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Abstra
t

We prove that for all values of the edge probability p(n) the largest eigenvalue of the random

graph G(n; p) satis�es almost surely: �

1

(G) = (1 + o(1))maxf

p

�; npg, where � is the maximum

degree of G, and the o(1) term tends to zero as maxf

p

�; npg tends to in�nity.

1 Introdu
tion

Let G = (V;E) be a graph with vertex set V (G) = f1; : : : ; ng. The adja
en
y matrix of G, denoted by

A = A(G), is the n-by-n 0; 1-matrix whose entry A

ij

is one if (i; j) 2 E(G), and is zero otherwise. It is

immediate that A(G) is a real symmetri
 matrix. We thus denote by �

1

� �

2

� : : : �

n

the eigenvalues

of A whi
h are usually 
alled also the eigenvalues of the graph G itself. The family f�

1

; : : : ; �

n

g is


alled the spe
trum of G.

Spe
tral te
hniques play an in
reasingly important role in modern Graph Theory. A serious e�ort

has been invested in establishing 
onne
tions between spe
tral 
hara
teristi
s of a graph and its other

parameters. The interested reader may 
onsult the monographs [6℄, [5℄ for a detailed a

ount of known

results. The ability to 
ompute graph eigenvalues eÆ
iently (both from theoreti
al and pra
ti
al points

of view), 
ombined with results from spe
tral graph theory, has provided a basis for quite a few graph

algorithms. A survey of appli
ations of spe
tral te
hniques in Algorithmi
 Graph Theory by Alon 
an

be found in [1℄.

In this paper we study eigenvalues of random graphs. The random graph G(n; p) is the dis
rete

probability spa
e 
omposed of all labeled graphs on the verti
es f1; : : : ; ng, where ea
h edge (i; j),

1 � i < j � n, appears randomly and independently with probability p = p(n). Sometimes with

some abuse of notation we will refer to the random graph G(n; p) as a graph on n verti
es generated

a

ording to the distributionG(n; p) des
ribed above. Usually asymptoti
 properties of random graphs

are of interest. We say that a graph property A holds almost surely, or a.s. for brevity, in G(n; p) if

�
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the probability that G(n; p) has A tends to one as the number of verti
es n tends to in�nity. Ne
essary

ba
kground information on random graphs may be found in [4℄, [8℄. It is important to observe that the

adja
en
y matrix of the random graph G(n; p) 
an be viewed as a random symmetri
 matrix, whose

diagonal entries are zeroes and whose entries above the diagonal are i.i.d. random variables, ea
h

taking value 1 with probability p and value 0 with probability 1 � p. This allows to bridge between

random graphs and the extensively developed theory of random real symmetri
 matri
es and their

spe
tra (see, e.g. [13℄).

The subje
t of this paper is the asymptoti
 behavior of the largest eigenvalue �

1

(G(n; p)) of random

graphs. Noti
e that due to the Perron-Frobenius Theorem, for every graph G on n verti
es, �

1

(G) �

j�

i

(G)j for all i = 2; : : : ; n. Thus �

1

(G) is equal to the spe
tral norm or the spe
tral radius of A(G).

It is easy to observe that for every graph G = (V;E) its largest eigenvalue �

1

(G) is always squeezed

between the average degree of G,

�

d =

P

v2V

d

G

(v)=jV j and its maximum degree �(G) = max

v2V

d

G

(v).

As for all p(n) � log n the last two quantities are both asymptoti
ally equal to np, it follows that

in this range of edge probabilities a.s. �

1

(G(n; p)) = (1 + o(1))np. In fa
t, mu
h more is known for

large enough values of p(n), F�uredi and Koml�os proved in [7℄ that for a 
onstant p, �

1

(G(n; p)) has

asymptoti
ally a normal distribution with expe
tation (n� 1)p + (1� p) and varian
e 2p(1 � p).

In 
ontrast, not mu
h appears to be known for the 
ase of sparse random graphs, i.e. when

p(n) = O(log n). Khorunzhy and Vengerovsky [11℄ and Khorunzhy [10℄ 
onsider mainly the 
ase

p(n) = 1=n and show that in this 
ase the spe
tral norm of A(G(n; p)) a.s. tends to in�nity with n.

Moreover, it is stated in [11℄ that the mathemati
al expe
tation of the number of eigenvalues that go

to in�nity is of order �(n).

