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ABSTRACT. Analogous to the case of the binomial random graph G(d + 1, p), it is known that
the behaviour of a random subgraph of a d-dimensional hypercube, where we include each
edge independently with probability p, which we denote by Qg , undergoes a phase transition

around the critical value of p = %. More precisely, standard arguments show that significantly
below this value of p, with probability tending to one as d — oo (whp for short) all compo-
nents of this graph have order O(d), whereas Ajtai, Komlds and Szemerédi [1] showed that
significantly above this value, in the supercritical regime, whp there is a unique ‘giant’ com-
ponent of order ® (2%). In G(d + 1, p) much more is known about the complex structure of
the random graph which emerges in this supercritical regime. For example, it is known that
in this regime whp G(d + 1, p) contains paths and cycles of length Q(d), as well as complete

minors of order Q (\/3) In this paper we obtain analogous results in Q”f . In particular, we

epe . _ 1+ e d .
show that for supercritical p, i.e., when p = =3 for a positive constant ¢, whp Qp, contains

a cycle of length Q( ) and a complete minor of order Q (—d3 (lzozg I

i In ord
ng)g . In order to prove
these results, we show that whp the largest component of Q,‘,f has good edge-expansion prop-
erties, a result of independent interest. We also consider the genus of Qg and show that, in

this regime of p, whp the genus is Q (29).

1. INTRODUCTION

The binomial random graph model G(n, p), introduced by Gilbert [22], is a random vari-
able on the subgraphs of the complete graph K,, whose distribution is given by including
each edge in the subgraph independently with probability p. Since its introduction, this
model has been extensively studied. A particularly striking feature of this model is the ‘phase
transition’ that it undergoes at p = %, exhibiting vastly different behaviour when p = 1;; to
when p = 1% (where ¢ is a positive constant). For more background on the theory of random
graphs, see [6, 20, 30].

More recently, the following generalisation of this model has been the object of study:
Suppose G is an arbitrary graph with minimum degree 6(G) at least d and let G, denote the
random subgraph of G obtained by retaining each edge of G independently with probability
p. When G = K., the complete graph on d + 1 vertices, we recover the model G(d + 1, p).

If we take the probability p to be a function of (the lower bound d for) the minimum degree
of G, rather than the order (i.e., number of vertices) of G, it has been shown that the model
G, shares many properties with G(d + 1, p). In particular, some of the complex behaviour

* Institute of Discrete Mathematics, Graz University of Technology, Steyrergasse 30, 8010 Graz, Austria,
{erde,kang}@math. tugraz.at. Supported by Austrian Science Fund (FWF): I3747.

¥ School of Mathematical Sciences, Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv 6997801,
Israel, krivelev@tauex.tau.ac.il. Supported in part by USA-Israel BSF grant 2018267, and by ISF grant
1261/17.



which occurs whp' in G(d + 1, p) once we pass the critical point of p = % also occurs whp in
G, in the same regime of p. For example, when p = %"3 for € > 0, it has been shown that whp
G, contains a path or cycle of length linear in d, see [16,37,38]. Furthermore, for this range
of p it has been shown by Frieze and Krivelevich [21] that whp G, is non-planar and by Erde,

Kang and Krivelevich [17] that in fact, whp G, contains a complete minor of order? Q (\/E)
and hence has genus Qd). Similarly, when p = w (é), whp G, contains a path or cycle of
length (1 - 0(1))d, as shown in [35,42]. In addition, when p = (1 + e)% for e > 0, whp G,

contains a path of length d and in fact even a cycle of length d + 1, see [23, 35] respectively.
All of these results generalise known results about the binomial model G(d + 1, p).

The model G(d + 1, p) shows that these results are optimal when G can be an arbitrary
graph, but for specific graphs G, they may be far from the truth. One particular graph for
which the model G, has been studied extensively is the hypercube Q%, the graph with vertex
setV (Qd) = {0,114 and in which two vertices are adjacent if they differ in exactly one coordi-
nate. Throughout this paper we will write 7 := 2¢ for the order of the hypercube and we note
that |E(Q?)| =22

Random subgraphs of the hypercube were first studied by Saposhenko [43] and Burtin
[12], who showed that Qg has a threshold for connectivity at p = %; for a fixed constant p < %

whp Q;‘f is disconnected and for a fixed constant p > % whp Qg is connected, and this result
was strengthened by Erdés and Spencer [18] and by Bollobds [4]. Bollobés [5] also showed
that p = % is the threshold for the existence of a perfect matching in Qg. Very recently, an-
swering a longstanding open problem, Condon, Espuny Diaz, Girao, Kithn and Osthus [14]
showed that p = % is also the threshold for the existence of a Hamilton cycle in Qg.

It was conjectured by Erdds and Spencer [18] that Qg should undergo a similar phase tran-
sition at p = % as G(d + 1, p) does: It is relatively easy to see, by a coupling with a branching
process, that when p = % for € > 0, whp all components of Qg have order O(d), but they
conjectured that when p = %, whp Qﬁ contains a unique ‘giant’ component whose order is
linear in n = 2¢. This conjecture was confirmed by Ajtai, Komlés and Szemerédi [1].

Theorem 1.1 ([1]). Lete > 0 be a constant and let p = %. Then there exists a y > 0 such that
whp the largest component of Qg has order at least yn.

Ajtai, Komlos and Szemerédi also indicated that it is possible to show that there is a unique
‘giant’ component of linear order in 1, whose order is (y(€) + 0(1)) n where y (€) is the survival
probability of the Po(1 + €) branching process. These results were later extended to a wider
range of p, describing more precisely the component structure of Qg when p = % with
€ = o(1) by Bollobas, Kohayakawa and Luczak [7], by Borgs, Chayes, van der Hofstad, Slade
and Spencer [11], and by Hulshof and Nachmias [29], with the correct order of the critical
window in this model being only recently identified by van der Hofstad and Nachmias [27].
For a more detailed background on the phase transition in this model, see the survey of van
der Hofstad and Nachmias [26].

If we consider the structure of Qg above this critical threshold of p = é, then we can con-
clude from the results in the G, model mentioned earlier that whp Q;‘f contains a path and

1Throughout the paper, all asymptotics will be considered as d — oo and so, in particular, whp (with high
probability) means with probability tending to one as d — oo
2The notation () here is hiding a polylogarithmic factor in d.



cycle of length Q(d), has genus Q(d) and contains a complete minor of order Q(v'd). How-
ever, these results seem far from optimal. Indeed, already above this threshold whp Qg con-
tains a component whose order is linear in 7 = 2%, and so exponentially large in d. Hence, it
is possible that Qg could contain a path and cycle of length linear in #n. Similarly, it is known
that the genus of Q¢ is exponentially large in d. In fact, the genus of Q¢ has been shown to
be precisely (d —4)297% + 1 for d = 2, see [3,41], and the size of the largest complete minor in
Q% was shown to be between 215" and \/32%1 +1in [13]. Hence, it is possible that whp the
genus of Qg in the supercritical regime is linear in n and whp the size of the largest complete

minor in Q% is of order Q (/7).

