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Abstra
t

This paper investigates the addition of random edges to arbitrary dense graphs; in

parti
ular, we determine the number of random edges required to ensure various monotone

properties in
luding the appearan
e of a �xed size 
lique, small diameter and k-
onne
tivity.

1 Introdu
tion

We 
onsider the following random graph model, whi
h was introdu
ed in [1℄: a

�xed graph H = (V;E) is given and a set R of m edges is 
hosen uniformly at

random from

�

V

2

�

nE (i.e. R is a subset of the non-edges of H) in order to form a

graph

G

H;m

= (V;E [ R):

For a �xed 
onstant 0 < d < 1 let G(n; d) denote the set of graphs on vertex set

[n℄ whi
h have minimum degree at least dn. We will refer to these graphs as dense

graphs. We 
onsider G

H;m

where H is an arbitrary graph in G(n; d).

In the 
lassi
al model of a random graph (Erd}os and R�enyi [6℄) we add random

edges to an empty graph, all at on
e or one at a time, and then ask for the prob-

ability that 
ertain stru
tures o

ur. This model is well-studied: it has generated

a wide variety of resear
h in
luding at least two ex
ellent texts, Bollob�as [2℄ and

Janson,  Lu
zak and Ru
i�nski [8℄. There are other random graph models as well.

For example, there is a well established theory of 
onsidering random subgraphs

of spe
ial graphs. In fa
t, our model 
an be seen to be an analogue by taking


omplements.
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The property investigated in [1℄ was hamiltoni
ity: How large must m be in order

to ensure that, with high probability, G

H;m

is hamiltonian (we will say that an

event o

urs with high probability, abbreviated whp, if the probability of that

event approa
hes 1 as n ! 1)? It was proved in [1℄ that there exists a 
on-

stant 
, depending on d, su
h that m � 
n ensures a Hamilton 
y
le in G

H;m

whp. In addition, there is a 
onstant C, depending on d, and a graph H with

minimum degree dn whi
h remains non-hamiltonian when adding as many as Cn

edges. It is well-known (see [2℄, 
h. VIII) that the threshold fun
tion for the

number of random edges required to indu
e a Hamilton 
y
le in an empty graph

is b(n=2)(logn + log logn + �(n))
 for any fun
tion �(n) !1 as n !1. Thus,

although there are more total edges ne
essary to ensure the Hamilton 
y
le in our

model than in G

n;M

, we require fewer random edges.

In this paper we 
onsider the 
lique number, 
hromati
 number, diameter and

vertex 
onne
tivity of G

H;m

. For most of our results, we will be most interested in

the 
ase where d is a small 
onstant. In the 
ase of a Hamilton 
y
le, for example,

no random edges are required for d � 1=2. Note also that 
onne
tivity is one of the

�rst properties to emerge when adding edges. Sin
e every 
onne
ted 
omponent

in a dense graph has at least dn verti
es, adding !(1) random edges will 
ause

the resulting graph to be 
onne
ted whp. Thus, if m random edges give a 
ertain

monotone property monotone P whp then m + !(1) random edges edges give

whp a graph that is both 
onne
ted and has property P .

We �rst look at the number of random edges needed to for
e G

H;m

to 
ontain a


opy of K

r

where r is a 
onstant. For an arbitrary �xed graph H let

m(H) = max

�

e(H

0

)

v(H

0

)

: H

0

� H; v(H

0

) > 0

�

:

For the standard random graph we have the following.

Theorem 1 (Bollob�as [3℄). If H is a �xed graph then

lim

n!1

Pr (G

n;M

� H) =

�

1; if M = !

�

n

2�1=m(H)

�

;

0; if M = o

�

n

2�1=m(H)

�

.

The proof of the above theorem is via the se
ond moment method. Let X

H

denote

the number of 
opies of H in G

n;M

. One 
an 
on
lude something slightly stronger

than stated:

If M = !

�

n

2�1=m(H)

�

then whp X

H

!1: (1)

Note that m(K

r

) = (r � 1)=2. Furthermore, note that if d �

r�2

r�1

then, by the


lassi
 theorem of Tur�an [5℄, only a balan
ed (r� 1)-partite graph fails to 
ontain

a 
omplete K

r

. So, we are only interested in d <

r�2

r�1

. Our main result here is the

following.

Theorem 2. Let r > r

0

� 2 be integers. Let d 2

�

r

0

�2

r

0

�1

;

r

0

�1

r

0

i

be a �xed 
onstant.
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(a). If H 2 G(n; d) and m = !