Here we determine the asymptoti
 value of the largest eigenvalue of sparse random graphs. To

grasp better the result, observe that if � denotes the maximum degree of a graph G, then G 
ontains

a star S

�

and therefore �

1

(G) � �

1

(S

�

) =

p

�. Also, as mentioned above �

1

(G) is at least as large

as the average degree of G. As for all values of p(n) � 1=n

2

, a.s. jE(G(n; p))j = (1 + o(1))(n

2

p=2),

we get that a.s. �

1

(G(n; p)) � (1 + o(1))np. Combining the above lower bounds together, we get that

a.s. �

1

(G(n; p)) � (1 + o(1)) maxf

p

�; npg. As it turns out this lower bound 
an be mat
hed by an

upper bound of the same asymptoti
 value, as stated by the following theorem:

Theorem 1.1 Let G = G(n; p) be a random graph and let � be the maximum degree of G. Then

almost surely the largest eigenvalue of the adja
en
y matrix of G satis�es

�

1

(G) = (1 + o(1)) max

�

p

�; np

	

;

where the o(1) term tends to zero as maxf

p

�; npg tends to in�nity.

As the asymptoti
 value of the maximum degree of G(n; p) is known for all values of p(n) (see

Lemma 2.2 below), the above theorem enables us to estimate the asymptoti
 value of �

1

(G(n; p)) for

all relevant values of p. In parti
ular, for the 
ase p = 
=n we get:

Corollary 1.2 For any 
onstant 
 > 0, a.s. �

1

(G(n; 
=n)) = (1 + o(1))

q

log n

log log n

.
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The rest of the paper is organized as follows. In the next se
tion we gather ne
essary te
hni
al

information about random graphs, used later in the proof of the main result. The main theorem,

Theorem 1.1, is proven in Se
tion 3. Se
tion 4, the last se
tion of the paper, is devoted to 
on
luding

remarks and dis
ussion of related open problems.

Throughout the paper we omit systemati
ally 
oor and 
eiling signs for the sake of 
larity of

presentation. All logarithms are natural. We will frequently use the inequality

�

a

b

�

�

�

ea

b

�

b

.

2 Some properties of sparse random graphs

In this se
tion we show some properties of sparse random graphs whi
h we will use later to prove

Theorem 1.1. First we need the following de�nition. Let G(n; p) be a random graph and let

�

p

= max

n

k : n

�

n� 1

k

�

p

k

(1� p)

n�k

� 1

o

:

In words, �

p

is the maximal k for whi
h the expe
tation of the number of verti
es of degree k in

G(n; p) is still at least one. The following lemma summarizes properties of �

p

that we will need later.

Lemma 2.1 (i) If p � e

�(log log n)

2

=n, then �

p

= o(log n);

(ii) If �

p

!1 and p � e

�(log log n)

2

=n, then n

�

enp

�

�

p

+1

� O

�

(�

p

+ 1)

�

p

+2

�

;

(iii) If p � log

1=2

n=n then �

p

= o

�

(np)

2

�

;

(iv) If p � e

�(log log n)

2

=n, then �

p

� 


�

log n=(log log n)

2

�

.

Proof. (i) Let p � e

�(log log n)

2

=n and let k � log n=(log logn), then

n

�

n� 1

k

�

p

k

(1� p)

n�k

� nn

k

p

k

= n(np)

k

� ne

� log n(log log n)

= nn

� log log n

� 1:

Therefore, by de�nition, �

p

� logn=(log log n) = o(log n).

(ii) Sin
e �

p

!1 then by Stirling's formula, (�

p

+ 1)! = (1 + o(1))

p

2�(�

p

+ 1)

�

�

p

+1

e

�

�

p

+1

. By

de�nition of �

p

, we have that

1 � n

�

n� 1

�

p

+ 1

�

p

�

p

+1

(1� p)

n��

p

�1

= (1 + o(1))n

(np)

�

p

+1

(�

p

+ 1)!

= (1 + o(1))

n(enp)

�

p

+1

p

2�(�

p

+ 1)(�

p

+ 1)

�

p

+1

:

Therefore n(enp)

�

p

+1

� O

�
p

�

p

+ 1 (�

p

+ 1)

�

p

+1

�

� O

�

(�

p

+ 1)

�

p

+2

�

:

(iii) Let p � log

1=2

n=n and let k � (np)

2

=

p

log log n, then

n

�

n� 1

k

�

p

k

(1� p)

n�k

� n

�

en

k

�

k

p

k

= n

�

enp

k

�

k

� n

�

e

p

log log n

log

1=2

n

�

log n=

p

log log n

= ne

�(1=2+o(1)) log n

p

log log n

= nn

�(1=2+o(1))

p

log logn

� 1:

Therefore, by de�nition, �

p

� (np)

2

=

p

log logn = o

�

(np)

2

�

.

