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Abstract

We establish the asymptotic behaviour of µ(G(n, p)), the number of unlabelled induced
subgraphs in the binomial random graph G(n, p), for almost the entire range of the prob-
ability parameter p = p(n) ∈ [0, 1]. In particular, we show that typically the number
of subgraphs becomes exponential when p passes 1/n, reaches maximum possible base of
exponent (asymptotically) when p � 1/n, and reaches the asymptotic value 2n when p
passes 2 lnn/n. For p � lnn/n, we get the first order term and asymptotics of the second
order term of µ(G(n, p)). We also prove that random regular graphs Gn,d typically have
µ(Gn,d) ≥ 2cdn for all d ≥ 3 and some positive constant cd such that cd → 1 as d→∞.

1 Introduction

For a graph G let µ(G) be the number of non-isomorphic induced subgraphs in G (or, in other
words, the number of different unlabelled induced subgraphs in G). This parameter naturally
evaluates “diversity” of a graph. In particular, for a clique or an empty graph G, µ(G) =
|V (G)|+ 1, which is smallest possible. It is natural to expect that for graphs that do not have
large homogeneous sets, this diversity parameter is much larger. Indeed, it was conjectured by
Erdős and Rényi that any c-Ramsey graph G on n vertices (i.e., a graph in which all homogeneous
induced subgraphs are of size at most c log2 n) have exponentially many non-isomorphic induced
subgraphs: µ(G) > 2εn for some constant ε = ε(c) > 0∗. The conjecture was resolved by
Shelah in [25]. Even though the relation between µ(G) and the size of the largest homogeneous
induced subgraph in G has been investigated (see, e.g., [1, 2, 11]), for non-Ramsey graphs fairly
tight bounds on µ(G) are not known. In particular, it is easy to see that there exist graphs
G with linear in |V (G)| homogeneous sets whose µ(G) is still exponential in |V (G)| — this
is the case for a disjoint union of an n-clique and a c-Ramsey graph on n vertices. Another,
perhaps less artificial, example is an n-comb graph G — that is, a tree obtained by joining
all vertices of an n-path with an independent set of size n via a matching of size n — it has
µ(G) ≥ 2n−3 = 2|V (G)|/2−3.

The asymptotic behaviour of µ(G) for a binomial random graph G ∼ G(n, p) played a key
role in the resolution of the reconstruction conjecture for random graphs by Bollobás [4] and
by Müller [18]. It was also exploited by Bonnet, Duron, Sylvester, Zamaraev, and the second
author [7] to prove, for every C > 0, the existence of tiny monotone classes of graphs that do not
admit adjacency labeling schemes with labels of size at most C log n. Let us recall that whp† the
binomial random graph G(n, p) with constant probability of appearance of an edge p ∈ (0, 1) is c-
Ramsey [6], for some c = c(p) > 0. Therefore, whp G(n, p) has 2Θ(n) non-isomorphic subgraphs.
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Actually, a stronger result holds: In 1976 [18] Müller proved that whp µ(G(n, 1/2)) = 2(1−o(1))n.
Recently [7], Bonnet, Duron, Sylvester, Zamaraev, and the second author estimated a threshold
for the property of having exponentially many non-isomorphic induced subgraphs:

• if, for some constant ε > 0, p ≤ 1−ε
n , then whp µ(G(n, p)) = 2o(n), and

• if, for a large enough C > 0, Cn ≤ p ≤
1
2 , then whp µ(G(n, p)) = 2Θ(n).

Note that, when p = o(1), G(n, p) is not Ramsey whp — say, when pn > C for large enough
C > 0, its independence number is concentrated around 2 log(np)

p whp [14]. In particular, when
p = C/n, the independence number is of order Θ(n) whp. Nevertheless, µ(G(n, p)) is still
exponential whp for large enough C > 0. The reason for the subexponential bound when
p ≤ 1−ε

n is that, in this regime, whp G(n, p) is a disjoint union of trees and unicyclic graphs
of size O(log n). Due to the foundational discovery of Erdős and Rényi [12], the structure of
G(n, p) changes dramatically when p crosses a tiny interval around 1/n: if p ≥ (1 + ε)/n, then
with high probability G(n, p) contains a unique giant component of linear size. It is then natural
to expect that the giant component is diverse enough to guarantee an exponential lower bound
on µ(G(n, p)) whp. In this paper, among other results, we show that this is indeed the case — 1

n
is a sharp threshold for the property of containing exponentially many non-isomorphic induced
subgraphs, improving the result from [7].

