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Abstract
A connected dominating set (CDS) in a graph is a dominating set of

vertices that induces a connected subgraph. Having many disjoint

CDSs in a graph can be considered as a measure of its connectivity,

and has various graph-theoretic and algorithmic implications. We

show that 𝑑-regular (weakly) pseudoreandom graphs contain (1 +
𝑜 (1))𝑑/ln𝑑 disjoint CDSs, which is asymptotically best possible.

In particular, this implies that random 𝑑-regular graphs typically

contain (1 + 𝑜 (1))𝑑/ln𝑑 disjoint CDSs.
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1 Introduction
Connected dominating sets (CDSs) are an important concept from

graph theory with many practical applications. A CDS in a graph

is a subset of vertices that forms a dominating set (every vertex

is either in the set or adjacent to a vertex in the set) and induces

a connected subgraph. These sets are important for tasks such as

efficient routing [14, 35], backbone formation [12, 20], and load

balancing in networks [13, 17], providing a compact and connected

subset that helps maintain overall network functionality (see the

survey [36]). Computing the size of the smallest CDS of a graph

is a well-known NP-hard problem (see [36]) and it is also hard to

approximate [23].

Another important avenue of research involves finding small

CDSs in graphs with specific constraints. Finding a small CDS in a

graph is equivalent to finding a spanning tree with few non-leaves,

and the results in the current paragraph have historically used

the latter language. Generalizing and improving results of Linial

and Sturtevant (see [5]), Kleitman and West [26], Griggs and Wu
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[22] and of Caro, West and Yuster [7], Alon [3] showed that every

connected𝑛-vertex graphwithminimumdegree at least𝑑 contains a

CDS of size at most
𝑛

𝑑+1 (ln(𝑑+1)+4)−2, or equivalently, a spanning
tree with that few non-leaves. This tightened the asymptotically

optimal bound of (1 − 𝑜𝑑 (1)) 𝑛 ln𝑑
𝑑

by Caro, West and Yuster [7];

notably, random 𝑑-regular graphs typically do not contain a CDS

of size (1 − 𝑜𝑑 (1)) 𝑛 ln𝑑
𝑑

. For more history on this problem see [3].

In many applications, it is important to have multiple (vertex-

disjoint) CDSs in a graph. Partitions and packings of CDSs play a

key role in the design of wireless networks, where a CDS acts as a

virtual backbone, enabling other nodes to exchange messages and

route traffic efficiently [15, 16]. Work by Censor-Hillel, Ghaffari

and Kuhn [11] highlights a strong connection between optimal

packings of CDSs and the throughput of store-and-forward routing

algorithms in wireless networks. Furthermore, to enhance energy

efficiency and prolong network lifetime, several studies [30, 32]

have proposed the use of multiple CDSs by first computing a large

packing or partition, and then rotating between the CDSs. As we

will discuss below, multiple CDSs are important in the study of

the connectivity of graphs [10, 11]; in fact, if a graph contains 𝑘

disjoint CDSs, then it is 𝑘-connected. Multiple disjoint CDSs have

also recently been exploited in the context of graph rigidity [27].

In the context of the aforementioned result of Alon, if one aims to

find several vertex disjoint CDSs in a connected graph, a minimum

degree assumption is not enough. Indeed, two cliques of size 𝑘

sharing exactly one vertex cannot have two disjoint connected

dominating sets, as each such set must contain the shared vertex.

Evidently, the problem with this example is low connectivity, so it

is natural to ask what happens for 𝑘-connected graphs.

As we noticed, 𝑘 disjoint CDSs imply 𝑘-connectivity. The con-

verse direction is not only interesting in its own right, but it is

related to the study of vertex-connectivity of random subgraphs

of 𝑘-connected graphs, as demonstrated by Censor-Hillel, Ghaffari,

and Kuhn [11] and in the subsequent improvement by Censor-

Hillel, Ghaffari, Giakkoupis, Haeupler, and Kuhn [10]. In the latter,

it was shown that 𝑘-connected 𝑛-vertex graphs contain at least

Ω(𝑘/log2 𝑛) disjoint CDSs. As explained in [11], this result can

be viewed as an analog of the classic results of Tutte and Nash-

Williams postulating that 𝑘-edge connected graphs contain at least

(𝑘 − 1)/2 edge-disjoint spanning trees. Instead of “decomposing"

the edge-connectivity into spanning trees, the vertex-connectivity

is decomposed into disjoint CDSs. Perhaps surprisingly, in [11]

it was shown that there exist 𝑘-connected graphs with at most

𝑂 (𝑘/log𝑛 + 1) disjoint CDSs, for all 𝑘 ∈ [𝑛/4]. In particular, they

also show that the connectivity has to grow at least logarithmically

with 𝑛 to guarantee at least 2 disjoint CDSs.

An important class of highly connected graphs are pseudoran-

dom graphs, and in particular (𝑛,𝑑, 𝜆)-graphs, introduced by Alon
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(see the survey [28]). Those are 𝑛-vertex 𝑑-regular graphs, charac-

terized by their spectral properties.

Definition 1.1. An 𝑛-vertex graph𝐺 whose adjacency matrix has

eigenvalues 𝜆1 ≥ 𝜆2 ≥ . . . ≥ 𝜆𝑛 is an (𝑛,𝑑, 𝜆)-graph if it is𝑑-regular
and satisfies: max{𝜆2, |𝜆𝑛 |} ≤ 𝜆.

We refer readers who are less familiar with this class of graphs

to Section 2.1, and in particular to Lemma 2.1 (the so called Expander

Mixing Lemma) giving a tangible property of (𝑛,𝑑, 𝜆)-graphs which
will be sufficient for the purposes of our study. These graphs ex-

hibit strong connectivity and expansion properties, making them

ideal candidates for applications in network design requiring high

robustness against failures [25]. Even though those graphs are char-

acterized by a deterministic property, they resemble random graphs

in many important aspects. As we will exhibit in Section 2.1, the

spectral ratio 𝑑/𝜆 controls how close the graph is to a random graph:

the larger it is, the closer the edge distribution is to that of a random

graph.

