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Abstract7

We estimate the minimum number of distance queries that is sufficient to reconstruct the binomial8

random graph G(n, p) with constant diameter with high probability. We get a tight (up to a constant9

factor) answer for all p > n−1+o(1) outside “threshold windows” around n−k/(k+1)+o(1), k ∈ Z>0:10

with high probability the query complexity equals Θ(n4−dp2−d), where d is the diameter of the11

random graph. This demonstrates the following non-monotone behaviour: the query complexity12

jumps down at moments when the diameter gets larger; yet, between these moments the query13

complexity grows. We also show that there exists a non-adaptive algorithm that reconstructs the14

random graph with O(n4−dp2−d ln n) distance queries with high probability, and this is best possible.15
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1 Introduction21

Reconstruction of graphs was thoroughly studied in many different contexts and has various22

applications, e.g., in DNA sequencing [3, 14, 36], phylogenetics [1, 23, 31], and recovering23

neural networks [41]. A vast amount of literature is devoted to the average-case problem, i.e.24

to the reconstruction of random graphs [9, 13, 20, 22, 30, 33, 35, 37, 43]. In particular, the25

conjecture of Kelly and Ulam [25, 44] which is considered as one of the main reconstruction26

challenges is known to be true in binomial random graphs whp1 [9, 30, 37].27

Let G be a connected graph on [n] := {1, . . . , n}, and let Q ⊂
([n]

2
)

be a set of pairs of28

vertices. In the usual way, we denote by dG(x, y) the graph distance between x and y in29

G. Let us say that Q reconstructs G, if G is the only graph on [n] with distances dG(x, y)30

between {x, y} ∈ Q, i.e. for every graph G′ on [n] such that dG′(x, y) = dG(x, y) for all31

{x, y} ∈ Q, we have G′ = G. We will also call the graph Q-reconstructible in this case.32

In this paper, we study the model of reconstruction with an access to distance query33

oracle introduced in [6], although its variants were considered long before that for modelling34

reconstruction of a phylogenetic tree [19, 26, 45]. For every queried pair of vertices, the oracle35

answers the distance between these vertices in the hidden unknown graph G. For a queried36

pair of vertices {x, y}, we denote the oracle’s answer to this query by d(x, y), omitting the37

unknown graph in the subscript. An adaptive algorithm, at every step, selects the next query38

(a pair of vertices) based on the responses from the oracle to earlier queries.39

Let q ∈ N. If there exists an adaptive algorithm A such that, for the hidden input graph40

G on [n], it queries at most q pairs of vertices comprising a set Q ⊂
([n]

2
)

that reconstructs41

1 With high probability, that is, with probability tending to 1 as n → ∞.
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23:2 Reconstructing random graphs from distance queries

G, then we call G q-reconstructible by A. Let us call the minimum q such that G is q-42

reconstructible by some algorithm the (distance) query complexity of G. It is easy to see43

that, in the worst case, the query complexity equals
(

n
2
)
: all pairs should be queried in order44

to reconstruct the graph. For example, this is the case when G is a clique. Reyzin and45

Srivastava [39] showed that, even for some trees, Ω(n2) pairs are required to query. On46

the other hand, Mathieu and Zhou [33] presented an algorithm such that whp a uniformly47

random d-regular graph on [n] is (⌊n ln2 n⌋ + dn/2)-reconstructible by this algorithm, and48

wondered whether methods similar to those developed in their paper are applicable to sparse49

binomial random graphs G(n, p). In this paper, in contrast, we study the distance query50

complexity of relatively dense random graphs G(n, p) assuming p > n−1+ε for some ε > 0,51

i.e., when the random graph has bounded diameter whp. Although our main motivation52

lies in attempting to achieve tight bounds for the average-case complexity in a situation53

where the general setup is hard to analyse, additional interest in this problem is sparked by54

a surprising phenomenon, which will be discussed in the next two paragraphs.55

One can expect that dense graphs are typically harder to recover through distance queries,56

as the influence of a single edge to be recovered on distances between vertices might be57

less pronounced and thus harder to detect. In order to get some intuition of how the query58

complexity of the random graph evolves, let us first assume that p is significantly above the59

threshold for the property of having diameter at most 2, namely, p2n − 2 ln n − ln ln n → ∞60

as n → ∞. In this case, whp every pair of non-adjacent vertices has at least two common61

neighbours. Indeed, probability that a fixed pair of vertices has at most one common62

neighbour equals63

P(Bin(n − 2, p2) ≤ 1) = (1 − p2)n−2 + (n − 2)p2(1 − p2)n−3 = O
(

np2e−np2
)

= o(n−2).64

Therefore, by the union bound, every non-adjacent pair of vertices of G(n, p) has at least two65

common neighbours whp. Then whp the query complexity equals
(

n
2
)
. Indeed, for any set Q66

of pairs of vertices of size less than
(

n
2
)
, changing any single adjacency relation of a pair from67 ([n]

2
)

\ Q does not influence the distance between x and y for any {x, y} ∈ Q. Therefore, any68

set Q that does not contain all pairs does not reconstruct G(n, p) whp.69

On the other hand, it seems likely that for p close to the connectivity threshold ln n/n,70

the query complexity might be much less — quasilinear, as in the case of random regular71

graphs. Note that, in general the query complexity does not decrease as the graph becomes72

sparser since, in particular, as we mention above, for certain trees, the query complexity73

equals Ω(n2). Nevertheless, we show that, on average, as density decreases, the query74

complexity jumps down at specific moments around hitting times of diameter’s increments.75

However, between these moments the query complexity grows quite rapidly. In particular,76

there exist n−1+ε ≪ p1 ≪ p2 ≪ n−1/2 such that whp the diameter of G(n, p1) is larger than77

the diameter of G(n, p2) while the query complexity of the former is also larger.78

79

Related work. Kannan, Mathieu, and Zhou [24, 32] presented a reconstruction algorithm80

that uses Õ(n3/2) distance queries for bounded degree graphs. They also proved an81

information–theoretic lower bound Ω(n log n/ log log n) for trees with maximum degree 3 and82

asked whether Õ(n) is achievable for all bounded degree graphs. Tight results for certain fam-83

ilies of bounded degree graphs — trees, chordal graphs, and graphs with bounded treelength84

— were recently obtained by Bastide and Groenland in [5]. In particular, they proved that for85

every ∆ ≥ 3, any randomised algorithm requires Ω(n log n) queries to reconstruct n-vertex86

trees of maximum degree ∆ for a certain sequence of sizes of trees, which is tight since there87

exists a deterministic algorithm to reconstruct such trees using O(n log n) queries. In [33],88
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Mathieu and Zhou answered the question from [24] for random d-regular graphs with constant89

d: whp n ln2 n distance queries is enough to reconstruct a uniformly random d-regular graph.90

A modified version of the problem where the hidden graph is a tree and it is only allowed91

to query pairs of leaves (that are known) comes from biology: it serves as a model of92

reconstructing evolutionary (phylogenetic) trees and was introduced by Waterman, Smith,93

Singh, and Beyer [45]. This problem is well studied: lower bounds on query complexity94

for deterministic and randomised algorithms were obtained in [26] and [5] respectively, and95

upper bounds were investigated in [12, 23, 26, 29].96

Other types of query oracles explored in the literature include all-shortest-path, all-97

distances, and shortest-path queries. The first two oracles answer all shortest paths [6, 40]98

and all distances [6, 16] from a queried vertex respectively. The shortest-path oracle answers99

a shortest path between a queried pair of vertices [24, 39]. Erlebach, Hall, and Mihal’ák [15]100

studied reconstruction of G(n, p) from all-shortest-path queries for p = const and p = n−1+ε
101

for specific ε > 0.102

Mathieu and Zhou [33] also showed that their construction of the set of distance queries103

can be used to get an upper bound for the metric dimension of random d-regular graphs.104

