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Abstra
t

Let P be an optimization problem, and let A be an approximation algorithm for P .

The domination ratio domr(A; n) is the maximum real q su
h that the solution x(I)

obtained by A for any instan
e I of P of size n is not worse than at least a fra
tion q

of the feasible solutions of I . We des
ribe a deterministi
, polynomial time algorithm

with domination ratio 1�o(1) for the partition problem, and a deterministi
, polynomial

time algorithm with domination ratio 
(1) for the MaxCut problem and for some far-

rea
hing extensions of it, in
luding Max-r-Sat, for ea
h �xed r. The te
hniques 
ombine


ombinatorial and probabilisti
 methods with tools from Harmoni
 Analysis.

Keywords: Combinatorial Optimization; Domination analysis; Approximation Algorithms

1 Introdu
tion

Let P be an optimization problem, and let A be an approximation algorithm for P . The

domination ratio domr(A;n) is the maximum real q su
h that the solution x(I) obtained by

A for any instan
e I of P of size n is not worse than at least a fra
tion q of the feasible

solutions of I.

Initially, domination ratios were studied only for traveling salesman problem (TSP) heuris-

ti
s; for a re
ent survey see [16℄. It turned out that some often-used heuristi
s su
h as the

greedy and nearest neighbor algorithms have domination ratio 1=t

n

, where t

n

is the total

number of tours (i.e., t

n

= (n � 1)! for the asymmetri
 TSP and t

n

= (n � 1)!=2 for the

symmetri
 one). This means that these heuristi
s produ
e the unique worst possible tour for

some assignments of weights for every n � 3: This is in line with latest 
omputational ex-

periments with the greedy and nearest neighbor algorithms, see, e.g., [17℄, where the authors


ame to the 
on
lusion that the greedy algorithm might be said to be self-destru
tive, and

that it should not be used even as a general-purpose starting tour generator.

On the other hand, there are several well-known TSP heuristi
s of domination ratio


(1=n) [14, 16, 21, 22℄. The domination ratio provides a theoreti
al explanation of the

fa
t that some 'small' lo
al sear
h neighborhoods are mu
h more 
omputationally e�e
tive

in pra
ti
e than some neighborhoods of exponential size [16℄, as indeed some lo
al sear
h

algorithms with smaller neighborhoods have mu
h larger domination ratio.

Interestingly, the well-known double minimum spanning tree heuristi
 (DMST) is of dom-

ination ratio 1=t

n

(n � 3) even for the symmetri
 TSP with the triangle inequality [21℄. Thus,
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despite the fa
t that its performan
e ratio is 2, DMST produ
es the unique worst tour for

some assignments of weights. This justi�es the study of the domination ratio alongside with

the performan
e ratio of eÆ
ient algorithms.

The domination ratios of algorithms for some other 
ombinatorial optimization problems

have also been investigated [5, 6, 13, 14, 15, 19℄. In [5℄, a pair of heuristi
s for Generalized TSP

have been 
ompared. The performan
e of both heuristi
s in 
omputational experiments was

very similar. Nevertheless, bounds for the domination ratios showed that one of the heuristi
s

was mu
h better than the other one in the worst 
ase. A pair of greedy-type heuristi
s for

the frequen
y assignment problem were 
ompared in [19℄. Again, bounds for the domination

ratios allowed the authors of [19℄ to �nd out whi
h of the two heuristi
s behaves better in

the worst 
ase.

The authors of [13℄ obtained a deterministi
 polynomial time algorithm for the minimum

partition problem with domination ratio at least 1=2: They asked whi
h other problems admit

polynomial algorithms of domination ratio 
(1): In the present paper we des
ribe several new

results of this type. Our results in
lude:

� A deterministi
 polynomial time algorithm for the minimum partition problem whose

domination ratio is 1� o(1), improving the 1=2-domination ratio result of [13℄.

� A deterministi
 polynomial time algorithm for the (weighted) MaxCut problem, whose

domination ratio is 
(1), improving the 
(1=n)-domination ratio result for this problem

des
ribed in [13℄.

� A deterministi
 polynomial time algorithm of domination ratio 
(1) for the problem of

maximizing the total weight of satis�ed equations in a system of sparse linear equations

over GF (2).

� A deterministi
 polynomial time algorithm of domination ratio 
(1) for the weighted

Max-r-Constraint Satisfa
tion Problem, where r is �xed. This in
ludes, as spe
ial 
ases,

the Max-r-Sat problem as well as the sparse linear equations problem.

The methods 
ombine 
ombinatorial and probabilisti
 te
hniques with tools from Harmoni


analysis and results about small sample spa
es that support k-wise independent random

variables. As a by-produ
t we obtain 
ertain 
onsequen
es about linear 
odes with sparse

parity 
he
k or generating matri
es, whi
h may be of independent interest.