The main aim of this paper is to show that both of these statements are true, at least up to
a polylogarithmic factor in n. More precisely, we prove the following theorems concerning
the length of the longest cycle and the size of the largest complete minor in Qg.

Theorem 1.2. Lete > 0be a constant and let p = %. Then whp Qg contains a cycle of length
7oz

d3(logd)? )
Theorem 1.3. Lete > 0be a constantandlet p = %. Then whp Qg contains a K;-minor with

d
— 22
1=0Q (613(logd)3 )

We note that here, and elsewhere in the paper, there may be a dependence on the param-
eter € in the implicit constants in the bounds.

In fact, both of these theorems follow from a more general statement, of independent in-
terest, which says that whp the largest component of Qg has good edge-expansion properties.
That is, every large enough subset of the largest component ‘expands), in the sense that it has
a large edge boundary. The notion of graph expansion has turned out to have fundamental
importance in diverse areas of discrete mathematics and computer science: For a compre-
hensive introduction to expander graphs, see the survey of Hoory, Linial and Widgerson [28].
In particular, notions of expansion have turned out to be a powerful tool in the study of ran-
dom structures: See for example the survey paper of Krivelevich [33].

In what follows, given a subset Sc V (Qd), we will write 0,(S) and 0,(S) for the vertex and
edge boundary of S in Q¢ respectively. That is, 3, (S) is the set of vertices in V (Qd) \ S which
have a neighbour in S and 0,(S) is the set of edges between S and V' (Qd) \' S. Furthermore,
we will write d,,,(S) and 0, ,(S) for the vertex and edge boundary of S in Qg respectively.
Also, given constants «, > 0 and a statement A, we will write ‘Let & < . Then A holds’ to
indicate that there is some fixed, implicit function f such that A holds for all @ < f(f).

Theorem 1.4. Let 0 < @ < € be constants, let p = 1+€ and let L) = L; (Qg) be the largest

component of Qd Then there exists a f > 0 such that whp every subset S < L, satisfying

V(L]
2

an<|S| = has an edge boundary satisfying |Oe,p(S)| > ,Bd3

(logd)?*

As an immediate corollary, since Q¢ is d-regular, and so every set of m edges in Q¢ must
span at least 5 vertices, we can deduce that whp the largest component of Qg also has good

vertex-expansion. In fact, since in Qg we do not expect significantly fewer than m vertices to
span m edges, we can do slightly better.

Corollary 1.5. Let 0 < @ < € be constants, let p = % and let L) = L (Qg) be the largest

component of Qd Then there exists a f > 0 such that whp every subset S € L, satisfying

an <8 = Y1) has a vertex boundary satisfying |9,,,(S)| 2 Brmgar:



We note that, whilst it is perhaps not immediately clear that we cannot improve Theorem
1.4 to show constant edge-expansion for linear sized subsets of L = L, (Qﬁ), it is clear that

we cannot hope to show constant vertex-expansion. Indeed, Q¢ contains a separator of size
@) (%), namely the middle layer, and it is not hard to show that whp this separator splits L,
roughly in half, and so whp there is a linear sized subset of L; whose vertex boundary has
size O (i) However, it then follows from a similar argument as in Corollary 1.5 that whp L;

vd
contains some linear sized subset whose edge boundary has size O (&\/gd).

In particular, this implies that we cannot deduce optimal versions of Theorems 1.2 or 1.3,
thatis, ones without the polynomial factors in d, straightforwardly from the expansion prop-
erties of the largest component of Qg.

In fact, it is perhaps surprising that the expansion properties of L; (Qg) are useful at all,

since random subgraphs of the hypercube have been used by Moshkowitz and Shapira [39]
to construct graphs which have in some way the worst possible expansion properties.

Whilst Theorem 1.3 already implies that the genus of Qg is Q (ﬁgmﬁ), with a more care-
ful argument we are able to give a better bound.

Theorem 1.6. Lete >0 be a constant and let p = %. Then whp the genus of Qg is Q(n).

Note that, since whp ‘E (Qg) ‘ = 0(n), and clearly the genus of a graph is at most the num-
ber of edges, Theorem 1.6 is optimal up to the value of the leading constant.

The paper is structured as follows. In Section 2 we collect some lemmas which will be
useful in the rest of the paper. Then, in Section 3 we prove our main results on the expansion
properties of the largest component in Q;,i (Theorem 1.4 and Corollary 1.5), and use them
to deduce Theorems 1.2 and 1.3. In Section 4 we give a proof of Theorem 1.6, and then in
Section 5 we mention some open problems.

2. PRELIMINARIES

For real numbers x, y, z we will write x =yt ztomeanthat y—z<x< y+z.

We will want to use the following simple lemma, which is a slight adaptation of a result in
[36], to decompose a tree into roughly equal sized parts.

Lemma 2.1. Let T be a tree such that A(T) < Cj, all but r vertices of T have degree at
most C < C; and |V(T)| = ¢ for some Cy,C»,¢,r > 0. Then there exist disjoint vertex sets
Aj,...,A; € V(T) such that

V(T)=Uj_, Ai;

T[A;]is connected foreach1<i<s;
¢ <|A;jl<Cfforeachl<i<r;and
¢ <|A;jl<Cyfforeachr<i<s.

Proof. We choose an arbitrary root w for T. For a vertex v in a rooted tree S, let us write S,
for the subtree of S rooted at v.

We construct the vertex sets A; inductively. Let us start by setting T'(0) = T. Given a tree
T (i) rooted at w such that |V (T'(i)) | = ¢, let v; be a vertex of maximal distance from w such
that |V (T(i)y,)| = ¢. We take A;1 = V(T (i),,) and let T(i +1) = T(i) \ T(i)y,. We stop when
[V (T(i))| < ¢, and in that case we add V (T (i)) to the final A;. Finally, let us re-order the sets
A; so that they are non-increasing in size.



We claim that the sets Aj, Ay,..., A satisfy the conclusion of the lemma. Indeed, the first
two properties are clear by construction. Also, we note that by our choice of v;, |T(i)x| < ¢
for every child x of v;. Hence, if v; # w, then v; has d(v;) — 1 children and so, since A; is the
union of the vertices of T (i) over all children x of v;, together with a set of size less than ¢, it
follows that |A;+1| < d(v;)¥¢. Furthermore, if v; = w, then we note that A;,; = V(T (i)) and so
|Ait1l = d(w)(@ —-1)+1 < d(w)¥. Therefore, since all but r vertices of T have degree at most
C», the third and fourth properties also hold. U

We will also need the following results, which allow us to deduce the existence of a long
cycle and a large complete minor from vertex-expansion properties of a graph. For wider
context on properties of expanding graphs, see the survey of Krivelevich [33].