Since the edge-complement of G(n, p) is distributed as G(n, 1− p) and since a graph and its
edge-complement have exactly the same number of non-isomorphic induced subgraphs, we get
that, for G ∼ G(n, p) and G′ ∼ G(n, 1−p), the random variables µ(G) and µ(G′) are identically
distributed. Therefore, it suffices to consider the case p ≤ 1/2 and everywhere below we assume
this restriction.

In this paper, we describe asymptotics of µ(G(n, p)) for almost the entire range of probabil-
ities p = p(n) ∈ [0, 1]. In particular, we get the asymptotics of

• the second order term of µ(G(n, p)) when p� lnn
n ,

• µ(G(n, p)) when p ≥ (2 + ε) lnn
n , and

• logµ(G(n, p)) when p� 1
n .

Here is our main result.

Theorem 1. Let p := p(n) ∈ [0, 1/2], G ∼ G(n, p), and let ε > 0.

1. If lnn
n � p ≤ 1

2 , then whp

µ(G) = 2n − 2n(1−2p(1−p))+
√

8np(1−p)(1−2p(1−p)) lnn(1−o(1)). (1)

2. If (2 + ε) lnn
n ≤ p ≤

1
2 , then whp µ(G) = (1− o(1))2n.

3. If p ≤ (2− ε) lnn
n , then whp µ(G) = o(2n).

4. There exists C = C(ε) > 0 such that, for any p ∈ [C/n, 1/2], whp µ(G) ≥ 2(1−ε)n.

5. Let ε be sufficiently small. If np ≥ 1 + ε, then whp µ(G) ≥ 2εn/1000. If np ≤ 1 + ε, then
whp µ(G) ≤ 23εn.

6. There exist 0 < c1 = c1(ε) ≤ c2 = c2(ε) < 1 such that the following holds. If np ≤ 1 − ε,
then whp µ(G) ≤ 2n

c2 . If np ≥ 1−ε, then whp µ(G) ≥ 2n
c1 . Moreover, c1, c2 are decreasing

continuous functions of ε ∈ (0, 1) such that c1(0+) = c2(0+) = 1, c1(1−) = c2(1−) = 0
and c1, c2 = 1−Θ(ε2) as ε→ 0.
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Theorem 1 establishes the following three transition points: typically the number of sub-
graphs becomes exponential when p passes 1/n, reaches maximum possible base of exponent
(asymptotically) when p� 1

n , and reaches the asymptotic value 2n when p passes 2 lnn
n . It also

estimates the order of magnitude of logµ(G(n, p)) for p around 1/n:

log2 µ(G(n, (1 + ε)/n)) = Θ(ε)n and log2 µ(G(n, (1− ε)/n)) = n1−Θ(ε2) whp.

Perhaps the most interesting missing regimes are p = 1±o(1)
n and p = (2±o(1)) lnn

n .
Below in this section, we describe the proof strategy of Theorem 1. One of the novel ingre-

dients in our proof is the estimation of the expected number of non-isomorphic rooted subtrees
of a Galton–Watson tree, which may be of independent interest. We prove that, for a Galton–
Watson tree with offspring distribution Pois(1 − ε), the expected number of non-isomorphic
rooted subtrees equals exp(Ω(1/ε)). The respective claim is presented in Section 7.

We also show that the number of non-isomorphic induced subgraphs of a random d-regular
graph Gn,d (see, e.g., [16, Chapter 9]) inherits the behaviour of this statistics for the supercritical
binomial random graph G(n, p = C/n), that is, the following analogue of the fourth part of
Theorem 1 holds in random regular graphs.

Theorem 2. For every ε > 0 there exists a large enough d0 such that, for every integer d ≥ d0,
a uniformly random d-regular graph G ∼ Gn,d on [n] satisfies µ(G) ≥ 2(1−ε)n whp.

This result is essentially tight — the constant factor in front of n in the power of the exponent
has to be bounded away from 1, see details in Section 9.2. The proof of Theorem 2 is presented
in Section 9.1. It is interesting to see whether the randomness in Theorem 2 is essential and
its statement can be generalised to pseudorandom graphs. Nevertheless, this discussion falls
outside the scope of the present work and is left for future consideration. Finally, we show that
µ(Gn,d) is exponential whp for every d ≥ 3.

Theorem 3. Let d ≥ 3 be a fixed integer constant. Then there exists c = c(d) > 0 such that
whp µ(G) ≥ 2cn.

The proof of Theorem 3 is presented in Section 9.3.

