
olor 
lass. Blum and Spen
er implemented this ap-

proa
h as follows: (a) Given a graph G = (V;E), de�ne a new graph G

0

= (V; F )

where (u; v) 2 F if u and v are both adja
ent to a 
ommon (k � 1)-
lique; (b)

Find all 
onne
ted 
omponents of G

0

. If G

0


ontains exa
tly k 
onne
ted 
ompo-

nents, then they 
oin
ide with 
olor 
lasses of the original graph G. Returning to
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the probability spa
e G

S

(n; p; k), observe that adding edges to the random graph

G � G(n; p; k) 
an only add edges in the 
orresponding auxiliary graph G

0

, and

hen
e it is enough to show that already in G(n; p; k) almost surely the graph G

0

has exa
tly k 
onne
ted 
omponents. The expe
ted number of 
opies of K

k+1

� e

be
omes linear in n for p(n) = n

�

2k

(k�1)(k+2)

, and Blum and Spen
er were able to

show that in
reasing this probability a bit (say, by fa
tor n

�

for any � > 0) suÆ
es

to get almost surely k 
onne
ted 
omponents in G

0

. Later, Subramanian, F�urer

and Veni Madhavan [49℄ extended the result of Blum and Spen
er by giving a

k-
oloring algorithm for G

S

(n; p; k) with expe
ted polynomial time for the same

range of edge probabilities.

The best result for the semi-random 
oloring problem has been obtained by

Feige and Kilian [13℄:

Theorem 7.1 For every 
onstant k, there is a polynomial time algorithm that k-


olors almost graphs in the probability spa
e G

S

(n; p; k) for p(n) � (1 + �)k lnn=n.

Feige and Kilian observed also that the above result is 
lose to optimal, as

given by the next theorem:

Theorem 7.2 Let � > 0, k � 3 be 
onstants and let p(n) � (1 � �) lnn=n. Then

unless NP � BPP , every random polynomial time algorithm will fail almost surely

to k-
olor a semi-random graph from G

S

(n; k; p).

We do not intend to 
over a rather 
ompli
ated algorithm of Feige and Kilian

here. Very brie
y, it starts by �nding a large independent set in G

S

(n; p; k), using

Semide�nite Programming in the spirit of Lemma 6.4. This independent set I is

shown to belong almost entirely to one of the 
olor 
lasses V

i

. Then I is puri�ed

to get rid of the verti
es outside V

i

, and then remaining verti
es from V

i

are found

to re
over one 
olor 
lass 
ompletely; the algorithm then pro
eeds to re
overing

the next 
olor 
lass and so on.

Finally we note that a random graph G(n; p; k) 
an have in fa
t 
hromati


number less than k. Subramanian in [47℄ provides algorithms that 
olor G(n; p; k)

and G

S

(n; p; k) in minimal possible number of 
olors in expe
ted polynomial time,

as long as p(n) � n

�
(k)+�

for the random model and p(n) � n

��(k)+�

for the

semi-random model, where 
(k) =

2k

k

2

�k+2

and �(k) =

2k

(k�1)(k+2)

.
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