Theorem 2.2 ([34, Theorem 1]). Let k=1, ¢ = 2 be integers. Let G be a graph on more than k
vertices satisfying

k
|0,(W)]| = t, for every W c VwithESIWI <k.

Then G contains a cycle of length at least ¢+ 1.

The following theorem allows us to deduce the existence of a large complete minor in a
graph without any small separators. It is easy to see that graphs with good vertex-expansion
do not contain any small separators, and in fact it is known (see [33, Section 5]) that the con-
verse is true, in the sense that graphs without small separators must contain large induced
subgraphs with good vertex-expansion.

Theorem 2.3 ([31, Theorem 1.2]). Let G be a graph with N vertices and with no K;-minor.
Then G contains a subset S of order O (t\/N ) such that each connected component of G\ S
has at most %N vertices.

We will use the following Chernoff type bounds on the tail probabilities of the binomial
distribution, see e.g. [2, Appendix A].
Lemma 2.4. Let NeN, let p € [0,1] and let X ~ Bin(N, p).

(i) For every positive a with a < %,

a2
P(|X-Np|>a)<2exp (—m)

(ii) For every positive b,
e\bNp
P(X>bNp) < (5)

In particular, the following consequence of Lemma 2.4 on the edge boundary of large sets
in Q% will be useful.

Lemma 2.5. Let k, c,e > 0 be constants and let p = %. Then whp every subset X < V (Qd)
of size | X| = cnd~* has edge boundary in Qg such that
|0, (X)| < 1X]1logd.
Proof. Since any subset W < V(Qd) satisfies |0.(W)| < d| W], it follows from Lemma 2.4 (ii)
that
P (|0e,p(W)| = 1W|logd) < P (Bin(d|W|, p) = |W|logd)

Wllogd
B (e(l +€))| llog < g~ k+DIwl
logd




Hence, the probability that there exists a subset X € V (Qg ) not satisfying the conclusion of
the lemma is at most

n ; en \ e i
Z ( ')d—(k+1)z < Z ( ) < Z ) o,
i=cnd-k \'! i=cnd=k dk*i i=cndk (Cd)

O

We will also need to use the following correlation inequality, which is a consequence of
an inequality of Harris [25] and is itself a special case of the FKG-inequality: See for example
[2, Section, 6].

Lemma 2.6. Let o/ and 28 be families of subgraphs of Q¢ which are closed under taking
supergraphs. Then

P(Qgedm%)z[P(Qge,sz{)[P(Qge,%).

Finally, we will use the following result on vertex-isoperimetry in the hypercube, which is
a useful strengthening of Harper’s [24] well-known isoperimetric inequality.

Theorem 2.7 ([9, Corollary 2]). Let ACV (Qd) and let 0 < 1 < 1 and k € N be such that

k d) ( d ) n
|1+A <-—.
i k+1 2

EIEDY
Then there is a matching from A to its complement A° of size at least (1 - 1)({) + A(.%,)-

i=0

In particular, for any subset Ac V (Qd ) such that both A and A° have size Q(n), there is a

n

matching from A to A¢ of size Q ( \/3).

3. EDGE-EXPANSION IN THE LARGEST COMPONENT

We will need some properties of the largest component of Qg given in [1], where the state-
ment below is claimed, although the details of the proof are not spelled out. For complete-
ness we include a proof in Appendix A.

Theorem 3.1 ([1]). Let0< 6, < 8y, let p = “;,61 and let y; be the survival probability of the

Po(1+6,) branching process. Then there exist constants d3,84,05 > 0, which can be chosen
such that d3 < 65, such that, if Y is the set of vertices of Qg contained in components of

order at least §3d?, then whp:

(i) thereis a unique component L; of order at least 6,7 in Ql‘f and |V (L)) = (y1 £02)n;
(i) [VILDAY|=<b2m;
(iii) the set of vertices

X= {x € V(Qd) 10,0 N Y] < 54d}

satisfies | X| < 21-95)4,

With this theorem in hand, let us briefly sketch the strategy to prove Theorem 1.4 on the
edge-expansion properties of the largest component of Qg . We will use a sprinkling argu-
ment, viewing Qg as the union of two independent random subgraphs le and ng where
g1 is a supercritical probability chosen sufficiently close to p such that, if we denote by L}
and L; the largest component in Qf,ll and Qg respectively, then whp L) contains most of the
vertices in Ly, which we can guarantee by Theorem 3.1.

6



After exposing le, it will follow from Property (ii) of Theorem 3.1 that whp most ver-
tices in L’1 are contained in components of Qf,ll of order Q (dz). Using Lemma 2.1, we can

split the subgraph of le consisting of the union of these components into a collection €
of connected pieces which all have polynomial size in d, specifically almost all the pieces

will have size around d2. We then show that whp for any partition € = €4 U 65 of € into
two parts, each covering a positive proportion of the vertices in L, there are exponentially
many edge-disjoint paths between vertices in the two partition classes in Qf;'z. We do so via
a union bound, showing that the probability that any partition fails to have this property is
much smaller than the total number of possible partitions. For partitions in which the two
partition classes have many shared neighbours we will use property (iii) of Theorem 3.1 to
find these paths and otherwise we will additionally use Theorem 2.7.

Given this, we note that any large subset S < V(L;) must either split apart exponentially
many of the pieces in €, in which case for each piece which is split there will be some edge
of le present in d, ,(S), or there must be a partition € = €4 U € of € into two parts, each
covering a positive proportion of L, such that each piece in 64 is contained in S and almost
every piece in € is disjoint from S. Our claim then implies that there are many edge disjoint
paths in Qf,z between the two partition classes, almost all of which must contribute at least
one edge to d,(S).

Proof of Theorem 1.4. During the proof we will introduce a series of constants cy, ¢z, ..., with
the understanding that each c; will be as small as is necessary for the argument in terms of
a,€ and all ¢; with j <.

Let us fix ¢; < ¢, let y be the survival probability of a Po(1 + €) branching process and let
us choose 0, < € such that y;, the survival probability of a Po(1 + ;) branching process, is
such that y —y; < ¢». We take 8, and 6, = ¢; in Theorem 3.1 to find ¢, > ¢3 = d3, ¢4 = 64 and
¢5 = 05. Note that we may assume that ¢5 < ¢4 < c3.

_ 146,

Our plan is to expose QZ in two steps, with g1 = —~ and g, = )

T l-q
that g = <. Let us write Q; = le and Q, = Q; U Qf;z where the two random subgraphs are

’ where we may assume

chosen independently, so that Q» has the same distribution as Qg.

