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Abstract

Let K be a graph on r vertices and let G = (V, E) be another graph on |V| = n vertices.
Denote the set of all copies of K in G by K. A non-negative real-valued function f : K — R4
is called a fractional K-factor if ). e f(K) <1 for every v € V and ) o f(K) = n/r.
For a non-empty graph K let d(K) = e(K)/v(K) and dV(K) = e(K)/(v(K) —1). We say that
K is strictly Kj-balanced if for every proper subgraph K’ C K, dV(K') < dV(K). We say
that K is imbalanced if it has a subgraph K’ such that d(K’) > d(K). Considering a random
graph process Gonn vertices, we show that if K is strictly Kj-balanced then with probability
tending to 1 as n — oo, at the first moment 7y when every vertex is covered by a copy of K,
the graph ém has a fractional K-factor. This result is best possible. As a consequence, if
K is Kj-balanced, we derive the threshold probability function for a random graph to have a
fractional K-factor. On the other hand, we show that if K satisfies an imbalance condition, then
for asymptotically almost every graph process there is a gap between 79 and the appearance of
a fractional K-factor. We also introduce and apply a criteria for perfect fractional matchings in
hypergraphs in terms of expansion properties.

1 Introduction

A graph property is a set of graphs closed under graph isomorphism. The statement “G has @Q”
means G € Q. A property @ is called monotone increasing if whenever G € ) and E[G] C E[G']
then also G’ € Q. @ is monotone decreasing if whenever G € @ and E[G] D E[G’] then also
G’ € Q. Let G = G(n,p) denote, as usual, the random graph with n vertices and edge probability
p = p(n). For a graph property @ and for a function p = p(n), we say that G(n,p) satisfies @
asymptotically almost surely (abbreviated a.a.s.) if the probability that G(n,p(n)) satisfies @ tends
to 1 as n tends to infinity. We say that a function p*(n) is a threshold function for the property @
if p(n)/p*(n) == 0 implies that a.a.s. G(n,p(n)) ¢ Q and p(n)/p*(n) "= oo implies that a.a.s.
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G(n,p(n)) € Q. We will also use the notation G(n, M) for the random graph with n vertices and
M = M(n) edges. The notion of threshold function is also defined for this model in the natural
way.

Let G be a graph of order n and let K be a graph of order r. We say that G has a K-factor
if it contains n/r vertex disjoint copies of K. Thus, for example, a Ks-factor is simply a perfect
matching.

One graph parameter that is related to K-factors is the fractional arboricity, defined inter alia in
[1] and [10]. We give its definition here, as this parameter appears in the next results. For a simple
graph K = (V, E) we define its K1-density, dV(K), as |E|/(|V| = 1). The fractional arboricity of
K is mW(K) = max{dD(K")|K' ¢ K,v(K') > 1}. If dV(K) = m(J(K) then K is said to be
K -balanced, and if additionally for no K’ C K, dV(K’") = dV(K) then K is said to be strictly
K1 -balanced.

The problem of determining the threshold probability for a random graph to have a K-factor is
still open. The case K = K5 has been solved by Erdés & Rényi [3] in 1966, but even for K = K3 the
threshold function is yet unknown. Alon and Yuster in [1], and independently Ruciiiski in [11] have
shown that for graphs! having m(" (K) > §(K), the threshold function for a K-factor in G(n, p)
isp= n_l/m(l)(K), where 6(K) is the minimal degree of K. For triangles they have bounded the
threshold from above with p > ¢ (m”)l/ 2

=) 7. This result was improved later by Krivelevich [9] who
showed that p > en=3/% is already enough. Using a joint distribution technique Kim [6] proved

that if p > n~'Y/18 then a.a.s. G(n,p) has a Kz-factor. The conjecture however is still open (see
e.g. [6]):

Conjecture. Let 3|n. Then

0 (”51)]93 —Inn — —oo,
Pr[(G(n,p) has a Ks-factor] — { e=¢° (";1) 3—Inn — ¢,
1 (";1) 3 —Inn — oo

The conjecture is, in fact, that p = (2n2In n)l/ 3 is the threshold function. The 0 statement
is not a part of the conjecture, as it is known that if ("51)p3 —Inn — —oo then a.a.s. there is a
vertex that is not in a triangle.

One way to make progress towards proving the conjecture is to consider its fractional relaxation,
that is considering the problem of finding the threshold probability for a fractional K-factor. Let
G be a graph on the vertex set V', let K be a graph of order r and let K be the family of all (not
necessarily induced) copies of K in G. A non-negative real valued function f : K — R is called a
fractional K-factor if 3 f(K) = |V|/r, and also for every v € V one has ) .. e f(K) < 1.
In this version it is not necessary for r to divide n. Clearly if f takes values only from {0,1} then

the set of all positive valued copies forms a K-factor, hence the existence of a K-factor implies the

n—l/m(l)(K)

n fact in [1] it is shown that p = is the threshold function for a larger family of graphs.



existence of a fractional one, but not vice versa. in Section 2 we give some additional definitions
and facts about fractional K-factors.

It turns out that this fractional relaxation is much more tractable, and quite precise results
can be obtained about it. To formulate these results we introduce the notion of a random graph
process. A random graph process on a vertex set V of size m is a Markov chain G = (G)O ,
whose states are graphs on V. The process starts with the empty graph (E [Go] = () and for
every 1 <t < (}), the graph G, is obtained from G;_; by adding an edge from (V) \E[Gt 1],
all new edges being equiprobable. Clearly, the graph at time ¢ has ¢ edges, and G(’;) = K,. For

t > (g) we define ét = K,. We turn the set of all random processes to a probability space by
giving the same probability to every process. If we stop a random graph process at time M, we
get a random graph with M edges with a uniform distribution over these graphs, so in fact we
get G(n, M). For a (nonempty) monotone increasing graph property @, the hitting time of @ is
defined as t(Q,é) = min{t\ét € @Q}. The phrase “for asymptotically almost every (abbreviated
a.a.e.) graph process X” means that when n tends to infinity, Pr[X] tends to 1.

Now we have the terminology needed in order to formulate our main result.

Theorem 1.1. Let K be a strictly Ki-balanced graph. For asymptotically almost every random
graph process é,

t(G has a fractional K -factor, é) = t(every vertex of G lies in a copy of K, é)

In words, the theorem states that for a strictly Kj-balanced graph K, and for asymptotically
almost every random graph process, at the very moment when the last vertex that was not in a copy
of Kis covered with such copy, one has a fractional K-factor. This theorem yields the following

result concerning fractional K-factors in G(n,p).
Corollary 1.2. Let K be a strictly Ki-balanced graph on r vertices and with e edges. Then

0 i r—1,e _ 1 _
Pr[G(n,p) has a fractional K -factor] — { ifen”™ p* = lnn = —oo,

1 ifen”™ 1p® —Inn — oo,
where ¢ = ¢(K) is some constant depending only on K.