(iv) Let p = e

�(log log n)

2

=n, then it is easy to 
he
k that for k = logn=(4(log log n)

2

) we have

that n

�

n�1

k

�

p

k

(1 � p)

n�k

> 1. Therefore �

p

� 


�

log n=(log logn)

2

�

. Sin
e �

p

is easily seen to be a

non-de
reasing fun
tion of p, we get the required estimate. �
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Lemma 2.2 Let G = G(n; p) be a random graph. Then

(i) The maximum degree of G almost surely satis�es �(G) = (1 + o(1))�

p

, where the o(1) term tends

to zero when �

p

tends to in�nity.

(ii) If np! 0 then almost surely G is a forest.

(iii) If p � e

�(log log n)

2

=n, then almost surely all 
onne
ted 
omponents of G are of size at most

(1 + o(1))�

p

, where o(1) ! 0 when �

p

!1.

(iv) If p � log

1=2

n=n, then almost surely every vertex of G is 
ontained in at most one 
y
le of length

� 4.

Proof. Parts (i) and (ii) are well known and 
an be found, e.g., in the monograph of Bollob�as [4℄.

To show (iii) it is enough to bound from above the expe
tation of the number Y of labeled trees on

t = (1 + 1= log logn)�

p

+ 2 verti
es, 
ontained in G(n; p) as subgraphs. Obviously this expe
tation is

equal to

EY =

�

n

t

�

t

t�2

p

t�1

�

n

t

t!

t

t�2

p

t�1

�

n

t

(t=e)

t

t

t�2

p

t�1

=

en

t

2

�

enp

�

t�1

=

e

t

2

�

n

�

enp

�

�

p

+1

�

�

enp

�

t�2��

p

:

From Lemma 2.1 we have that n

�

enp

�

�

p

+1

� O((�

p

+ 1)

�

p

+2

) and �

p

= o(log n). Therefore, using

that p � e

�(log log n)

2

=n and t > �

p

, we 
on
lude

EY � O

�

e

t

2

(�

p

+ 1)

�

p

+2

�

enp

�

�

p

= log log n

�

� O

�

�

e(�

p

+ 1)

log n

�

�

p

�

= o(1):

Now (iii) follows from Markov's inequality. Finally, the expe
ted number of pairs of interse
ting 
y
les

of length s; t � 4 in the graph G is at most O(n

s

n

t�1

p

s+t

) � O(log

4

n=n) = o(1). This, by Markov's

inequality, implies (iv). �

Next we show that the set of verti
es of relatively high degree in G(n; p) spans a graph with small

maximum degree and with no 
y
les. More pre
isely, the following stronger statement is true.

Lemma 2.3 Let p � e

�(log log n)

2

=n and let X be the set of verti
es of the random graph G = G(n; p)

with degree larger than np(1 + 1= log logn) + �

1=3

p

. Then

(i) Almost surely every 
y
le of G of length k interse
ts X in fewer than k=2 verti
es.

(ii) Almost surely every vertex in G has fewer than �

7=8

p

neighbors in X.

Proof. First we 
onsider the 
ase when e

�(log logn)

2

=n � p � log

1=4

n=n. In this 
ase, from Lemma

2.1, �

p

� 
(log n=(log logn)

2

) and np � log

1=4

n. To prove the lemma we �rst estimate the probability

that all the verti
es of a �xed set T of size jT j = t have degrees at least log

1=3

n= log log n < �

1=3

p

. It

is easy to see that for su
h a set T , either there are at least (log

1=3

n= log logn)t=3 edges in the 
ut

(T; V (G) � T ), or the set T spans at least (log

1=3

n= log logn)t=3 edges of G. Sin
e the number of

edges in the 
ut (T; V (G) � T ) is a binomially distributed random variable with parameters t(n � t)

and p, we 
an bound the probability of the �rst event by

4



�

t(n� t)

log

1=3

n

3 log log n

t

�

p

log

1=3

n

3 log log n

t

�

�

3e(n� t)p log log n

log

1=3

n

�

log

1=3

n

3 log log n

t

�

 

3e log

1=4

n log logn

log

1=3

n

!

log

1=3

n

3 log logn

t

� e

�
(t log

1=3

n)

:

Also, the number of edges spanned by T is a binomially distributed random variable with parameters

t(t� 1)=2 and p. We 
an thus bound the probability of the se
ond event similarly by

�

t(t�1)

2

log

1=3

n

3 log log n

t

�

p

log

1=3

n

3 log log n

t

�

�

3e(t� 1)p log logn

2 log

1=3

n

�

log

1=3

n

3 log log n

t

�

 

3e log

1=4

n log log n

2 log

1=3

n

!

log

1=3

n

3 log log n

t

� e

�
(t log

1=3

n)

:

Therefore, the probability that all the verti
es in the given set of size t have degree at least �

1=3

p

is at

most e

�
(t log

1=3

n)

. Essentially repeating the above argument shows that 
onditioning on the presen
e

of any spe
i�
 set of at most 2t edges in G leaves the latter probability still at most e

�
(t log

1=3

n)

.