In all the problems we 
onsider it is quite easy to generate deterministi
ally a solution

whose value is at least as good as the average value of a random feasible solution. Our aim

is thus either to prove that the average solution beats a 
onstant fra
tion of the feasible

solutions, or to supply an algorithm that improves over the average solution. The latter task

has 
ommon lines with the approa
h of a re
ent paper by H�astad and Venkatesh [18℄. In fa
t

we will extend and improve some of the results of [18℄.

The rest of this paper is organized as follows. In Se
tion 2 we 
onsider the partition

problem, Se
tion 3 deals with MaxCut, Se
tion 4 deals with the more general problem of

sparse linear equations over GF (2), Se
tion 5 deals with a further generalization, the weighted


onstraint satisfa
tion problem, and the �nal Se
tion 6 
ontains some 
on
luding remarks and

open problems, in
luding 
ertain results about linear 
odes.

2 The Minimum Partition Problem

Let B

n

be the set of all n-dimensional ve
tors (�

1

; �

2

; : : : ; �

n

) with f�1; 1g 
oordinates.

2



The minimum partition problem (MinPart) 
an be stated as follows: given n nonnegative

numbers V = fa

1

; a

2

; : : : ; a

n

g, �nd a ve
tor (�

1

; �

2

; : : : ; �

n

) 2 B

n

su
h that j

P

n

i=1

�

i

a

i

j is

minimum.

Consider the following greedy-type algorithm A for MinPart. Initially sort the num-

bers su
h that a

�(1)

� a

�(2)

� � � � � a

�(n)

. Choose a 
onstant p > 0 and �x k =

bp log

2

n
: Solve MinPart to optimality for a

�(1)

; a

�(2)

; : : : ; a

�(k)

, i.e., �nd optimal values of

�

�(1)

; �

�(2)

; : : : ; �

�(k)

: (This 
an be trivially done in time O(n

p

):) Now for ea
h j > k, if

P

j�1

i=1

�

�(i)

a

�(i)

< 0; then set �

�(j)

= 1, and otherwise �

�(j)

= �1:

Theorem 2.1 The domination ratio of A is at least 1��(

1

p

k

):

Observe that if

min j

k

X

i=1

�

�(i)

a

�(i)

j �

n

X

i=k+1

a

�(i)

;

where the minimum is taken over B

k

, then A produ
es an optimal solution. Otherwise, it

follows easily that the solution produ
ed by A satis�es

j

n

X

i=1

�

�(i)

a

�(i)

j � a

�(k+1)

:

To prove Theorem 2.1, we may thus assume that a

1

� a

2

� : : : � a

n

and that the solution

produ
ed by the algorithm satis�es j

P

n

i=1

�

i

a

i

j � a

k+1

: By the assumptions and the simple

fa
t that

�

k

bk=2


�

=2

k

= �(1=

p

k); it suÆ
es to prove the following:

Proposition 2.2 The number of ve
tors (�

1

; : : : ; �

n

) 2 B

n

for whi
h j

P

n

i=1

�

i

a

i

j < a

k+1

is

at most

�

k

bk=2


�

2

n�k

:

Proof: We need the following lemma:

Lemma 2.3 Let a

1

� a

2

� � � � � a

k

and let (a; b) be an arbitrary open interval su
h that

b� a � 2a

k

. Then the number of ve
tors (Æ

1

; : : : ; Æ

k

) 2 B

k

su
h that

P

k

i=1

Æ

i

a

i

2 (a; b) is at

most

�

k

bk=2


�

:

This lemma is related to the one-dimensional Littlewood-O�ord problem, and was �rst

proved by Erd}os in [10℄. For 
ompleteness, we in
lude the short and elegant proof. Let a

ve
tor (Æ

1

; : : : ; Æ

k

) 2 B

k


orrespond to the set fi : Æ

i

= +1; 1 � i � kg: Observe that if, for

a ve
tor (Æ

1

; : : : ; Æ

k

) 2 B

k

,

P

k

i=1

Æ

i

a

i

2 (a; b), then the 
hange of the sign of any Æ

i

will move

the sum from the interval (a; b). Thus, a pair of ve
tors for whi
h the above sums are in (a; b)


orrespond to sets neither of whi
h 
ontains the other one. Hen
e, by Sperner's Lemma [23℄,

there are at most

�

k

bk=2


�

ve
tors (Æ

1

; : : : ; Æ

k

) 2 B

k

su
h that

P

k

i=1

Æ

i

a

i

2 (a; b): 2

We pro
eed with the proof of the proposition. Fix a ve
tor (�

k+1

; : : : ; �

n

) 2 B

n�k

. Denote

the sum

P

n

i=k+1

�

i

a

i

by S: Now j

P

n

i=1

�

i

a

i

j < a

k+1

if and only if

P

k

i=1

�

i

a

i

belongs to the

open interval (�S � a

k+1

;�S + a

k+1

): However, by the lemma above, there are at most

�

k

bk=2


�

ve
tors (�

1

; : : : ; �

k

) with the above property. Sin
e we 
an �x (�

k+1

; : : : ; �

n

) 2 B

n�k

in jB

n�k

j = 2

n�k

ways, the assertion of the proposition follows, implying the assertion of the

theorem as well. 2
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3 The MaxCut Problem