�

n

2�2=(dr=r

0

e�1)

�

then G

H;m


ontains a K

r

whp.

(b). There exists a graph H

0

2 G(n; d) su
h that if m = o

�

n

2�2=(dr=r

0

e�1)

�

, then

whp G

H

0

;m

fails to 
ontain a K

r

.

Note that if r � 2r

0

then only !(1) random edges are needed to 
reate a K

r

.

For d � 1=2 the minimum value of the 
hromati
 number of G

H;m

taken over

H 2 G(n; d) is largely determined by �(G

n;m

) (the latter is well-studied - see, for

example, [7℄ and [10℄). This observation follows from the simple bound �(G

H;m

) �

�(G

n;m

) and the fa
t that �(G

K

n=2;n=2

;m

) is at most twi
e �(G

n=2;m

). In one sit-

uation Theorem 2 strengthens this lower bound: if m = !(1) then whp G

H;m


ontains a K

4

and �(G

H;m

) � 4.

We now turn to the diameter of G

H;m

, whi
h we denote diam(G

H;m

). If d � 1=2

then diam(H) = 2, and all remaining edges are required to a
hieve diameter 1. We

�rst show that only a small set of random edges is required to get diam(G

H;m

) � 5.

Theorem 3. If H 2 G(n; d) and m = !(1) then whp diam(G

H;m

) � 5.

Note that the number of edges required here is independent of d. By way of


omparison, we note that Bollob�as and Chung showed that whp the diameter of

a graph 
onsisting of a random mat
hing added to an n-
y
le is about log

2

n [4℄.

Next we show that in order to get diam(G

H;m

) < 5 roughly logn random edges

are required.

Theorem 4.

(a). Let H be a graph in G(n; d). If m =

1�d

d

2

logn+!(1) then whp diam(G

H;m

) �

3.

(b). If d < 1=2 then there exists a graph H

0

2 G(n; d) su
h that if m =

log n

�2 log(1�2d)

�

!(1) then whp diam(G

H

0

;m

) � 5.

Finally, we prove that about n logn random edges are required to get diam(G) � 2.

Theorem 5.

(a). Let H be a graph in G(n; d). Ifm =

1�d

d

n logn+!(n) then whp diam(G

H;m

) �

2.

(b). There exists a graph H

0

2 G(n; 1=2) su
h that if m =

1

2

n logn � !(n) then

whp diam(G

H

0

;m

) � 3.

Theorems 3, 4, and 5 establish intervals for m in whi
h the worst 
ase diameter

of G

H;m

is 5, 3 and 2. Note that there is, in a sense, a jump in the worst 
ase

diameter from 5 to 3.
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The �nal property we 
onsider is vertex 
onne
tivity. First note that if d > 1=2

then H 2 G(n; d) is at least (2ddne � n + 2)-
onne
ted. This 
an be seen by the

fa
t that, by removing any set of size 2ddne�n, the resulting graph has minimum

degree at least half the number of verti
es. This means that the resulting graph

has a Hamilton 
y
le and is, thus, at least 2-
onne
ted. Sin
e there are graphs H

whi
h are dis
onne
ted but have minimum degree dn (d < 1=2), we fo
us on the

number of random edges required to make G

H;m

k-
onne
ted for k � 
n, for some


onstant 
 = 
(d) > 0.

Theorem 6.

(a). Let H 2 G(n; d). If k = O(1) and m = !(1) then G

H;m

is k-
onne
ted, whp.

If !(1) � k � d

2

n=32 and m = 640k=d

2

then G

H;m

is k-
onne
ted, whp.

(b). If d < 1=2 then there exists an H

0

2 G(n; d) su
h that whp G

H

0

;m

fails to be

k-
onne
ted for all k su
h that m �

k

2

b

n

dn+1


.

The remainder of the paper is organized as follows. In the next se
tion we estab-

lish some preliminaries that will be used in the proofs. Theorem 2 is proved in

Se
tion 3. In Se
tion 4 we prove Theorems 3, 4 and 5. Finally, we prove Theorem 6

in Se
tion 5.

Remark 1. All of the properties 
onsidered here are monotone in
reasing. We

therefore have an alternative way of adding random edges. We 
an take ea
h non-

edge of H and add it with probability p, 
reating the random graph G

H;p

where

��

n

2

�

� jE(H)j

�

p � m. It then follows, as in Bollob�as [2℄, Theorem 2.2, that for

a monotone in
reasing property P, G

H;p

2 P whp implies G

H;m

2 P whp. This

observation 
an sometimes simplify our 
al
ulations.