Using this bound we 
an easily estimate the probability that there exists a 
y
le of length k with

at least k=2 verti
es inside the set X. Clearly this probability is at most

X

k�3

n

k

p

k

�

k

dk=2e

�

e

�
((k=2) log

1=3

n)

�

X

k�3

�

2npe

�
(log

1=3

n)

�

k

�

X

k�3

�

2(log

1=4

n)e

�
(log

1=3

n)

�

k

= o(1):

(First 
hoose k verti
es of a 
y
le and �x their order, then require that the k edges of the 
y
le are

present in G(n; p), then 
hoose a set T of the 
y
le verti
es of 
ardinality jT j = t = dk=2e, and then

require all verti
es of T to belong to X, 
onditioning on the presen
e of the 
y
le edges in G(n; p).)

This implies 
laim (i) of the lemma. Similarly, the probability that there exists a vertex with at least

�

7=8

p

neighbors in X is at most

n

�

n

�

7=8

p

�

p

�

7=8

p

e

�
(�

7=8

p

log

1=3

n)

� n

�

npe

�
(log

1=3

n)

�

�

7=8

p

� n

�

(log

1=4

n)e

�
(log

1=3

n)

�




�

(

log n

(log log n)

2

)

7=8

�

� ne

�
(log

13=12

n)

= o(1):

This 
ompletes the proof of the lemma for e

�(log log n)

2

=n � p � log

1=4

n=n.

Next we 
onsider the 
ase when p � log

1=4

n=n. We again start by estimating the probability that

that all the verti
es of a �xed set T of size t � n=2 have degree at least np(1 + 1= log logn). Similarly

as before, for su
h a set T , there are at least t(n�t)p+tnp=(3 log log n) edges in the 
ut (T; V (G)�T ),

or the set T spans at least t(t � 1)p=2 + tnp=(3 log log n) edges. By the standard estimates for the

binomial distributions (see, e.g., [3℄, Appendix A) it follows that the probability of the �rst event is

at most e

�
(tnp=(log log n)

2

)

. The same estimates 
an be used to show that if n=(6 log log n) � t � n=2

then the probability of the se
ond event is also bounded by e

�
(tnp=(log log n)

2

)

. On the other hand, if

5



t � n=(6 log logn), then this probability 
an be bounded dire
tly by

�

t(t�1)

2

tnp

3 log log n

�

p

tnp

3 log log n

�

�

3e(t � 1)p log logn

2np

�

tnp

3 log logn

�

�

e

4

�

tnp

3 log log n

� e

�
(tnp=(log log n)

2

)

:

Therefore, the probability that all the degrees of the verti
es in a given set of size t are at least

np(1 + 1= log log n) is at most e

�
(tnp=(log log n)

2

)

. Again, 
onditioning on the presen
e of any spe
i�


set of at most 2t edges does not 
hange the order of the exponent in the above estimate.

Using this bound together with the fa
t that np � log

1=4

n we 
an estimate probability that there

exists a 
y
le of length k with at least k=2 verti
es inside set X. Clearly this probability is at most

X

k�3

n

k

p

k

�

k

dk=2e

�

e

�
((k=2)np=(log log n)

2

)

�

X

k�3

�

2npe

�
(np=(log log n)

2

)

�

k

�

X

k�3

e

�


�

k

log

1=4

n

(log logn)

2

�

= o(1):

This implies 
laim (i). Similarly, the probability that there exists a vertex with at least �

7=8

p

neighbors

in X is at most

n

�

n

�

7=8

p

�

p

�

7=8

p

e

�
(�

7=8

p

np=(log log n)

2

)

� n

�

npe

�
(np=(log log n)

2

)

�

�

7=8

p

� ne

�


�

log

1=4

n

(log logn)

2

(

log n

(log logn)

2

)

7=8

�

� ne

�
(log

17=16

n)

= o(1):

This implies 
laim (ii) and 
ompletes the proof of the lemma. �

Finally we need one additional lemma.

Lemma 2.4 Let G = G(n; p) be a random graph with e

�(log log n)

2

=n � p � log

1=2

n=n. Then a.s. G


ontains no vertex whi
h has at least �

1=3

p

other verti
es of G with degree � �

3=4

p

within distan
e at

most two.

Proof. Let v be a vertex of G(n; p) and let u

i

; i = 1; : : : ;�

1=3

p

be verti
es with degree at least �

3=4

p

whi
h are within distan
e at most two from v. Let T be the set of verti
es of the smallest 
onne
ted

subgraph of G whi
h 
ontain v together with all the verti
es u

i

. Sin
e the shortest path from v to u

i

may


ontain only one vertex distin
t from v and u

i

, then the size of T satis�es �

1=3

p

+1 � jT j = t � 2�

1=3

p

+1.