By Theorem 3.1, whp the largest component L} in Q; is such that |[V(L)| = (y1 £ c))n =
(y £2c¢y) n. Furthermore, if Y is the set of vertices of Q; contained in components of order at
least c3d? then whp | V(L)) AY| < ¢;n and

X:{xe V(Qd): |6v(x)nY|504d} )

satisfies | X| < 2(1-¢)4,

Recall that L, is the largest component of Q;,i. We first show that whp the symmetric dif-
ference of V(L) and Y is small.

Claim 3.2. Whp |V (L))AY|<4cn.

Proof of Claim 3.2. We apply Theorem 3.1 with §; = € and 02 = ¢] to Qy = Qg. It follows
that whp there is a unique component L; in Q, of order at least ¢;n and that |V (L;)| = (y +
c1)n. However, since Q; € Q, and IV(L’l)I > (y —2c1)n = ¢y n, it follows that L’ < L;. Hence,
|V(L1)\V(L’1)| <3cin,andso |V(L1))AY|<4cn. O

Next, we want to use Lemma 2.1 to split each component of Q; of order at least c3d? into
connected pieces of roughly equal size. In order to do so we need the following bound on
the degree sequence of Q.



Claim 3.3. Whp Q; contains at most nd~° vertices of degree at least logd.

Proof of Claim 3.3. For any fixed vertex ve V (Qd), the degree of vin Q; = le is distributed
as Bin(d, q1), and so by Lemma 2.4 (ii) we have that

e(1+67) )bgd - d_loglzogd

P(dQl(v)zlogd)s( logd <

It follows that the expected number of vertices in Q; with degree at least logd is at most
loglogd . . _ . .
nd~~ 2z . Hence, by Markov’s inequality, whp there at most nd > vertices with degree at

leastlogd. U

We note that the above argument is rather unoptimised and with a little more care, the

bound on the degree of the exceptional vertices could be improved from logd to 1gglfoggdd for

some suitably large constant C. However, for ease of presentation we have not attempted to
optimise the logarithmic factors in the proof.

Assuming that Claim 3.3 holds, by applying Lemma 2.1 with ¢ = c—}()d ‘toa spanning tree
of each component of Q; of order at least c3d?, noting that A (Q;) <A (Qd) = d, we can split
the collection of these components into connected pieces such that at most nd > of the
pieces have size between ¢ = ;ﬂ)d > and ¢d = id 3 and the rest have size between ¢ and

llogd = C—iod% logd. Let us call this collection of pieces €, noting that V(U%) =Y.

We next show that whp for any partition € = €4 U € of € into two parts, each covering a
positive proportion of the vertices of Y, we expose exponentially many edge-disjoint paths
between A and B in the second sprinkling step. This argument will require that the pieces

in € are not significantly smaller than d%, whereas later bounds will be optimised by taking
the pieces in € as small as possible, which motivates our choice of ¢ in the above.

Claim 3.4. Whp for any partition € = €4 U 65 of € into two parts, with A = V(%) and
B = V(U%B), such that min{| A|,|B|} = cyn, there are at least cllnd_% edge-disjoint paths
between A and B in ng.

Proof of Claim 3.4. The total number of pieces in € is at most ¢ nd~? and so the total num-

3
ber of possible partitions is at most 26074 ? Hence, if we can show that the claim does not
hold for a fixed partition with probability at most exp (—cm nd_%), then whp the claim holds
for all partitions by the union bound.

Given a fixed partition 64 U 6p with A and B as above, let N(A) = AU 0,4, (A) be the
inclusive neighbourhood of A in Q; and similarly let N(B) be the inclusive neighbourhood
of Bin Q,. Let D = N(A) n N(B). We split into two cases:

@) |D| = cgndz;
1
(ii) |D| < cgnd™z.

Case (i): Let us suppose first that | D| = cg nd_%. In this case, let D' = D\ X, where X is as in
(1), so that |D'| = '7D|, since | X| < nl~%.

Since each x € D' isin D, x is either in A or has a neighbour in A and similarly x is either in

B or has a neighbour in B. Moreover, since x ¢ X and AU B =Y, it follows that x has at least
% many neighbours in one of A or B. For each x € D/, let us fix a set E, of edges witnessing
this, consisting of % edges from x to one of the vertex sets A or B together with a single edge
from x to the other vertex set if x is not already an element of that set (see Figure 1).



FIGURE 1. A vertex x € D' = D\ X with corresponding edge set E, consisting
of % edges from x to A and an edge from x to B

Let us choose a subset D" < D' of size at least 2! such that all x € D" have the same parity,

and hence the edge sets E are disjoint for each x € D"

Then, for each x € D", there is a path between A and B using edges from E, in ng with
probability at least

d d’

67204d)) S c6 (1 —exp (—42)) > 2¢
2

qg(l—(l—qg)qu) =q> (1 —exp (—

sincel-x<e *forallx>0and g, = 2.

Since the sets E, are disjoint, these events are independent for different x € D" and so,
by Chernoff type bounds (Lemma 2.4 (i)), we have that there are less than ‘%j ID"| = ¢11 nd_%
_3
such paths with probability at most 2 exp (— %) <exp (—010 nd‘%).
Case (ii): Let us now deal with the second case, where |D| < cg nd_%. In this case we note
1
that |IN(A)| = |A| = c;nand IN(A)NB| < |D| < cgnd™2,and so |N(A)| = |B|-|D| = %n There-
fore, it follows from Theorem 2.7 that there is a matching F in Qd of size atleast3cgnd -2 from
N(A) to N(A)°.
Since | X| <« |D| < cg nd'%, if we let F’ be those edges in F which do not have an endpoint in

either D or X then |F'| = cg nd~2. For each edge uv = ein F/, where without loss of generality
ue N(A)\(DuX), either u € Aor u has atleast c4d many neighbours in A and similarly either
v € B or v has at least c;d many neighbours in B. For each e € F, let us fix a set of edges E,
witnessing this, consisting of e together with c,d edges from u to Aif u ¢ A and c4d edges
from v to B if v ¢ B (see Figure 2).

Then, for each uv = e € F/, there is a path in Qf;z between A and B using edges from E,
with probability at least

2
2 cgl1l—exp(—cycg) 2c
7p) (1—(1—q2)c4d) = (> (1—exp(—q204d))22 6( I; 176 ) 27.

Since the sets E, are disjoint, these events are independent for different e € F' and so, by
Chernoff type bounds (Lemma 2.4 (i)), we have that there are less than % |F'| = ¢11 nd—3 such

_3
paths with probability at most 2 exp (—%) <exp (—cm nd‘%). O
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FIGURE 2. An edge uv = e € F' with corresponding edge set E, consisting of
cyd edges from u to A and c4d edges from v to B.

Assuming Claims 3.2 and 3.4, our aim is to show that the edge boundary of every subset
Sc L satisfying an < |S| < 'V(L1)| is large. Let us fix some such subset S.