High spectral ratio indicates that the graph is a robustly expand-

ing graph, which intuitively should support many disjoint CDSs, as

such graphs remain well-connected even when certain large subsets

of vertices are removed. As we have seen, just high connectivity

does not necessarily guarantee even two disjoint CDSs, so it is

natural to try and understand whether a type of robust connectivity
as in (𝑛,𝑑, 𝜆)-graphs implies the existence of many CDSs.

In a random 𝑛-vertex 𝑑-regular graph, every dominating set

has at least (1 + 𝑜𝑑 (1)) 𝑛 ln𝑑
𝑑

vertices [1], with high probability.

Hence, they typically can contain at most (1 + 𝑜𝑑 (1)) 𝑑
ln𝑑

disjoint

CDSs. Almost certainly, such graphs are (𝑛,𝑑, 𝜆)-graphs with es-

sentially the largest possible spectral ratio (𝜆 ∼
√
𝑑 , see [34]), hence

(1 + 𝑜𝑑 (1)) 𝑑
ln𝑑

disjoint CDSs is a natural upper bound to attain in

(𝑛,𝑑, 𝜆)-graphs, possibly even with more modest assumptions on

the spectral ratio. And indeed, in this work we show that fairly

mild assumptions on the spectral ratio of (𝑛,𝑑, 𝜆)-graphs already
guarantee the (asymptotically) optimal number of disjoint CDSs.

Theorem 1.2. For every 𝜀 > 0, there exists a 𝐶 = 𝐶 (𝜀) so that the
following holds. Every (𝑛,𝑑, 𝜆)-graph with 𝑑/𝜆 > 𝐶 contains at least
(1 − 𝜀) 𝑑

ln𝑑
disjoint connected dominating sets.

In particular, this implies that random 𝑑-regular graphs contain

(1 + 𝑜𝑑 (1)) 𝑑
ln𝑑

disjoint CDSs. Furthermore, essentially the same

proof, along with standard concentration bounds for vertex degrees,

can be used to show that the binomial random graph 𝐺 (𝑛, 𝑑𝑛 ) con-
tains (1 + 𝑜𝑑 (1)) 𝑑

ln𝑑
CDSs for 𝑑 = 𝜔 (ln𝑛). This result is optimal

both in terms of the number of CDSs and the asymptotics of the

edge probability. Specifically, when 𝑑 ≪ log𝑛, typically there are

isolated vertices in𝐺 (𝑛, 𝑑𝑛 ), and thus there are no CDS in the graph.

Theorem 1.2 also has implications related to the well-known In-

dependent Spanning Trees conjecture by Itai and Zehavi [37] (see,

e.g., the survey [9] for historical background). The conjecture as-

serts that every𝑘-connected graph𝐺 contains𝑘 vertex-independent

trees; these are 𝑘 spanning trees rooted at a vertex 𝑟 ∈ 𝑉 (𝐺), such
that for each vertex 𝑣 ∈ 𝑉 (𝐺), the paths from 𝑟 to 𝑣 in different trees

are internally vertex-disjoint. So far, the best known approxima-

tion of this 1989 conjecture is given in [10], and gives Ω(𝑘/log2 𝑛)

vertex-independent trees. It is easy to verify that a graph𝐺 possess-

ing 𝑘 disjoint CDSs contains 𝑘 vertex-independent trees. Hence, our

result implies that (𝑛,𝑑, 𝜆)-graphs with mild assumptions on the

spectral ratio contain (1 + 𝑜𝑑 (1)) 𝑑
ln𝑑

vertex-independent trees. We

include some brief comments on this conjecture in the concluding

remarks.

The decision problem whether a graph contains at least two

disjoint CDSs is NP-complete (see [30]). As we will see in our proof,

in the case of (𝑛,𝑑, 𝜆)-graphs, there is a polynomial time algorithm

to find (1 − 𝑜𝑑 (1)) 𝑑
ln𝑑

disjoint such sets.

1.1 Proof Outline
We begin by constructing a collection of (1 +𝑜 (1))𝑑/log𝑑 dominat-

ing sets that are not necessarily connected, but they each span a

reasonably small number of connected components — at most of

order Θ(𝑛/𝑑). Furthermore, we ensure that every vertex in their

union has a large neighborhood in a disjoint set 𝐵 of vertices of

linear size. This is achieved by assigning vertices to one of the sets

through a two-step random process, which we analyze via repeated

applications of the Local Lemma.

The next important step is to connect the components within

each dominating set using short internally-disjoint paths, with in-

ternal vertices in 𝐵 and of average length on the order of Θ(log𝑑).
For this, we utilize the Friedman-Pippenger tree embedding tech-

nique, also known as the extendability method (see Section 2.2).

The standard application of this method would yield paths loga-

rithmic in 𝑛, which is too long when 𝑑 is constant or grows slowly

with 𝑛 (see, for example, [18]). To address this, we grow multiple

trees simultaneously, effectively exploring the graph with a forest

of small depth. Although some of the found paths will be longer

(up to length Θ(log𝑛)), we construct a family of internally-disjoint

paths that, on average, meet the required length of order Θ(log𝑑).

2 Preliminaries
Notation. Let 𝐺 be a graph, and 𝐴, 𝐵 be subsets of its vertices. We

denote by 𝑒 (𝐴, 𝐵) the number of ordered pairs (𝑎, 𝑏) ∈ 𝐴 × 𝐵 of

edges in 𝐺 . We denote by Γ𝐵 (𝐴) the vertices in 𝐵 that have at least

one neighbor in 𝐴, and by 𝑁𝐵 (𝐴) the external neighborhood in

𝐵, i.e., the vertices in Γ𝐵 (𝐴) \ 𝐴. We also write Γ𝐺 (𝐴) and 𝑁𝐺 (𝐴)
when 𝐵 = 𝑉 (𝐺). We omit the subscripts when they are clear from

the context. Given a set 𝑆 , we denote by 𝐼 [𝑆] the graph with vertex

set 𝑆 , isomorphic to an independent set. A linear forest is a graph

that is a vertex-disjoint union of paths. We systematically omit

rounding signs for clarity of presentation, where it does not impact

the argument.