In addition ea
h u

i

has at least �

3=4

p

� t �

1

2

�

3=4

p

neighbors outside set T . Therefore there are at

least

1

2

�

3=4

p

��

1=3

p

=

1

2

�

13=12

p

edges of G between T and V (G) � T . Sin
e the number of edges in the


ut (T; V (G)� T ) is a binomially distributed random variable with parameters t(n� t) and p we 
an

bound the probability of this event for a �xed set T of size jT j = t by

�

t(n� t)

1

2

�

13=12

p

�

p

1

2

�

13=12

p

�

 

2et(n� t)p

�

13=12

p

!

1

2

�

13=12

p

�

 

5e log

1=2

n

�

3=4

p

!

1

2

�

13=12

p

� e

� log

25=24

n

:

Here we used that by Lemma 2.1, for p � e

�(log log n)

2

=n, �

p

� 
(logn=(log log n)

2

) and the fa
ts that

np � log

1=2

n and t � 2�

1=3

p

+ 1.
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As we explained in the previous paragraph, the probability that there exists a vertex that violates

the assertion of the lemma is bounded by the probability that there exists a 
onne
ted subgraph on

jT j = t � 2�

1=3

p

+1 verti
es su
h that the number of edges in the 
ut (T; V (G)�T ) is at least

1

2

�

13=12

p

.

Using that for p � log

1=2

n=n, by de�nition, �

p

= o(log n), we 
an bound this probability by

X

t�2�

1=3

p

+1

�

n

t

�

t

t�2

p

t�1

e

� log

25=24

n

�

X

t�2�

1=3

p

+1

en

t

2

�

enp

�

t�1

e

� log

25=24

n

� 3�

1=3

p

n

�

enp

�

2�

1=3

p

e

� log

25=24

n

� n log

1=3

n

�

e log

1=2

n

�

log

1=3

n

e

� log

25=24

n

= o(1):

This 
ompletes the proof. �

3 The proof of main result

In this se
tion we prove Theorem 1.1. We start by stating some simple properties of the largest

eigenvalue of a graph that we will need later.

Proposition 3.1 Let G be a graph on n verti
es and m edges and with maximum degree �. Let �

1

(G)

be the largest eigenvalue of the adja
en
y matrix of G. Then the following properties hold.

(i) max

�

p

�;

2m

n

�

� �

1

(G) � �.

(ii) If E(G) =

S

i

E(G

i

) then �

1

(G) �

P

i

�

1

(G

i

). If in addition the graphs G

i

are vertex disjoint,

then �

1

(G) = max

i

�

1

(G

i

).

(iii) If G is a forest then �

1

(G) � min

�

2

p

�� 1;

p

n� 1

�

. In parti
ular if G is a star on � + 1

verti
es then �

1

(G) =

p

�.

(iv) If G is a bipartite graph su
h that degrees on both sides of bipartition are bounded by �

1

and �

2

respe
tively, then �

1

(G) �

p

�

1

�

2

.

Proof. Most of these easy statements 
an be found in Chapter 11 of the book of Lov�asz [12℄. Here

we sket
h the proof of few remaining ones for the sake of 
ompleteness.

(iii) Let A be the adja
en
y matrix of G and let �

1

; �

2

; : : : ; �

n

be its eigenvalues. Sin
e G is a forest

on n verti
es it is easy to see that the tra
e of A

2

satis�es

X

i

�

2

i

= tr(A

2

) =

X

v

d

v

� 2(n� 1):

On the other hand �

1

= ��

n

be
ause G is bipartite. Therefore we 
an 
on
lude that 2�

2

1

� 2(n � 1)

and hen
e �

1

�

p

n� 1. For the proof of the rest of the statement (iii) see, e.g., [12℄.

(iv) Let A be the adja
en
y matrix of G. Then by de�nition it is easy to see that A

2

is the adja
en
y

matrix of a multigraph with maximum degree �

1

�

2

. Therefore by (i) we have that �

1

(A

2

) = �

2

1

(G) �

�

1

�

2

and hen
e �

1

�

p

�

1

�

2

. �

Having �nished all the ne
essary preparations, we are now ready to 
omplete the proof of our main

theorem.
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Proof of Theorem 1.1. We start with the easy 
ase when the random graph is very sparse. If

p � e

�(log logn)

2

=n, then by Lemma 2.2 a.s. G = G(n; p) is a disjoint union of trees of size at most (1+

o(1))�

p

. Therefore by 
laims (ii) and (iii) of Proposition 3.1 we have that �

1

(G) � (1+o(1))

p

�

p

. On

the other hand, By Lemma 2.2 the maximum degree of G is almost surely at least (1+o(1))�

p

and thus


laim (i) of Proposition 3.1 implies that �

1

(G) � (1+o(1))

p

�

p

. Sin
e the value of the edge probability

satis�es np = o(1) <

p

�

p

, we obtain that �

1

(G) = (1 + o(1))

p

�

p

= (1 + o(1)) max

�

p

�(G); np

�

.