Claim 3.5. Whp |d,,,(S)| = d?’ai)zgnd)z

Proof of Claim 3.5. We first note that by Claim 3.2 whp |[SN Y| = (a —4c) n. Let us write

6 ={Ce€: SNC#@and C\S # ¢},
€r={Ce€:CcS},
€p={Ce€:SNC=09},

andlet A= V(U%,) and B=V(U€sUU%).

Since each C € € is connected in Q; € Q,, there are at least |6;| edges in the edge bound-
ary of S in Q,. We split into two cases:
M) 160l = Zriogge
(ii) [6ol < #2;6”2

Case (i): Suppose first that |46p| = Since each C € %) is connected in Q; and

2n
= a (logd)2
meets both S and V (Q%)\ S, it follows that there are at least % many edges in the edge
boundary of S in Q; and hence, at least this many in the edge boundary of S in Q,.
Ci12n
d3(112 az:
size between —d 2 and - L d2 and the rest have size at most —— dz logd, it follows that, if we

let Z := V(Ucéo) then

Case (ii): Suppose instead that | 6| < Since there are at most nd > pieces in € of

2c1on
1Z| s —2 )

c1odzlogd

In particular, we have that |A| = |S| - |Z| = c;n and |B| = |Y| - |S| = ¢7n, and so, by Claim
3.4, whp there is a family £ of at least c¢;;nd -3 many edge disjoint paths between A and B
i 0d
in Q¢ .

q2
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Then, by Lemma 2.5 applied with k = g, whp either | Z| < 2l nd =3, or Z has edge boundary
satisfying

2c 3 ¢ 5
106,(2)| = 1 Zllogd = 292 na% < g3,
C1o0 2
where we used (2) to bound | Z| from above. In either case, since every vertex in Z has degree

at most d, at most half of the paths in 22 meet Z, and every other path in 22 must contribute
at least one edge to the boundary of S in Q-, since A c Sand (B\ Z)nS = @. It follows that

the edge boundary of S in Q, has size at least <} nd=2 > #zg"d)z O
It follows from Claim 3.5 that the theorem holds with § = ¢;5. O

Proof of Corollary 1.5. Let  be given by Theorem 1.4. By Lemma 2.5, we have that whp every
subset X € V (Q) of size | X| = nd > has edge boundary in Qg such that

|0e,p ()| = |X|10gd.

So, we may assume that the above and the conclusion of Theorem 1.4 hold. Let S < L be
such that an <|S| < 'V(Ll)l and let X = 0,,,(S) be the vertex boundary of S in Qp Then, by

our choice of 8, we have |6 p(S)I > ﬂm and so, since Qd is d-regular, it follows that

|X| = rgieay = nd ™. Hence, |0,,(X)| < | X|logd.
However, since each edge in the edge boundary of S is in the edge boundary of X we obtain

|X1logd = |0e,p(X)] 2 |0e,p(S)] 2 ﬁ#gd)z'

It follows that | X| = , and so the corollary follows U

n
'Bd3(logd)3
As corollaries, we can deduce Theorems 1.2 and 1.3.

Proof of Theorem 1.2. By Corollary 1.5 given a < € there exists a f > 0 such that whp every
subset S of the largest component L; of Qg withan <|S| < 'V(Ll)l satisfies |6U p(S)| = Fiogd?

IV(L1)|

(logd)3

77 We can conclude that L; con-

Hence, applying Theorem 2.2 with k = and r = Blloed® (l/f)g
O

s n
tains a cycle of length Q (W)'
Proof of Theorem 1.3. If the largest component L; of Qg does not contain a K;-minor, then
by Theorem 2.3 there is some constant C > 0 such that L, contains a subset S of size at most

Cty/IV(Ly)| < Cty/n, such that each component of G\ S has order at most w It follows
|V(§ll)| and IV(2L1)|

that we can find some subset of L; of size between
is contained in S, and hence has size at most Cty/n.

whose vertex boundary

However, by Corollary 1.5, whp every subset of L; of size between %IV(Ll)I and %IV(Ll)I

Bvn___ _ v
It follows that = CdilogdR = Q ( Tllog d)3) [

. pn
has a vertex boundary of size at least Bllogd?"

4. GENUS OF THE LARGEST COMPONENT

Given a graph G let us write g(G) for the genus of G, the smallest k € N such that G can be
embedded on an orientable surface of genus k.

Since the genus of K; is known to be Q(#?), and the genus of a graph is a minor monotone
function, that is, if H is a minor of G then g(H) < g(G), it follows from Theorem 1.3 that whp
g(Qg) =Q (andﬁ) in the supercritical regime. However, if we are more careful, we can
improve this to a bound of optimal asymptotic order.

11



Proof of Theorem 1.6. Euler’s formula tells us that the genus of a connected graph L satisfies

1 1
g(l) = 5 (e(l)—v(L) - f(L)+2) = > (excess(L) — f(L) +2), (3)

where e(L) and v(L) are the number of edges and vertices of L respectively, excess(L) := e(L) -
v(L) is the excess of L and f(L) is the number of faces of L when embedded on a surface of
minimal genus. We will show that whp the largest component L, of Qg satisfies

(i) excess(Li) = Q(n); and
(i) f(L1) =o(n),

from which it follows, from (3), that whp g(L,) is also Q(n).

Property (i): To prove that whp excess(L1) = Q(n), we again argue via a two-round expo-

1+
sure. Let 1 = —*, so that > = - Zl > zd and let us write as before Q; = qu and Q, = Qlqu2

where the two random subgraphs are independent, so that Q, has the same distribution as
Q4.

By Theorem 1.1 there exists a > 0 such that whp there is a component L] of Q; with
|V(L))| = an. Since L] is connected it contains at least |V (L})| — 1 edges of Q;.

However, if we let § < « and let of be the event that there exists a set of vertices W < V (Q)
of size at least an such that W spans at most fd|W| edges in Qd and W spans at least
W|-1= @ edges of Qy, then it follows, by Lemma 2.4 (ii), that

P(t)< ¥ (") (Bm([ﬁdzj ) ;)s y (ﬂ)i(Zﬁe)%: y (@)i:o(l).

izan i=zan i=zan

Hence, we can conclude that whp L’1 spans at least fd| V(L’l)l > afdn many edges of Qd.
Let T be a spanning tree of L’1 in Qq, then L’1 spans at least afdn — |V (T)| = “ﬁzdn

Q4 -T.

Hence, again by Chernoff type bounds (Lemma 2.4 (i)), we have that the number of edges
spanned by L] in ng \ T, which we denote by Y, is such that

1 %) [ 2892 ) 2]y 07) )

edges in

So, we can conclude that whp there is some component L; 2 L} in Q2 = QU Qd which has
afen

excess at least . Note that, by Theorem 3.1 whp there is a unique linear sized component
in Q2 and so whp L, is in fact the largest component in Q,. Summing up, whp

apfen
excess(Ly) = p

4)

We note that the typical existence of a component of large excess in Q,‘j can also be deduced
in a relatively straightforward manner from Theorem 3.1. Indeed, by Theorem 3.1 almost
every vertex in Q%, and so almost every vertex in the giant component L of Qy, has linearly
many (in d) neighbours in L. It will then follow that whp after sprinkling we add linearly
many (in n) edges to the vertex set of L in Q.