2 Preliminaries

We will use the powerful Regularity Lemma of Szemer�edi, whi
h was formally

introdu
ed in [11℄. A survey of appli
ations of the Regularity Lemma is given in

in [9℄. In order to state the Lemma, we need a de�nition. For two disjoint vertex

sets A and B, let e(A;B) denote the number of edges with one vertex in A and

the other in B. Also, let d(A;B) =

e(A;B)

jAjjBj

.

De�nition 1 (Regularity 
ondition). Let � > 0. Given a graph G and two

disjoint vertex sets A � V , B � V , we say that the pair (A;B) is �-regular if for

every X � A and Y � B satisfying

jXj > �jAj and jY j > �jBj

we have

jd(X; Y )� d(A;B)j < �:
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Now we 
an state the Regularity Lemma itself. We will not need the 
lassi
al form

but instead a modi�
ation, known as the Degree Form.

Theorem 7 (Regularity Lemma, Degree Form). For every � > 0 there is an

M = M(�) su
h that if G = (V;E) is any graph and Æ 2 [0; 1℄ is any real number,

then there is a partition of the vertex-set V into ` + 1 
lusters V

0

; V

1

; : : : ; V

`

, and

there is a spanning subgraph G

0

� G with the following properties:

� ` �M ,

� jV

0

j � �jV j,

� all 
lusters V

i

, i � 1, are of the same size L � d�jV je,

� deg

G

0

(v) > deg

G

(v)� (Æ + �)jV j, for all v 2 V ,

� e(G

0

[V

i

℄) = 0, for all i � 1,

� all pairs G

0

(V

i

; V

j

), (1 � i < j � `) are �-regular, ea
h with a density either

0 or greater than Æ.

The sets V

i

(1 � i � `) are de�ned to be 
lusters. In addition, we de�ne the

redu
ed graph. This is the graph, usually denoted G

r

, whi
h has fV

1

; : : : ; V

`

g as

its vertex set and V

i

�

G

r

V

j

if and only if the pair (V

i

; V

j

) is �-regular with density

at least Æ in G

0

.

In papers utilizing the Regularity Lemma, it is 
ustomary to use the notation

\�". The expression �� Æ means that � is \small enough, relative" to Æ.

As we have dis
ussed, all the properties we 
onsider are monotone; that is, if G

has the property in question, then all graphs that have G as a subgraph will have

the property as well. At several times throughout this paper, we will want to

add edges to a subgraph H

0

instead of the original graph H; often, the subgraph

given by Theorem 7. Let P be a monotone property of graphs. A simple 
oupling

argument gives the intuitive result:

Proposition 1. Let H

0

� H. Let G

0

be the graph formed by adding m random

edges to H

0

and G be the graph formed by adding m random edges to H. Then

Pr fG

0

has property Pg � Pr fG has property Pg :

3 Complete subgraphs

Proof of Theorem 2. Let us �rst prove (b). Let H

0

be a 
omplete r

0

-partite graph

with nearly equal parts. The restri
tions on d ensure that this graph satis�es the

5



minimum-degree 
ondition. Note that if r � 2r

0

then we are adding no random

edges, so we hen
eforth assume r > 2r

0

. Let A

1

; : : : ; A

r

0

be the parts of the r

0

-

partition of V (H

0

). By the 
hoi
e of m and Theorem 1, whp the indu
ed graph

G[A

i

℄ 
ontains no K

dr=r

0

e

for i = 1; : : : ; r

0

. If this is the 
ase, then the largest


lique in G has size

r

0

(dr=r

0

e � 1) < r:

To prove part (a) we apply the degree form of the Regularity Lemma. Choose �

and Æ so that �� Æ � d; 1=r and apply Theorem 7 to H with those values, giving

us the subgraph H

0

. The redu
ed graph has minimum degree

(d� Æ � 2�)` >

r

0

� 2

r

0

� 1

`

for Æ; � suÆ
iently small. Therefore, it follows from Tur�an's theorem that there is

a K

r

0

in the redu
ed graph. In other words, there exists a 
olle
tion of 
lusters

A

1

; : : : ; A

r

0

� V (H

0

) su
h that ea
h pair of these sets gives an �-regular pair with

density at least Æ.

We use a fa
t from [9℄. For an arbitrary graph H and v 2 V (H) let N(v) be the

set of verti
es adja
ent to v in H.