Let us recall that the metric dimension β(G) of a graph G is the minimum cardinality of105

S ⊂ V (G) such that all vertices of G have different vectors of distances to the vertices from S.106

Such resolving sets S or their variants were used, in particular, to label canonically vertices107

of random graphs [4, 28]. The metric dimension of G(n, p) was studied by Bollobás, Mitsche,108

and Prałat in [11]. In particular, they proved that the metric dimension of G(n, p) undergoes109

the following ‘zigzag’ behaviour: if p = n−α, then logn β(G(n, p)) = 1 − (1 − α)⌊1/(1 − α)⌋110

whp; see also [38] for related results. Although in our proof of the upper bound for the111

distance query complexity of G(n, p) we use a resolving set whose size is far from being112

optimal, as we show below the ‘jumps’ of the metric dimension and of the query complexity113

are synchronous — both happen around n−k/(k+1), k ∈ Z>0.114

115

Our contribution. As follows from the next result, the query complexity drops for the116

first time when p passes a threshold n−1/2+o(1) on its way down. More generally, we prove117

that, for every integer constant k ≥ 1, as soon as p passes a threshold n−(k+1)/(k+2)+o(1), the118

query complexity drops by a factor of Θ(np).119

▶ Theorem 1. Let k ≥ 1 be a fixed integer, ε > 0, n−1+ε < p < n−k/(k+1)−ε, and let120

Gn ∼ G(n, p). Then there exist C = C(k, ε) > 0 and an adaptive algorithm A such that, for121

q =
⌊
C/(nk−2pk)

⌋
, whp Gn is q-reconstructible by A.122

We prove Theorem 1 in Section 3.123

▶ Theorem 2. Let k ≥ 1 be a fixed integer, ε > 0, and let nk+1pk+2 − 2 ln n → ∞ as n → ∞.124

Then whp Gn ∼ G(n, p) has query complexity at least 1
2(k+1+ε)nk−2pk .125

Theorem 2 is proven in Section 5. Let us emphasise that its proof is based on an explicit126

argument which is more efficient than the usual information-theoretic approach: we show a127

lower bound on the query complexity of a deterministic graph in terms of its diameter and128

maximum degree, see Claim 14. Unlike the information-theoretic approach, our approach129

allows to bound the query complexity of any given graph. So, it actually demonstrates that,130

when the number of queries is less than the bound, even knowing the input graph G does not131

help choosing the optimal quering strategy — no matter which pairs of vertices are queried,132

there is always a graph G′ ̸= G with exactly the same answers.133

CVIT 2016



23:4 Reconstructing random graphs from distance queries

Note that, for any wn → ∞ as n → ∞ and any134 (
2 ln n + wn

nk+1

)1/(k+2)
< p < n−k/(k+1)−ε, (1)135

the bounds in Theorem 1 and Theorem 2 differ by a constant factor, see Figure 1. So, roughly136

speaking (ignoring the constant factor) the query complexity in the interval (1) increases137

with p.138

139

Figure 1 Upper and lower bounds for query complexity of G(n, p) for p satisfying (1).

We also prove tight (up to a constant factor) bounds for “non-adaptive reconstructibility”.140

It turns out that if the set of queried pairs Q is fixed, then both upper and lower bounds on141

the minimum |Q| such that G(n, p) is Q-reconstructable increase by a factor of log n when p142

satisfies (1).143

▶ Theorem 3. Let k ≥ 1 be a fixed integer, ε > 0, and let p > n−1+ε. Then there exists144

a set Q = Q(n) ⊂
([n]

2
)

of size at most 3
nk−2pk enkpk+1 ln n such that whp Gn ∼ G(n, p) is145

Q-reconstructible.146

Theorem 3 is proven in Section 4.147

▶ Theorem 4. Let k ≥ 1 be a fixed integer, ε > 0, and let wn → ∞ as n → ∞. If148 (
2 ln n + wn

nk+1

)1/(k+2)
< p <

((
1

k + 1 − ε

)
ln n

nk

)1/(k+1)
,149

then there is no set Q = Q(n) of size at most 1
8(k+1)2nk−2pk enkpk+1 ln n such that whp150

Gn ∼ G(n, p) is Q-reconstructible.151

Theorem 4 is proven in Section 6.152

153

Proofs outline. For simplicity of presentation, let us assume that p = n−α, where154

k
k+1 < α < k+1

k+2 for some k ∈ Z>0.155

The crucial observation that allows to prove tight (up to a constant) upper bounds both156

for adaptive and non-adaptive query complexities is the following: if {v1, x} and {v2, x} are157

queried and d(v2, x) ≥ d(v1, x) + 2, then v1 and v2 are not adjacent.158
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Although whp the diameter of Gn ∼ G(n, p) equals k + 2, for a sufficiently large fixed159

set X ⊂ [n], every vertex v ∈ [n] has a vertex from X in its k-neighbourhood. Indeed, if X160

has size Θ
(

ln n
nk−1pk

)
, then the expected number of k-paths from a fixed vertex v ∈ [n] to X161

is Θ(ln n). Thus, using standard concentration inequalities, it is possible to overcome the162

union bound over the choice of v ∈ [n] for |X| = C ln n
nk−1pk and C sufficiently large. Actually,163

the following stronger property can be proved: whp for every v1, v2 /∈ X, there exists x ∈ X164

such that dGn
(v1, x) ≤ k while dGn\{v1,v2}(v2, x) ≥ k + 2, where Gn \ {v1, v2} is a spanning165

subgraph of Gn that is obtained by excluding the edge {v1, v2}. Thus, as soon as all pairs166

of vertices with at least one vertex in X are queried, all the remaining adjacencies are167

reconstructible whp. Indeed, for non-adjacent v1, v2, there exists x such that d(v1, x) ≤ k168

and d(v2, x) ≥ k + 2, thus we may reconstruct all non-adjacencies. All the other pairs of169

vertices must be adjacent since otherwise if we could exclude, say, the edge {v1, v2}, then170

there is an x ∈ X such that d(v2, x) ≤ k + 1 while, in the corrupted graph, the distance171

between v2 and x would be at least k + 2. This proves Theorem 3, see details in Section 4.172

A counterpart of this very simple algorithm was employed by Mathieu and Zhou in [33], who173

showed that it allows typically to reconstruct random regular graphs with (1 + o(1))n ln2 n174

queries, which is tight, up to a (log n)1+o(1)-factor.175

The proof of Theorem 1 in Section 3 is based on similar ideas but also utilises the possibility176

of updating queries adaptively: indeed, instead of querying all pairs {x ∈ X, v ∈ [n]}177

simultaneously, we may split the set X into ν = Θ(log n) equal parts X1, . . . , Xν and then,178

for every i = 1, . . . , ν, query a pair {x ∈ Xi, v ∈ [n]} only if v has not yet been excluded from179

the consideration. A vertex v is excluded from the consideration at time i, if it has sufficiently180

many (at least M for some large enough constant M) vertices in the intersection of its181

k-neighbourhood with X1 ∪ . . . ∪ Xi. This allows to query the desired number of pairs whp.182

In order to complete the proof, it remains to observe that whp there are no v1, v2 that have183

M different vertices x ∈ X so that dGn\{v1,v2}(v1, x) ≤ k and dGn\{v1,v2}(v2, x) ≤ k +1. This184

would imply the existence of a good x ∈ X as in the proof of Theorem 3 for any pair {v1, v2}.185