Property (ii): To prove that whp f(L;) = o(n), let us consider the expected number of
cycles oflength sin Qg for a fixed s. We note that we can naively bound the number of cycles
of length s in Q% by 2nd*2. Indeed, for any vertex x there are at most d*~? many paths
of length s — 2 starting at x. However, since the codegree of any pair of vertices in Q? is at
most two, there are at most two ways to complete any path of length s—2 to a cycle of length
s. Since there are at most n many ways to choose the initial vertex x, the bound follows.

12



We mention that this bound is far from tight and indeed, without too much effort, it can be

shown that the number of cycles of length s in Qd is at most 24 (%) 2 (see [39, Claim 3.2]).
€

Since each such cycle is in Qg with probability p®, and p = %, it follows that the number
of cycles of length s, which we denote by Xj, satisfies

E(Xs) <2nd’?p°=2nd *(1+¢€)°.
Hence, the expected number of cycles of length at most /logd in Qg is at most

v/logd v/logd
Y E(Xy) <2nd”? (1+6)* <2nd 2\/logd2V18¢ < nd!.

s=1 s=1
Hence, by Markov’s inequality, whp the number of cycles of length at most y/logd in QZ is

o(n). It follows that whp the number of faces of length at most y/logd in any embedding of L;
is o(n). Furthermore, since in any embedding each edge is in at most two faces, the number
of faces of length at least /logd in any embedding of L;, which we denote by Y NirrT is at

2e QdJ
2e(Ly) ( P . ( d) _
most —logd < —logd' However, again by Lemma 2.4, we have that whp e Qp <dnp=(1+€)n

and so whp

d
. <23(Qp) _2u+an
=Vlogd = ogd ~ \/logd
Hence, whp f(L;) = o(n) and so, by Euler’s formula (3) applied to L;, we have

! 1
g (Qz) zgly =7 (excess(Ly) — f(L1) +2) < : (a[;en

(n).

- o(n)) =Q(n).

5. DISCUSSION

In Theorems 1.2 and 1.3 we have shown that in the supercritical regime when p = lT*f fora
positive constant €, whp Qg contains a cycle whose length is almost linear in n = 24 that is,

up to some polylogarithmic term in n, and similarly a complete minor of order almost /7.
However, it seems unlikely that these results are best possible, and analogous to the case of
G(d + 1, p), it is natural to conjecture that for supercritical p whp Qg contains a cycle whose
length is in fact linear in n, and a complete minor of order y/n.

. _ l+e
Question 5.1. Lete >0and p = —.

(1) Isit the case that whp Qg contains a cycle of length Q(n)?
(2) Isit the case that whp Qg contains a complete minor of order Q (y/n)?

Furthermore, in both questions it would also be interesting to know the dependence of the
results on €. For example, in G(d + 1, p) it is known that for p = 17:;6 the largest component
is of order (2¢ + 0(€))d, the length of the longest cycle is of order © (¢?) d (see, for example,

[30, Theorem 5.7]) and the order of the largest complete minor is © (e%) Vd (see [19]).

As indicated in the introduction, it seems unlikely that such results can be proven simply
by considering the expansion properties of the largest component. However, it is still an
interesting question precisely how strong expansion properties of the largest component we
can guarantee whp. For example, Krivelevich [32] showed that in the supercritical regime
p= 17;6 in G(d + 1, p), whp the largest component contains a subgraph of order ®(d) which
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is a bounded degree a-expander for some a = a(€) > 0, where a graph G is an a-expander if
for every subset W < V(G) with |[W| < @ we have that |0,(W)| = a|W/|.

Question 5.2. Lete >0and p = %. For what a = a(d) is it true that whp the largest compo-
nent of Qg contains a subgraph of order ®(n) which is an a-expander?

We note that by a similar argument as in [33, Lemma 2.4], Corollary 1.5 implies that we

can take a(d) = Q ( , however it seems unlikely that this is optimal.

g
d3(ogd)?

A careful examination of the proof of Theorem 1.6 shows that whp the genus of the largest
component L; of Qg is asymptotically equal to half of the excess of L;. In the case of G(d + 1, p),
in the supercritical regime, it can be shown that if we delete the largest component, what is
left has approximately the distribution of a subcritical random graph, and so whp all other
components are unicyclic or trees. From this it follows that the genus of G(d + 1, p) is asymp-
totically equal to the genus of its largest component. Furthermore, by Euler’s formula for an
arbitrary graph G

1
HOES: (e(G) - v(G) - f(G)+k(G) +1),

where x (G) is the number of components of G, and by counting carefully the number of tree-
components it is possible to determine asymptotically the genus of G(d +1, p) in this regime,
and also the excess of the giant component (see [15, Theorems 1.2 and 1.3]).

However, it is not the case that whp Qg is planar for an arbitrary subcritical p. For exam-
ple, it is easy to see that whp Q* < Q;',l when p=0 (%), and Q* is non-planar. So, even if such
a ‘symmetry rule’ were to hold in this model, it would not be immediate that the main con-
tribution to the genus of Qg is coming from the excess of the largest component. It would be

interesting to determine asymptotically the genus of Qg in the supercritical regime.

There are some interesting open questions about the model Qg in the paper of Condon,
Espuny Diaz, Girao, Kithn and Osthus [14]. In particular, they used as a crucial part of their
proof the fact that whp Q% contains an ‘almost spanning’ path, that is, a path containing

2

(1-o0(1))n vertices, and they showed that this property is in fact true for Qg for any constant
p.

However, analogous to the case of G(d + 1, p), we should perhaps expect such a path to
exist for much smaller values of p. In particular, if we expect the sparse random subgraph
Qg with p = 5 to contain a path of linear length f(c)n for some function f(c) when ¢ > 1, it
is natural to conjecture that f(c) — 1 as ¢ — oo.

Question 5.3. Let p=w (%) Is it true that whp Q;’,l contains a path of length (1 —o0(1))n?

Finally, other notions of random subgraphs of the hypercube Q¢ have also been studied.
In particular, if we let Q¢(p) denote a random induced subgraph of Q% obtained by retaining
each vertex independently with probability p, then the typical existence of a giant compo-
nent in Q% (p) when p = % for a fixed € > 0 was shown by Bollobds, Kohayakawa and Luczak
[8], and this was extended to a broader range of p with € = o(1) by Reidys [40]. It would be
interesting to know if the giant component in Q%(p) whp also has good expansion properties.
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APPENDIX A. PROOF OF THEOREM 3.1

We note that the proof below follows the proofin [1] quite closely. There is a slight error in
the original proof, where the vertex-isoperimetric inequality of Harper [24] is used to assert
the existence of a large matching between a subset of the hypercube and its complement,
however, the claimed size of this matching is too large by a factor of d. This error is easily
fixed, and we do so by utilising instead the stronger isoperimetric result given in Theorem
2.7.