Proposition 2 (Interse
tion Property). Let (A;B) be an �-regular pair with

density Æ. If Y � B, and (Æ � �)

k�1

jY j > �jBj then

#

(

(x

1

; x

2

; : : : ; x

k

) : x

i

2 A

�

�

�

�

�

 

k

\

i=1

N(x

i

)

!

\ Y

�

�

�

�

�

� (Æ � �)

k

jY j

)

� k�jAj

k

We add !(n

2�2=(dr=r

0

e�1)

) random edges to H

0

in a sequen
e of r

0

phases. ' = '(n)

will be a fun
tion that goes to in�nity as n ! 1 and we let R = R

1

[ � � � [ R

r

0

where jR

i

j = '

2

n

2�2=(dr=r

0

e�1)

for i = 1; : : : ; r

0

. (Re
all that R is the set of random

edges.)

It follows from (1) that whp R

1

\

�

A

1

2

�


ontains at least ' 
opies of K

dr=r

0

e

. It

follows from the Interse
tion Property that among these whp there exists a 
opy

of K

dr=r

0

e

su
h that interse
tion of the neighborhoods of the verti
es in this K

dr=r

0

e

is large in A

2

; : : : ; A

r

0

; to be pre
ise, whp there exists X

1

� A

1

su
h that

(i) jX

1

j = dr=r

0

e,

(ii)

�

X

1

2

�

� R

1

, and

(iii) For i = 2; : : : ; r

0

we have

�

�

�

�

�

 

\

x2X

1

N(x)

!

\ A

i

�

�

�

�

�

� (Æ � �)

dr=r

0

e

jA

i

j

6



For i = 2; : : : ; r

0

let

A

i;1

=

 

\

x2X

1

N(x)

!

\ A

i

:

In the phase j, j = 2; : : : ; r

0

, we note that it follows from Theorem 1 that whp

R

j

\

�

A

j;j�1

2

�


ontains at least ' 
opies of K

dr=r

0

e

. It then follows from an appli
ation

of the Interse
tion Property that whp there exists X

j

� A

j;j�1

su
h that

(i) jX

j

j = dr=r

0

e,

(ii)

�

X

j

2

�

� R

j

, and

(iii) For i = j + 1; : : : ; r

0

we have

�

�

�

�

�

�

0

�

\

x2X

j

N(x)

1

A

\ A

i;j�1

�

�

�

�

�

�

� (Æ � �)

dr=r

0

e

jA

i;j�1

j

If j < r

0

then, for i = j + 1; : : : ; r

0

, let

A

i;j

=

0

�

\

x2X

j

N(x)

1

A

\ A

i;j�1

:

If j = r

0

then note that X

1

[ � � � [X

r

0

is a K

r

in G

H;m

.

Note that this argument requires

k�

(Æ � �)

r

0

k

2

< 1 and (Æ � �)

r

0

k

> �

where k = dr=r

0

e. Of 
ourse, we 
an attain these inequalities by 
hoosing �

suÆ
iently small.

Remark 2. The proof of Theorem 2 (a) goes through if the 
ondition H 2 G(n; d)

is repla
ed with the 
ondition

X

v2V (H)

deg(v) � 2djV (H)j;

i.e. the average degree of H is at least d. Just as a minimum degree 
ondition on

H implies a minimum degree 
ondition on H

0

that in turns implies a minimum

degree 
ondition on the redu
ed graph, a lower bound on the average degree of H

implies a lower bound on the average degree of H

0

that in turn gives a lower bound

on the average degree of the redu
ed graph. Su
h a bound on the average degree is

all that is required to establish the existen
e of a K

dr=r

0

e

in the redu
ed graph (by

Tur�an's Theorem).

7



4 Diameter

Proof of Theorem 3. We apply the Regularity Lemma to H with parameters ��

Æ � d. This gives us the redu
ed graph H

r

as well as the subgraph H

0

. We will

work with H

0

instead of H by invoking Proposition 1.

For ea
h 
luster V let V

0

be a �xed 
luster su
h that (V; V

0

) is, in H

0

, �-regular

with density at least Æ (i.e. V � V

0

in H

r

). Note that for every vertex x there

exists a 
luster V

x

in whi
h x has large degree in H

0

(note that x 62 V

x

). Indeed,

using the 
onditions of Theorem 7, the minimum degree 
ondition and the fa
t

that jV

0

j � �n, we see that x is adja
ent to at least dn�(Æ+�)n��n = (d�Æ�2�)n

verti
es in

S

`

i=1

V

i

. So, there is a 
luster V

x

su
h that x is adja
ent to at least

(d� Æ � 2�)n

`

� (d� Æ � 2�)L (2)

verti
es in V

x

.