We will prove the theorem and the corollary in Section 5. Many of the ideas are taken from the
proofs in [8].

We also use some hypergraph terminology. A hypergraph H is an ordered pair H = (V| E),
where V is a set (the verter set) and E C 2V is a family of distinct subsets of V' (the edge set). A
hypergraph is said to be r-uniform if all the edges are of size r. Let H = (V, E) be a hypergraph.
The degree, d(v), of a vertex v € V' is d(v) = |{e € E|v € e}|. The neighborhood, N (v), of a vertex
veVis Nw) = Uy e\ {v}. A path of length | in H is a sequence vpejvieavs . .. vy, where for

every 1, v; € V,e; € E and v;_1,v; € e;. The distance between two vertices u,v € V is the length



of the shortest path starting at u and ending at v, and we denote it by d(u,v). For a set of vertices
U € V we denote the hypergraph restrained to U by H[U], that is H[U] = (U,{e € Ele CU}).
Throughout the paper, the parameter n is assumed to tend to infinity, and we also assume it to
be sufficiently large whenever necessary. The notations o() and O() have the usual meaning, that
is, f(n) = o(g(n)) if lim, . f(n)/g(n) =0, and f(n) = O(g(n)) if there is a constant ¢ > 0 such
that f(n) < cg(n) for all (sufficiently large) n.
All logarithms are to the base e = 2.71828... ..

2 Fractional matchings and covers in hypergraphs and linear pro-

gramming

Let H = (V, E) be a hypergraph. A set of disjoint edges is called a matching. The size of a largest
matching is called the matching number of H and is denoted by v. A non-negative real valued
function f : E — Ry is called a fractional matching if ) . f(e) <1 for every v € V. The value
of the fractional matching is |f| = > .y f(e). The maximum value over all fractional matchings
of H is the fractional matching number of H, denoted by v*(H). If f achieves |f| = v* then f is
said to be an optimal fractional matching of H. Similarly, a fractional cover of H is a non-negative
real valued function g : V' — R such that ) _pg(v) > 1 for every e € E. Again, the value of the
cover is [g| = Y, oy 9(v), and the minimum of |g| over all the covers of H is the fractional covering
number of H, denoted by 7*(H). If |g| = 7* then g is said to be optimal. These two problems are
dual in the linear programming sense. Therefore we can apply the Linear Programming Duality

Theorem and get:
Proposition 2.1. Let H = (V, E) be a hypergraph. Then

1. for every fractional cover g and every fractional matching f, one has |g| > |f|;

3. if g is an optimal fractional cover of H and f is an optimal fractional matching of H, then

f(e) > 0 implies Zg(v) =1

vee

g(v) > 0 implies Zf(e) =1.

veEe

Part (3) of the theorem above is called the complementary slackness conditions.

We also cite here Proposition 2 of [8], which is a well known consequence of linear programming:

Proposition 2.2. For every r-uniform hypergraph H = (V, E) one has:



1. v*(H) > v(H);

2. if Vo CV is the set of all non-isolated vertices of H, then v*(H) < |V|/r, therefore v*(H) <
VI/r;

3. let g be a fractional cover of H and let U C V', then the restriction of g to U is a fractional
cover of H|U]J;

4. let g : V — Ry be an optimal fractional cover of H and denote Vi = {v € V : g(v) > 0}, then
v*(H) > |Vi|/r.

Part 2 of the above Proposition states that if H = (V, E) is r-uniform then v*(H) < |V|/r.
It is also true that for every r-uniform hypergraph H = (V, E), 7*(H) > |V|/r. Thus the next

definition is natural:

Definition 2.3. Let H = (V, E) be an r-uniform hypergraph. Let f be a fractional matching
and let g be a fractional cover. If |f| = |V|/r then f is called a perfect fractional matching and if

lg| = |V'|/r then g is called a perfect fractional cover.

3 Perfect fractional matchings in hypergraphs

In this section we omit floor and ceiling notation to the benefit of readability.
Let H = (V, E) be a hypergraph and let U C V be a set of vertices. Let Ej be a set of edges,
such that:

1. lenU| =1 for every e € Ej.
2. egNey C U for every ey # ex € Ej.

U is said to have a proper expansion of size |Ey|.
Again, let H = (V, E) be an r-uniform hypergraph on n vertices, and let ¢, co,c3 be some

constants such that

1 C1
0<ep < —o\ > 1, <e <l 1
as;-p 8 a1 e

Next we define two properties of r-uniform hypergraphs. These properties depend on the choice of

the constants c¢1, ¢y and c3:
Q1 YU CV, |U| > cin = e(H[U]) > 0. That is, every large enough subset spans an edge.

Q2 For every pair of disjoint sets Uy,Us C V, |Uy| < can, |Ua| < (r — 1)|Uy], there exists a set of
edges Ey C E,|Eg| > c3|U;| such that for every e € Ey we have [eNU;| = 1,leNUsz| =0 and
for every e, e’ € Ey, ene’ C U;. That is, Uy has a proper expansion of size at least c3|Uq|

with the additional requirement that every one of the expanding edges misses Us.



We say that H has Q1 and Q2 if we can find constants ¢y, ca, c3 that satisfy Relations (1) and H
has Q1 and Q2 with these constants.
Note that Property Q1 is in fact the property of having independence number smaller than

cin.

Lemma 3.1. Let H = (V, E) be an r-uniform hypergraph on n vertices that has Properties Q1
and Q2 with constants ci,ca,c3 that satisfy Relations (1). Let cq,c5 be constants that satisfy

ca > cr(r—1), cacs < ca(r —1), 1>c¢5 2>

c3+1 '
Define a; = C4C§)n, i >0 and let kg = min{j : aj < c3(r—1)}. Then for every 0 < i < ko and every
U CV of size |U| = a; we have

a; a; n a;

VHV\U)) > =% I

r (r—r 7 7r—1

Proof. By induction on i. For i = 0 we need to show that if U C V, |U| = ¢4n then v*(H[V \U]) >
% — #%. Let M be a maximal integral matching of H[V \ U]. If |[M| < — % then there are at

r
can c4n

most n — cyn — A5 vertices taking part in the matching, and thus there are at least %5 vertices in
V' \ U that are not in the matching. Since 75 > cin, we have an edge spanned by these vertices
(Q1), contradicting the maximality of M.

Assume now that the lemma is true for i — 1 and that i < kg. Let U C V, |U| = c4cin. Denote
Uy = V \ U and consider an optimal fractional cover g of H[U;]. Define Uy = {v € Uy|g(v) = 0}.

If |Up| < ;%5 then by Part 4 of Proposition 2.2,

T

a;

< U1\ Uy R S U
- r T r

v (H(U) —

as required.