Proofs of both lower bounds in Theorem 2 and Theorem 4 use the notion of an undetectable186

pair in a graph G having diameter d ≥ 3 with a set of queried pairs Q ⊂
(

V (G)
2

)
: a pair of187

vertices {u1, u2} is undetectable if {u1, u2} /∈ Q ∪ E(G) and there is no “path” u1w1 . . . wℓu2188

in G, where ℓ ≤ d − 2, such that ℓ of its “edges” are actual edges of G, and the one189

remaining pair of consecutive vertices belongs to Q. It is easy to see that if G has at least one190

undetectable pair, then it is not reconstructible from Q since the addition of the edge {u1, u2}191

does not change answers to queries. When Q is small, then a simple counting proof shows192

that there are undetectable pairs in Gn whp. This proves Theorem 2, see details in Section 5.193

In order to improve the lower bound by a factor of log n for the “non-adaptive recon-194

structibility” (Theorem 4), we first refine the notion of undetectability, and then introduce195

a randomised algorithm that finds an undetectable pair (in the refined sense) in Gn whp.196

Let us call a pair of vertices {u1, u2} ℓ-undetectable in G, if {u1, u2} /∈ Q ∪ E(G) and there197

is no “path” u1w1 . . . wℓu2 in G such that ℓ of its “edges” are actual edges of G, the one198

remaining pair of consecutive vertices belongs to Q, and the distance between the two vertices199

in this pair is at least ℓ + 2. Though the refined notion is weaker, it still allows to prove200

non-reconstructibility: if G has diameter d and has a pair which is ℓ-undetectable for all201

ℓ ≤ d − 2, then G is not Q-reconstructible. Notice that, to decide whether a given pair202

{u1, u2} is undetectable, it is sufficient to know only the edges induced by the union of203

k-neighbourhoods of u1 and u2. In Section 6, we show that the following algorithm finds an204

undetectable pair whp: at every step, choose a pair of vertices {u1, u2} uniformly at random205

from the set of unconsidered vertices, consider all vertices in k-neighbourhoods of u1, u2, and206

CVIT 2016



23:6 Reconstructing random graphs from distance queries

check whether {u1, u2} is ℓ-undetectable for all ℓ ≤ k.207

208

Structure of the paper. The rest of the paper is organised as follows. In Section 2 we recall209

properties of random graphs that we will use in our proofs: namely, asymptotic behaviour of210

sizes of balls of small radii and the diameter. Proofs of upper bounds — Theorem 1 and211

Theorem 3 — appear in Sections 3 and 4 respectively. In Sections 5 and 6 we prove the212

lower bounds, Theorems 2 and 4 respectively. Finally, in Section 7 we raise several natural213

questions that we leave unanswered.214

2 Properties of random graphs215

In this section, we describe certain properties of Gn ∼ G(n, p) that we will use in the216

proofs. We also refer the reader to monographs [10, 17, 21] for a comprehensive exposition217

of properties of random graphs and of probabilistic tools — especially, to [21, Chapter 2]218

containing well-known standard concentration inequalities (in particular, Chernoff bounds219

for binomial distribution [21, Theorem 2.1], Hoeffding’s exponential tail bound for the220

hypergeometric distribution [21, Theorem 2.10], and Harris’ lemma [21, Theorem 2.12]) that221

we will use in the proofs and will not state them explicitly.222

Let us state a technical claim about the sizes of k-neighbourhoods in Gn that we will223

use frequently both for lower and upper bounds. For v ∈ [n] and r ∈ Z≥0, everywhere in224

the paper we denote by Nr(v) the (random) r-ball around v in Gn. We will also denote225

Nr(U) := ∪v∈U Nr(v) for U ⊂ [n].226

▷ Claim 5. Let k be a positive integer and let log2 n/n ≪ p ≪ (nk−1 log n)−1/k. Fix v ∈ [n].227

With probability 1 − o(n−2), in G(n, p),228

|Nr(v)| = (np)r(1 + o(1/ log n)) for all r ∈ [k].229

Proof. From the Chernoff bound, it follows that |N1(v)| = np(1+o(1/ log n)) with probability230

1 − o(n−2). Let us prove by induction over r that, for every, r ≤ k, |Nr(v)| = (np)i(1 +231

o(1/ log n)) with probability 1 − o(n−2). Assume that for an r ∈ [k − 1], this probability232

bound is already obtained. Let us expose the r-ball around v and denote the set of vertices233

at distance exactly r by N ′
r. Due to the induction assumption, we may suppose that234

|N ′
r| = (np)r(1+o(1/ log n)) = o(n/ log n). Thus, the number of vertices in [n]\Nr(v) having235

neighbours in N ′
r (denoted by |N ′

r+1|) is distributed as Bin(n(1 − o(1/ log n)), 1 − (1 − p)|N ′
r|).236

Clearly, Nr+1(v) = Nr(v) ⊔ N ′
r+1. Since E|N ′

r+1| = nr+1pr+1(1 + o(1/ log n)) ≫ log4 n, we237

get that238

P
(∣∣|N ′

r+1| − E|N ′
r+1|

∣∣ > E|N ′
r+1|/(ln n)3/2

)
= exp

[
−Ω(E|N ′

r+1|/ ln3 n)
]

= o(n−2)239

by the Chernoff bound, as needed. ◀240

Let us recall the result of Bollobás [8] about the asymptotic distribution of the diameter241

of Gn, see also [10, Chapter 10.2].242

▶ Theorem 6. Let c ∈ R be a constant and p =
( 2 ln n+c

nk

)1/(k+1). Then the diameter of Gn243

converges in distribution to a random variable taking values k + 1 and k + 2 with probabilities244

e−e−c/2 and 1 − e−e−c/2 respectively.245

Since the property of having diameter at most d is monotone, we immediately get the246

following corollary.247

▶ Corollary 7. If nkpk+1 − 2 ln n → ∞ as n → ∞, then whp the diameter of Gn is at most248

k + 1. If nkpk+1 − 2 ln n → −∞ as n → ∞, then whp the diameter of Gn is at least k + 2.249
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3 Proof of Theorem 1250

Let us recall that k ≥ 1 is a fixed integer, ε > 0, and n−1+ε < p < n−k/(k+1)−ε. We let251

Gn ∼ G(n, p). Let M ∈ Z be large enough and let us choose a large enough real C ≫ M .252

Let us also set ν := ⌈log2 n⌉ and fix a set X ⊂ [n] of size ν
⌊
C/(2nk−1pk)

⌋
. We will need the253

following auxiliary statements.254

▶ Lemma 8. Let i = i(n) ∈ [ν] and let X ′ ⊂ X be a fixed set of size i
⌊
C/(nk−1pk)

⌋
. Then255

with probability 1 − o(1/ log n), at least (n − |X|)(1 − 2−i) vertices of [n] \ X have at least M256

vertices at distance at most k in X ′.257

For an edge e of a graph G, we denote by G \ e the spanning subgraph of G obtained by258

deleting e. If e /∈ E(G), then we let G \ e = G.259

▶ Lemma 9. Whp there are no v1, v2 ∈ [n] and u1, . . . , uM ∈ X such that, for all j ∈ [M ],260

dGn\{v1,v2}(v1, uj) ≤ k and dGn\{v1,v2}(v2, uj) ≤ k + 1. (2)261

We prove Lemma 8 and Lemma 9 in Sections 3.1 and 3.2, respectively.262

Let us consider a balanced partition of X into ν disjoint sets X1, . . . , Xν and assume that263

Gn is a graph satisfying conclusions of Lemma 8 and Lemma 9 deterministically, i.e.:264