2.1 Properties of (𝑛,𝑑, 𝜆)-graphs
The following is the well known Expander Mixing Lemma, which

states that the edge distribution in (𝑛,𝑑, 𝜆)-graphs is close to that of
a random graph – the smaller 𝜆 is, the closer the edge distribution

is to what we would expect in a random graph.

Lemma 2.1 (Expander Mixing Lemma). Let 𝐺 be a (𝑛,𝑑, 𝜆)-
graph, and 𝐴, 𝐵 two vertex subsets. Then the following holds:����𝑒 (𝐴, 𝐵) − |𝐴| |𝐵 |𝑑

𝑛

���� ≤ 𝜆
√︁
|𝐴| |𝐵 |



Disjoint Connected Dominating Sets in Pseudorandom Graphs STOC ’25, June 23–27, 2025, Prague, Czechia

The next lemma is a simple consequence of the Expander Mixing

Lemma. It states that there is always an edge between two large

enough vertex sets, and that a subgraph of an (𝑛,𝑑, 𝜆)-graph of

high minimum degree has strong expansion properties.

Lemma 2.2. Let 𝐺 be an (𝑛,𝑑, 𝜆)-graph. Then the following hold:

(a) For every two disjoint sets of vertices 𝑋,𝑌 of size |𝑋 |, |𝑌 | > 𝜆𝑛
𝑑

it holds that 𝑒 (𝑋,𝑌 ) > 0.
(b) Fix 0 < 𝜀 ≤ 1. Let 𝐵 ⊆ 𝑉 (𝐺) be such that every vertex has

at least 𝜀𝑑/3 neighbors in 𝐵. Then for every 𝑘 with 1 < 𝑘 <

( 𝑑
12𝜆

)2 and for every subset 𝑋 ⊆ 𝑉 (𝐺) of size at most 𝑛
12𝑘

it
holds that |Γ𝐵 (𝑋 ) | ≥ 𝜀2𝑘 |𝑋 |.

Proof. (a) By the Expander Mixing Lemma, we get that

𝑒 (𝐴, 𝐵) ≥ |𝑋 | |𝑌 |𝑑
𝑛

− 𝜆
√︁
|𝑋 | |𝑌 | > 𝜆2𝑛

𝑑
− 𝜆2𝑛

𝑑
= 0,

which finishes the proof.

(b) Let 𝑋 be of size |𝑋 | ≤ 𝑛/12𝑘 , and suppose for contradiction

that |Γ𝐵 (𝑋 ) | < 𝜀2𝑘 |𝑋 | ≤ 𝜀2𝑛/12. The number of edges be-

tween 𝑋 and 𝐵 is at least 𝜀 |𝑋 |𝑑/6. On the other hand, by the

Expander mixing lemma, we have that

𝑒 (𝑋, Γ𝐵 (𝑋 )) ≤ |𝑋 | |Γ𝐵 (𝑋 ) |
𝑑

𝑛
+ 𝜆

√︁
|𝑋 | |Γ𝐵 (𝑋 ) |

≤ 𝜀2 |𝑋 |𝑑
12

+ 𝜀𝜆 |𝑋 |
√
𝑘

< 2 · 𝜀 |𝑋 |𝑑
12

≤ 𝜀 |𝑋 |𝑑
6

.

a contradiction.

□

Remark 2.3. It is known and trivial that we always have 𝜆 =

Ω(
√
𝑑) when, say, 𝑑 < 0.99𝑛 [28]. The (𝑛,𝑑, 𝜆)-graphs with 𝜆 =

Θ(
√
𝑑) have best possible expansion properties, and as can be seen

from Lemma 2.1, small vertex sets expand by a factor of Θ(𝑑) in those
graphs. Though random 𝑑-regular graphs are well-known examples
of such graphs, there exist several explicit constructions (see [28]); one
example is the famous Ramanujan graphs constructed by Lubotzky,
Phillips and Sarnak [29]; see also [2] for constructions for all possible
choices of 𝑑 and 𝑛.

2.2 The Friedman-Pippenger tree embedding
technique with rollbacks

In this section, we introduce our main tool: the Friedman-Pippenger

tree embedding technique, also known as the extendability method.

Building on the tree embedding results of Friedman and Pippenger [21]

and of Haxell [24], this technique enables the robust construction

of linear-sized trees in expander graphs. The key result we rely

on is Theorem 2.7, which facilitates the construction of such trees.

Additionally, a notable enhancement to this method is provided

by the simple Lemma 2.9, which allows us to remove leaves from

the currently constructed tree while preserving the extendability

property. This preservation is crucial for the repeated application

of Theorem 2.7. This method has been pivotal in settling many

long-standing open problems in graph theory; see, for example,

[18, 19, 31]. We will use the machinery presented in [31] – further

details are provided below. Before we state the results, we give two

useful definitions. The first one describes the notion of expansion

we will use.

Definition 2.4. Let 𝑠 ∈ N and 𝐾 > 0. We say that a graph 𝐺 is

(𝑠, 𝐾)-expanding if for every subset 𝑋 ⊆ 𝑉 (𝐺) of size |𝑋 | ≤ 𝑠 we

have |𝑁𝐺 (𝑋 ) | ≥ 𝐾 |𝑋 |.

We also use the following connectivity condition.

Definition 2.5. A graph 𝐺 is𝑚-joined for𝑚 > 0, if for every two

disjoint vertex subsets 𝐴, 𝐵 ⊆ 𝑉 (𝐺) of size at least𝑚 we have that

𝑒 (𝐴, 𝐵) > 0.

We also need the notion of an (𝑚,𝐷)-extendable embedding

from [31].