On the other hand, if [Uy| > %5, then g has a large number of zeroes and we would like to take

advantage of this imbalance. The requirements on the constants imply
a; . C4Cé’n

i—1
= —2_ < coctk n<can
r—1 r—1 5 ’

so we can pick a vertices subset U} C Uy such that %= < |Uj| < con. By Property Q2 with U] as

r—1 —

Uy and U as U, , there exists a set of edges Fy C E such that:
e |Ey| = cs|Upl;
e every edge in Ej has exactly one vertex in U and none in U;

e for every ey, ez € Ey, e; Ney C U (which implies that |e; Ney| < 1).



Let T = (U e) \ Uj. Recall that cg > é — 1, then

. i1 ,
|Eo| > e3|Ug| > L)@ > (25 T _q) 2>
Cs r—1 c4CyN

ecFEy

> a;—1 1 a; :ai—l_ai.
a; r—1 r—1

Every edge donates r — 1 distinct vertices to T', therefore |T'| > a;—1 — a;. The vertices in 7" must

have a large weight in g, since g assigns a total weight of at least one to every edge, and every edge

in Ey has a vertex of weight zero. In fact, the average weight of the vertices in T is at least ﬁ Let
a;—1—04

Tp C T be the set of the a;—; —a; vertices with the largest g-weight in 7', then > . g(v) > =715

Now we apply the induction hypothesis on U U Ty (|U U Tp| = a;—1) and get that

a;i—1
r—1’

n
> gv) = v (HU\ D)) > = -
’U¢UUTO
due to the fact that g restricted to H[U; \ Tp] is also a fractional cover (Part 3 of Proposition 2.2)
and the value of every fractional cover is at least as large as v* (linear programming duality).

Now we can estimate the value of g:

" no a1 Ai—1 —a; N a;
VHOD) = 3 g)+ Y gle) > 2o S BT T B

velUi\To veTy

as required. O

Theorem 3.2. Every r-uniform hypergraph satisfying Q1, Q2 with constants ci,co,c3 satisfying

Relations (1) has a perfect fractional matching.

Proof. Let H = (V, E) be an r-uniform hypergraph that satisfies Q1, Q2 and let g be an optimal
fractional cover of H. By Part 4 of Proposition 2.2 it is enough to verify that g(v) > 0 for every
v € V. Assume that g(v) = 0 for some v € V. jFrom Q2 with U; = {v} and Us = 0 we get that
d(v) > c3. Moreover, Q2 ensures that we can find a set of at least c¢3 edges that touch v and are
disjoint outside of v. Denote this set by Fy and note that |Fy| > c3(r — 1). Every edge is covered

by g, therefore the vertices of the edges in Ey (except v) have an average weight of ﬁ in g. Let

1
c3+1

that ag, < c3(r —1). Let T be the set of the ay, vertices with the largest value in g. Clearly, the

cpa=c1(r—1), ¢c5 = < 1 and define the series a; and the number ky as in Lemma 3.1. Recall

average weight of a vertex in T is at least as large as that of a vertex in the union of the edges of
Ey, excluding vg. By Parts 1 and 2 of Proposition 2.1, Part 3 of Proposition 2.2 and Lemma 3.1

we have

vi(H) = 3 g(v) + 3 g(v) Z v HIVAT]) + Y glo) > & = Mooy o 2,

r—1 r—1 T
vg¢T veT veT

which contradicts Part 2 of Proposition 2.2. O



We define here another property of r-uniform hypergraphs, which is similar to property Q2.
Let H = (V, E) be an r-uniform hypergraph. Define:

Q2’: For every Uy C V, |U;| < can, there exists a set of edges Ey C E, |Ey| > (r — 1+ ¢3)|Uy ]|
such that for every e, e’ € Ey we have |[eNU;| =1 and ene’ C U;. In other words, Q2’ states that
every small enough set has a large proper expansion.

Generally, Q2’ is more convenient to use in applications (while Q2 was tailor made for the

proof of Lemma 3.1).
Proposition 3.3. Property Q2’ implies Property Q2.

Proof. Let H = (V, E) be an r-uniform hypergraph that has Q2’ and let Uy, Us be as in Q2. By
Q2’ there exists a set of edges with the desired properties, Ey, s.t. |Eg| > (r — 14 ¢3)|U;|. Since
the edges in Ey are disjoint, Uy meets at most (r — 1)|U;| of the edges and at least c3|U;| are left
to satisfy Q2. O

4 Balanced graphs

We give some definitions of graph density measurements. These notions appear in [5, Chapter 3].
Let K = (V,E) be a graph on r vertices and with e edges. We define the density of K,
d(K) = e/r, and the mazimum density of K, m(K) = max{d(K')|K’' C K,vg: > 0}. A graph K
is balanced if d(K) = m(K), that is, if no subgraph of K is denser than K itself. If K does have a
subgraph denser than itself, we say that K is imbalanced.
K is called strictly balanced if d(K') < d(K) for every K’ C K, that is if K is denser than every

one of its proper subgraphs.

Ezxample 4.1. Every complete graph is strictly balanced. A union of a cycle and a path of length

> 1 with one common vertex is balanced but not in the strict meaning.

We also use another related notation, the fractional arboricity, mentioned in the introduction.
We repeat the definition here. Let K be a graph on r vertices and with e edges. Define dV)(K) =
e/(r—1)if r > 2 and dV(K) = 0 if K = K;. Then define

mW(K) = max{dM (K")|) # K' C K}.

Analogously to the above we say that a graph K is K;-balanced if m(W(K) = dV(K), that
is, if for every subgraph K’ C K, dV(K’) < dV(K). Furthermore, if for every proper subgraph
K'C K, dY(K') < dV(K) then we say that K is strictly K,-balanced.

Ezample 4.2. Every complete graph is also strictly K;-balanced. A union of C4 and C5 with one

common edge is a Kj-balanced graph but not in the strict meaning.

We are interested in the property of covering every vertex of a random graph G(n,p) with a

copy of another graph, K. Every vertex in G(n,p) can take the role of any vertex in K. In this



analysis the notion of a rooted graph is very useful. Let K be a graph and let v be a vertex of K,
then the pair (u, K) is called a rooted graph. For example, K3 has only one rooted version (up to
isomorphism), while a union of K3 and K3 with one common vertex has three.

Let K be a graph on e edges and with r > 1 vertices. For a rooted version (u, K) we define its
density d(u, K) = dV(K) = e/(r — 1) and its maximal density

m(u, K) = max d(u,K’).
K'ueK'CK

Note that d(u, K) does not depend on the choice of the root, while m(u, K) generally does.

The notions of balance are naturally defined for rooted graphs as well. A rooted graph (u, K) is
said to be balanced if d(u, K) = m(u, K). It is said to be strictly balanced if, in addition, for every
proper subgraph K’ containing the root u one has d(u, K') < d(u, K).

We state some properties of balanced graphs.