For arbitrary verti
es u and w we �nd a path of length at most 5 from u to w

using the 
lusters V

u

; V

w

; V

0

u

and V

0

w

. Sin
e V

u

�

H

r

V

0

u

, at least (1� �)L verti
es in

V

0

u

are at a distan
e two from u. The same holds for w. It follows, for example,

that V

0

u

= V

0

w

implies dist(u; w) � 4. It is also easy to see that if V

0

u

�

H

r

V

0

w

then

dist(u; w) � 5. So, we may assume that the 
lusters V

u

; V

w

; V

0

u

and V

0

w

are distin
t

and

V

u

�

H

r

V

0

u

V

0

u

6�

H

r

V

0

w

V

0

w

�

H

r

V

w

:

We use the random edges between V

0

u

and V

0

w

to 
omplete the path from u to w.

For a �xed 
onstant k and �xed 
lusters V

1

; V

2

; V

3

; V

4

su
h that

V

1

�

H

r

V

2

and V

3

�

H

r

V

4

(3)

we de�ne a k-link of the quadruple V

1

; V

2

; V

3

; V

4

to be a 
olle
tion of k

2

edges

fe

i;j

= fa

i;j

; b

i;j

g : 1 � i; j � kg

su
h that

(i) a

i;j

2 V

2

for 1 � i; j � k,

(ii) b

i;j

2 V

3

for 1 � i; j � k,

(iii) For i = 1; : : : ; k we have

�

�

�

�

�

k

[

j=1

N(a

i;j

) \ V

1

�

�

�

�

�

> L� (d� Æ � 2�)L

(iv) For every fun
tion � : [k℄ ! [k℄ we have

�

�

�

�

�

k

[

i=1

N(b

i;�(i)

) \ V

4

�

�

�

�

�

> L� (d� Æ � 2�)L

8



We show below that there exists a k su
h that whp R 
ontains a k-link for every

quadruple of 
lusters satisfying (3).

Before proving the existen
e of these k-links, we show that if R 
ontains a k-

link of V

u

; V

0

u

; V

0

w

; V

w

then there is a path of length 5 from u to v in G

H;m

. Let

X = N(u)\V

u

and Y = N(w)\V

w

. It follows from (2) and (iii) that for i = 1; : : : k

there exists �(i) 2 [k℄ su
h that a

i;�(i)

has a neighbor x

i

2 X. It then follows from

(2) and (iv) that there exists j 2 [k℄ su
h that b

j;�(j)

has a neighbor y 2 Y . The

following sequen
e of verti
es is a path in G

H;m

: u; x

j

; a

j;�(j)

; b

j;�(j)

; y; w.

It remains to show that there exists a k su
h that whp R 
ontains a k-link for

every quadruple of 
lusters satisfying (3). Sin
e the number of verti
es in the

redu
ed graph H

r

is bounded, it suÆ
es to show that there exists a 
onstant k

su
h that whp a �xed quadruple V

1

; V

2

; V

3

; V

4

satisfying (3) has a k-link. We use

the following simple fa
t regarding �-regular pairs.

Proposition 3 (Union Property). Let (A;B) be an �-regular pair with density

at least Æ. If k � 1 and (1� Æ + �)

k�1

� � then

#

(

(x

1

; x

2

; : : : ; x

k

) : x

i

2 A;

�

�

�

�

�

k

[

i=1

N(x

i

)

�

�

�

�

�

�

�

1� (1� Æ + �)

k

�

jBj

)

� k�jAj

k

Proof. We go by indu
tion on k. For k = 1 this statement follows dire
tly from

the de�nition of �-regularity. For k � 2, let X be the 
olle
tion of (k � 1)-tuples

x

1

; : : : ; x

k�1

of elements of A with the property that

�

�

�

�

�

k�1

[

j=1

N(x

j

)

�

�

�

�

�

�

�

1� (1� Æ + �)

k�1

�

jBj:

By indu
tion, jX j � (k � 1)�jAj

k�1

. For a �xed (k � 1)-tuple v

1

; : : : ; v

k�1

not in

X , the number of verti
es that are adja
ent to fewer than (Æ� �)(1� Æ + �)

k�1

jBj

verti
es among a set of (1� Æ + �)

k�1

jBj verti
es that 
ontain the 
omplement of

that union is at most �jAj, by the de�nition of �-regularity. Thus, the number of

bad k-tuples is at most

jX j � jAj+ jAj

k�1

� �jAj � (k � 1)�jAj

k�1

� jAj+ jAj

k�1

� �jAj = k�jAj

k

:

Let k be a 
onstant su
h that

1� (1� Æ + �)

k

� 1� (d� Æ � 2�)

(1� Æ + �)

k�1

� �; and

(k + k

k

)k� < 1:

9



Clearly, su
h a k exists if we 
hoose the 
onstants � and Æ appropriately.