Definition 2.6. Let 𝑚,𝐷 ∈ N satisfy 𝐷 ≥ 3 and 𝑚 ≥ 1, let 𝐺

be a graph, and let 𝑆 ⊂ 𝐺 be a subgraph of 𝐺 . We say that 𝑆 is

(𝑚,𝐷)-extendable if 𝑆 has maximum degree at most 𝐷 and

|Γ𝐺 (𝑈 ) \𝑉 (𝑆) | ≥ (𝐷 − 1) |𝑈 | −
∑︁

𝑥∈𝑈∩𝑉 (𝑆 )
(𝑑𝑆 (𝑥) − 1) (1)

for all sets𝑈 ⊂ 𝑉 (𝐺) with |𝑈 | ≤ 2𝑚.

The next theorem is the key technical tool in the section. It

allows us to extend an (𝑚,𝐷)-extendable embedding of a graph by

attaching to one of its vertices a tree of certain size and maximum

degree at most 𝐷/2.

Theorem 2.7 (Corollary 3.7 in [31]). Let 𝑚,𝐷 ∈ N satisfy
𝐷 ≥ 3 and𝑚 ≥ 1, and let 𝑇 be a tree with maximum degree at most
𝐷/2, which contains the vertex 𝑡 ∈ 𝑉 (𝑇 ). Let𝐺 be an𝑚-joined graph
and suppose 𝑅 is an (𝑚,𝐷)-extendable subgraph of𝐺 with maximum
degree 𝐷/2. Let 𝑣 ∈ 𝑉 (𝑅) and suppose |𝑅 | + |𝑇 | ≤ |𝐺 | − 2𝐷𝑚 − 3𝑚.
Then, there is a copy 𝑆 of 𝑇 in 𝐺 − (𝑉 (𝑅) \ {𝑣}), in which 𝑡 is copied
to 𝑣 , such that 𝑅 ∪ 𝑆 is (𝑚,𝐷)-extendable in 𝐺 .

The following result shows that adding an edge between two

vertices of an (𝑚,𝐷)-extendable graph maintains its extendability.

Lemma 2.8 (Lemma 3.9 in [31]). Let𝑚,𝐷 ∈ N satisfy 𝐷 ≥ 3 and
𝑚 ≥ 1, let𝐺 be a graph, and let 𝑆 be an (𝑚,𝐷)-extendable subgraph
of 𝐺 . If 𝑠, 𝑡 ∈ 𝑉 (𝑆) with 𝑑𝑆 (𝑠), 𝑑𝑆 (𝑡) ≤ 𝐷 − 1 and 𝑠𝑡 ∈ 𝐸 (𝐺), then
𝑆 + 𝑠𝑡 is (𝑚,𝐷)-extendable in 𝐺 .

Finally, the last result we need is another simple corollary of the

definition of (𝑚,𝐷)-extendability which allows for leaf removal.

Lemma 2.9 (Lemma 3.8 in [31]). Let𝑚,𝐷 ∈ N satisfy 𝐷 ≥ 3 and
𝑚 ≥ 1, let 𝐺 be a graph, and let 𝑆 be a subgraph of 𝐺 . Furthermore,
suppose there exist vertices 𝑠 ∈ 𝑉 (𝑆) and𝑦 ∈ 𝑁𝐺 (𝑆) so that the graph
𝑆 + 𝑦𝑠 is (𝑚,𝐷)-extendable. Then 𝑆 is (𝑚,𝐷)-extendable. □

Remark 2.10. Let us remark here that Theorem 2.7, Lemma 2.8
and Lemma 2.9 are not algorithmic in the form they are stated. But,
in [18] an algorithmic version is presented for (𝑛,𝑑, 𝜆)-graphs. Hence,
every step of the proof which uses these three results can also be made
into a polynomial time algorithm. We will also use the Lovasz Local
Lemma in a few instances to prove the existence of certain sets – these
too can be made into a deterministic polynomial time algorithm [33].
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3 Proof of Theorem 1.2
For technical reasons we assume that 𝜀 < 1/1000, and we let 𝐶 =

𝐶 (𝜀) be a large enough constant, such that all inequalities below

go through. Note that since 𝑑 ≥ 𝜆𝐶 , we also may assume that 𝑑 is

large enough. We aim to find

𝑑∗ =
(1 − 𝜀)𝑑
ln𝑑

disjoint connected dominating sets. We start with a lemma that

provides us with 𝑑∗ disjoint dominating sets that are not necessarily

connected, but do not have too many connected components, and

such that every vertex in their union has large neighborhood in a

disjoint set of vertices of linear size. Let us note here that we do

not use the assumption on 𝜆 in the lemma, so its conclusion also

holds for arbitrary 𝑑-regular graphs 𝐺 on 𝑛 vertices.

Lemma 3.1. There exist disjoint subsets 𝐵, 𝑆1, 𝑆2, . . . , 𝑆𝑑∗ ⊆ 𝑉 (𝐺)
such that:

• each 𝑆𝑖 is a dominating set in 𝐺 ;
• 𝐺 [𝑆𝑖 ] has at most 20𝑛/(𝜀2𝑑) connected components;
• every vertex in 𝑉 (𝐺) has at least 𝜀2𝑑/2 neighbors in 𝐵.

Proof. If instead of 𝑑∗ one wanted to find 𝑑∗/1000 sets with the

properties as above, then a simple random partition of the vertices

with a standard application of the Local Lemma would be sufficient

to prove the statement. Unfortunately, this does not work in our

setting, as the number of dependencies outweighs the probability

of a random set 𝑆𝑖 to be dominating.

To remedy the situation, we will perform a random coloring

of the vertices in two stages, with consecutive applications of the

Local Lemma. To this end, denote

𝑟1 =
𝑑∗

ln
5 𝑑

=
(1 − 𝜀)𝑑
ln
6 𝑑

; 𝑟2 = ln
5 𝑑 ;

𝑝1 =
1 − 𝜀2
𝑟1

=
(1 + 𝜀) ln6 𝑑

𝑑
; 𝑝2 =

1

𝑟2
=

1

ln
5 𝑑
.