Proposition 4.3. 1. Every strictly balanced graph or strictly Kq-balanced graph is connected.
2. A graph K is strictly K1-balanced if and only if every rooted version of K is strictly balanced.
3. A non-empty Kq-balanced graph is strictly balanced.

4. Let Ky be a balanced graph and let Ko be another graph (not necessarily balanced) such that
d(K3y) > d(K1). Let G = K1UKy (where K1 and Ko are not necessarily edge disjoint). Then,
d(G) > d(K,).

Proof. The first three statements of the proposition are quite easy to verify and can be found in
[5]. We will prove the fourth part.

For a graph F' define f(F) = d(K1)v(F) — e(F). Then we have f(K;) = 0, f(K2) < 0 (by
assumption) and f(K; N K3) > 0 because K; N Ks is a subgraph of the balanced graph Kj.
Consequently by the modularity of f we have

f(G) = [(K1UK2) = f(K1) + f(K2) — (K1 N K3) <0,
which is what we wanted to prove. ]

Remark 4.4. The opposite direction of Part 3 above is generally not true, for example, Cg with a

chord connecting two vertices of distance two is strictly balanced but it is not Kj-balanced.

Remark 4.5. Note that for non-empty graphs one has: Strictly Kj-balanced = Kj-balanced =
strictly balanced = balanced.

When we look at a specific vertex in G(n,p), the probability that it can take the role of some
vertex u € H is a function? of m(u, K), and the lower the density the more probable is that this

role will be taken. Therefore it is natural to define:

—1/m(v,K)

2For a specific vertex i in G(n,p), p=n is the threshold for the property “i is contained in a copy of K

as the vertex v” [12].



Definition 4.6.

mye = my(K) = umeiﬁm(u,K), M(K) ={u e V(K)m(u, K) = my}.

When p = p, := Cn~V/™(K) 4 fixed vertex u in G(n,p) is expected to be extended to o(1)
rooted versions where its role is not in M (K). Also, u is expected to take the role of vertices from
M(K) in a constant number of rooted extensions. Let a = |M (K)|/|Aut(K)| where Aut(K) is the
automorphism group of K. We state Theorem 3.22 from [5], concerning the threshold probability
function for the property “every vertex lies in a copy of K” denoted here EPIK. This theorem

was proved by Ruciniski and by Spencer (independent works).

Theorem 4.7. Let K be a graph with minimum degree at least 1. If for every v € M(K) the rooted
graph (v, K) is strictly balanced then

0 if an’8~1p°x —logn — —oo0,

n—00 1 if an’8~1peK —logmn — oo.

lim Pr[G(n,p) € EPIK] = {
Note that by Part 2 of Proposition 4.3 this theorem applies for every strictly K;-balanced graph.

4.1 Packs of strictly K;-balanced graphs

Let K be a graph on more than two vertices. We build another graph in several steps. At the first
step we just take one copy of K. At every other step we add another copy of K to the existing
graph, but we require that the new copy will have at least two vertices in common with the old
graph (so in fact we add only a part of K, and of course, we also require that at least one vertex
will be a new one). If G has n vertices, then we need ©(n) steps in the process of building it from
K. The exact number of copies depends on K, and how we “use” it, but every step adds at least

one vertex and at most v(K) — 2, which is a constant.

Remark 4.8. Note that even if G is composed of several copies of K, and every copy meets at
least 2 vertices of other copies, it still may be that G can not be built from K in the way defined
above. For example take a cycle of copies of K where every copy has one vertex in common with
its neighbor on one side and another common vertex with the other neighbor. Then (unless K is a

cycle of the same length) this graph can’t be built from copies of K.

Lemma 4.9. Let K be a strictly Kiy-balanced graph. There exists a number C = C(K) such that
every graph G that can be built from K in C steps has d(G) > dV(K).

Note that the lemma says that the standard density of the resulting graph is higher than the
K-density of K.

Proof. Let G; be the graph after ¢ steps, so G1 = K and G¢ = G. At step ¢ + 1 we add another
copy of K s.t. there is a subgraph K’ C G;, K’ C K,v(K’) > 2 that is common to K and G;. Let

10



d = dY(K). In a similar manner to the proof of Proposition 4.3 we define f, a function on graphs,
by f(G) = dv(G) — e(G). Then, f(G1) = f(K) = dv(K) — e(K) = d. For every K' C K with
v(K') = 71" and e(K') = ¢’ one has

f(K)— f(K'Y=d— (d —¢') <0.
Let € = mings d(r’ — 1) — ¢’ > 0. Then by the modularity of f,
(Gy) = f(Gima) + f(K) = f(K') < [(Gim1) — €,

and so f(G;) < d— (i — 1)e. Therefore if C > ¢ + 1 then f(G) = f(G¢) < 0 which implies
d(G) > dV(K). O

5 A hitting time result for fractional factors of random graphs

with strictly Ki-balanced graphs

In this section we apply Theorem 3.2 that deals with fractional matchings in hypergraphs. The con-
nection between fractional K-factors of graphs and fractional matchings in hypergraphs is straight-

forward:

Definition 5.1. Let G = (V, E) be a graph, and let K be another graph on r vertices. We define
the K-hypergraph of G, denoted by ¥, in the following way:

e The vertex set of ¥k is V, the vertex set of G.

o {v,v9,...,v,} is an edge of ¥k if and only if there is a (not necessarily induced) copy of K

in G on these vertices.

Note that ¥k is r-uniform. Clearly there is a fractional K-factor in G if and only if there is a
perfect fractional matching in ¥k . In this definition two copies of K that lie on the same r vertices
correspond to the same edge in ¥k, so ¥x may have less edges than the number of K-copies in
G. Another way to define ¥k is to put multiple edges in this case. For our purpose there is no
difference between the definitions, as the addition (or removal) of multiple edges does not affect
the existence of a fractional matching.

For a vertex v € G we define the “K-degree of v”, di(v), to be the degree of v in ¥x. We also
use the notion of “disjoint K-degree of v”, d’ (v) - the maximal number of copies of K in G that

contain v and are vertex-disjoint outside of v.

5.1 Main theorem

We state Theorem 1.1 and Corollary 1.2 again. Let K be a strictly Kj-balanced graph. For a graph

G we define two properties:
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EPIK “Every point in K” - G has this property if every vertex of G lies in a (not necessarily
induced) copy of K.

FKF “Fractional K-factor” - G has this property if it has a fractional K-factor.

Theorem. For a graph process G let TEPIK be the hitting time of the property EPIK and Tpxw
be the hitting time of the property F KF. Then for asymptotically almost every graph process

TFKF = TEPIK-
That is, the same edge that puts the last vertex in a copy of K also enables a fractional K-factor.