Let G = (V;E) be an undire
ted graph on jV j = n verti
es, and let w : E ! R

+

be a

weight fun
tion asso
iating a nonnegative real weight w(e) to ea
h edge e 2 E. The MaxCut

problem is the problem of �nding a 
ut V = A [ B, A \ B = ; of maximum possible total

weight w(A;B) =

P

a2A;b2B;ab2E

w(a; b). In this se
tion we prove that there is an absolute

positive 
onstant 
 > 1=40 su
h that for any graph G and any weight fun
tion w, at least a

fra
tion 
 of all 
uts of G have weight at most w(E)=2, where w(E) =

P

e2E

w(e) is the total

weight of all edges of G. Therefore, any algorithm that �nds a 
ut of weight at least w(E)=2

has domination ratio at least 
.

There are many simple algorithms that produ
e 
uts of weight at least w(E)=2. The

simplest is probably the greedy algorithm; order the verti
es arbitrarily and put ea
h vertex

in its turn either in A or in B in order to maximize in ea
h step the total weight of 
rossing

edges. The running time of this algorithm is obviously linear in the number of edges of G.

Another simple algorithm produ
ing a 
ut of weight at least w(E)=2 
an be obtained

using a small sample spa
e supporting n pairwise independent uniform 0=1 random variables.

Sin
e su
h spa
es (as well as similar ones supporting k-wise independent random variables)

will be applied later in the paper as well, we brie
y des
ribe their properties in the following

paragraph.

By a 
onstru
tion des
ribed, e.g., in Se
tion 15.2 of [4℄, there exists a 0=1 matrix S

(k)

=

[s

ij

℄ with n 
olumns and r = O(n

bk=2


) rows su
h that every r�k submatrix of S

(k)


ontains an

equal number of all 2

k

binary k-ve
tors. This matrix 
an be 
onstru
ted by a deterministi


polynomial algorithm; moreover, it 
an be 
onstru
ted by a parallel NC algorithm. The

matrix is a simple expli
it 
onstru
tion of a sample spa
e of size r that supports n k-wise

independent uniform 0=1-variables. Indeed, the points of the sample spa
e are the rows, ea
h

of them has probability 1=r, and the value of variable number j on the point i is s

ij

.

In polynomial time (and poly-logarithmi
 parallel time), we 
an 
ompute the weight of

the 
ut 
orresponding to ea
h row of the r � n matrix S

(2)

and 
hoose the one with the

maximum weight. By the submatrix property of S

(2)

, every edge of G appears exa
tly in r=2

su
h 
uts. Therefore, the total weight of the r 
uts is

r

2

w(E) and the 
ut of maximum weight

has weight at least w(E)=2.

In fa
t, a more 
areful analysis enables us to get in this way weight at least (1 +


(

1

n

))w(E)=2. More interesting is the fa
t that as a by-produ
t of the analysis below we


an get that there is an absolute positive 
onstant 


0

su
h that at least a fra
tion 


0

of the


uts have weight that ex
eeds the average weight w(E)=2 by at least 


0

standard deviations.

Moreover, we 
an �nd su
h a 
ut deterministi
ally in polynomial time.

We pro
eed with the proofs, starting with a few probabilisti
 lemmas. The �rst lemma

is standard, and appears, for example, in [2℄.

Lemma 3.1 For every real random variable X with �nite and positive forth moment,

E(jXj) �

E(X

2

)

3=2

E(X

4

)

1=2

:

Proof: By H�older's Inequality with p = 3=2 and q = 3, for every two nonnegative random

variables Y;Z,

E(Y Z) � (E(Y

p

))

1=p

(E(Z

q

))

1=q

:

The result follows by applying this inequality to Y = jXj

2=3

and Z = jXj

4=3

: 2

Using this lemma, we prove the following result, in whi
h the absolute 
onstants 
an, in

fa
t, be slightly improved.
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Lemma 3.2 Let X be a real random variable and suppose that its �rst, se
ond and forth

moments satisfy E(X) = 0, E(X

2

) = �

2

> 0 and E(X

4

) � b�

4

. Then

(i) The probability that X is positive satis�es: Prob(X > 0) �

1

2

4=3

b

; (and a similar inequality

holds, by symmetry, for the probability that X is negative).