We are now ready to 
onsider the random edges. Clearly, the probability that

there are fewer than, say,

p

m edges e 2 R that interse
t both V

2

and V

3

is o(1).

Conditioning on this event, we may assume that there is a 
olle
tion of

p

m = !(1)

edges R

0

between 
lusters V

2

and V

3


hosen uniformly at random from the 
olle
tion

of all su
h edges. It follows from the Union Property that the probability that

a �xed set of k

2

su
h edges does not form a k-link is at most (k + k

k

)k�. By

our 
hoi
e of k; � and Æ, this probability is less than 1. Partitioning R

0

into !(1)


olle
tions of k

2

edges, we see that whp one of these parts forms a k-link.

Proof of Theorem 4. The proof of (a) is a straightforward 
omputation showing

that every pair of disjoint neighborhoods must have an edge between them. Fol-

lowing Remark 1 we 
onsider G

H;p

with p =

2(log n+!(1))

d

2

n

2

.

Pr

�

9u; v 2

�

[n℄

2

�

: R \ (N(u)�N(v)) = ; and N(u) \N(v) = ;

�

�

�

n

2

�

(1� p)

d

2

n

2

�

�

n

2

�

e

�d

2

n

2

p

= o(1):

In order to prove the existen
e of the graph H

0

for (b) we 
onsider the graph H

whi
h is the disjoint union of G

bn=2
;p

and G

dn=2e;p

where p = 2d+ n

�1=3

. In other

words, we form a partition [n℄ = S [ T where jSj = bn=2
 and jT j = dn=2e, pla
e

no edges between the two parts, and pla
e ea
h edge that lies within one of the

parts, independently, with probability p.

Let R be an arbitrary set of m edges on vertex set [n℄ = S[T . Let S

0

and T

0

be the

verti
es in S and T , respe
tively, that are in edges in R. We begin by showing that

for this �xed set R whp the random graph H has the following property: There

exist u 2 S and v 2 T su
h that (fug[N(u))\S

0

= ; and (fvg[N(v))\T

0

= ;.

Let r = jS

0

j. The probability that N(u)\S

0

is nonempty for every vertex in S nS

0

is at most

(1� (1� p)

r

)

n=2�r

=

�

1� e

r log(1�p)

�

n=2�r

� exp

�

�e

r log(1�p)

(n=2� r)

	

� exp

�

�e

2m log(1�p)

(n=3)

	

= o(1) :

It follows from this observation (and an appli
ation of the Cherno� bound to the

degrees in H) that there exists a �xed graph H su
h that

10



(i) The minimum degree of H is greater than dn.

(ii) whp (with respe
t to the random 
hoi
e of R, now) there exist u 2 S and

v 2 T su
h that no vertex in the set fu; vg [N(u) [N(v) interse
ts an edge

in R.

The distan
e in G

H;m

between the verti
es u and v given by (ii) is at least 5.

Proof of Theorem 5. The proof of (a) is also a straightforward 
al
ulation. We

show that there is an edge between every vertex and neighborhood. Following

Remark 1, we 
onsider G

H;p

with p =

2(log n+!(1))

dn

.

Pr f9u; v : R \ (fug �N(v)) = ;g �

�

n

2

�

(1� p)

dn

�

�

n

2

�

e

�np

= o(1):

The example of H

0

that we use for (b) is simply two 
omplete graphs, ea
h on

n=2 verti
es, with no edges between them. Let the vertex sets for these 
omplete

graphs be S and T . Note that if there exists a vertex u 2 S that is in no edge in R

and there exists a vertex v 2 T that is in no edge in R then the distan
e between

u and v in G

H

0

;m

is at least 3.

We 
ompute the probability that R tou
hes every vertex in S.

