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Abstra
t

It is shown that for every 1 � s � n, the probability that the s-th largest eigenvalue of a random

symmetri
 n-by-n matrix with independent random entries of absolute value at most 1 deviates from

its median by more than t is at most 4e

�t

2

=32s

2

. The main ingredient in the proof is Talagrand's

Inequality for 
on
entration of measure in produ
t spa
es.

1 Introdu
tion

In this short paper we 
onsider the eigenvalues of random symmetri
 matri
es whose diagonal and upper

diagonal entries are independent real random variables. Our goal is to study the 
on
entration of the

largest eigenvalues. For a symmetri
 real n-by-n matrix A, let �

1

(A) � �

2

(A) � : : : � �

n

(A) be its

eigenvalues.

There are numerous papers dealing with eigenvalues of random symmetri
 matri
es. The most


elebrated result in this �eld is probably the so 
alled Semi
ir
le Law due to Wigner ([10℄, [11℄) des
ribing

the limiting behavior of the bulk of the spe
trum of random symmetri
 matri
es under 
ertain regularity

assumptions.

The semi-
ir
le law. For 1 � i � j � n let a

ij

be real valued independent random variables satisfying:

1. The laws of distributions of fa

ij

g are symmetri
;

2. E[a

2

ij

℄ =

1

4

; 1 � i < j � n, E[a

2

ii

℄ � C; 1 � i � n;

3. E[(a

ij

)

2m

℄ � (Cm)

m

; for all m � 1;

�
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where C > 0 is an absolute 
onstant. For i < j set a

ji

= a

ij

. Let A

n

denote the random matrix (a

ij

)

n

1

.

Finally, denote by W

n

(x) the number of eigenvalues of A

n

not larger than x, divided by n. Then

lim

n!1

W

n

(x

p

n) =W (x) ;

in distribution, where W (x) = 0 if x � �1,W (x) = 1 if x � 1 and W (x) =

2

�

R

x

�1

(1 � x

2

)

1=2

dx if

�1 � x � 1.

Many extensions and rami�
ations of the Semi
ir
le Law have been proven sin
e then. It is important

to observe that the Semi
ir
le Law provides a very limited information about the asymptoti
 behavior

of any parti
ular (say, the �rst) eigenvalue. There are, however, quite a few results des
ribing the

asymptoti
 distribution of the �rst few eigenvalues of random symmetri
 matri
es. For example, Tra
y

and Widom [8℄, [9℄ found, for any �xed k � 1, the limiting distribution of the �rst k eigenvalues of

the so 
alled Gaussian Orthogonal Ensemble (GOE), 
orresponding to the 
ase when the o�-diagonal

entries of the random symmetri
 matrix A are independent normally distributed random variables

with parameters 0 and 1=2. Very re
ently, Soshnikov [6℄ generalized their result for a general Wigner

Ensemble, i.e., for a random symmetri
 matrix meeting the 
onditions of the Semi
ir
le Law. F�uredi

and Koml�os [3℄ proved that if all o�-diagonal entries a

ij

; ; i < j of A have the same �rst moment � > 0

and the same se
ond moment �

2

, while the expe
tation of all diagonal entries a

ii

is E[a

ii

℄ = �, then,

assuming that all entries of A are uniformly bounded by an absolute 
onstant K > 0, the �rst eigenvalue

of A has asymptoti
ally a normal distribution with expe
tation (n� 1)�+ � + Æ

2

=� and varian
e 2Æ

2

.

As we have mentioned already, our main goal here is to obtain 
on
entration results for the eigen-

values of random symmetri
 matri
es. Thus, instead of trying to 
al
ulate the limiting distribution of

a parti
ular eigenvalue we will rather be interested in bounding its tails. Of 
ourse, knowledge of the

limiting distribution of a random variable (an eigenvalue, in our 
ontext) provides 
ertain information

about the de
ay of its tails. Sometimes, however, 
on
entration results 
an be derived by applying

powerful general tools dealing with 
on
entration of measure to the parti
ular setting of eigenvalues of

random symmetri
 matri
es. A detailed dis
ussion of the later approa
h 
an be found in a re
ent survey

of Davidson and Szarek [2℄.

Here we 
onsider the following quite general model of random symmetri
 matri
es. For 1 � i � j � n,

let a

ij

be independent, real random variables with absolute value at most 1. De�ne a

ji

= a

ij

for all

admissible i; j, and let A be the n by n matrix (a

ij

)

n�n

. Our main result is as follows.