Another relatively simple 
ase is when p � log

1=2

n=n. Then by by Lemma 2.1 we have that

�

p

= o

�

(np)

2

�

and hen
e it is enough to prove that �

1

(G) = (1+o(1)) max

�
p

�

p

; np

�

= (1+o(1))np.

To get a lower bound on the largest eigenvalue note that the standard Cherno� estimates for the

binomial distributions (see, e.g., [3℄ , Appendix A) imply that the number of edges in G(n; p) is a.s.

(1 + o(1))n

2

p=2. Therefore by 
laim (i) of Proposition 3.1, the largest eigenvalue of G(n; p) is almost

surely at least (1 + o(1))n

2

p=n = (1 + o(1))np.

To get an upper bound, denote by X the set of verti
es of random graph G = G(n; p) with

degree larger than np(1 + 1= log log n) + �

1=3

p

. Let G

1

be a subgraph of G indu
ed by the set X,

let G

2

be a subgraph of G indu
ed by the set V (G) � X and �nally let G

3

be a bipartite subgraph

of G 
ontaining all the edges between X and V (G) � X. By de�nition G =

S

i

G

i

and thus by


laim (ii) of Proposition 3.1 we obtain that �

1

(G) �

P

3

i=1

�

1

(G

i

). Sin
e the maximum degree of

graph G

2

is np(1 + 1= log log n) + �

1=3

p

= (1 + o(1))np, then by 
laim (i) of Proposition 3.1 it follows

that �

1

(G

2

) � (1 + o(1))np. Also note that by our 
onstru
tion, any 
y
le in the graphs G

1

or G

3

should have less than half of its verti
es in the set X. Therefore from Lemma 2.3 we get that almost

surely G

1

and G

3


ontains no 
y
les. In addition, by Lemma 2.2, the maximum degree of these

two forests is bounded by (1 + o(1))�

p

. Then using 
laim (iii) of Proposition 3.1 we obtain that

�

1

(G

i

) � (2 + o(1))

p

�

p

; i = 1; 3. This implies that

�

1

(G) � �

1

(G

1

) + �

1

(G

2

) + �

1

(G

3

) � (1 + o(1))np + (4 + o(1))

p

�

p

= (1 + o(1))np:

Finally we treat the remaining 
ase when e

�(log log n)

2

=n � p � log

1=2

n=n. Similarly as before we

have that a.s. the maximum degree of G = G(n; p) is (1 + o(1))�

p

and the total number of edges in

G is (1 + o(1))n

2

p=2. Therefore 
laim (i) of Proposition 3.1 implies that

�

1

(G) � (1 + o(1)) max

�

p

�

p

; n

2

p=n

�

= (1 + o(1)) max

�

p

�(G); np

�

:

To handle the upper bound on �

1

we again use a partition of G into smaller subgraphs, whose largest

eigenvalue is easier to estimate.

Denote by X

1

the set of verti
es of G with degree at least �

3=4

p

and by X

2

the set of verti
es with

degrees larger than np(1+1= log log n)+�

1=3

p

but less than �

3=4

p

. Let X = X

1

[X

2

and let Y

1


ontain

all verti
es of V (G) �X with at least one neighbor in X

1

. Finally let Y

2

be the set V (G) �X [ Y

1

.

Note that by de�nition there are no edges between X

1

and Y

2

.

We 
onsider the following subgraphs of G. Let G

1

be the subgraph of G indu
ed by the set X.

Then by Lemma 2.3, G

1


ontains no 
y
les and has maximum degree at most �

7=8

p

. Therefore by


laim (iii) of Proposition 3.1 we get that �

1

(G

1

) � 2

q

�

7=8

p

= o

�
p

�

p

�

.

8



Our se
ond graph G

2


onsists of all edges between X

2

and V (G) � X. Note that by de�nition,

any 
y
le in G

2

has exa
tly half of its verti
es in X

2

� X. Thus by Lemma 2.3, almost surely G

2

is a forest. In addition, the maximum degree in G

2

is bounded by the maximal possible degree of

a vertex from the set V (G) � X

1

, whi
h is �

3=4

p

. Using 
laim (iii) of Proposition 3.1 we get that

�

1

(G

2

) � 2

q

�

3=4

p

= o

�
p

�

p

�

.