Proof of Theorem 3.1. During the proof we will introduce a series of constants cy, ¢z, ..., with
the understanding that each c; will be as small as is necessary for the argument in terms of
61,62 and all ¢; with j < i. Recall that p = 1+d51 and y; denotes the survival probability of the

Po(1 + 8;) branching process.

Let us first show that whp |V (L;)| < (y; + 62) n. To begin with, we note that the number of
vertices in the component of Qg containing a fixed vertex v of the hypercube is dominated by
a Bin(d, p) branching process, which tends in distribution to a Po(1 + ;) branching process
as d — oo.

Claim A.1. Whp the number of vertices contained in component of order at most d in Qg is
atleast (1-y; —cy)n.

Proof of Claim A.1. Tt follows from standard bounds, see for example [10], that the probabil-
ity that a Po(1 + ;) branching process dies after growing to size d is o(1), and so the proba-
bility that v is contained in a component of order at most d is at least 1 —y; — ¢,. If we let Z
be the number of vertices contained in components of order at most d in Qg , then it follows
that E(Z) = (1 —y; — c2)n. However, Z is a 2d-Lipschitz function of the edges of Q;‘f, that is,
by adding or deleting a single edge we can change Z by at most 2d, and so it follows from
a standard application of the Azuma-Hoeffding inequality to the edge-exposure martingale
on Qg (see for example [2, Section 7]) that Z is tightly concentrated about its mean, and in
particular whp Z = (1 -y, —c1)n. 0

It follows from Claim A.1 that whp

[V(ILNIsn—-Z<(y1+c)n<(y1+062)n. 5)
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To continue the argument, we consider a multi-round exposure with g; < p chosen such
that if y is the survival probability of the Po(d g;) branching process then |y; —¥| < ¢3. Note
that we then may assume that we can choose ¢», g3 = %‘ such that

1-g)0-g2)(1-g3)=1-p.

Let us write Q; = le, Q=0Q U ng and Q3 = Q2 U Qf,lS, where the random subgraphs are
chosen independently, so that Q3 has the same distribution as Qg.

By a similar comparison to a branching process as above, we see that the probability that
a fixed vertex v is contained in a component of order at least c;d in Q; is at least ¥ — cs.
In particular, we expect around yd of the neighbours of any fixed vertex to be contained
in components of Q; of order Q(d). Over the next few claims, we will show that we can
‘boost’ this result to show that almost every vertex has around yd neighbours contained in
components of Q, of order Q(d?).

Claim A.2. Whp all but 1'% of the vertices v in Q% have at least (¥ — ¢5)d many neighbours
in Q¢ which are contained in a component of order at least c7d in Q;. Let us say in this case
that v has property (a).

Proof of Claim A.2. Indeed, each neighbour of v in Q% has probability at least j — ¢ of being
contained in a component of order at least c;d in Q;. Furthermore, since this property is
an increasing property of subgraphs of Q¢, by the inequality of Harris (Lemma 2.6), given
any subset W of the neighbours of v of size 1 < i < d the probability that each w € W is
contained in a component of order at least c;d in Q; is at least (} — Cg)i. It follows that the
number of neighbours of v which are contained in a component of order at least c;d in Q
stochastically dominates a Bin(d, ¥ — ¢g) random variable. Hence, by Chernoff type bounds
(Lemma 2.4 (i)) the probability that v does not have at least d(y — ¢5) many neighbours in
Q“ which are contained in a component of order at least ¢;d in Q; is at most n72%, and so
v does not have property (a) with probability at most n~2%. Hence by Markov’s inequality
whp the total number of vertices without property (a) is at most n!' =%, 0

Claim A.3. Whp for all but n' =1 of the vertices v in Q¢ we can find a collection of at least
c10d many disjoint connected subgraphs in Q; each of order at least ¢, d which are adjacent
to vin Qd. Let us say in this case that v has property (b).

Proof of Claim A.3. Indeed, consider without loss of generality the case where v is the origin.
We can fix cgd disjoint subcubes of dimension (1 — ¢g)d, each of which contains a vertex
adjacent to v, by taking for each 1 < i < c9d the vertex w; with a one in the ith coordinate and
zeros elsewhere, and taking the subcube Q(i) containing w;, where we vary the last (1 —c9)d
coordinates. Since ¢y < 61, again by comparison to an appropriate branching process, for

each w; with probability at least % the component of Q(i)4, containing w; has order at least

c12d. Since the subcubes Q(i) are disjoint, the probability that less than cyod < ?ng of these
components have order at least c;»d is at most 772! by Lemma 2.4. Therefore, v does not
have property (b) with probability at most 7211, Hence by Markov’s inequality whp the total

number of vertices without property (b) is at most n!=¢11, 0

Claim A.4. Whp all but n' =3 of the vertices v in Q¢ have (j — ¢s)d many neighbours in Q¢,
each of which is contained in some subgraph in Q; of order at least c;»d, where each vertex
in this subgraph has property (b). Let us say in this case that v has property (c).

Proof of Claim A.4. By Claim A.2 whp at most n'~% vertices of Q¢ do not have property (a).
Furthermore, by Claim A.3 whp at most n'=cu of the vertices of Qd do not have property (b),
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and so whp the number of vertices at distance at most cj2d from a vertex without property
(b) is at most

d e \cr2d
nl—Cu Z < Clzdnl—cll (_) < n1—2C13
i<ciod l C12

since c12 < c11. However, clearly any vertex without property (¢) must either not have prop-
erty (a), or be within distance c;,>d from a vertex without property (b). Hence, whp the num-
ber of vertices without property (c) is at most pl=20s 4 pl-t < pl-as, O

We now use our first sprinkling step to merge most of these disjoint connected subgraphs
into ones of quadratic order.

Claim A.5. Whp in Q; = Q, U Qf;z all but n'~4s of the vertices v in Q% are adjacent in Q¢ to

at least ( — c5)d many vertices lying in components of order at least ¢;5d? in Q,. Let us say
in this case that v has property (d).

Proof of Claim A.5. After exposing Qp, by Claim A.4 whp the number of vertices without prop-
erty (c) is at most n!~¢3, For each vertex v with property (c), let us fix a family S, of ( — ¢5)d
subgraphs of Q; of order c;2d witnessing that v has property (c). Similarly for each vertex v
with property (b), let us fix a family T, of c;od disjoint connected subgraphs of Q; of order
c12d witnessing that v has property (b).