1 for every i ∈ [ν], the number of vertices v ∈ [n] \ X that have at least M vertices265

u ∈ X1 ∪ . . . ∪ Xi such that d(v, u) ≤ k is at least (n − |X|)(1 − 2−i);266

2 there are no v1, v2 ∈ [n] and u1, . . . , uM ∈ X such that (2) holds for all j ∈ [M ].267

Let us prove that these conclusions imply the statement of Theorem 1.268

Let us first query all pairs from
(

X
2
)

in Gn. Then, we query all pairs from X1 × ([n] \ X)269

and find all vertices v /∈ X such that there are at least M vertices u ∈ X1 satisfying270

d(v, u) ≤ k. Let V1 ⊂ [n] \ X be the set of all such vertices v. If V1 = [n] \ X, then we271

set î := 1. We then proceed by induction: assume that at step i ∈ {1, . . . , ν − 1} disjoint272

sets V1, . . . , Vi ⊂ [n] \ X are chosen and V1 ∪ . . . ∪ Vi ̸= [n] \ X. We then query all pairs273

from Xi+1 × ([n] \ (X ∪ V1 ∪ . . . ∪ Vi)) and find all vertices v /∈ X ∪ V1 ∪ . . . ∪ Vi such274

that there are at least M vertices u ∈ X1 ∪ . . . ∪ Xi ∪ Xi+1 satisfying d(v, u) ≤ k. We let275

Vi+1 ⊂ [n] \ (X ∪ V1 ∪ . . . ∪ Vi) be the set of all such v. If V1 ∪ . . . ∪ Vi+1 = [n] \ X, then we276

set î := i + 1. From 1, we get that, for every i, |V1 ∪ . . . ∪ Vi| ≥ (1 − 2−i)(n − |X|). Thus, the277

inductive procedure stops at some moment î ≤ ν, i.e. V1 ∪ . . . ∪ Vî = n \ X, and we query278

(
|X|
2

)
+

î∑
i=1

|Xi| · |[n]\(X ∪V1 ∪ . . .∪Vi−1)| ≤
⌊

C

2nk−1pk

⌋ î∑
i=1

n ·21−i < 2n

⌊
C

2nk−1pk

⌋
≤ q279

pairs.280

Let us now show that Gn is reconstructible from the set of queried pairs. For every i ≤ î,281

we have to recover all adjacencies between v1 ∈ Vi and v2 ∈ [n]. Without loss of generality282

we may assume that v2 is either from X or from Vj for some j > i. Since all pairs from283

Vi ×(X1 ∪ . . .∪Xi) are queried, we may consider only v2 ∈ (Xi+1 ∪ . . .∪Xν)∪(Vi+1 ∪ . . .∪Vî).284

It is crucial that for all such v2, the pairs {v2, u} for u ∈ X1 ∪ . . . ∪ Xi are queried, so that285

we got both d(v1, u) and d(v2, u) from the oracle.286

Let us first assume that v1 and v2 are non-adjacent in Gn. Let u1, . . . , uM ∈ X1 ∪ . . .∪Xi287

be at distance at most k from v1. From 2, it follows that there exists u ∈ {u1, . . . , uM } such288

that d(v1, u) ≤ k while d(v2, u) ≥ k + 2. It may only happen when v1, v2 are not adjacent.289

Thus, we may “reconstruct non-adjacencies” for all pairs of non-adjacent vertices in Gn.290
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Now, assume that G′ is obtained from Gn by removing some edges that belong to291

∪i≤îVi ×([n]\(X1 ∪ . . .∪Xi)) and that for G′ we get exactly the same answers as for Gn for all292

queried pairs. Let {v1, v2} ∈ Gn\G′, where v1 ∈ Vi and v2 ∈ (Xi+1∪. . .∪Xν)∪(Vi+1∪. . .∪Vî).293

As above, we let u1, . . . , uM ∈ X1 ∪ . . . ∪ Xi be at distance at most k from v1 in Gn. From 2,294

we get that there exists u ∈ {u1, . . . , uM } such that dG′(v2, u) ≥ k + 2. This inequality295

holds true since distances in G′ cannot be less than in Gn. But then dGn(v2, u) ≥ k + 2 as296

dGn
(v2, u) = dG′(v2, u) = d(v2, u) by the assumption since the pair {v2, u} was queried. On297

the other hand, v1 ∼ v2 in Gn and d(v1, u) = dGn(v1, u) ≤ k. So d(v2, u) ≤ d(v1, u)+1 ≤ k+1298

— a contradiction. Thus, edges are also reconstructible, Theorem 1 follows.299

3.1 Proof of Lemma 8300

Fix i ∈ [ν] and X ′ ⊂ X of size i
⌊
C/(2nk−1pk)

⌋
. For v ∈ [n]\X, we let Bv be the event saying301

that at least M vertices in X ′ are at distance at most k from v. We denote ξ :=
∑

v∈[n]\X 1Bv302

the number of such vertices. We have to prove that303

P(ξ < (n − |X|)(1 − 2−i)) = o(1/ log n).304

Fix a vertex v ∈ [n] \ X. For any N ∈ [n], subject to the event {|Nk(v)| = N}, the305

set Nk(v) is a uniformly random N -subset of [n] that contains v. We derive the following306

inequality from Hoeffding’s exponential tail bound for the hypergeometric distribution (see [21,307

Theorem 2.10]): for every N = (np)k(1 + o(1)),308

P
(

|Nk(v) ∩ X ′| <
1
4 iC

∣∣∣∣ |Nk(v)| = N

)
≤ exp

[
− iC

16 − o(1)

]
. (3)309

First of all, (3) implies that P (|Nk(v) ∩ X ′| < M | |Nk| = N) = o(1/(n log n)) uniformly310

over N = (np)k(1 + o(1)) if i ≥ 17 ln n/C. By the union bound and Claim 5, we get311

that ξ = n − |X| for such i with probability 1 − o(1/ log n). We then further assume that312

i < 17 ln n/C and that C is so large that e−2i > n−2/(k+1).313

For v ∈ [n] \ X ′, denote by N¬X′

r (v) the r-ball around v in Gn[[n] \ X ′]. Due to Claim 5,314

with probability 1 − o(1/n), |N¬X′

k−1 (v)| = (np)k−1(1 + o(1)) for all v ∈ [n] \ X ′. We then315

expose only edges induced by [n]\X ′ and assume that the latter event holds deterministically.316

For v ∈ [n] \ X, we let Cv be the event saying that less than M vertices in X ′ have317

neighbours in N¬X′

k−1 (v). Let η =
∑

v∈[n]\X 1Cv
. Note that η ≥ n − |X| − ξ. Therefore, it318

suffices to prove that P(η ≥ 2−i(n − |X|)) = o(1/ log n). A vertex from X ′ has a neighbour319

in N¬X′

k−1 (v) for a fixed v ∈ [n] \ X with probability320

1 − (1 − p)(np)k−1(1+o(1)) = 1 − e−nk−1pk(1+o(1)) ∼ nk−1pk(1 + o(1))321

since p < n−k/(k+1)−ε. Therefore, by the Chernoff bound,322

P(Cv) ≤ P
(

Bin(|X ′|, nk−1pk(1 + o(1)) <
1
4 iC

)
≤ exp

[
− iC

16 − o(1)

]
.323

We get that Eη ≤ e−i(n − |X|) for C > 16 and for large n. Since the relation u ∈ N¬X′

k−1 (v)324

on pairs (u, v) of vertices from [n] \ X ′ is symmetric, every vertex from [n] \ X ′ belongs to325

at most (np)k−1(1 + o(1)) balls N¬X′

k−1 (v), v ∈ [n] \ X. We shall use the following bounded326

difference inequality applied to η considered as a function of edges between X ′ and [n] \ X ′:327