(ii)

Prob(X >

�

4

p

b

) �

1

4

4=3

b

;

(and a similar inequality holds, by symmetry, for Prob(X < �

�

4

p

b

): )

Proof: By Lemma 3.1, E(jXj) �

�

p

b

: Sin
e E(X) = 0 it follows that

Prob(X > 0)E(XjX > 0) �

�

2

p

b

: (1)

Put p = Prob(X > 0). Then, the 
onditional expe
tation E(XjX > 0) is at least

�

2p

p

b

and

hen
e, by Jensen's Inequality, E(X

4

jX > 0) �

�

4

16p

4

b

2

, implying that

b�

4

� E(X

4

) � Prob(X > 0)E(X

4

jX > 0) �

�

4

16p

3

b

2

:

Therefore, p �

1

2

4=3

b

, establishing part (i).

The proof of part (ii) is similar. Put Æ = Prob(X >

�

4

p

b

). Then

Prob(X > 0)E(XjX > 0) � (1� Æ)

�

4

p

b

+ ÆE(XjX >

�

4

p

b

);

implying, by (1), that

E(XjX >

�

4

p

b

) �

�

4

p

bÆ

:

By Jensen's Inequality this shows that

E(X

4

jX >

�

4

p

b

) �

�

4

4

4

b

2

Æ

4

:

Therefore

b�

4

� E(X

4

) � ÆE(X

4

jX >

�

4

p

b

) �

�

4

4

4

b

2

Æ

3

;

implying the assertion of part (ii). 2

Returning to the MaxCut problem for a weighted graph G = (V;E) on a set V =

f1; 2; : : : ; ng of n verti
es, with weight fun
tion w : E ! R

+

, let �

1

; �

2

; : : : ; �

n

be independent

random variables, ea
h distributed uniformly on f�1; 1g. Let X be the random variable

X =

X

ij2E

w(i; j)�

i

�

j

:

Noti
e that if we asso
iate ea
h possible ve
tor (�

1

; �

2

; : : : ; �

n

) with the 
ut determined by

A = fi : �

i

= 1g and B = fi : �

i

= �1g, then the value of X is pre
isely w(E) � 2w(A;B).

Therefore, the fra
tion of 
uts of G whose weight is at most w(E)=2 is pre
isely the fra
tion

of ve
tors �

i

for whi
h the random variable X is nonnegative, that is, pre
isely the probability

that X is nonnegative. To show that this probability is bounded away from zero we apply

part (i) of Lemma 3.2. In order to do so we have to bound the moments of X as follows.

5



Lemma 3.3 The random variable X de�ned above satis�es:

(i) E(X) = 0.

(ii) E(X

2

) =

P

ij2E

w

2

(i; j):

(iii) E(X

4

) � 15(E(X

2

))

2

:

Proof: The assertions of part (i) and of part (ii) follow easily, by linearity of expe
tation. To

prove the assertion of part (iii) expand, �rst, X

4

, and write it as a sum of jEj

4

produ
ts, where

ea
h produ
t is a produ
t of four terms of the form w(i; j)�

i

�

j

. By linearity of expe
tation,

E(X

4

) is the sum of expe
tations of all these terms. Note that if some �

i

raised to an

odd power appears in a term, then its 
ontribution to the expe
tation is 0. Therefore, the

only terms that have a nonzero 
ontribution are those 
orresponding to 
olle
tions of (not

ne
essarily distin
t) fourtuples of edges that 
over ea
h vertex an even number of times. The

only fourtuples of this form are the jEj fourtuples 
orresponding to the same edge taken four

times, the

�

jEj

2

�

fourtuples 
onsisting of a pair of edges, ea
h taken twi
e, and the fourtuples


orresponding to four-
y
les C

4

in the graph. Let C denote the set of all 
opies of C

4

in G,

put m = jEj and let e

1

; e

2

; : : : ; e

m

be an arbitrary enumeration of all edges of G. By the

dis
ussion above

E(X

4

) =

m

X

i=1

w

4

(e

i

) +

�

4

2

�

X

1�i<j�m

w

2

(e

i

)w

2

(e

j

) + 4!

X

C2C

Y

e2C

w(e):

For ea
h 4-
y
le C whose edges are e

i

; e

j

; e

k

; e

l

in this order,

w(e

i

)w(e

j

)w(e

k

)w(e

l

) �

w

2

(e

i

)w

2

(e

k

) + w

2

(e

j

)w

2

(e

l

)

2

:

Summing over all members of C, for ea
h pair of nonadja
ent edges e

i

; e

k

; the term w

2

(e

i

)w

2

(e

k

)

appears at most twi
e in the right hand side, whereas the 
orresponding term for a pair of

adja
ent edges does not appear at all. It thus follows that

X

C2C

Y

e2C

w(e) �

X

1�i<k�m

w

2

(e

i

)w

2

(e

k

):

Altogether we 
on
lude that

E(X

4

) �

m

X

i=1

w

4

(e

i

) + 30

X

1�i<j�m

w

2

(e

i

)w

2

(e

j

) � 15(E(X

2

))

2

;


ompleting the proof. 2

Combining the last lemma with part (i) of Lemma 3.2, it follows that the probability that

X is nonnegative is at least

1

2

4=3

15

>

1

40

: We have thus proved the following.