Corollary. Let K be a strictly K;-balanced graph, and let a = a(K) be as defined after Definition

4.6. Then
0 if an’ " 1p°K —logn — —oo0,

n—00 1 if an® ~1p°K —logn — oo.

lim Pr[G(n,p) € FKF| = {

Proof. If anV%~1p®% —logn — —oo then by Theorem 4.7 a.a.s. there is a vertex in G = G(n, p) not
covered by a copy of K. This vertex will be isolated in ¥k, and by Part 2 of Proposition 2.2 we

have
V' (9) < (n—1)/r <n/r.

Therefore ¥k does not allow for a perfect fractional matching and thus G(n,p) ¢ FKF.

On the other hand, if an”s ~1p®% —logn — oo then Theorem 4.7 states that a.a.s. G(n,p) does
hNave EPIK. Let m = (Z)p EPIK is a monoﬁone property, and thus® G(n,m) and equivalently
Gy, a.a.s. have EPIK. By Theorem 1.1 when G,, has EPIK it a.a.s. has FKF also, and again by
monotonicity of FKF, G(n,p) a.a.s. has FKF.

]

5.2 Proof Overview

The proof structure resembles the proof of Theorem 1 in [4]. If K is strictly Kj-balanced then by
Part 2 of Proposition 4.3 K satisfies the requirements of Theorem 4.7 and the threshold function

for EPIK is
1 1/e(K)
p= (—n_(U(K)_l) In n> .
a

We set two probabilities and two times along the graph process én:

) 1/e(K) n

P = (an—@(K)—l)(mn — lnlnlnn)> , my = (2)171;
L w(x)-1) e n

Py = (En (Inn + lnlnlnn)) , ma = <2>p2.

3See [5, remark 1.18]
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By Theorem 4.7 a.a.s. G(n,p1) ¢ EPIK and G(n,p2) € EPIK and since EPIK is a monotone
property the same holds for G(n,m1) and G(n,ms). Therefore, for asymptotically almost every
graph process m; < Tepix < Ma2.

Next, we define some (more) properties of graphs, A0 - A6, referred to later as “the A prop-
erties”. The motivation for the definition of the A properties is given by Lemma 5.3 — these
properties imply the existence of a fractional K-factor (Lemma 5.3 relies heavily on Theorem 3.2).
To be more precise, the A properties are defined for a pair (G,S) where G is a graph and S is a
subset of vertices of G. In the proof of the main theorem the set of vertices with small disjoint
K-degree at time m; will take the role of S.

Now, Lemmas 5.6 - 5.12 show that a.a.e. graph process has all the properties except for EPIK
along the whole time between m; and mo. Since for a.a.e. graph process the hitting time of EPIK
is also between m; and mo we conclude that for a.a.e. graph process, when EPIK hits we have all

4

the A properties and thus a fractional K-factor. In fact, all the A properties are monotone®, and

Lemmas 5.6 - 5.12 simply demonstrate that the properties hold at time m; or at time ms. The
monotonicity of the properties implies their validity along the whole period between m; and ms.

5.3 The A properties

Definition 5.2. Let K and G = (V, E) be some graphs where |V| = n and let S C V be a set
of vertices. Also, let 0 < d < 1 be a constant depending® only on K. We define the following

properties:

A0 S contains all the vertices with a disjoint K-degree of at most Inlnlnn (again, S may contain

some more vertices).
A1l - EPIK Every point lies in a copy of K.
A2 The distance in ¥k between any two vertices from S is at least 5.
A3 Every vertex subset of size greater than n/|K|? spans a copy of K.

A4 Every subset U C V of size n? < |U| < ﬁn has a proper expansion of size at least |U|(|K|+2)
in 9. (Proper expansion is defined at the beginning of Section 3).

A5 For every vertex subset U of size at most n¢ and with U NS = (), U has a proper expansion of

size at least C|U|Inlnlnn in ¥k, where C' is some constant depending only on K.
A6 |S| < nd/100,

When it is clear what S is, we will treat the A properties as graph properties and not as

properties of a graph and a vertices subset.

“A0,A1,A3 A4 and A5 are monotone increasing, A2 is monotone decreasing and A6 is both.
®d is required to satisfy the condition that appears in the end of Lemma 5.8.
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Lemma 5.3. Let K be some graph, let G = (V,E) be a graph on n vertices and let S C V be
a subset of vertices of G. Assume that G has the properties A0 - A6. Then G has a fractional
K-factor.

Proof. First, look at the vertices in S. For every such vertex we can find a copy of K s.t. all of
these copies are disjoint (A1l & A2). Denote the set of these copies by Ki. Remove S and the
vertices of the copies from K. For every vertex w not in S, at most one copy of K was ruined in
this process. Otherwise u has two paths (in %) of length at most 2 starting from it and ending in
S, but property A2 forbids such paths.

Let Gg be the graph after the removal of S and the vertices of the copies from Ky, and let %k
be the K-hypergraph of Gy. By A0 and the above, % has minimal degree at least Inlnlnn — 1.
%k has property Q1 with ¢; = 1/|K|? as this is just property A3 for Gy.

Also, %k has Q2’ with ca = 1/|K|? and c3 = 2. In order to prove this, let U be a set of vertices,
U C V]G, |U| = k. If n¢ < k < |K|3n then by property A4, %x has a proper expansion of size
k(| K|+2) before the first step. In the first step we removed |S|-| K| vertices and every vertex ruined
at most one edge from the proper expansion (since the edges are disjoint). By A6, |S| < nd/100
and therefore the number of edges that were destroyed is less than |S| - |K| < k, so after the first
step U still has a proper expansion of size at least k(|K|+ 1).

If 1 < k < n¢ then by property A5, U has a proper expansion with size at least CkInlnlnn. In
the process of removing S and some of its neighborhood, at most (|K| — 1)k edges were destroyed
(for each of U’s vertices u, the copies touching u can touch only one copy from K;, again because
of A2).

Therefore ¥ satisfies both Q1 and Q2’ and by Proposition 3.3 and Theorem 3.2 ¢k has a
perfect fractional matching. Denote this fractional matching by My. Now we would like to find a
perfect fractional matching for the original hypergraph ¢, but this is fairly easy. Define a new
fractional matching M : E[¥x] — R.:

My(e) e € E%k],

M(e)=1< 1 e corresponds to a copy from Ky,
0 otherwise.
Clearly
n—|K|-|S| n
|M| = [Mo| + 5] = ———— + |5 = 7=
K| K|
Therefore ¥k also has a perfect fractional matching which implies that G has FKF. U
5.4 SMALL

Let G be a graph process on n vertices. We are interested in a special subset of vertices - those

with a low disjoint K-degree at time mq, so we define:

SMALL = SMALL(G) = {v|at time my, d%(v) < Inlnlnn}.

14



SMALL is a function of graph processes, and therefore it is constant along the process. After time
m1 SMALL still contains every vertex with a low disjoint K-degree, as the property of having low
disjoint K-degree is monotonically decreasing, but it may contain some other vertices as well. As
already mentioned, SMALL will take the role of S when we’ll discuss the A properties in the context
of random graph processes. By saying “@ has property A at time t” for one of the A properties,
we mean that the graph G; with the set SMALL(G) has this property.