▶ Theorem 10 ([34]). Let ξ1, . . . , ξN ∼ Bern(p) be independent, and let f : RN → R satisfy328

|f(x1, . . . , xi−1, xi, xi+1, . . . , xN ) − f(x1, . . . , xi−1, x′
i, xi+1, . . . , xN )| ≤ ci329
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for some c1, . . . , cN > 0 and every i ∈ [N ], x1, . . . , xN , x′
i ∈ R. Then, for every t > 0,330

P(|f(ξ1, . . . , ξN ) − Ef(ξ1, . . . , ξN )| ≥ t) ≤ exp
[

− t2

2p(1 − p)
∑N

i=1 c2
i + 2

3 t maxi ci

]
.331

Assuming that Ĝn is a graph on [n] such that Ĝn[[n] \ X ′] = Gn[[n] \ X ′] contains exactly332

the exposed edges, we get that, for any pair e ∈ X ′ × ([n] \ X ′), values η(Ĝn) and η(Ĝn △ e)333

differ by at most (np)k−1(1 + o(1)) since e may change only the values of 1Cv
such that334

the vertex of e from [n] \ X ′ belongs to N¬X′

k−1 (v). Therefore, we may set all ci equal to335

(np)k−1(1 + o(1)). Then Theorem 10 implies that, for some constant c > 0,336

P(η ≥ 2−i(n − |X|)) ≤ P
(

η ≥ e

2 · e−i(n − |X|)
)

337

≤ exp
[
−c

e−2i(n − |X|)2

p(n − |X ′|)|X ′|(np)2k−2 + e−i(n − |X|)(np)k−1

]
338

≤ exp
[
− 2c

C + 1 · e−2in

i(np)k−1

]
≤ exp

[
−nε(k−1)+o(1)

]
= o

(
1

log n

)
,339

where the penultimate inequality is due to e−2i > n−2/(k+1), completing the proof.340

3.2 Proof of Lemma 9341

Assume that M ≫ M ′ ≫ 1/ε.342

▷ Claim 11. Fix a vertex v ∈ [n]. With probability 1 − o(n−2), |Nk−1(v) ∩ X| ≤ M ′.343

Proof. Due to Claim 5, we have that |Nk−1(v)| = (np)k−1(1 + o(1)) with probability344

1 − o(n−2). For simplicity of presentation, let us assume that v /∈ X (the case v ∈ X does345

not differ much). Subject to |Nk−1(v)| = N + 1, the random variable |Nk−1(v) ∩ X| has a346

hypergeometric distribution, implying that347

P(|Nk−1(v) ∩ X| > M ′) ≤ (1 + o(1)) max
N=(np)k−1(1+o(1))

(|X|
M ′

)(
n−|X|−1

N−M ′

)(
n−1

N

)348

≤ (1 + o(1))
(

|X| − M ′

n

)M ′

= o(n−2).349

◀350

Let us define the following family of graphs H on [n]: fix a vertex v1 and draw from this351

vertex ⌊M/M ′⌋ disjoint paths of length at most k to distinct vertices from X and avoiding352

the edge {v1, v2}; fix another vertex v2 and draw from this vertex a path of length at most353

k + 1 to each of the paths starting at v1 and avoiding the edge {v1, v2}: these ⌊M/M ′⌋ paths354

from v2 are not necessarily disjoint.355

▷ Claim 12. Whp Gn does not contain any subgraph from H.356

Proof. First of all note that any H ∈ H has at least ⌊M/M ′⌋ and at most 2k⌊M/M ′⌋ + 2357

vertices. Moreover, for any x in this range, the number of graphs in H with exactly x358

vertices is at most cxnx−⌊M/M ′⌋|X|⌊M/M ′⌋ for a certain constant cx — there are at most359

|X|⌊M/M ′⌋ choices for the ⌊M/M ′⌋ ends in X of disjoint paths emanating from v1 and at360

most nx−⌊M/M ′⌋ ways to choose the remaining x − ⌊M/M ′⌋ vertices. Let us bound from361

below the number of edges in such a graph and apply the union bound. Let us fix vertices362
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v1, v2 and u1, . . . , u⌊M/M ′⌋ that play the role of ends of paths from v1 in X. Note that a363

graph from H can be obtained from this set of vertices by a sequential addition of 2⌊M/M ′⌋364

paths joining two vertices that are presented in the graph at the previous step. First ⌊M/M ′⌋365

paths are of length at most k, and the last ⌊M/M ′⌋ paths are of length at most k + 1.366

Assuming that at the j-th step the number of added vertices equals xj , we get that the367

constructed graph H has density368

ρ(H) = |E(H)|
|V (H)| =

∑2⌊M/M ′⌋
j=1 (xi + 1)

2 + ⌊M/M ′⌋ +
∑2⌊M/M ′⌋

j=1 xi

= x − 2 + ⌊M/M ′⌋
x

≥ (2k + 1)⌊M/M ′⌋
2k⌊M/M ′⌋ + 2 .369

Finally, assuming ⌊M/M ′⌋ > 3
ε(k+1) , the expected number of subgraphs H ∈ H in Gn is at370

most371 ∑
x

cxnx−⌊M/M ′⌋|X|⌊M/M ′⌋p
x

(2k+1)⌊M/M′⌋
2k⌊M/M′⌋+2 = O

((
νnk+2/⌊M/M ′⌋pk+1

)⌊M/M ′⌋
)

= O(n−1).372

◀373

Let us now fix v1, v2 and assume that the graph G′ := Gn \ {v1, v2} satisfies the following374

properties deterministically:375

for all v ∈ [n], |Nk−1(v) ∩ X| ≤ M ′;376

u1, . . . , uM ∈ Nk(v1);377

G′ does not contain a graph from family H.378

It is then sufficient to prove that there exists j ∈ [M ] such that uj /∈ Nk+1(v2).379

Take a shortest path P1 (of length at most k) between v1 and u1. We then proceed by380

induction. Assume that at step j < ⌊M/M ′⌋, we found j disjoint shortest paths P1, . . . , Pj381

from v1 to u1, . . . , uj respectively. Let w1, . . . , wj be the first vertices (after v1) on P1, . . . , Pj382

respectively. We have that there exists j′ ∈ [M ]\[j] such that uj′ /∈ Nk−1(w1)∪. . .∪Nk−1(wj).383

Without loss of generality let j′ = j + 1. Observe that the shortest path Pj+1 between v1 and384

uj+1 cannot intersect any of P1, . . . , Pj outside of v1. Eventually we get ⌊M/M ′⌋ disjoint385

paths from v1 to u1, . . . , u⌊M/M ′⌋. If, for some j ∈ [⌊M/M ′⌋], uj /∈ Nk+1(v2), we are done.386

Otherwise, Gn contains a graph from H — a contradiction.387

4 Proof of Theorem 3388

Let λ = nkpk+1. Without loss of generality we may assume that389

p ≤
(

(k + o(1)) ln n

(k + 1)nk

)1/(k+1)
(4)390

so that 3eλ ln n
nk−2pk ≤

(
n
2
)
. Let X be a fixed set of vertices of size

⌊
3eλ ln n/(nk−1pk)