Theorem 3.4 There exists a linear time, deterministi
 approximation algorithm for the

MaxCut problem in a weighted graph whose domination ratio ex
eeds 1=40. There is also

an NC algorithm with the same domination ratio.

Remark: Note that the proof of Lemma 3.3 works even when the random variables �

i

are 8-

wise independent, rather than fully independent. As there are polynomial size sample spa
es

that support su
h random variables (like the matrix S

(k)

mentioned in the beginning of this

se
tion), it follows, by Lemma 3.3 and part (ii) of Lemma 3.2 that we 
an also �nd, in any

weighted graph G, a 
ut whose weight ex
eeds the average by

p

P

e2E

w

2

(e)

8

p

15

in deterministi


polynomial time, and in fa
t even in NC.
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4 Sparse linear equations

Let L be a system of m linear equations in n variables x

1

; x

2

; : : : ; x

n

over GF (2), and suppose

that ea
h equation e has a positive weight w(e). The problem MaxLin is that of �nding an

assignment of values to the variables x

i

, trying to maximize the weight of the equations

satis�ed.

Note that the MaxCut problem is a spe
ial 
ase of MaxLin, where for ea
h edge e = ij

we have the equation x

i

+x

j

= 1 with weight w(e). As is the 
ase with the MaxCut problem,

it is easy to obtain, deterministi
ally, in linear time, a solution whose weight is at least half

the total weight; simply assign ea
h variable in its turn the value that 
ontributes as mu
h as

possible to the total weight of the equations determined so far. It turns out that when there

is a uniform bound, say r, on the number of variables parti
ipating in ea
h equation, the

domination ratio of this algorithm is already at least some 
(r) > 0. The proof is similar to

the one in the previous se
tion; but sin
e the 
onstants we get here are far worse, we in
luded

the dis
ussion for MaxCut separately.

Our treatment here is similar to the one of H�astad and Venkatesh in [18℄, with one 
ru
ial


hange that enables us to bound the domination ratio away from zero. This also supplies, in

fa
t, an improvement on the su

ess probability of the algorithm of [18℄.

Note, �rst, that we may assume that the left hand sides of ea
h pair of our equations

are di�erent, sin
e if we have for a subset I of f1; 2; : : : ; ng the equation

P

i2I

x

i

= 0 with

weight w

0

and the equation

P

i2I

x

i

= 1 with weight w

1

, we 
an simply repla
e this pair by

the equation whose weight is bigger, modifying its new weight to be the di�eren
e between

the two old ones.

We thus assume that all the left hand sides of the equations are pairwise distin
t. Let

I

j

� f1; 2; : : : ; ng be the set of indi
es of the variables parti
ipating in equation number j,

and let Æ

j

2 f0; 1g be the right hand side of this equation. Let w

j

denote the weight of

equation number j and de�ne

X =

m

X

j=1

(�1)

Æ

j

w

j

Y

i2I

j

�

i

;

where �

i

2 f�1; 1g. Let W denote the total weight of all equations. Then, the total weight

of the equations satis�ed by putting x

i

= 0 if �

i

= 1 and x

i

= 1 if �

i

= �1 for all i is 
learly

1

2

(X(�

1

; �

2

: : : ; �

n

) + W ): Therefore, in order to bound the domination ratio of the simple

greedy algorithm it suÆ
es to lower bound the probability that X is negative, when the

variables �

i

range over all 2

n

possibilities in f�1; 1g with equal probability. This is done by

applying Lemma 3.2. In order to do that we need a known extension of Khin
hin's Inequality.

Versions of this inequality appear in various pla
es in
luding [7℄, [24℄ and [11℄. Here we use

the following version, proved by Bourgain in [7℄. The same lemma has been applied in [18℄

in a similar 
ontext.

Lemma 4.1 ([7℄) Let f = f(x

1

; : : : ; x

n

) be a polynomial of degree r in n variables x

1

; : : : ; x

n

with domain f�1; 1g. De�ne a random variable X by 
hoosing a ve
tor (�

1

; : : : ; �

n

) 2 f�1; 1g

n

uniformly at random and setting X = f(�

1

; : : : ; �

n

). Then, for every p � 2, there is a 
onstant




p

su
h that (E(jXj

p

))

1=p

� (


p

)

r

(E(X

2

))

1=2

: In parti
ular, 


4

� 2

3=2

.