Pr f8v 2 S9e 2 R su
h that v 2 eg � (1� (1� 2=n)

m

)

n=2

�

�

1� e

�2m=n�4m=n

2

�

n=2

� exp

n

�

n

2

e

�2m=n�4m=n

2

o

= o(1) :

Note that we used the fa
t that the event f9e 2 R su
h that v 2 eg is negatively


orrelated with events of the form f 8w 2 W9e 2 R su
h that w 2 eg, where W �

S n fvg.

Remark 3. Improvements in the 
onstants in Theorems 4(b) and 5(b) 
ould be

obtained by noting that a signi�
ant portion of the random edges in R fall within

the two parts of the partition (of 
ourse, one would have to repla
e the 
omplete

graphs used in the proof of Theorem 5(b) with arbitrary graphs of the desired density

to get this improvement there). This observation was not used here for the sake of

brevity.
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5 Vertex 
onne
tivity

Let �(G) denote the vertex 
onne
tivity of graph G. We �rst prove the following

lemma that may be of independent interest.

Lemma 1. Let H = (V;E) be a graph on n verti
es with minimum degree k > 0.

Then there exists a partition V = V

1

[ : : :[V

t

su
h that for every 1 � i � t the set

V

i

has at least k=8 verti
es and the indu
ed subgraph H[V

i

℄ is k

2

=(16n)-
onne
ted.

Proof. Re
all the following 
lassi
al result on vertex 
onne
tivity.

Theorem 8 (Mader (see [5℄)). Every graph of average degree at least k has a

k=4-
onne
ted subgraph.

Let (C

1

; : : : ; C

t

) be a family of disjoint subsets of V with the property that ea
h

indu
ed subgraph H[C

i

℄ is k=8-
onne
ted and that, among all su
h families of

subsets, the set of verti
es

C

def

=

t

[

i=1

C

i

is maximal. A

ording to Theorem 8, t > 0. Also, jC

i

j � k=8 for all i and thus

t � 8n=k.

Let now (V

1

; : : : ; V

t

) be a family of disjoint subsets of V su
h that C

i

� V

i

, the

indu
ed subgraph H[V

i

℄ is k

2

=(16n)-
onne
ted for all 1 � i � t and that among

all su
h families the set of verti
es

U

def

=

t

[

i=1

V

i

is maximal. We 
laim that U = V . Assume to the 
ontrary that there exists a

vertex v 2 V n U . If jN(v) \ V

i

j � k

2

=(16n) for some i, then adding v to V

i


an

be easily seen to keep H[V

i

℄ k

2

=(16n)-
onne
ted, 
ontradi
ting the maximality of

U . Thus v has less than k

2

=(16n) neighbors in ea
h of the t � 8n=k sets V

i

, and

therefore deg

V nU

v > k� (8n=k)(k

2

=(16n)) = k=2. We 
on
lude that the minimum

degree of the indu
ed subgraph H[V n U ℄ is at least k=2. Applying Theorem

8, this time to H[V n U ℄, unveils a k=8-
onne
ted subgraph disjoint from C { a


ontradi
tion to the 
hoi
e of (C

1

; : : : ; C

t

). Hen
e the family (V

1

; : : : ; V

t

) 
overs

indeed all the verti
es of H and thus forms a required partition.

We remark that the above result is optimal up to 
onstant multipli
ative fa
tors.

To see this take d(n � k

2

=n)=(k + 1)e disjoint 
liques C

i

of size k + 1 ea
h, add

an independent set I on the (at most k

2

=n) remaining verti
es, and 
onne
t ea
h

vertex of I with roughly k

2

=n arbitrarily 
hosen verti
es of C

i

, 1 � i � d(n �

k

2

=n)=(k + 1)e. Denote the obtained graph by H. Let K � H be a subgraph

of H 
ontaining some verti
es from I. If K interse
ts two distin
t 
liques C

i

; C

j

,
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then deleting V (K) \ I dis
onne
ts V (K) \ C

i

from V (K) \ C

j

, and thus the


onne
tivity of K does not ex
eed jV (K) \ Ij � jIj � k

2

=n. If K interse
ts a

unique 
lique C

i

, then deleting all neighbors of v 2 V (K)\ I from C

i

dis
onne
ts

v from the rest of K, implying �(H[K℄) � deg

C

i

v � k

2

=n.

Proof of Theorem 6. Let us begin with part (a). Let H be a graph with minimum

degree at least dn. Let (V

1

; : : : ; V

t

) be a partition of V (H) su
h that jV

i

j � dn=8

and H[V

i

℄ is (d

2

n=16)-
onne
ted, 1 � i � t. The existen
e of su
h a partition

is guaranteed by Lemma 1. It is enough to show that the graph G

H;m

whp


ontains a mat
hing of size k in ea
h bipartite graph indu
ed by (V

i

; V

j

). Let

F

ij

be a maximum mat
hing between V

i

and V

j

in H. If jF

ij

j � k we are done.