Theorem 1 For every positive integer 1 � s � n, the probability that �

s

(A) deviates from its median by

more than t is at most 4e

�t

2

=32s

2

. The same estimate holds for the probability that �

n�s+1

(A) deviates

from its median by more than t.

We wish to stress that our setting, though being in
omparable with some other previously studied

ensembles, like the Gaussian Orthogonal Ensemble, is very general and 
an potentially be applied to

many parti
ular 
ases. The proof is based on the so 
alled Talagrand Inequality ([7℄, 
.f. also [1℄,

Chapter 7) and thus 
ertainly �ts the above mentioned framework of deriving 
on
entration results for

eigenvalues from the general measure 
on
entration 
onsiderations.
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The rest of the paper is organized as follows. In the next se
tion we prove our main result, Theorem

1. Se
tion 3 is devoted to a dis
ussion of related results and open problems.

The main result of the paper for the �rst eigenvalue (i.e., the assertion of Theorem 1 for the spe
ial


ase s = 1) was �rst presented in [5℄, where it was used to design approximation algorithms for 
oloring

and independent set problems, running in expe
ted polynomial time over the spa
e of random graphs

G(n; p).

2 The proof

Talagrand's Inequality is the following powerful large deviation result for produ
t spa
es.

Theorem 2 ([7℄) Let 


1

;


2

; : : : ;


m

be probability spa
es, and let 
 denote their produ
t spa
e. Let

A and B be two subsets of 
 and suppose that for ea
h B = (B

1

; : : : ; B

m

) 2 B there is a real ve
tor

� = (�

1

; �

2

; : : : ; �

m

) su
h that for every A = (A

1

; : : : ; A

m

) 2 A the inequality

X

i:A

i

6=B

i

�

i

� t(

m

X

i=1

�

2

i

)

1=2

holds. Then

Pr[A℄Pr[B℄ � e

�t

2

=4

:

Talagrand's Inequality has already found a large number of appli
ations in diverse areas. In parti
-

ular, it has been used by Guionnet and Zeitouni [4℄ to derive 
on
entration inequalities for the spe
tral

measure of random matri
es. In their paper, Guionnet and Zeitouni mention (without the detailed

proof) the possibility of using similar tools to obtain 
on
entration results for the spe
tral radius of

random matri
es.

We now apply Talagrand's Inequality to prove Theorem 1. Put m =

�

n+1

2

�

and 
onsider the produ
t

spa
e 
 of the entries a

ij

, 1 � i � j � n. Fix a positive integer s, and let M; t be real numbers, where

t > 0. Let A be the set of all matri
es A in our spa
e for whi
h �

s

(A) �M and let B denote the set of

all matri
es B for whi
h �

s

(B) �M + t. By slightly abusing the notation we identify ea
h member of

A = (a

ij

) 2 A [ B with the ve
tor of 
 
onsisting of its entries (a

ij

) for 1 � i � j � n.

Fix a ve
tor B = (b

ij

) 2 B. Let v

(1)

; v

(2)

; : : : ; v

(s)

be the eigenve
tors of the s largest eigenvalues

of (the matrix) B, where the l

2

-norm of ea
h v

(p)

is 1 and the ve
tors are orthogonal. Suppose v

(p)

=

(v

(p)

1

; v

(p)

2

; : : : ; v

(p)

n

) and de�ne a ve
tor � = (�

ij

)

1�i�j�n

of length m as follows.

�

ii

=

s

X

p=1

�

v

(p)

i

�

2

for 1 � i � n

and

�

ij

= 2

v

u

u

t

s

X

p=1

�

v

(p)

i

�

2

v

u

u

t

s

X

p=1

�

v

(p)

j

�

2

for 1 � i < j � n:

Claim 1:

X

1�i�j�n

�

2

ij

� 2s

2

:

3



Proof: By de�nition,

X

1�i�j�n

�

2

ij

=

n

X

i=1

2

4

s

X

p=1

(v

(p)

i

)

2

3

5

2

+ 4

X

1�i<j�n

2

4

s

X

p=1

(v

(p)

i

)

2

3

5

2

4

s

X

p=1

(v

(p)

j

)

2

3

5

� 2

0

�

n

X

i=1

s

X

p=1

(v

(p)

i

)

2

1

A

2

= 2

0

�

s

X

p=1

n

X

i=1

(v

(p)

i

)