Plugging b = 2

6r

in Lemma 3.2, part (i), we 
on
lude that by the above dis
ussion, the

domination ratio of the simple greedy algorithm des
ribed above is at least

1

2

4=3

�2

6r

: Moreover,

r-wise independent random variables suÆ
e to get a solution satisfying at least half the total

weight. Thus, we 
on
lude that the following holds.

7



Theorem 4.2 There exists a linear time, deterministi
 approximation algorithm for the

MaxLin problem for a weighted set of linear equations over GF (2) in whi
h ea
h equation


ontains at most r variables, whose domination ratio ex
eeds

1

2

4=3

�2

6r

. There is also an NC

algorithm with the same domination ratio.

Remark: By part (ii) of Lemma 3.2 we 
on
lude that in the above notation, if � =

q

P

j

w

2

j

,

then the probability that X ex
eeds

�

2

3r+2

is at least

1

4

4=3

�2

6r

. This improves the estimate in

[18℄ that shows that the probabilityX ex
eeds �=2

3+3r

is at least

1

2

3+3r

m

. The main di�eren
e

is that for �xed r the probability bound obtained here is bounded away from zero. Moreover,

sin
e the analysis works whenever the random variables �

i

are 4r-wise independent, we 
an

�nd su
h an assignment for the variables in deterministi
 polynomial time, and in fa
t even

in NC.

5 Constraint satisfa
tion problems

Let r be a �xed positive integer, and let F = ff

1

; f

2

; : : : ; f

m

g be a 
olle
tion of Boolean

fun
tions, ea
h involving at most r of the n variables, and ea
h having a real, positive weight

w(f

i

). The Max-r-Constraint Satisfa
tion Problem (or Max-r-CSP problem, for short), is the

problem of �nding a truth assignment to the variables so as to maximize the total weight of

the fun
tions satis�ed. Note that this in
ludes, as a spe
ial 
ase, the problem of sparse linear

equations 
onsidered in the previous se
tion (and hen
e also the MaxCut problem). Another

interesting spe
ial 
ase is the Max-r-Sat problem, in whi
h ea
h of the Boolean fun
tions f

i

is a 
lause of at most r literals. In this se
tion we observe that our te
hniques 
an handle this

more general problem without any essential 
hanges. The �rst observation is that as before,

it is easy to �nd deterministi
ally a truth assignment in whi
h the total weight of the satis�ed

equations is at least the expe
ted value of this weight when the values of the variables are

assigned at random. This 
an be done either by the method of 
onditional expe
tations, or

by using small sample spa
es with r-wise independent random variables. It thus suÆ
es to

show that for every �xed r, there is some 
(r) > 0 so that at least a fra
tion 
(r) of all feasible

assignments do not supply a better solution than the average. As before, this will be done

by applying Lemma 3.2.

We pro
eed with the details. For ea
h Boolean fun
tion f of r Boolean variables

x

i

1

; x

i

2

; : : : ; x

i

r

;

with a weight w(f), de�ne a random variable X

f

as follows. For 
onvenien
e, suppose ea
h

variable x

i

j

attains values in f�1; 1g. Let V � f�1; 1g

r

denote the set of all satisfying

assignments of f . Then

X

f

(x

1

; x

2

; : : : ; x

n

) = w(f)

X

v=(v

1

;:::;v

r

)2V

Q

r

j=1

(1 + x

i

j

v

j

)

2

r

� w(f)

jV j

2

r

:

This is 
learly a random variable de�ned over the spa
e f�1; 1g

n

and its value at x =

(x

1

; x

2

; : : : ; x

n

) is w(f)(1 �

jV j

2

r

) if x satis�es f , and is �w(f)

jV j

2

r

otherwise. It follows that

the expe
tation of X

f

is zero. De�ne now X =

P

f2F

X

f

. Then the value of X at x =

(x

1

; x

2

; : : : ; x

n

) is pre
isely the total weight of the fun
tions satis�ed by the truth assignment

x, minus the average value of this total weight, 
omputed over all possible truth assignments.

It thus suÆ
es to show that with probability at least 
(r) > 0, the value of X is negative.

8



By linearity of expe
tation, E(X) = 0. Moreover, sin
e X is a polynomial of degree at

most r in x

1

; x

2

; : : : ; x

n

, it follows, by Lemma 4.1, that E(X

4

) � 2

6r

E(X

2

)

2

: The desired

result with 
(r) =

1

2

4=3

�2

6r

now follows from Lemma 3.2, part (i). We have thus proved the

following.

Theorem 5.1 For ea
h �xed integer r � 1 there exists a linear time, deterministi
 approxi-

mation algorithm for the Max-r-CSP problem for a weighted set of Boolean fun
tions in whi
h

ea
h fun
tion depends on at most r variables, whose domination ratio ex
eeds

1

2

4=3

�2

6r

. There

is also an NC algorithm with the same domination ratio.