Consider a fixed subgraph H € S, for some v with vertex set C = V(H), and let C' < C be
a set of vertices with the same parity of size |C|/2. Let C' = {vy, v3,...}. We will grow a vertex
set A containing C which induces a connected subgraph of Q, inductively until it reaches an
appropriate size. Let us set initially A(0) = C.

If |JA(Gi — 1)| = ¢15d% we let A(i) = A(i — 1). Otherwise, since v has property (c), each v;
has property (b), and so we can consider the family T,, of disjoint subgraphs of Q; which
are adjacent to v; in Qd. Since |A(i — 1)| < ¢;5d? we may assume that at most %d of the
subgraphs in T,, meet A(i —1) in more than %d vertices. Let T, be a subfamily of %d
subgraphs, each of which meets A(i — 1) in at most %d vertices.

We expose the edges between v; and each subgraph in T,’/l_ in ng, and we let A(i) be A(i—1)
together with the vertex sets of all the subgraphs in T;, which are connected to A(i—1) in this
manner. Let A be the final subgraph built in this manner.

We say that stage i is successful if |[A(i —1)| = c15d? or at least one of the exposed edges is
present in ng. Note that the probability that a round is successful is at least

10

cy\2 d
1—(1——) > ca.
d 14

Let r be the number of rounds which are successful. Then |A| = min{r%d, c15d?}.

Note that, since the parity of each v; € C' is the same, and we only expose edges adjacent to
v; in stage i, the outcome of each stage is independent. Hence, r stochastically dominates
a Bin(|C'|, c14) random variable, whose expectation is Clzzﬁd. Hence, it follows again from
Lemma 2.4 (i) that the probability that | A| < c;5d? is at most n~4¢1s,

Hence, we have shown that for any fixed subgraph C € S,, the probability that C is not
contained in a component of Q, of order at least c;5d? is at most n~4¢16, It follows that the
expected number of subgraphs C such that C is not contained in a component of Q; of order
atleast ¢;5d? and C € S, for some v is at most (y-— c5)dn! 446 < pl=3cs  Ag before, it follows
from Markov’s inequality that whp the number of such subgraphs is at most n! =2,

In particular, whp the number of vertices with property (c) but not (d) is at most pl-2dcs

and so the number of vertices without property (d) is at most nl=cs, [l
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In particular, since it is an increasing property and Q; < Qs, it follows from Claim A.5 that
property (iii) of Theorem 3.1 holds in Qs3, with 63 = ¢15 < d2, 84 = (¥ — ¢5) and 65 = c14. Fur-
thermore, since each vertex with property (d) is adjacent to at least (¥ — ¢5)d many vertices
contained in components of order at least ¢;5d?, it follows by double counting that the num-
ber of vertices contained in components of order at least c;5d? in Q,, and hence in Qj3, is at
least

(n—n'")({ - c5)d
d
Next, we show that whp almost all the vertices in large components in Q. belong to the

largest component of Q3. Hence, we will be able to deduce properties (i) and (ii) of Theorem
3.1 from (6), together with (5).

> (f —2¢5)n. (6)

So, to that end, let us denote by X the set of vertices without property (d) and let Y be the
set of vertices contained in components of order at least c;5 d? in Q,. Note that, by definition,
every vertex not in X is adjacent to at least (y — ¢5)d many vertices in Y.

Claim A.6. Whp for every partition of Y = Au B with min{lAl, IBI} > c17n there is an edge
between Aand Bin Q3 = Q.U QgS.

Proof of Claim A.6. Indeed, if there is a component C of order at least ¢;5d? in Q; such that
CnAand CnB are both non-empty, then there is a path between A and B in Q» < Qs. Hence,
we may restrict ourselves to partitions of Y which partition the components of Q. of order
at least cj5d?. Since there are at most d2 many such Components in Q-, it follows that

the total number of possible partitions to consider is at most 2015”1 . We will show that the
probability that there is no path across such a partition is at most exp ( d2 ) and hence by
the union bound whp the claim holds.

To this end, let us consider the inclusive neighbourhoods N(A) and N(B) of A and B re-

spectively in Q, and let D = N(A) n N(B). We split into two cases. Let us suppose first that
|D| =

Clgd

In this case, let D' = D\ X, so that |D’| = =%
vertices of the same parity.

|D'|

and let D" c D' be a set of at least 5=

3 d ’ _d

For each vertex x € D" we claim that the probability that there is a path from A to B in
Qgg of length at most two which contains x is at least 618 . Indeed, suppose that x ¢ AU B,
then since x € D it has at least one neighbour in both A and B, and since x ¢ X it has at least

W_Z—CS)d neighbours in one of A or B. Hence, such a path exists with probability at least

G- Cs)d Ci8
Gs(1-(-g0 77z 2.
The case where x € A or B is similar.

However, since these events depend on pairwise disjoint edge sets, and hence are inde-
pendent for different x, it follows that the probability that no x € D" joins A to B is at most

(12907 < 1= 22) 7 < exp-

)
Cl5d2 '

In the second case, we may assume that | D| we note that [N(A)| = |A| =
ci7n and |[N(A)¢| = |B|—|D| = C” n. Hence, by Theorem 2.7 there is a matching F of size at
least ZCZTOd" between N(A) and N (A)¢. If we let F’ < F be those edges which do not have an

Coon

NG

endpoint in D or X, then |F'| =
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For each edge uv = e in F', where without loss of generality u € N(A)\ (DU B), either u€ A
or u has at least (¥ — ¢5)d neighbours in A and similarly either v € B or v has at least (- ¢5)d
many neighbours in B.

Hence, we can fix as before events depending on pairwise disjoint edge sets for each e € F’
which imply that there is a path between A and B of length at most 3 containing the edge e.
Each of these events happens with probability at least

2 - %

q3 (1 -(1- 6/3)(?_65)‘1) p

and so, as before, the probability that no e € F’ joins A to B is at most

c1g ¥l 18\ 2 C18C20M n
(1—7) 5(1—7) <exp|- e < exp _cl5d2 .

O

Hence, by Claim A.6 whp there is some component L; of Q3 which contains all but at most
ci17n vertices of Y, thatis |Y \ V(L;)| < c17n, and hence by (6)
VLD = (f-2cs—cir)n=(y1—c3—2¢c5—ci7)n = (y1 — c)n.
However, by (5) we have |V (L;)| < (y1+c1n), and so |V (L)| = (y1 £ c1)n = (y1 £ 62)n. Further-
more, by Claim A.1 whp at least (1 —y; — ¢1)n vertices of Qg are contained in components

of order at most d, and hence whp every other component of Q3 = Qg has order at most
max{2cin,d} < 6, n. Finally, it is clear that |V (L;)AY| <2c;n < §,n also, and so properties (i)
and (ii) of Theorem 3.1 hold. 0
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