2

1

A

2

= 2s

2

;

where here we used the fa
t that ea
h v

(p)

is a unit ve
tor. 2

Claim 2: For every A 2 A,

X

1�i�j�n;a

ij

6=b

ij

�

ij

� t=2:

Proof: Fix A 2 A. Let u =

P

s

p=1




p

v

(p)

be a unit ve
tor in the span of the ve
tors v

(p)

whi
h is

orthogonal to the eigenve
tors of the largest s � 1 eigenvalues of A. Then

P

s

p=1




2

p

= 1 and u

t

Au �

�

s

(A) � M , whereas u

t

Bu � �

s

(B) � M + t. Re
all that all entries of both A and B are bounded in

their absolute values by 1, implying jb

ij

� a

ij

j � 2 for all 1 � i; j � n. It follows that if X is the set of

all (ordered) pairs ij with 1 � i; j � n for whi
h a

ij

6= b

ij

then

t � u

t

(B �A)u =

X

ij2X

(b

ij

� a

ij

)

s

X

p=1




p

v

(p)

i

s

X

p=1




p

v

(p)

j

� 2

X

ij2X

j

s

X

p=1




p

v

(p)

i

j j

s

X

p=1




p

v

(p)

j

j

� 2

X

ij2X

0

�

v

u

u

t

s

X

p=1




2

p

v

u

u

t

s

X

p=1

(v

(p)

i

)

2

1

A

0

�

v

u

u

t

s

X

p=1




2

p

v

u

u

t

s

X

p=1

(v

(p)

j

)

2

1

A

(by Cau
hy-S
hwartz)

= 2

X

1�i�j�n; a

ij

6=b

ij

�

ij

;

as needed. 2

By the above two 
laims, and by Theorem 2, for every M and every t > 0

Pr[�

s

(A) �M ℄Pr[�

s

(B) �M + t℄ � e

�

t

2

32s

2

: (1)

If M is the median of �

s

(A) then, by de�nition, Pr[�

s

(A) �M ℄ � 1=2, implying that

Pr[�

s

(A) �M + t)℄ � 2e

�

t

2

32s

2

:

Similarly, by applying (1) with M + t being the median of �

s

(A) we 
on
lude that the probability

that �

s

(A) is smaller than its median minus t is bounded by the same quantity. This 
ompletes the

proof of Theorem 1 for �

s

(A). The proof for �

n�s+1

(A) is analogous. 2

4



3 Con
luding remarks

� In many 
ases 
on
entration results are presented by giving bounds for the deviation of a random

variable from its expe
tation, rather than its median as in our Theorem 1. Our result however

easily enables us to show that the expe
tation and the median of eigenvalues are very 
lose. Indeed,

re
all that for any non-negative valued random variable X,

E[X℄ =

Z

1

0

Pr[X � t℄dt :

Denote by m

s

the median of the s-th eigenvalue of A. By Theorem 1:

jE[�

s

(A)℄�m

s

j � E[j�

s

(A)�m

s

j℄ =

Z

1

0

Pr[j�

s

�m

s

j � t℄dt �

Z

1

0

4e

�t

2

=32s

2

dt = 8

p

2�s :

Thus, the expe
tation of �

s

(A) and its median are only O(s) apart. Therefore, for all t >> s we

get

Pr[j�

s

(A)�E[�

s

(A)℄j � t℄ � e

�(1�o(1))t

2

=32s

2

:

� Our estimate from Theorem 1 is sharp, up to an absolute fa
tor in the exponent, for the deviation

of �

1

. Consider the following random symmetri
 matrix A = (a

ij

)

n

1

. For ea
h 1 � i < j, a

ij

takes

value 1 with probability 1=2 and value 0 with probability 1=2; all diagonal entries a

ii

are 0; set

also a

ji

= a

ij

for 1 � i < j � n. (In fa
t, the obtained random matrix is the adja
en
y matrix of

the binomial random graph G(n; 1=2).) By a result of F�uredi and Koml�os [3℄ the expe
ted value

of �

1

= �

1

(A) is n=2 + o(1). By the previous remark, the median of �

1

and its expe
tation di�er

by at most a 
onstant. On the other hand, �

1

is at least the average number of ones in a row

(the average degree of the graph G(n; 1=2)), and as this average degree is 2=n times a binomial

random variable with parameters

�

n

2

�

and 1=2, it follows that the probability that �

1

ex
eeds its

median by t is at least 
(e

�O(t

2

)

).