6 Con
luding remarks

There are very simple eÆ
ient randomized algorithms with expe
ted domination ratios 
lose

to 1 for all the problems 
onsidered here (and for many other ones). Simply pi
k randomly

and independently, with repetitions, enough feasible solutions, and 
hoose the best one. This


an be done for every problem in whi
h a random feasible solution 
an be generated eÆ
iently.

Clearly, if we pi
k t random solutions, then the probability the best one is worse than an

�-fra
tion of the solutions is at most (1� �)

t

. For a problem of size n and any � � n

�O(1)

we


an 
hoose a polynomial t for whi
h this probability will be inverse polynomially small. It

is therefore unlikely to expe
t any strong inapproximability results for any of these problems

with respe
t to the domination 
riterion, as all of them admit eÆ
ient randomized algorithms.

6.1 Unweighted graphs

It is sometimes simpler to get eÆ
ient algorithms with large domination ratio for unweighted

graphs than for the weighted 
ase. Consider, for example, the unweighted MaxCut problem.

Let G = (V;E) be a t-
olorable graph with jEj = m edges. Fix a t-
oloring 
 = (C

1

; : : : ; C

t

)

of G. We form a random partition of V by 
hoosing a set I � f1; : : : ; tg of size jIj = bt=2


uniformly at random and by de�ning A =

S

i2I

C

i

, B = V nA. It is easy to see that ea
h edge

e 2 E 
rosses between A andB with probability 2

�

t�2

b

t

2


�1

�

.

�

t

b

t

2




�

�

1

2

+

1

2t

. Hen
e the expe
ted

number of edges in the 
ut [A;B℄ is m=2 +m=(2t). This argument (mentioned, e.g., in [1℄)


an be easily derandomized using standard derandomization te
hniques, to give a polynomial

time deterministi
 algorithm for �nding a bipartite 
ut of value at least m=2+m=(2t) in any

graph G with m edges that 
an be 
olored (in deterministi
 polynomial time) in t 
olors.

As the greedy (�rst �t) algorithm outputs a 
oloring in whi
h ea
h pair of 
olor 
lasses

is 
onne
ted by an edge, we 
on
lude that the number t of 
olors used by it satis�es:

�

t

2

�

�

m. Substituting this estimate into the above bound for the MaxCut problem, we get a

deterministi
 algorithm produ
ing a 
ut of size m=2+

p

m=8+O(1) { the well-known result

of Edwards [8℄, [9℄. Sin
e the average size of a 
ut is m=2 and its varian
e is m=4, it 
an be

shown that the domination ratio of this algorithm is at least 1=3 � o(1). This follows from

the simple fa
t below, whose proof is similar to (and somewhat simpler than) that of Lemma

3.2.

Proposition 6.1 Let X be a real random variable satisfying E(X) = 0, E(X

2

) = �

2

( > 0).

Then for every real a > 0, Prob(X � a�) �

1

a

2

+1

:

Proof: Put p = Prob(X � a�). Sin
e E(X) = 0 it follows that (1� p)E(jXjjX < 0) � pa�;

implying that E(jXjjX < 0) �

pa�

1�p

: By Jensen's Inequality, E(X

2

jX < 0) �

p

2

a

2

�

2

(1�p)

2

and

9



hen
e

�

2

= E(X

2

) �

p

2

a

2

�

2

(1� p)

+ pa

2

�

2

:

Therefore p �

1

a

2

+1

, as needed. 2

It is not diÆ
ult to show that the assertion of the proposition above is tight for every

value of a > 0. In our 
ase, a =

1

p

2

+ o(1), implying that the domination ratio of the above

des
ribed MaxCut algorithm for unweighted graphs is at least 1=3 � o(1):

For many 
lasses of graphs the trivial upper bound on the 
onstru
tive 
hromati
 number

�

t

2

�

� m 
an be improved to t = o(

p

m), resulting in bipartite 
uts of size m=2+!(1)

p

m and

thus in algorithms with domination ratio 1� o(1), that follows from Chebyshev's Inequality.

This is the 
ase, for example, for H-free graphs, for any �xed graph H (see [3℄ for more

details), or for graphs with m edges and with 
lique number bounded by m

o(1)

, as follows

by standard Ramsey-type arguments. Note also that for almost all graphs on n verti
es,

the greedy algorithm �nds a 
oloring in O(n= log n) 
olors [12℄, while the number of edges is

quadrati
 in n. Thus we get an almost sure 1� o(1) domination ratio algorithm here as well.