Noting that 𝑟1𝑟2 = 𝑑
∗
, we consider each set 𝑆𝑖 as corresponding to

precisely one of the colors in [𝑟1] × [𝑟2].
As a first step, we color each vertex 𝑣 ∈ 𝑉 (𝐺) either into one

of the colors [𝑟1] with probability 𝑝1, or place it in the set 𝐵 with

probability 𝜀2, independently. Now we can apply the Local Lemma

(see, e.g., Chapter 5 of [4]) — define the event 𝐴𝑣,𝑐 , for every 𝑣 ∈
𝑉 (𝐺) and 𝑐 ∈ [𝑟1] ∪ {𝐵}, to be the outcome where the number

𝑘𝑐 (𝑣) of 𝑐-colored vertices in 𝑁 (𝑣) satisfies

𝑘𝑐 (𝑣) ∉
[
(1 − 𝜀/2)E[𝑘𝑐 (𝑣)], (1 + 𝜀/2)E[𝑘𝑐 (𝑣)]

]
.

For 𝑐 ∈ [𝑟1] we have that E[𝑘𝑐 (𝑣)] = (1 + 𝜀) ln6 𝑑 , and for 𝑐 =

𝐵 the expectation is E[𝑘𝑐 (𝑣)] = 𝜀2𝑑 ≥ ln
6 𝑑 , recalling that by

assumption 𝑑 large enough compared to 1/𝜀. Hence, we have by
Chernoff bounds that 𝑃 (𝐴𝑣,𝑐 ) ≤ 𝑒− ln

5 𝑑 = 𝑜 (𝑑4).
The event 𝐴𝑣,𝑐 possibly depends only on the events 𝐴𝑤,𝑐 for

which either 𝑣 = 𝑤 , or for which 𝑣 and𝑤 have a common neighbor,

so each event depends on at most (𝑑2 + 1) (𝑟1 + 1) ≤ 𝑑3 other

events. Thus, by the Local Lemma, there is a choice of coloring so

that none of 𝐴𝑣,𝑐 holds — in particular, every vertex has at least

(1 − 𝜀/2) (1 + 𝜀) ln6 𝑑 ≥ (1 + 𝜀/3) ln6 𝑑 vertices in color 𝑐 ∈ [𝑟1] in

its neighborhood, as well as at least 𝜀2𝑑/2 vertices that got assigned
to 𝐵.

In the second round, we assign another color to each vertex that

got a color 𝑐 ∈ [𝑟1]. More precisely, assign to each such vertex

a color 𝑐′ ∈ [𝑟2] with probability 𝑝2 = 1/𝑟2 independently; let

(𝑐, 𝑐′) be its final color. For each 𝑣 ∈ 𝑉 (𝐺), and (𝑐, 𝑐′) ∈ [𝑟1] × [𝑟2],
denote by 𝐴𝑣,𝑐,𝑐′ the event that 𝑁 (𝑣) contains at most 𝜀2 ln𝑑 , or

at least 20 ln𝑑 vertices that got color (𝑐, 𝑐′). Denote by 𝑁𝑐 (𝑣) the
neighborhood of 𝑣 that had color 𝑐 in the first coloring.

Since the event 𝐴𝑣,𝑐,𝑐′ possibly depends only on events 𝐴𝑤,𝑐0,𝑐
′
0

for which we have 𝑐 = 𝑐0 and𝑤 ∈ Γ𝐺 (𝑁𝑐 (𝑣)), it is independent of
all but at most 𝑘𝑐 (𝑣) · 𝑑 = 𝑂 (𝑑 ln6 𝑑) other events. The probability
that 𝑁 (𝑣) contains at least 20 ln𝑑 vertices of color (𝑐, 𝑐′) is by

Chernoff bounds at most 𝑜 (𝑑−2). Furthermore, the probability that

it contains at most 𝑠 = 𝜀2 ln𝑑 such vertices is at most

𝑠∑︁
𝑖=0

(
𝑘𝑐 (𝑣)
𝑖

)
𝑝𝑖
2
(1 − 𝑝2)𝑘𝑐 (𝑣)−𝑖

≤ (𝑠 + 1) ·
(
𝑘𝑐 (𝑣)
𝑠

)
𝑝𝑠
2
(1 − 𝑝2)𝑘𝑐 (𝑣)−𝑠

≤ (𝑠 + 1)
(
𝑘𝑐 (𝑣) · 𝑒

𝑠

)𝑠 (
1

ln
5 𝑑

)𝑠 (
1 − 1

ln
5 𝑑

)𝑘𝑐 (𝑣)−𝑠
≤ (𝑠 + 1)

(
2𝑒 ln6 𝑑

𝜀2 ln𝑑

)𝑠 (
1

ln
5 𝑑

)𝑠 (
1 − 1

ln
5 𝑑

) (1+𝜀/4) ln6 𝑑
≤ (𝜀2 ln𝑑 + 1)

(
2𝑒

𝜀2

)𝜀2 ln𝑑
𝑒−(1+𝜀/4) ln𝑑

≤ 𝑒20𝜀
2
ln( 1

𝜀
) ln𝑑𝑒−(1+𝜀/4) ln𝑑 = 𝑜 (𝑑−1−𝜀/8).

where for the first inequality we used that in the binomial distribu-

tion the probability of observing a specific number of successes in-

creases as the number of successes gets closer to the expected value,

and also that for integers 𝑎 ≥ 𝑏 > 0 we have

(𝑎
𝑏

)
≤ (𝑎𝑒/𝑏)𝑏 , as well

as 1−𝑥 ≤ 𝑒−𝑥 for all 𝑥 ∈ R. To summarize, 𝑃 (𝐴𝑣,𝑐,𝑐′ ) = 𝑜 (𝑑−1−𝜀/8)
and each event 𝐴𝑣,𝑐,𝑐′ depends on at most 𝑂 (𝑑 ln6 𝑑) other events.
Thus we can apply the Local Lemma again, to get that there is a

choice of coloring such that for every vertex 𝑣 ∈ 𝑉 (𝐺) and each

color (𝑐, 𝑐′) ∈ [𝑟1] × [𝑟2], the event𝐴𝑣,𝑐,𝑐′ does not hold. This gives

the required partition. Indeed, for a given 𝑖 ∈ [𝑑∗], let (𝑐, 𝑐′) be the
color corresponding to 𝑆𝑖 ; then we have

• 𝑆𝑖 is dominating as every vertex has a vertex of color (𝑐, 𝑐′)
in its neighborhood.