5.5 Proof of validity of the A properties between m; and ms

Here we give a series of lemmas that principally say that properties A1 — A6 a.a.s. hold at time mq
or my (my for monotonically increasing properties and mg for monotonically decreasing properties).
A0 is satisfied at time m because of the way in which SMALL is defined for random graph processes.
As mentioned already, all the A properties are monotone, so we can switch freely between G(n,my),
G(n,p1) and G, (sce [5, Remark 1.18]). Throughout this section we set r = |V[K]|, e = |E[K]]

and we use ¢ as a general unspecified constant.

Proposition 5.4. For a.a.e. graph process at time mso, every pair of vertices lies in at most C

copies of K, where C = C(K) is a constant depending only on K.

Proof. Clearly, if there are C' > C copies of K that have 2 vertices in common, then they form
a graph that can be built from K in C’ steps. By Lemma 4.9, the density of every such graph
is greater than d(l)(K ), and by first moment arguments for a.a.e. graph process there are no such

graphs in G(n, p2). O

Remark 5.5. The property of not containing a subgraph is monotonically decreasing, and therefore

for a.a.e. graph process there are no such graphs between times m; and ms.
Lemma 5.6. A.a.e. graph process at time my has Property A5.

Proof. Let € > 0 be some constant. Consider a set of vertices, U C V(G(n,p1)), |U| = k < n'~¢,
U N SMALL = (). We would like to estimate the size of the maximal proper expansion of U in ¥x.
We know that every vertex in U has degree at least Inlnlnn in ¢%. Consider the size of the set
of all the edges that touch U. Every edge is counted at most r times so there are at least %
edges of ¥k touching U. Denote them by K. Now switch back to éml. We will also use K for
the set of copies of K that touch U. Pick one copy and remove from X any other copy that has 2
vertices in common with it. Continue this process until K is empty. Since we removed a bounded
number of copies in every step (by Remark 5.5 and Proposition 5.4), we have found a set of %
edge-disjoint copies of H that touch U.

These copies still do not form a proper expansion of U since some of them may have more than
one vertex in U or may have a common vertex with another copy in V' \ U.

To complete the proof, we show that for a.a.e. graph process at time my every set U of size k

has:
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1. at most Ck edge-disjoint copies of K that have 2 vertices (or more) in U;

2. at most Ck pairs of edge-disjoint copies of K that have a common vertex in V' \ U.

where C' is some constant.

Fix k. For every set U of size k let Xy be the indicator random variable for the event “There
are at least A edge-disjoint copies of K that have 2 vertices or more in U”. Let X = Z Xy.

U:|U|=k
Then

_c (@)k‘ ck*(Inn — Inlnlnn) A
— Yaut k nA )

where Cy,; is a constant depending only on the size of aut(K).

We are interested in the expected number of sets that meet more than 2k such copies of H, so
we set A = 2k.

k 2 . 2k 2 k
X — (@) ck’(Inn —Inlnlnn) < ckln®n < p-09ek
k 2kn

n
since k < nl—e,

Therefore the expected number of “bad” sets is less than

nlfs 1—e

1 — —0.9¢(n'~¢+1)
E nfO.Qek — :rl':l_ n_0.96 _ 1 — 0(1)’
k=1

and by the first moment method a.a.s. there are no such sets in G(n, p1).

The second part is similar. Let Xy be the indicator random variable for the event “U has A

edge-disjoint pairs of copies of K that have common vertices in V'\ U”. Also let X = > Xy. Then

_ n (S) (2;13) 2eA en\k [ ck*n? ~3p* 4
EX_C‘““(k;)( A )P §<?> A
< en\k [ ck?In’n A
- <?> nA
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Again, set A = 2k,

k 21,92 2k 4 k
EX < (@) ckIn"n < ckln®n < 096k,
k n2k n

And again, by Markov’s inequality a.a.s. no such set exists in G(n,p1).
Therefore for every € > 0, asymptotically almost every graph process at time m; has the

property that every one of the subsets of size k < n!~¢ satisfies the requirements below:

1. ckInlnlnn copies of H touching it such that every 2 copies have at most one common vertex.
2. Less than 2k of the copies have more than one vertex in U

3. There are less than 2k pairs of copies with a common vertex in V' \ U.

If we remove the “bad” copies (listed in items (2) and (3)), we are left with a proper expansion of

size ckInlnlnn, and the proof is complete. U

Remark 5.7. Note that in the proof of item (3) above we didn’t use the assumption that U has
no vertex from SMALL. In particular, if we take U to be a singleton, we get that for almost every
graph process, at time mq, every vertex u € V lies in at most one pair of copies of K having a

common vertex other than wu.
Lemma 5.8. A.a.e. graph process at time m1 has property A4.

Proof. Let U be a set of size k, n® < k < r=3n. Let K be an inclusion-maximal family of copies of
K, that have exactly one vertex in U and that are pairwise disjoint outside U. Let
vow= ] K\U
Kek
Also let Vo =V \ (UUW).

Set b = (r+ 2)(r —1). If U has a proper expansion of size less than k(r + 2), then |[W| <
k(r+2)(r — 1) = bk. Also, there is no copy of K with one vertex in U and the rest of the vertices
in V5. We claim that this situation a.a.s. never happens. In other words, we would like to show
that a.a.s. for every set U of size k, n? < k < r%n, and for every set V{ of size at least n — (b+ 1)k
there is a copy of K with one vertex in U and the rest in V. Fix k, and for every set U of size k
and a set Vo C V \ U of size |Vp| =n — (b+ 1)k, let X7y, be the number of such copies of K.

Clearly,

EXyy, = Camk<n —(b+ 1)k‘>pe > Curk (n(l —(b+ 1)7“3)>T1 Inn —Inlnlnn > Chlnn,
’ r—1 n(r—1) a

for some constants C,,; and C' > 0. Let Ky be the set of all potential copies of K with one vertex

in U and the rest in Vj. We define Ay, as defined in Janson’s inequality (see [5, Theorem 2.16]) -

Vol n o
AU,Vo = Z E[IKIIKQ] < ck (T‘ _1 Caut Z r—s p2 tu
s,t

Ki1#K2€eKo
E[KﬂﬂE[Kﬂ;ﬁ@
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where the second sum is over copies with s common vertices and ¢ common edges, and Cy,; is a

constant depending only on K. Since K is strictly Kj-balanced we have sTtl < -5 and thus

Ayy, < ckn™1p° an_spe_t < cklnnn ¢ =o(EX).
s,t

t>1

By applying Janson’s inequality we get
Pr[There exist U and V; as above] <

< (n) <n N k> Pr[There is no copy of K between U and Vp] <

k) \n — bk
) () e () () e
“\k bk ~\k bk nCk
nbH1=Cob+1\ F
- Ebiph :
Therefore, if k& > n? for some d > (b+1— C)/(b+ 1), there is a.a.s. no such U and Vp, and the
proof is complete. O

Lemma 5.9. A.a.e. graph process has A6.