Next 
onsider the graph G

3

, indu
ed by the set of verti
es Y

1

. Let v 2 V (G)�X be a vertex with

at least �

1=3

p

+ 1 neighbors in Y

1

. Sin
e by de�nition every neighbor of v in Y

1

is also a neighbor of

some vertex in X

1

we obtain that there are at least �

1=3

p

+ 1 paths of length two from v to the set

X

1

. On the other hand, by Lemma 2.2, v almost surely is 
ontained in at most one 
y
le of length 4.

This implies that all but at most one of the endpoints of these paths in X

1

are di�erent. Therefore

the vertex v has at least �

1=3

p

distin
t verti
es of X

1

with in distan
e two. Now from Lemma 2.4 it

follows that a.s. there is no vertex with this property. Hen
e every vertex v 2 V (G) �X has almost

surely at most �

1=3

p

neighbors in Y

1

. In parti
ular the maximum degree of G

3

is bounded by �

1=3

p

,

whi
h implies that �

1

(G

3

) � �

1=3

p

= o

�
p

�

p

�

.

Let G

4

be the bipartite subgraph 
onsisting of all the edges of G between Y

1

and Y

2

. By de�nition,

the degree of every vertex in Y

1

is at most np(1+1= log log n)+�

1=3

p

and we already proved in the pre-

vious paragraph that the degree of every vertex from Y

2

in this graph is at most �

1=3

p

. Therefore, using


laim (iv) of Proposition 3.1 together with the fa
ts that np � log

1=2

n and �

p

� 


�

logn=(log log n)

2

�

we obtain

�

1

(G

4

) �

q

�

1=3

p

�

np(1 + 1= log logn) + �

1=3

p

�

� �

1=3

p

+ (1 + o(1))�

1=6

p

p

np = o

�

p

�

p

�

:

Finally we de�ne G

5

to be the subgraph of G indu
ed by the set Y

2

, and G

6

to be a bipartite graph


ontaining all the edges of G between X

1

and Y

1

. Sin
e there are no edges 
rossing from X

1

to Y

2

it

is easy to 
he
k that E(G) =

S

6

i=1

E(G

i

). Also sin
e the graphs G

5

and G

6

are vertex disjoint, then

by 
laim (ii) of Proposition 3.1 we obtain that �

1

(G

5

[G

6

) = max

�

�

1

(G

5

); �

1

(G

6

)

�

and

�

1

(G) � �

1

(G

1

) + : : : + �

1

(G

4

) + �

1

(G

5

[G

6

) = max

�

�

1

(G

5

); �

1

(G

6

)

�

+ o

�

p

�

p

�

:

By de�nition, the maximum degree of G

5

is bounded by (1 + o(1))np + �

1=3

p

, whi
h implies that

�

1

(G

5

) � (1 + o(1))np + �

1=3

p

. Hen
e to �nish the proof it remains to bound �

1

(G

6

).

Consider the graph G

6

. Let T be the set of verti
es from Y

1

with degrees greater than one in G

6

and let u 2 X

1

be a vertex with at least �

1=3

p

+ 1 neighbors in T . By de�nition, every neighbor of u in

T has also an additional neighbor in X

1

, whi
h is distin
t from u. Therefore we obtain that there are

at least �

1=3

p

+ 1 simple paths of length two from u to the set X

1

. On the other hand, by Lemma 2.2,

u almost surely is 
ontained in at most one 
y
le of length 4. This implies that all but at most one of

the endpoints of these paths in X

1

are di�erent. Therefore vertex u has at least �

1=3

p

distin
t verti
es

of X

1

within distan
e two. Now from Lemma 2.4 it follows that a.s. there is no vertex with this

property. In addition it follows that every vertex from Y

1

has degree at most �

1=3

p

in G

6

. Let H be

the subgraph of G

6


ontaining all the edges from X

1

to T . Then by the above dis
ussion its maximum
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degree is bounded by �

1=3

p

and therefore �

1

(H) � �

1=3

p

. On the other hand, sin
e the degree of every

vertex in Y

1

� T in G

6

is at most one and the graph is bipartite, we obtain that G

6

�H is a union of

vertex disjoint stars. The size of ea
h star is at most the maximum degree of G. Then by 
laims (ii)

and (iii) of Proposition 3.1 we get that

�

1

(G

6

) � �

1

(H) + �

1

(G

6

�H) � �

1=3

p

+ (1 + o(1))

p

�

p

:

This implies the desired upper bound on �

1

(G), sin
e

�

1

(G) � max

�

�

1

(G

5

); �

1

(G

6

)

�

+ o

�

p

�

p

�

= max

�

(1 + o(1))np + �

1=3

p

; (1 + o(1))

p

�

p

+ �

1=3

p

�

= (1 + o(1)) max

�

p

�

p

; np

�

= (1 + o(1)) max

�

p

�(G); np

�

;

and 
ompletes the proof of the theorem. �

4 Con
luding remarks

In this paper we have found the asymptoti
 value of the largest eigenvalue of the random graph G(n; p),

or the spe
tral radius of the 
orresponding random real symmetri
 matrix.