• Denote by 𝑑𝑐,𝑐′ (𝑣) the number of (𝑐, 𝑐′)-colored vertices in

𝑁 (𝑣). Then the number of vertices in 𝑆𝑖 is

∑
𝑣∈𝑉 (𝐺 ) 𝑑 (𝑐,𝑐′ ) (𝑣)

𝑑
≤

20𝑛 ln𝑑
𝑑

, as every vertex of color (𝑐, 𝑐′) in the sum is counted

𝑑 times, exactly once for each of its 𝑑 neighbors. Since𝐺 [𝑆𝑖 ]
has minimum degree 𝜀2 ln𝑑 , it has at most |𝑆𝑖 |/𝛿 (𝐺 [𝑆𝑖 ]) ≤
20𝑛/(𝜀2𝑑) connected components.

• By construction, every vertex has at least 𝜀2𝑑/2 neighbors
in 𝐵.

□

Now, we need to connect the components inside each 𝑆𝑖 , and we

will do so by using the vertices in 𝐵. The main challenge here is to
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construct short internally disjoint paths connecting the mentioned

components, and whose interior is in 𝐵.

To this end, pick a representative vertex 𝑥 in each component

in each 𝐺 [𝑆𝑖 ]. Denote by 𝑋𝑖 the set of representative vertices in 𝑆𝑖 .
Our goal is, for each 𝑖 ≤ 𝑑∗, to construct a path which contains all

𝑥 ∈ 𝑋𝑖 , with the remaining vertices being in 𝐵. Denote𝑋 = ∪𝑖≤𝑑∗𝑋𝑖

and recall that by Lemma 3.1 we have that |𝑋𝑖 | ≤ 20𝑛/(𝜀2𝑑). For
technical reasons, we may also assume that |𝑋𝑖 | ≥ 𝑛/(2𝑑), by
possibly adding more vertices from 𝑆𝑖 to 𝑋𝑖 ; since 𝑆𝑖 is dominating

and𝐺 is 𝑑-regular, this is indeed possible as then |𝑆𝑖 | ≥ 𝑛/(𝑑 + 1) ≥
𝑛/(2𝑑).

We consider the graph 𝐺 ′ = 𝐺 [𝑋 ∪ 𝐵]. Denote

𝑚 =
𝜆𝑛

𝑑
+ 1 and 𝐷 =

𝜀4𝑑

36𝜆
.

By Lemma 2.2(a), 𝐺 ′
is𝑚-joined. Furthermore, the subgraph 𝐼 [𝑋 ]

(the independent set on 𝑋 ) is an (𝑚,𝐷)-extendable subgraph of 𝐺 ′
.

Indeed, by Lemma 2.2(b) for 𝑘 = 𝑑/(36𝜆) we see that for every set

𝑈 of size at most 𝑛/12𝑘 > 2𝑚 we have |Γ𝐺 ′ (𝑈 ) \ 𝑋 | ≥ |Γ𝐵 (𝑈 ) | ≥
𝜀4 𝑑

36𝜆
|𝑈 | = 𝐷 |𝑈 |, so inequality (1) is trivially satisfied for all𝑈 with

|𝑈 | ≤ 2𝑚.

We will now show how to construct the required paths for 𝑆1,

and later we will argue how to do the same for the remaining 𝑆𝑖 ’s

analogously. Denote by

𝑠 = 𝑛 − 2𝐷𝑚 − 3𝑚 ≥ 𝑛 − 𝜀4𝑛 − 3𝜆𝑛/𝑑 − 3 ≥ 𝑛/2

the lower bound on the maximal number of vertices in an (𝑚,𝐷)-
extendable subgraph of𝐺 ′

which we are allowed to construct using

Theorem 2.7.

Now, we can extend the (𝑚,𝐷)-extendable subgraph 𝐼 [𝑋 ] by
attaching (𝐷/2−1)-ary trees of size

𝑠
3 |𝑋1 | ≤ 𝑑 (and of depth at

most log𝐷/2−1 𝑑) to each vertex in 𝑋1. Note that this can be done

using Theorem 2.7, since the total size of the constructed forest

(including all vertices in𝑋 ) is at most 𝑠/3+ |𝑋 | ≤ 𝑠/2. Now, consider
the set 𝐿1 of the vertices of an arbitrary choice of ⌊|𝑋1 |/2⌋ of the
trees, and 𝐿2 the vertices of the remaining trees. Since both sets

contain at least 𝑠/9 > 𝜆𝑛/𝑑 vertices each, there is an edge between

the two sets by Lemma 2.2(a). Adding this edge to the current (𝑚,𝐷)-
extendable graph creates a path 𝑃 of length at most 2 log𝐷/2−1 𝑑 + 1
between two vertices in 𝑋1, while the constructed graph stays

(𝑚,𝑑)-extendable by Lemma 2.8. Now we can use Lemma 2.9 to

remove all vertices (leaf-by-leaf) of the attached trees, except those

in the path 𝑃 , so that we are again left with an (𝑚,𝐷)-extendable
subgraph.