Recall that SMALL is defined as the set of all the vertices with low disjoint K-degree at time
m1. In order to estimate the probability that a vertex u lies in a small number of disjoint copies of
K we apply Spencer’s mazdisfam technique ([14], [13]). We use the notation® from [2, section 8.4].

In our application Q is the set of () potential edges, R = E[G(n,p1)], Vr € R p, = p1, I is the
set of all potential copies of K in G(n,p;) that contain u, |I| = (?j)%, A; is the set of
edges of the i’th copy and B; is the event “this copy is in G(n,p1)”. X; is the indicator random
variable for By, X = . _; X; and u = E[X]. We denote i ~ j if i # j and A; N A; # () and define
A =3, Pr[B; A Bj] (the sum over ordered pairs). J C I is called a disfam if

e B; for every j € J.

e Forno j,j' € Jis j~ j'.
If, in addition

o If j/ ¢ J and Bj then j ~ j' for some j € J.
then J is a maxdisfam. Finally,

= Pr|B;|.
v =tmax ) PriB

i~vj

The next theorem is also from [2, section 8.4]

6 And the idea from [7].
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Theorem 5.10. For any integer s,

S
Pr(there ezists a mazdisfam J,|J| = s] < H—'(f“es”e
s!

wll>

Lemma 5.9 Proof. We would like to show that at time m, for a fixed vertex w,

Inlnlnn |
Pru € SMALL] < c(Inn) lnlnn’
n

for some constant c. In order to apply Theorem 5.10 we need to estimate u,v and A.
Fix u € V[G]. For every vertex i € V[K] not in M(K) choose an inclusion-minimal subgraph
K; C K containing i such that d(i, K;) = m(i, K;) > m.. Let X;(u) be the number of copies of

(i, K;) in Gy, where u is the root, and let X*(u) = > ig (k) Xi(u). Clearly,

EX*(u) < Cawr Y <v(n N i 1>pT(K” =o(1),

ieVIK]\M(K) Ki)
and therefore the probability that u lies in a copy of K in the role of vertex out of M (K) tends
to zero as n tends to infinity. The major contribution to the number of copies that contain u is
done by vertices from M (K). Let M'(K) = {v1,v2,...,v} be a maximal collection of vertices from
M(K) such that the rooted graphs (v;, K) are pairwise non-isomorphic. Let X (u) be a random
variable counting the number of rooted versions of K where the root u is in the role of a vertex

from M'(K), and let X be a random variable counting the number of copies of K in éml. Then,

Y X(u) = |M(K) Xk,
uEV[éml]

and thus, by symmetry, EX(u) = 1|M(K)|EXk = an“(m

n

Therefore, y = EX*(u) + EX(u) =Inn —Inlnlnn 4 o(1). In order to estimate A we shall count

pairs of copies of K by the number of common vertices and edges. As before, we will use s for the

pi(H) =Inn —Inlnlnn.

number of common vertices and ¢ for the number of common edges.

A=Y PrBiABjl=) (T " 1) (T " 8)2?%“ <

i~ s,t
< chZTflfsnf =L (2e—t) _ chf(sfl)JrT;lt'
st s,t

K is strictly Kj-balanced and thus —t < —% which implies
A< S en (DT = (1),
s,t

The estimation of v is similar,

n _
v=max) PrB]=) (T_S)p? =

i~j s,t

r—1
< anflf(sfl)nfT(eft) <€
s,t
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for some € > 0.

Before we apply Theorem 5.10 let us note that the maxdisfam technique only enables us to
give an upper bound for the probability of a vertex having a low edge-disjoint degree, while we
need to estimate the probability of having a low vertez-disjoint degree. A vertex may have a low
vertex-disjoint degree and a high edge-disjoint degree if it lies in many copies of K who share a
vertex but not an edge. By remark 5.7 in almost every graph process at time m; every vertex lies
in at most one pair of copies of K having another common vertex. Thus the vertex-disjoint degree
of a vertex is bounded by its edge-disjoint degree plus one.

Now we can apply Theorem 5.10 and give a bound for the probability that a vertex has a low
edge-disjoint degree in ¥ -

Inlnlnn+1 ¢
Pr(d}(v) < Inlnlnn] < Z 'u—'e*“eS“eA/2 =

—~ s
=) Pr[Poiss, <Inlnlnn + 1] <
Inlnlnn+1 Inlnlnn+1 |
<9. I o< (Inn) lnlnn.
(Inlnlnn + 1)! n

Finally, we apply Markov’s inequality and conclude that for a.a.e. graph process at time my,

ISMALL| < ¢(Inn)Pn I < n@/100,

Lemma 5.11. A.a.e. graph process at time msy has A2.

Proof. We wish to estimate the probability that there is a pair of vertices from SMALL with distance
in ¥k that is less than or equal to four. For u,v € V' let X, ,, be the indicator random variable for

the event “There is a path of length [ in ¢ between w and v” where [ is some integral constant.

The corresponding structure in G for such path in ¥k is a sequence of [ copies of K, K1, Ko, ..., K,
where u € K7, v € K; and for every 1 <i < [, V[K;]NV[K;11] # 0.
Fix u and v and let [ > 1 be an integer. For fixed sequences s = (s1,892,...,5-1) and t =

(ti,t2,...,t1—1) let Ps¢ be the set of all I-sequences of K-copies, such that for every 1 < i < [,
si = |VIK;]| N V[Kq1]|,t: = |E[K;] N E[K;+1]| and the corresponding structure in ¥ is a path of
length [ from u to v. For P € Ps¢ let Xp be the indicator random variable for the event “P is in
G(n,p2)”, that is, the edges of all the [ copies appear in G(n,p2). Now,

Priu,v € SMALL A X, , = 1] =
=Prfu,v € SMALL| X, , = 1] - Pr[X,, = 1] <

<> Y - > > Priu,v € SMALLIXp = 1] - Pr[Xp = 1].

0<s1 0<s9g 0<s;_1 PePs ¢
t1 to ti_1
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For every s, t the number of edges in every path P € Ps ¢ is finite, and therefore as n tends to infinity
the influence of these edges is becoming negligible. Note that we are looking at the path on time mso
while whether v and v is in SMALL or not is determined in time m;. However knowing that a finite
number of edges is on in time mo gives us even less information than knowing the same in time my,

and in both cases the effect is negligible. Thus Pr[u,v € SMALL|Xp = 1] — Prfu,v € SMALL].