The authors of [20℄ show how to �nd, in polynomial time, given a tournament on n verti
es,

an ordering of the verti
es 
onsistent with at least

1

2

�

n

2

�

+ 
(n

3=2

) ar
s (that is, an a
y
li


subdigraph with that many ar
s). Here, too, it is not diÆ
ult to show, using Chebyshev's

Inequality, that the domination ratio of this algorithm (for the problem of �nding an ordering

with the maximum possible number of 
onsistent ar
s) is 1� o(1). We omit the details.

6.2 Sparse linear binary 
odes

Some of the arguments here supply interesting results for linear binary 
odes. These are

stated and proved below.

Proposition 6.2 Let A = (a

ij

) be a k � n generating matrix of a binary linear 
ode C of

length n and dimension k. Suppose the Hamming weight of ea
h 
olumn of A is at most r, and

no two 
olumns are identi
al. Then the 
overing radius of the 
ode is at most n=2�

p

n=2

3r+3

.

Moreover, for every binary word v = (v

1

; v

2

; : : : ; v

n

) of length n, at least

2

k

4

4=3

�2

6r

of the 
ode-

words of C are within distan
e n=2�

p

n=2

3r+3

from v.

Proof: This is a simple 
onsequen
e of the last remark in Se
tion 4. Simply apply that

remark to the linear equations

P

k

i=1

a

ij

x

j

= v

j

; 1 � j � n. 2

The dual binary Hamming 
ode shows that the assertion of the theorem fails without

the assumption that the weights of all 
olumns are bounded. The 
ode with n =

�

k

2

�

in

whi
h the 
olumns of A are all possible binary k-ve
tors of Hamming weight 2 shows that

the above estimate is essentially tight, as the maximum weight of a 
odeword is bk

2

=4
 =

n=2 +

p

n=

p

8 + �(1):

Proposition 6.3 For every integer p > 2 there is an absolute 
onstant 


p

> 0 su
h that the

following holds. Let H = (h

ij

) be an (n� k)� n parity 
he
k matrix of a binary linear 
ode

C of length n and dimension k. Suppose the Hamming weight of ea
h 
olumn of A is at most

r, and no two 
olumns are identi
al. Then the number of 
odewords of Hamming weight p in

C is at most




rp

p

p!

n

p=2

:

Proof: Let I

j

be the set of all indi
es i su
h that h

ij

= 1, and 
onsider

X(�

1

; �

2

; : : : ; �

n�k

) =

n

X

j=1

Y

i2I

j

�

i

:

10



When �

i

's take random, independent values in f�1; 1g

n�k

, X be
omes a random variable. By

linearity of expe
tation, E(X

2

) = n. Therefore, by Lemma 4.1, E(X

p

) � (


rp

p

)n

p=2

. However,

by linearity of expe
tation E(X

p

) is exa
tly the number of ordered p-tuples of 
olumns of H

whose sum modulo 2 is the zero ve
tor, and ea
h 
odeword of weight p of C is 
ounted in this

way p! times. 2

The binary Hamming 
ode shows that the 
on
lusion is false without the assumption that

the 
olumns are of bounded Hamming weight. The matrix H in whi
h n =

�

n�k

2

�

, where

the 
olumns are all distin
t binary ve
tors of Hamming weight 2 shows that the result is

essentially tight, sin
e the 
omplete graph with n edges has 
(p)n

p=2

subgraphs with p edges

and all degrees even, for every �xed p.

6.3 Open problems

� A natural variant of the MaxCut algorithm based on small sample spa
es with pairwise

(or 4-wise) independent random variables, is to 
onsider all 
uts given by a sample

spa
e with k-wise independent random variables, and take the best one. It seems

plausible that as k grows to in�nity, the domination ratio of this algorithm tends to

1. Similar algorithms 
an be 
onsidered for sparse linear equations and for the Max-r-

CSP problem, and it will be interesting to de
ide if by taking the best point in a spa
e

supporting k-wise independent random variables for k bigger than what's needed to get

the average, we 
an obtain signi�
antly better domination ratios.

� It was proved in [14℄ that every Asymmetri
 TSP (ATSP) algorithm, whi
h always

produ
es a tour of weight not worse than the average weight of a tour, is of domination

ratio at least 1=(n� 1) for all n 6= 6: This 
annot be signi�
antly improved due to the

following simple example. Consider a 
omplete digraph on n verti
es in whi
h all ar
s

apart from two ar
s xy and xz are of weight 0. The weight of xy is 1 and that of xz

is n. The average weight of a tour is (n+ 1)=(n � 1): Thus, a tour T through xy is of

weight smaller than the average, yet T dominates only 2(n� 2)! tours.

Sin
e it is not diÆ
ult to �nd, eÆ
iently and deterministi
ally, a tour of weight at most

the average, it follows that there are several polynomial time ATSP algorithms, see,

e.g., [14, 21℄, of domination ratio 
(1=n). It will be interesting to improve this ratio to


(1).
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