⌋
≤ n

2 . Let391

us query all the pairs from [X × ([n] \ X)] ∪
(

X
2
)
. Thus, we query at most 3

nk−2pk eλ ln n pairs.392

As in the previous section, we let Gn ∼ G(n, p), and, for v ∈ [n], we let Nk(v) denote the set393

of vertices in Gn at distance at most k from v.394

We further show that whp in Gn for every v1, v2 ∈ [n] \ X, there is an x ∈ X such395

that x is at distance at most k from v1 and at least k + 2 from v2 in the graph obtained396

from Gn by removing the edge {v1, v2}. It would immediately imply that whp Gn is q-397

reconstructible. Indeed, we need only to reconstruct adjacency relations between pairs of398

vertices v1, v2 /∈ X. If v1, v2 are non-adjacent, then we queried {v1, x}, {v2, x} such that399

d(v1, x) ≤ k, d(v2, x) ≥ k + 2. This may only happen when v1, v2 are non-adjacent. Then we400
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can reconstruct all non-adjacencies. It remains to prove that we cannot delete any subset401

of edges from Gn[[n] \ X] without changing the answers to the queries. If v1 ∼ v2, then we402

queried {v1, x}, {v2, x} such that d(v1, x) ≤ k, d(v2, x) ≤ d(v1, x) + 1, and any shortest path403

from x to v2 follows the edge {v1, v2}. Thus, the edge {v1, v2} must be in the graph.404

Therefore, the following lemma immediately imples Theorem 3.405

▶ Lemma 13. Whp for every v1, v2 ∈ [n] \ X, there is an x ∈ X such that406

dGn\{v1,v2}(v1, x) ≤ k and dGn\{v1,v2}(v2, x) ≥ k + 2.407

Proof. Fix vertices v1, v2 /∈ X and remove the edge {v1, v2} if it is in Gn. Let N ′ be408

the (closed) (k − 1)-neghbourhood of v1 in Gn \ [X ∪ {v2}], and let N ′′
i be the (closed)409

i-neghbourhood of v2 in Gn \ [N ′ ∪ X] for i ∈ {k − 1, k}. Note that, as soon as N ′ is410

exposed, N ′′
k−1 and N ′′

k are defined solely by adjacencies that are entirely outside N ′ and their411

cardinalities do not depend on edges induced by N ′ — only on the size of N ′. Therefore, due412

to Claim 5, we may assume that |N ′| = (np)k−1(1+o(1/ log n)), |N ′′
i | = (np)i(1+o(1/ log n)),413

i ∈ {k − 1, k}. By the Chernoff bound and due to (4), the number of neighbours of vertices414

from N ′′
k−1 in N ′ is o((np)k−1/ log n) with probability 1−o(n−2). Note that the above makes415

sense only when k ≥ 2. In the case k = 1, we do not need to apply the Chernoff bound since416

N ′ = {v1}, N ′′
k−1 = {v2}, and there is no edge {v1, v2} in the considered graph.417

We then exclude from N ′ the neighbours of N ′′
k−1 and get that the refined set N ′

0 still418

has the size (np)k−1(1 + o(1/ log n)). If we can prove that with probability 1 − o(n−2),419

there exists a vertex x ∈ X that has a neighbour in N ′
0 and does not have neighbours in420

N ′′
k ⊔ (N ′ \ N ′

0), we immediately get the statement of Lemma 13: if P is a path of length421

at most k + 1 from v2 to x in Gn \ {v1, v2}, then by construction the neighbour of x on422

P is in N ′
0. Then the farthest from x vertex in P ∩ N ′

0 has a neighbour in P ∩ N ′′
k−1 — a423

contradiction. The probability bound on the latter event is also immediate since424

425

P
(

Bin
(

|X|,
(

1 − (1 − p)|N ′
0|

)
(1 − p)|N ′′

k |+|N ′\N ′
0|

)
= 0

)
426

=
(

1 −
(

1 − (1 − p)(np)k−1(1+o(1/ log n))
)

(1 − p)(np)k(1+o(1/ log n))
)|X|

427

(4)= exp
[
−(1 + o(1))|X|nk−1pke−λ

]
= o(n−2).428

◀429

5 Proof of Theorem 2430

Without loss of generality, we assume p = o(1). Let us show that Theorem 2 follows from431

▷ Claim 14. Let d ≥ 3, ε > 0. There exists C = C(d, ε) > 0 such that, for every graph G on432

[n] with diameter at most d and maximum degree ∆ > C, its query complexity q satisfies:433

q(d − 1 + ε)∆d−2 ≥
(

n

2

)
− |E(G)|. (5)434

Indeed, whp Gn has (1 + o(1))
(

n
2
)
p edges, diameter at most k + 2 (by Corollary 7), and435

maximum degree np(1 + o(1)) (by Claim 5, see also [7]), implying that the query complexity436

of G(n, p) is at least 1
2(k+1+ε)nk−2pk whp, as needed.437

Proof of Claim 14. Let q be an integer that does not satisfy (5). Let Q ⊂
([n]

2
)

have size q.438

Let us call a pair of vertices {u1, u2} undetectable in G if:439
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u1, u2 are not adjacent in G,440

the pair {u1, u2} was not queried,441

there is no “path” u1w1 . . . wℓu2, ℓ ≤ d − 2, such that ℓ of its “edges” are actual edges of442

G, and the one remaining pair of consecutive vertices belongs to Q.443

Assuming that the pair {u1, u2} is undetectable in G, observe that the addition of the444

edge {u1, u2} agrees with the answers to all the queries. Indeed, if it affects some queried pair445

{w, w′}, then there should be a path w . . . u1u2 . . . w′ of length at most d − 1 in G ∪ {u1, u2}446

— a contradiction.447

It remains to prove that G has an undetectable pair. For an appropriate choice of C, the448

number of pairs that do not satisfy the third property of an undetectable pair is at most449

d−2∑
ℓ=1

(ℓ + 1)q∆ℓ < q((d − 1)∆d−2 + (d − 2)2∆d−3) < q(d − 1 + ε)∆d−2 − q450

On the other hand, the number of pairs that satisfy the first two properties is at least451 (
n
2
)

− |E(G)| − q > q(d − 1 + ε)∆d−2 − q, implying the existence of an undetectable pair. ◀452

6 Proof of Theorem 4453

Let Gn ∼ G(n, p), N :=
⌊

eλ ln n
8(k+1)2nk−2pk

⌋
, where λ = nkpk+1. We assume that a set Q ⊂

([n]
2

)
454

of N pairs of vertices from [n] is fixed in advance to be queried. We call a pair {u1, u2} small if455

the number of {v1, v2} ∈ Q such that v1 ∈ Nk′(u1) and v2 ∈ Nk−k′(u2) for some456

k′ ∈ {0, 1, . . . , k} is at most M := 7(k + 1)(np)kN/n2;457

there are no {v1, v2} ∈ Q such that v1 ∈ Nk′(u1) and v2 ∈ Nk−1−k′(u2) for some458

k′ ∈ {0, 1, . . . , k − 1};459

there are no {v1, v2} ∈ Q such that, for some k′ ∈ {0, 1, . . . , k}, v1 ∈ Nk′(u1), v2 ∈460

Nk−k′(u2), and either v2 ∈ Nk(u1) or v1 ∈ Nk(u2).461

▷ Claim 15. Whp at least 1
2
(

n
2
)

pairs of vertices are small.462

Proof. Due to Claim 5, whp, for every k′ ∈ {0, 1, . . . , k}, for every {v1, v2} ∈ Q, there are463

at most (1 + o(1))(np)k ordered pairs (u1, u2) such that v1 ∈ Nk′(u1) and v2 ∈ Nk−k′(u2).464

Then whp the following holds: if the number of pairs {u1, u2} satisfying the first condition in465

the definition of a small pair is less than 5
6
(

n
2
)
, then 1

6 n(n − 1)M < (1 + o(1))(k + 1)(np)kN .466

The later inequality is false for large enough n.467

Similarly, whp, for every {v1, v2} ∈ Q, there are at most (1 + o(1))k(np)k−1 ordered pairs468