Therefore

Priu,v € SMALL A X, , =1] <

<1+ €)Prlu,v e SMALL]- Y > - Y Y - Pr[Xp=1] <
0<s1 0<s2 0<s;_1 PePs ¢
1 t2 t_1
<(1+ €)Pr[u,v € SMALL]-
n n _ n _
Cout p° Z Caut p° b Z Caut p° b1,
r—1 r — 51 r—s_-1—1
0<s1 0<s;—1
t1 ti1
Since K is strictly Ki-balanced, (Tfsi)pe_ti is maximal when s; = 1 and ¢; = 0 and then

(rfl) p¢ =Inn + Inlnlnn. Therefore we have

(Inn + InlnInn)
- .

Priu,v € SMALL A X, , = 1] < (14 ¢€)Pr[u,v € SMALL] - ¢

Now we need to estimate Prlu,v € SMALL]. Again, we will use Spencer’s maxdisfam technique
described in Lemma 5.9. We will use the same notation as in the proof of Lemma 5.9, but this time
we will consider all the K copies touching u or v (or both). Here || = 2(:‘:11) % - (f:g) CAut-
Again, we will estimate p, A and v and then apply Theorem 5.10.

Let X (u) and X (v) be the random variables counting the number of copies of K in Gy, that
are touching u and v respectively, and let X (u,v) be the number of copies touching both w and v.
Clearly p = EX(u) + EX(v) — EX (u,v). EX(u) was estimated in the proof of lemma 5.9, and by
Proposition 5.4 EX (u,v) is bounded by a constant. Therefore

pw=2lnn—2Inlnlnn+ O(1).

To estimate A we use s and ¢ for the number of common vertices and edges (respectively)
between A; and A;.

A=Y "PrBAB] <2} (731) <Tis>p%e—t -

inoj s,t

—(s—1)+I=1¢
SE en~(=DHE
s,t

but K is strictly Ki-balanced so ﬁ < % and thus A = o(1). We give a bound from above for

v by n~¢ for some € > 0 in the same way as in Lemma 5.9. Again, the maxdisfam technique is
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applicable for edge-disjoint copies while being in SMALL is determined by the vertex-disjoint degree,
but by remark 5.7 this is almost the same. Applying Theorem 5.10 we get that

Pr[maximal number of disjoint copies through v or v < 2Inlnlnn] <

2lnlnlnn42 ¢
< Z 'u—le_“eS”eA/2 =M - Pr[Poiss, < 2Inlnlnn + 2] <

S!
s=0
<9 H21H1n1nn+2 J (2 In n)21n1nlnn+2 .1n hln'
~ (2lnlnlnn + 2)! - n?

If u and v are in SMALL then the number of disjoint copies of K touching v or v is at most 21nInInn.
Thus

Pr[u,v € SMALL] <

< Pr[maximal number of disjoint copies through v or v < 2Ilnlnlnn| <

(2 In n)21nln Inn+2 | Inlnn
S 2 .
n
Therefore
Prlthere exist two vertices from SMALL with distance at most 4] <
< <n) (1+e (2 lnn)anlnh;”Jr2 ‘Inlnn c(lnn +Inlnlnn) — o(1),
n n
and asymptotically almost every graph process has A2. O

Lemma 5.12. A.a.e. graph process at time my has A3.

Proof. Let U be a set of vertices of size k, k > n/r3, and let Xy be the number of copies of K in
U. By Janson’s inequality (see [5, Theorem 2.16]) we have Pr[Xy = 0] < e PXv+A wwhere A is

defined as below. Now,
k\ . n\" .
EXy = Cuut , p = (;) p¢ > Cnlnn;

s Y sz ()5 (5 )

s,t
Ki1#K> t>1
E[Kl]ﬂE[KQ]#@

where ¢ > 1 runs over the number of common edges between K; and Ky and s > 2 does the same

for the common vertices.

A < Cout <l:j> Z <7~ ﬁ 8>p26—t <C Z n?r—s—%@e—t) (ln n)(2e—t)'

s,t s,t
t>1 t>1
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The common part is a proper subgraph of K, and since K is strictly Ki-balanced, -5 > S_Ll
for every s,t. This implies

r—1

2r —s— (2e —t) <1—e¢

for some € > 0. Therefore
A< Cn'¢) (Inn)*" = o(EXp).

s,t

Applying Janson’s inequality we get
PI"[XU _ 0] < e—nlnn(l—f—o(l))’
and by the union bound
Pr[3U C V,|U| > n/r®, E[U] = 0] < 2ne"nnl+o) — (1),

Therefore a.a.s. every set of size at least n/r3 spans at least one copy, and the proof is complete. [

6 Graphs having TEPIK <K TFKF
Recall that m, = m.(K) = Hli[I{l m(v, K), as defined in Definition 4.6.

ve
Lemma 6.1. Let K be a graph having m(Y) (K) > m,(K). Then for a.a.e. graph process Tpix <
mriF. To be more precise, if m(K) > m,(K), then there exist two functions, fx(n), gk (n) and
a constant e(H) > 0, such that

L i 2 G

2. for a.a.e. graph process on n vertices Tgpix < frx(n);

3. for a.a.e. graph process on n vertices TegF > g (n).

Proof. Let p, be the threshold probability from Theorem” 4.7, p, = polylog(n)n~'/™=. By the
definition of m()(K), there exists a subgraph M C K s.t. dV)(M) > m,(K) which implies that
1>v(M) - (M)

my

The expected number of copies of M in G(n, py) is
n e(M) o o(M)—e(M)/m. _ o, 1—€
C(v(M)>p* <Cn Cn™¢ €>0.

Therefore, by the Markov inequality a.a.s. the number of copies of M is O(n'~¢). Let K, M be the
sets of copies of K,M (respectively) in G(n,p). Take an optimal fractional K-factor f: K — R,.

Let Vyy = U M, then
MeM

fl=D )< Y > f(K) <o(M)-|[M]-1=0(n"").

KeKk veVy KiweK

In [14] it is shown that for every graph K the threshold function behaves like p. = polylog(n)n =) The
exact behavior depends on the structure of K.
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Therefore, at time (g‘)p* asymptotically almost every graph process does not allow a fractional

n

K-factor. Moreover, FKF will hit only after the graph process will contain TR copies of K, which

is expected to occur only at time (g)nfl/d(l)(M). O

Remark 6.2. We have shown that for strictly Kj-balanced graphs, EPIK and FKF occur simulta-
neously in almost every graph process, while for graphs having m® (K) > m.(K) for almost every
graph process there is a gap. We believe that for graphs having m( (K) = m,(K), Tepix = TFKF

for almost every graph process. The figure below summarizes our view on this problem.

balanced

strictly balanced

Ki-balanced

strictly
Ki-balanced

Figure 1: [J denotes a family of graphs for which EPIK and FKF a.a.s occur simultaneously.
[denotes a family of graphs for which a.a.s there is a gap between Tgprx and 7. [ denotes
a family of graphs for which we believe there should be a [J. The dashed line marks the set
of graphs with m, = m(.
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