We now repeat this process, until we have connected all ver-

tices in 𝑋1. More precisely, we perform the following inductively

described procedure. Suppose that at the 𝑖-th step, for 𝑖 < |𝑋1 | − 1,

we have constructed internally vertex-disjoint paths 𝑃1, 𝑃2, . . . , 𝑃𝑖
with endpoints in 𝑋1, that satisfy the following invariants:

• the internal vertices are in 𝐵;

• the length of 𝑃 𝑗 for all 𝑗 ≤ 𝑖 is atmost 2 log𝐷/2−1
(

𝑛
|𝑋1 |− 𝑗+1

)
+

1;

• The graph 𝐼 [𝑋 ] ∪ 𝑃1 ∪ . . . ∪ 𝑃𝑖 is a linear forest and an

(𝑚,𝐷)-extendable subgraph of 𝐺 ′
;

• the number of components (i.e., paths) in 𝐼 [𝑋1] ∪𝑃1∪ . . .∪𝑃𝑖
is |𝑋1 | − 𝑖 .

In the (𝑖+1)-th step we want to construct a path 𝑃𝑖+1 that maintains

the invariants. In the end, after the ( |𝑋1 | − 1)-th step, we will then

have the required path which contains all vertices in 𝑋1.

For each path in the linear forest 𝐼 [𝑋1] ∪𝑃1∪ . . .∪𝑃𝑖 , choose one
endpoint, and let 𝑋 ′

1
denote the set of these endpoints. As before,

extend the (𝑚,𝐷)-extendable subgraph 𝐼 [𝑋 ]∪𝑃1∪ . . .∪𝑃𝑖 by attach-
ing a (𝐷/2−1)-ary tree to each vertex in 𝑋 ′

1
, each one of size

𝑠
3 |𝑋 ′

1
| ,

and hence of depth at most log𝐷/2−1
(

𝑠
|𝑋 ′

1
|

)
≤ log𝐷/2−1

(
𝑛

|𝑋1 |−𝑖

)
.

We can indeed use Theorem 2.7, as the current forest consists of

𝑋 and the now constructed trees (which together contain at most

𝑠/2 vertices), and the previously found paths 𝑃1, . . . , 𝑃𝑖 , whose total
number of vertices is at most:

∑︁
1≤ 𝑗≤𝑖

(
2 log𝐷/2−1

(
𝑛

|𝑋1 | − 𝑗 + 1

)
+ 1

)
(2)

≤ |𝑋1 | + 2

|𝑋1 |−2∑︁
𝑗=1

log𝐷/2−1

(
𝑛

|𝑋1 | − 𝑗 + 1

)
= |𝑋1 | + 2

|𝑋1 |∑︁
𝑗=3

log𝐷/2−1

(
𝑛

𝑗

)
≤ |𝑋1 | + 2|𝑋1 | log𝐷/2−1 𝑛 − 2

|𝑋1 |∑︁
𝑗=3

log𝐷/2−1 ( 𝑗)

= |𝑋1 | + 2|𝑋1 | log𝐷/2−1 𝑛 − 2 log𝐷/2−1 (( |𝑋1 |)!/2)

≤ |𝑋1 | + 2|𝑋1 | log𝐷/2−1 𝑛 − 2|𝑋1 | log𝐷/2−1

(
|𝑋1 |
𝑒

)
≤ |𝑋1 | + 2|𝑋1 |

(
log𝐷/2−1 𝑛 − log𝐷/2−1

( 𝑛
2𝑑𝑒

))
= |𝑋1 | + 2|𝑋1 | log𝐷/2−1 (2𝑑𝑒) ≤

100𝑛 ln𝑑

𝜀2𝑑 ln𝐶
≤ 𝑠

2

, (3)

where we used that 𝑛/(2𝑑) ≤ |𝑋1 | ≤ 20𝑛/(𝜀2𝑑), 𝐷/2−1 ≥
√
𝐶 and

𝑠 ≥ 𝑛/2. Hence, in total, the forest at any point contains less than 𝑠

vertices, so we can successfully apply Theorem 2.7.

As 𝑖 < |𝑋1 | − 1, by the induction hypothesis we have at least

|𝑋1 | − 𝑖 ≥ 2 trees, so we can group them into two collections each

containing at least a third of all vertices. As there are 𝑠/3 vertices
in total in all trees, there is an edge between the vertices in these

two collections, as the number of them is at least
𝑠/3
3

≥ 𝜆𝑛
𝑑

each.

This edge closes a path 𝑃𝑖+1 connecting two endpoints in the linear

forest 𝐼 [𝑋1] ∪ 𝑃1 ∪ . . . ∪ 𝑃𝑖 . Adding this edge via Lemma 2.8 and

removing the unused edges (leaf-by-leaf) using Lemma 2.9, we are

left with an (𝑚,𝐷)-extendable subgraph 𝐼 [𝑋1] ∪ 𝑃1 ∪ . . . ∪ 𝑃𝑖+1 of
𝐺 ′

. Let us verify that all invariants are still satisfied.

By construction, all internal vertices of the new path are in

𝐵. The length of the new path is at most twice the depth of the

trees plus one, i.e. it is of length at most 2 log𝐷/2−1
(

𝑛
|𝑋1 |−𝑖

)
+ 1.

By construction, the subgraph 𝐼 [𝑋1] ∪ 𝑃1 ∪ . . . ∪ 𝑃𝑖 ∪ 𝑃𝑖+1 is still
(𝑚,𝐷)-extendable. Furthermore, as 𝑃𝑖+1 connects two endpoints of
a linear forest through a path which is internally vertex-disjoint

from 𝐼 [𝑋1]∪𝑃1∪ . . .∪𝑃𝑖 , we obtain a new linear forest with one less

component than before, resulting in |𝑋1 | − 𝑖 − 1 components/paths,

as required.
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Continuing from the final (𝑚,𝐷)-extendable embedding (which

now connects all vertices in 𝑋1), we can now follow the same

procedure for the sets𝑋2, . . . , 𝑋𝑑∗ , one by one, always extending the

current (𝑚,𝐷)-extendable subgraph. Here we stress that when we

are about to do the procedure for the set 𝑋𝑖 , we continue extending

the (𝑚,𝐷)-extendable subgraph used for 𝑋𝑖−1, repeating the exact

same argument as before, only bearing in mind that we have already

used up some vertices in 𝐵 for the previous steps of the embedding.