Assume therefore that jF

ij

j < k. Choose a subset A � V

i

n

S

e2F

ij

e and a subset

B � V

j

n

S

e2F

ij

e of 
ardinalities jAj = jBj = 3dn=32. Obviously H has no edges


onne
ting A and B due to the maximality of F

ij

.

Consider �rst the 
ase k = O(1). Then the set R 
ontains whp !(1) random

edges between A and B. If !(1) = o(

p

n), then those random edges form whp a

mat
hing as required.

Let now k = !(1). Due to Remark 1 we may 
onsider G

H;p

with p =

1280k

d

2

n

2

. Then

the probability that the set R of random edges does not have a mat
hing of size

k between A and B 
an be estimated from above by:

k�1

X

i=0

�

3dn

32

i

�

2

i!p

i

(1� p)

(

3dn

32

�i

)

2

(This expression arises from �rst 
hoosing the size i < k of a maximum mat
hing

M between A and B in R, then 
hoosing the verti
es of M in A and B, then

forming a pairing between them, then requiring all mat
hing edges to be present

in R, and �nally requiring all edges lying outside the verti
es of the mat
hing to

be absent). We 
an estimate the above expression from above by:

e

�p

(

3dn

32

�k

)

2

 

1 +

k

X

i=1

�

3edn

32i

�

2i

i

i

p

i

!

< e

�p

�

3dn

32

�

d

2

n

32

�

2

0

�

1 +

k

X

i=1

"

�

3edn

32i

�

2

ip

#

i

1

A

< e

�

d

2

n

2

p

256

 

1 +

k

X

i=1

�

9e

2

d

2

n

2

p

1024i

�

i

!

= e

�5k

 

1 +

k

X

i=1

�

45e

2

k

4i

�

i

!

In the last sum ea
h summand is easily seen to be at least twi
e larger than the

previous summand, and hen
e the above estimate is at most e

�5k

2(

45e

2

k

4k

)

k

= o(1).

As to part (b), let H

0


onsist of b

n

dn+1


 disjoint 
liques C

1

; : : : ; C

t

ea
h of size at

least dn+ 1. If H [R is k-
onne
ted, then ea
h C

i

is in
ident to at least k edges,

implying jRj �

kt

2

=

k

2

b

n

dn+1


.

13



A
knowledgment: The authors thank the anonymous referees for their helpful


omments.

Referen
es

[1℄ T. Bohman, A. Frieze and R. Martin, How many random edges make a dense

graph Hamiltonian?, Random Stru
tures and Algorithms 22 (2003), 33{42.

[2℄ B. Bollob�as, Random Graphs, A
ademi
 Press, 1985.

[3℄ B. Bollob�as, Random Graphs, In Combinatori
s, Pro
eedings, Swansea 1981,

London Math. So
. Le
ture Note Ser. 52, Cambridge Univ. Press, Cambridge

(1981) 80-102.

[4℄ B. Bollob�as and F. Chung, The diameter of a 
y
le plus a random mat
hing,

SIAM Journal on Dis
rete Mathemati
s 1 (1988) 328-333.

[5℄ R. Diestel, Graph Theory, Springer-Verlag, 1997.

[6℄ P. Erd}os and A. R�enyi, On the evolution of random graphs, Publ. Math. Inst.

Hungar. A
ad. S
i. 5 (1960) 17-61.

[7℄ A. Frieze, On the independen
e number of random graphs, Dis
rete Mathe-

mati
s 81 (1990) 171-175.

[8℄ S. Janson, T.  Lu
zak, and A. Ru
i�nski, Random Graphs, Wiley - Inters
ien
e

Series, New York, 2000.

[9℄ J. Koml�os and M. Simonovits, Szemer�edi's Regularity Lemma and its appli-


ations in graph theory, Combinatori
s, Paul Erd}os is eighty, Vol. 2 (1993)

295-352.

[10℄ T.  Lu
zak, The 
hromati
 number of random graphs, Combinatori
a 11

(1991) 45-54.

[11℄ E. Szemer�edi, Regular partitions of graphs, Colloques Internationaux

C.N.R.S. N

o

260 { Probl�emes Combinatoires et Th�eorie des Graphes, Or-

say (1976), 399-401.

14