(u1, u2) such that v1 ∈ Nk′(u1) and v2 ∈ Nk−1−k′(u2) for some k′ ∈ {0, 1, . . . , k − 1}. Then469

whp the following holds: if the number of pairs {u1, u2} satisfying the second condition in470

the definition of a small pair is less than 5
6
(

n
2
)
, then 1

6 n(n − 1) < (1 + o(1))k(np)k−1N . The471

later inequality is false for large enough n as well.472

Let us finally show that whp the number of pairs {u1, u2} satisfying the third condition473

in the definition of a small pair is at least 5
6
(

n
2
)
. We will do it in two steps: first, we474

will show that whp there are only o(n2) pairs {u1, u2} that have in their “neighbourhood”475

Nk′(u1) × Nk−k′(u2) queried pairs {v1, v2} with d(v1, v2) ≤ k; second, we will observe that476

whp as soon as a queried pair {v1, v2} has d(v1, v2) > k, then the intersection of the k′-ball477

around v1 and the k-ball around v2 has size around (np)k+k′
/n — that will be sufficient to478

finish the proof.479

Fix a queried pair {v1, v2}. Since the expected number of paths of length at most k480

between v1, v2 is at most nk−1pk(1 + o(1)), we get that the distance between v1, v2 is at481
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most k with probability at most nk−1pk(1 + o(1)) by Markov’s inequality. Therefore, the482

expected number of pairs in Q that are at distance at most k is at most nk−1pk(1 + o(1)) · N .483

By Markov’s inequality, we get that the number of such pairs in Q is Op(nk−1pkN). As484

we noted above, whp, for every pair {v1, v2} ∈ Q, there are at most (1 + o(1))(k + 1)(np)k
485

pairs (u1, u2) such that v1 ∈ Nk′(u1), v2 ∈ Nk−k′(u2) for some k′ ∈ {0, 1, . . . , k}. Let us fix486

a sequence wn growing to infinity with n sufficiently slowly. We get that whp, if the number487

of pairs {u1, u2} that have v1 ∈ Nk′(u1) and v2 ∈ Nk−k′(u2) for some k′ ∈ {0, 1, . . . , k} such488

that {v1, v2} ∈ Q and d(v1, v2) ≤ k is at least 1
12

(
n
2
)
, then 1

12 n(n − 1) < wn(np)knk−1pkN .489

This is false for all large enough n. This proves that whp the number of pairs satisfying the490

last property in the definition of small pairs with the restriction that d(v1, v2) ≤ k (note491

that it always holds for k′ ∈ {0, k}) is at least 11
12

(
n
2
)
. It then remains to prove that whp492

the number of pairs {u1, u2} with no {v1, v2} ∈ Q such that d(v1, v2) > k and, for some493

k′ ∈ [k − 1], v1 ∈ Nk′(u1), v2 ∈ Nk−k′(u2), and either v2 ∈ Nk(u1) or v1 ∈ Nk(u2), is at least494

11
12

(
n
2
)

as well.495

As promised, we first show that whp, for any {v1, v2} such that d(v1, v2) > k and any496

k′ ∈ [k], the intersection of the k′-ball around v1 and the k-ball around v2 has size at most497

(1 + o(1))(np)k+k′
/n + ln2 n. Fix v2 and expose the k-ball around it. Due to Claim 5, with498

probability 1 − o(n−2), this ball Nk(v2) has size (1 + o(1))(np)k. Let us now observe that499

we may assume that all vertices from S := Nk(v2) \ Nk−1(v2) have degrees at most ln2 n500

in Nk(v2). Indeed, the complementary event implies that there exists a vertex w ∈ S such501

that the total number of (k + 1)-paths and k-paths between u in v2 is at least ln2 n, which502

is false with probability 1 − o(n−2): due to [42, Theorem 5], there exists C > 0 such that,503

with probability 1 − o(n−2), the number of paths of length at most k + 1 between any two504

vertices in G(n, p) is at most C ln n.505

Then, fix v1 /∈ Nk(v2). For i ∈ {0, 1, . . . , k′ − 1}, let N ′
i be the i-neighbourhood of v1 in506

[n] \ Nk(v2), and let N∩
i be the set of neighbours of N ′

i in Nk(v2). Note that, for every vertex507

w ∈ Nk′(v1) ∩ Nk(v2), a shortest path from w to v1 leaves Nk(v2) at some vertex w′ ∈ S.508

Thus, the set Nk′(v1) ∩ Nk(v2) coincides with ∪k′−1
i=0 [Nk′−1−i(N∩

i ) ∩ Nk(v2)]. Then509

|Nk(v2) ∩ Nk′(v1)| ≤
k′−2∑
i=0

|N∩
i | ln2 n(np)k′−2−i + |N∩

k′−1| (6)510

with probability 1 − o(n−2). Moreover, due to Claim 5, with probability 1 − o(n−2), for every511

i ∈ {0, 1, . . . , k′ − 1}, |N ′
i | ≤ (np)i(1 + o(1)).512

Expose all N ′
i , i ∈ {0, 1, . . . , k′ − 1}, and assume that |N ′

i | ≤ (np)i(1 + o(1)) and513

|Nk(v2)| ≤ (1 + o(1))(np)k hold deterministically. Since |N∩
i | is the number of vertices in514

Nk(v2) that have at least one neighbour in N ′
i , we get, by the Chernoff bound,515

516

P(|N∩
i | > (np)k+ip(1 + (ln ln n)−1) + ln2 n) ≤517

P
(

Bin
(

(np)k(1 + o(1)), 1 − (1 − p)(np)i(1+o(1))
)

> (np)k+ip(1 + (ln ln n)−1) + ln2 n

)
518

= o(n−2).519

We finally get from (6) that with probability 1 − o(n−2),520
521

|Nk′(v1) ∩ Nk(v2)| ≤522

k′−2∑
i=0

ln2 n(np)k′−2−i((np)k+ip(1 + o(1)) + ln2 n) + (np)k+k′−1p(1 + o(1)) + ln2 n523

= (1 + o(1))(np)k+k′−1p + ln2 n,524
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as needed.525

From this and since whp, for every vertex v2 and every k′ ∈ [k − 1], |Nk−k′(v2)| =526

(1 + o(1))(np)k−k′ due to Claim 5, we get that whp, for every {v1, v2} ∈ Q satisfying527

d(v1, v2) > k, there at most k
(

(np)2k

n + (np)k−1 ln2 n
)

pairs (u1, u2) such that, for some528

k′ ∈ [k − 1],529

v1 ∈ Nk′(u1), v2 ∈ Nk−k′(u2), and v2 ∈ Nk(u1). (7)530

So, the event that the number of pairs {u1, u2} that have a pair {v1, v2} satisfying d(v1, v2) > k531

and (7) is at least 1
24

(
n
2
)

implies532

1
24n(n − 1) < k

(
(np)2k

n
+ (np)k−1 ln2 n

)
N,533

which is false for all large n. Due to symmetry, we get that whp the number of pairs534

{u1, u2} that have a pair {v1, v2} satisfying d(v1, v2) > k, v1 ∈ Nk′(u1), v2 ∈ Nk−k′(u2), and535

v1 ∈ Nk(u2) is less than 1
24

(
n
2
)

as well, completing the proof.536

◀537

Let ℓ ∈ [k]. We call a pair of vertices (u1, u2) ℓ-undetectable, if538

u1, u2 are not adjacent in Gn and {u1, u2} /∈ Q,539

there is no “path” u1w1 . . . wℓu2, such that ℓ of the pairs of consecutive vertices {u1, w1},540