It would be quite interesting to obtain more a

urate estimates on the error term in the asymptoti


estimate for �

1

(G(n; p)), given by Theorem 1.1. Noti
e that due to the re
ent 
on
entration result of

Alon, Krivelevi
h and Vu [2℄, the standard deviation of �

1

(G(n; p)) 
an be asymptoti
ally bounded by

an absolute 
onstant, and this random variable is sharply 
on
entrated. Our proof methods do not

allow us to lo
ate the expe
tation of �

1

with su
h degree of pre
ision. Neither are we able to obtain

a limit distribution of �

1

, as has been done by F�uredi and Koml�os [7℄ for the 
ase of a 
onstant edge

probability p. This is another attra
tive open question.

One 
an also try to determine when the largest eigenvalue of a random graph has multipli
ity one

and then to understand the typi
al stru
ture of the �rst eigenve
tor of G(n; p). While for the 
ase

p � log n=n, where the graph G(n; p) be
omes a.s. almost regular, the �rst eigenve
tor will be a.s.

almost 
ollinear to the all-1 ve
tor, the pi
ture be
omes more 
ompli
ated for smaller values of p(n).

Noti
e that for p(n) � log n=n the graph G(n; p) is a.s. dis
onne
ted, and therefore the support of

the �rst eigenve
tor will be at most as large as the size of its largest 
onne
ted 
omponent.

Consider the 
ase p = 
=n, for a 
onstant 
 > 0. Performing dire
t 
al
ulations similar to those

of Se
tion 2 of the present paper, one 
an show that in this 
ase G(n; p) 
ontains almost surely an

unbounded 
olle
tion of verti
es of degree �(G)(1 � o(1)) at distan
e at least three from ea
h other.

Considering then the subgraph of G spanned by those verti
es and their neighbors shows that a.s.

G(n; p) has an unbounded number of eigenvalues �

i

= (1 � o(1))�

1

.

Another observation for the 
ase p = 
=n is that a

ording to Corollary 1.2 the �rst eigenvalue of

G(n; 
=n) remains asymptoti
ally the same for all values of the 
onstant 
 > 0 and appears thus to

be quite insensitive to the growth of 
 > 0. This is in a sharp 
ontrast with many other properties of

random graphs su
h as the appearan
e of the giant 
omponent (all 
omponents of G(n; 
=n) are a.s.
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at most logarithmi
 in size for 
 < 1, while for 
 > 1 G(n; p) 
ontains a.s. one 
omponent of a linear

size and the rest are O(log n)) or planarity (G(n; 
=n) is a.s. planar for 
 < 1 and a.s. non-planar for


 > 1).

Another related problem is to investigate the spe
trum of the Lapla
ian of a random graph G(n; p).

For a graph G, the Lapla
ian L = L(G) is de�ned as L = D � A, where A is the adja
en
y matrix

of G and D is the diagonal matrix whose diagonal entries are degrees of 
orresponding verti
es. For

any graph G, the Lapla
ian L(G) is easily seen to be a real symmetri
 matrix with non-negative

eigenvalues, the smallest of them being zero. One may study the so-
alled spe
tral gap (the smallest

positive eigenvalue of the Lapla
ian) of random graphs G(n; p) for various values of p(n).

The methods of this paper 
an be possibly applied to the study of the spe
trum of dilute random

matri
es. A dilute random matrix A is de�ned by

A

i;j

= a

i;j

b

i;j

; 1 � i � j � n

A

j;i

= A

i;j

; 1 � i < j � n:

where a

i;j

are jointly independent and not ne
essarily identi
ally distributed random variables with

zero mean and varian
e 1, and b

i;j

are also jointly independent and independent from fa

i;j

g, where

b

i;j

= 1 with probability p = p(n) and b

i;j

= 0 with probability 1 � p. In other words, the dilute

random matrix is obtained by repla
ing ea
h entry of a matrix from the so-
alled Wigner ensemble

by zero independently with probability q = 1 � p. As su
h, it uni�es the notions of the Wigner

random matri
es and random graphs. Khorunzhy proved in [9℄, under additional (and rather standard)

assumptions on the moments of variables a

ij

(see his paper for details) that the spe
tral norm of

the dilute random matrix is asymptoti
ally equal to 2

p

np in the 
ase p(n) � logn=n (under some

additional te
hni
al assumptions) and it asymptoti
ally mu
h larger than

p

np for p(n) � log n. It

would be quite interesting to determine the asymptoti
 behavior of the spe
tral radius of the dilute

random matrix for the 
ase of small values of p(n).
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