The only thing we need to verify is that the total number of

vertices in the forest which we construct is always at most 𝑠 . But

this is straightforward to see, as the total number of vertices in the

current (𝐷/2−1)-ary trees which we use in every step is at most

𝑠/2 by construction. On the other hand, the total number of vertices

in paths used for all 𝑋𝑖 , by (3), is at most

𝑑∗
100𝑛 ln𝑑

𝜀2𝑑 ln𝐶
≤ 100𝑛

𝜀2 ln𝐶
<
𝑛

4

≤ 𝑠

2

,

where we use that 𝐶 ≥ 𝑒400/𝜀2 .
To summarize, we managed to connect all components in each

dominating set 𝑆𝑖 , 𝑖 ∈ [𝑑∗], using internally vertex-disjoint paths

whose internal vertices are in 𝐵. Thus we have constructed 𝑑∗

disjoint connected dominating sets in 𝐺 , as required.

4 Concluding remarks
We have shown that (𝑛,𝑑, 𝜆)-graphs, under modest assumptions

on the spectral ratio 𝑑/𝜆, contain at least (1 − 𝑜𝑑 (1))𝑑/ln𝑑 dis-

joint connected dominating sets, which is asymptotically optimal.

This result demonstrates that robustly connected graphs can sup-

port a large number of disjoint connected dominating sets (CDSs).

Moreover, our results imply that random 𝑑-regular graphs, and the

binomial random graph𝐺 (𝑛, 𝑑𝑛 ), for 𝑑 ≫ log𝑛, also typically con-

tain (1−𝑜𝑑 (1))𝑑/ln𝑑 disjoint CDSs, which matches the asymptotic

upper bound.

As discussed in the introduction, [10] established that𝑘-connected

graphs contain Ω(𝑘/log2 𝑛) disjoint CDSs, while [11] showed the

existence of 𝑘-connected graphs with at most 𝑂 (𝑘/log𝑛) disjoint
CDSs. It would be interesting to determine whether a matching

lower bound can be achieved. As a potentially more accessible

problem, one could try to prove such a bound for larger values

of 𝑘 = 𝑘 (𝑛). It is instructive to recall that that the so-called alge-

braic connectivity of a graph 𝐺 , equal to 𝑑 − 𝜆2 (𝐺) in the case of

𝑑-regular graphs, is well-known to lower bound the standard vertex

connectivity when 𝑑 < 𝑛 − 1 (see, e.g., [6]). Hence, in our context

for (𝑛,𝑑, 𝜆)-graphs 𝐺 with 𝜆 ≪ 𝑑 , the connectivity of 𝐺 is close to

its degree 𝑑 .

Recall the Independent Spanning Trees conjecture by Itai and Ze-

havi [37], which asserts that every 𝑘-connected graph𝐺 contains 𝑘

vertex-independent spanning trees. These are defined as 𝑘 spanning

trees rooted at a node 𝑟 ∈ 𝑉 (𝐺), where the paths from 𝑟 to each

vertex 𝑣 ∈ 𝑉 (𝐺) in different trees are internally vertex-disjoint. Our

theorem implies that (𝑛,𝑑, 𝜆)-graphs with mild conditions on the

spectral ratio contain (1 + 𝑜𝑑 (1)) 𝑑
ln𝑑

vertex-independent spanning

trees, which is tight up to the ln𝑑 factor. This result extends to ran-

dom 𝑑-regular graphs𝐺 ∼ 𝐺 (𝑛,𝑑), as well as the binomial random

graph 𝐺 (𝑛, 𝑑𝑛 ) for 𝑑 ≫ log𝑛. It would be interesting to prove the

Itai-Zehavi conjecture for those random graphs, with the next step

being to find Θ(𝑑) vertex-independent spanning trees.

One can also ask whether there exist (1 − 𝑜𝑑 (1))𝑑/ln𝑑 many

disjoint 𝑡-connected dominating sets (𝑡-CDSs) in (𝑛,𝑑, 𝜆)-graphs
for a fixed integer 𝑡 ; see [8] for relevant discussion. Let us note that

our proof can be modified to show the existence of (1−𝑜𝑑 (1))𝑑/ln𝑑
many 2-CDSs. We briefly sketch the necessary changes. First, the

proof of Lemma 3.1 gives that the connected components in each

𝐺 [𝑆𝑖 ] have minimum degree at least 𝜀2 ln𝑑 . Let 𝐶1, . . . ,𝐶𝑡 be the

components of 𝐺 [𝑆𝑖 ]. In the block-cut tree of each 𝐶𝑖 , consider the

leaf blocks. Since each leaf block contains at most one cut vertex,

we observe that any other vertex within the same block has a

neighborhood of size at least 𝜀2 ln𝑑 , contained entirely within that

block. Consequently, the total number of leaf blocks is at most

𝑡∑︁
𝑗=1

|𝐶 𝑗 |/(𝜀2 ln𝑑) = |𝑆𝑖 |/(𝜀2 ln𝑑) ≤ 20𝑛/(𝜀2 ln𝑑).

Each leaf block contains at least two vertices that are not cut ver-

tices; by coloring one red and the other blue, we can again apply

the extendability method (with nearly identical parameters as be-

fore, up to a small absolute constant) to connect all red vertices

via disjoint paths passing through 𝐵, and similarly for the blue

vertices. It is not hard to see that this gives a family of disjoint sets

spanning 2-connected subgraphs, one per each 𝑆𝑖 , hence produc-

ing a desired family of disjoint 2-CDSs. It would also be natural

to consider how large 𝑡 can be while still ensuring the existence

of (1 − 𝑜𝑑 (1))𝑑/ln𝑑 disjoint 𝑡-connected dominating sets in an

(𝑛,𝑑, 𝜆)-graph with 𝑑/𝜆 ≥ 𝐶 .
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