{w1, w2}, . . ., {wℓ, u2} are actual edges of Gn, the one remaining pair of consecutive541

vertices is from Q, and the distance between the vertices in this pair is at least ℓ+2 in Gn.542

Let us recall that whp Gn has diameter k + 2 due to Corollary 7. Assuming that the pair543

{u1, u2} is ℓ-undetectable for all ℓ ∈ [k], observe that whp the addition of the edge {u1, u2}544

agrees with the answers to all the queries. Indeed, if it affects some queried pair {w, w′},545

then there should be a path w . . . u1u2 . . . w′ of length ℓ + 1 ≤ k + 1 in Gn ∪ {u1, u2} while546

in Gn the distance between w, w′ should be at least ℓ + 2. This contradicts the fact that547

{u1, u2} is ℓ-undetectable since if we consider the sequence u2 . . . w′w . . . u1 obtained form548

the path w . . . u1u2 . . . w′ by replacing the prefix w . . . u1 and the suffix u2 . . . w′, we get that549

the pair {w, w′} is queried, d(w, w′) ≥ ℓ+2, and all the other consecutive pairs of vertices are550

edges of Gn. Thus, whp the event that there exists a pair {u1, u2} which is ℓ-undetectable551

for all ℓ ∈ [k] implies that Gn is not Q-reconstructible. It then remains to prove that whp552

Gn has a pair {u1, u2} which is ℓ-undetectable for all ℓ ∈ [k].553

Let us now consider the following iterative procedure. At every step i ≥ 1, we are554

given with a set of “considered” vertices Xi ⊂ [n] (initially X1 = ∅), then we sample a555

pair {u1, u2} uniformly at random from
([n]\Xi

2
)

and expose Gn[Nk(u1)] and Gn[Nk(u2)].556

If the pair {u1, u2} is not small or u1, u2 are adjacent (note that the exposed edges are557

enough to get these decisions), then we just skip this step and switch to the step i + 1 with558

Xi+1 := Xi ∪ Nk(u1) ∪ Nk(u2).559

Now, assume that at the current step i, we observe that the pair {u1, u2} is small and560

u1, u2 are not adjacent. Note that the pair {u1, u2} is ℓ-undetectable for every ℓ ∈ [k − 1]561

since it is small (so, due to the first bullet point in the definition of a small pair, it cannot562

have any “path” of length at most k from the definition of an undetectable pair). The crucial563

observation is that the edges between Nk(u1) \ Nk(u2) and Nk(u2) \ Nk(u1) have not been564

exposed yet unless they are entirely inside Xi. We then expose these missing edges and show565

that they define an event that has sufficiently large probability and implies that the pair566

{u1, u2} is k-undetectable (see Claim 16 below). After this step, we switch to the step i + 1567

with Xi+1 := Xi ∪ Nk(u1) ∪ Nk(u2) as before.568
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We perform τ = ⌊n1/(k+1)−o(1)⌋ steps, where τ is chosen so that τ(np)k = o(n/ log n).569

Due to Claim 5, whp (in the measure of the union of the balls exposed before this step)570

|Xτ | = o(n/ log n), implying that whp (in the same measure), for every i ≤ τ , the probability571

that the pair {u1, u2} we sample at step i is small (in the measure of the random pair572

{u1, u2}) is at least 1/2 − o(1) by Claim 15.573

▷ Claim 16. There exists an event Bu1,u2 that depends only on edges between Nk(u1)\Nk(u2)574

and Nk(u2) \ Nk(u1), implies that the pair {u1, u2} is k-undetectable, and satisfies575

P(Bu1,u2 | Gn[Xi], {u1, u2} /∈ E(Gn), {u1, u2} is small) ≥ n−7/(8(k+1))+o(1).576

Proof. Fix k′ ≤ k, v1 ∈ Nk′(u1), v2 ∈ Nk−k′(u2) such that the pair {v1, v2} was queried.577

Note that since {u1, u2} is small, it may only happen when v1 /∈ Nk(u2), v2 /∈ Nk(u1).578

Without loss of generality, assume that k′ ≤ k − k′. Note that, if there exists an edge579

in Gn between A(v1) := Nk−k′(v1) \ (Xi ∪ Nk(u2)) and A(v2) := Nk′(v2) \ Nk(u1), then the580

distance between v1, v2 is at most k + 1. Due to Claim 5, whp581

|Nk−k′(v1)| = (1 + o(1/ log n))(np)k−k′
, |Nk(u1)| = (1 + o(1/ log n))(np)k,582

|Nk′(v2)| = (1 + o(1/ log n))(np)k′
, |Nk(u2)| = (1 + o(1/ log n))(np)k.583

Since |Xi| = o(n/ log n), due to Hoeffding’s exponential tail bound for the hypergeometric584

distribution, whp |A(v1)| = (1 + o(1/ log n))(np)k−k′ and |A(v2)| = (1 + o(1/ log n))(np)k′ .585

Then586

P(there is an edge between A(v1) and A(v2)) = 1−(1−p)(1+o(1/ log n))(np)k

= 1−e−λ+o(1).587

Since {u1, u2} is small, the number of queried {v1, v2} in
⋃k

k′=0 Nk′(u1) × Nk−k′(u2) is at588

most M . Now, we define the desired event Bu1,u2 : for every k′ and every queried pair589

{v1 ∈ Nk′(u1), v2 ∈ Nk−k′(u2)}, there exists an edge between the respective A(v1) and590

A(v2). Then, due to the Harris inequality [18],591

P(Bu1,u2) ≥ (1 − e−λ+o(1))M ∼ exp
[
− 7 + o(1)

8(k + 1) ln n

]
.592

◀593

Whp in at least (1/2 − o(1))τ steps we get a small non-adjacent pair. Due to Claim 16,594

we then get that the probability that, for at least one of these small pairs {u1, u2}, the595

respective event Bu1,u2 happens is at least596

1 −
(

1 − n−7/(8(k+1))+o(1)
)(1/2−o(1))τ

= 1 − exp
[
−1

2n
1+o(1)
8(k+1)

]
= 1 − o(1),597

completing the proof.598

7 Open questions599

Although we get tight bounds on distance query complexity for the binomial random graph
G(n, p) when the edge probability p satisfies (1), as p gets closer to a hitting time of a
diameter increment, the difference between the bounds increases. In particular, there is a
polynomial gap between the bounds even for the “non-adaptive reconstructibility” when
p = Θ((n−k ln n)1/(k+1)) satisfies

(1 − o(1))
(

ln n

(k + 1)nk

)1/(k+1)
< p <

(
2 ln n + O(1)

nk

)1/(k+1)
.
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It would be interesting to get at least the right power of n in the query complexity in this600

case.601

The further natural step is to generalise our results to growing diameter, i.e. to p =602

n−1+o(1). Although Theorems 2, 3, and 4 are generalised directly to p ≫ ln2 n/n, it is603

unclear whether it is possible to extend Theorem 1 without any significant modification of604

the proof method. The main complication is in the application of the bounded difference605

inequality (Theorem 10) since we use the fact that e−2i > n−2/(k+1) for all i < ln n/C and606

some sufficiently large constant C. If k is growing, then there is no such C.607

As we mention in Introduction, Mathieu and Zhou [33] proved that, for constant d, the608

query complexity of the random d-regular graph on [n] is at most n ln2 n whp. On the other609

hand, it is easy to prove the information–theoretic lower bound Ω(n log n/ log log n). It seems610

likely that the query complexity of the random d-regular graph actually equals n(log n)1−o(1)
611

whp, and we are asking whether the lower bound is tight.612
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