� Note that for the adja
en
y matrix of a random graph the entries of our matrix are in the range

[0; 1℄. In this 
ase the estimate in Theorem 1 
an be improved to 4e

�t

2

=8s

2

, as ea
h of the quantities

jb

ij

� a

ij

j in the proof of Claim 2 
an be bounded by 1 (instead of bounding it by 2, as done in

the present proof.)

� In 
ertain 
ases, our 
on
entration result 
an be 
ombined with additional 
onsiderations to pro-

vide bounds for the expe
tations of eigenvalues of random symmetri
 matri
es. Here is one

example.

Proposition 3 Let a

ij

, 1 � i � j � n be independent random variable bounded by 1 in absolute

values. Assume that for all i < i, the a

ij

have a 
ommon expe
tation 0 and a 
ommon varian
e

�

2

. Then

E[�

1

(A)℄ � 2�n

1=2

�O(� log

1=2

n) :

Consequently, with probability tending to 1,

�

1

(A) � 2�n

1=2

�O(� log

1=2

n) :

5



Proof: Sin
e �

1

(
A) = 
�

1

(A) for every s
alar 
, we may and will assume that � = 1=2.

Furthermore, set � = n

1=2

, k = d� log

1=2

ne and x = a log

1=2

n, where a is a positive 
onstant


hosen so that the following two inequalities hold:

�

k

=k

5=2

� 2(�� x=2)

k

(2)

1

X

t=

a

2

log

1=2

n

e

2t log

1=2

n�t

2

=40

= o(1); (3)

Without loss of generality, we assume that k is an even integer and let X be the tra
e of A

k

. It is

trivial that E[X℄ � nE[�

k

1

℄. On the other hand, a simple 
ounting argument (see [3℄) shows that

E[X℄ �

1

(k=2) + 1

 

k

k=2

!

�

k

n(n� 1) : : : (n� (k=2))

�

2

k

k

3=2

(

1

2

)

k

n(�

2

� � log

1=2

n)

k=2

� n�

k

=k

5=2

:

It follows that

E[�

k

1

℄ � �

k

=k

5=2

: (4)

Assume, for 
ontradi
tion, that E(�

1

) � �� x. It follows from this assumption that

E[�

k

1

℄ � (�� x=2)

k

+

1

X

t=x=2

(�� x+ (t+ 1))

k

Pr[�

1

� �� x+ t℄ : (5)

By Theorem 1, Pr(�

1

� �� x+ t) � e

�t

2

=40

for all t � x=2. Thus (2),(4) and (5) imply

1

X

t=x=2

(�� x+ (t+ 1))

k

e

�t

2

=40

� �

k

=k

5=2

� (�� x=2)

k

� (�� x=2)

k

: (6)

Sin
e (�� x+ (t+ 1))

k

=(� � x=2)

k

� e

(1+o(1))tk=�

= e

(1+o(1))t log

1=2

n

, (3) and (6) imply a 
ontra-

di
tion, and this 
ompletes the proof. 2

This improves the error term in the bound �

1

(A) � 2�n

1=2

�O(n

1=3

log n), stated by F�uredi and

Koml�os in [3℄.

� The 
on
entration provided by Theorem 1 for �

s

(A) for larger values of s is weaker than that

provided for s = 1. It seems this is only a feature of the proof, as it seems plausible to suspe
t

that in fa
t ea
h �

s

is as 
on
entrated around its median as is �

1

, and in 
ertain situations (like

symmetri
 matri
es with independent, identi
ally distributed entries) �

2

(A) might be even more


on
entrated around its median than �

1

.
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� Theorem 1 is obtained under very general assumptions on the distribution of the entries of a

symmetri
 matrix A. Still, it would be very desirable to generalize its assertion even further, in

parti
ular, dropping or weakening the restri
tive assumption about the uniform boundness of the

entries of A. This task, however, may require the appli
ation of other tools, as the Talagrand

inequality appears to be suited for the 
ase of bounded random variables.

� Finally, it would be interesting to �nd further appli
ations of our 
on
entration results in algo-

rithmi
 problems on graphs. The ability to 
ompute the eigenvalues of a graph in polynomial

time 
ombined with an understanding of the potentially ri
h stru
tural information en
oded by

the eigenvalues is likely to provide a basis for new algorithmi
 results exploiting the eigenvalues

of graphs and their 
on
entration.
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