Strategy and structure of the proof of Theorem 1. In the case p � lnn
n , we show in

Section 3 that, for almost all induced subgraphs H in G ∼ G(n, p) that have another isomorphic
induced subgraph, there exist two vertices x, x′ such that V (H)\{x} is entirely inside the union
of common neighbourhood and common non-neighbourhood of x and x′. The second-order term
in (1) follows: whp the maximum number of vertices that have identical adjacencies to x, x′

equals n(1− 2p(1− p)) + (1− o(1))
√

8np(1− p)(1− 2p(1− p)) lnn.
When p ≤ (2 − ε) lnn

n , using the standard second-moment argument, we show in Section 5
that whp, for a fixed set U ⊂ V (G) of size (1/2 + o(1))n, there exist a vertex x ∈ U and
sufficiently many vertices x′ outside U such that x and x′ do not have neighbours in U . It means
that G[U ] and G[U ∪ {x′} \ {x}] are isomorphic for all such x′. Since a typical subset of V (G)
has (1/2 + o(1))n vertices, this observation implies the third claim in Theorem 1. It turns out
that such isolated vertices is the main reason for having many isomorphic induced subgraphs
when p is around 2 lnn/n: if p ≥ (2+ε) lnn

n , then whp the number of non-isomorphic induced
subgraphs is (1− o(1))2n. See details in Section 4.

In order to prove part 4 of Theorem 1, we show in Section 6 that, when p > C/n, a typical
subset U ⊂ V (G) has at most 2εn other subsets that induce graphs isomorphic to G[U ]. We
prove the latter in the following way: first, we show that whp all subsets of U of size at least
ε2n have sufficiently many edges. Then, if a set U ′ has at least ε2n vertices outside of U , any
isomorphism G[U ]→ G[U ′] has to move all the edges from G[U \U ′], which is very unlikely. On
the other hand, there are less than 2εn sets that have at least |U | − 2ε

2n common vertices with
U , implying the required bound.
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Note that, for p ≤ C/n, whp log2 µ(G)/n is bounded away from 1. Indeed, in this regime, it
is well known whp G has (1 + o(1))n(1− p)n ≥ (e−C + o(1))n isolated vertices. Therefore, whp
log2 µ(G) ≤ (1 − e−C + o(1))n. We also note that, in the strictly supercritical regime 1 + ε ≤
np = O(1), our lower bound on µ(G) gives a linear dependency on ε, which is asymptotically
tight: if np = 1 + ε, then whp the giant component L1 of G has size (2ε+ O(ε2))n and all the
other components have size O(log n) and contain at most one cycle (see, e.g., [16, Theorems 5.4,
5.10]). It is then easy to show that the main contribution to µ(G) is due to subgraphs of the
giant component (see, e.g., [7, Theorem 1.4 (i)] for an analogous argument). Therefore, whp
µ(Gn) ≤ (1 + o(1))2|V (L1)| = 2(2ε+O(ε2))n.

Our proof of part 5 of Theorem 1 relies on an estimate of the expected number of non-
isomorphic subtrees in a Galton–Watson tree as well as on a contiguous model of the giant
component due to Ding, Lubetzky, and Peres [9]. We prove that a rooted Pois(1 − ε)–Galton–
Watson tree has exp(Θ(1/ε)) non-isomorphic subtrees with the same root, on average — see
Claim 7.1 in Section 7.

Finally, the fact that whp µ(G) = 2o(n) whenever np ≤ 1 − ε is proved in [7]. We show in
Section 8 that the same proof strategy gives the desired bound µ(G) ≤ 2n

c2 for some c2 = c2(ε) ∈
(0, 1). In order to prove that whp log2 µ(G) ≥ nc1 for np ≥ 1− ε and some c1 = c1(ε) ∈ (0, 1),
we combine the following two assertions that hold for a suitable choice of k = Θ(lnn): 1) whp
there are at least nc1 connected components T1, . . . , Tm isomorphic to trees on k vertices in
G; 2) whp there are no two components isomorphic to the same tree on k vertices in G. It
immediately implies the desired bound because disjoint unions of trees from any two different
subsets of {T1, . . . , Tm} are not isomorphic.

Notation. For a graph Γ and a set of vertices U ⊂ V (Γ), we denote by Γ[U ] the subgraph of
Γ induced by U . We use double braces {{·}} to distinguish a multiset from a set.

2 Preliminaries

For n ∈ N, we let
Jn :=

[
n/2−

√
n lnn, n/2 +

√
n lnn

]
.

We let G ∼ G(n, p) be a random graph on the vertex set [n] := {1, . . . , n}.

Claim 2.1. Let U be a uniformly random subset of [n] and let Fn be a family of pairs (U,H),
where U ⊂ [n], and H is a graph on [n]. Let p = p(n) ∈ [0, 1] and let G ∼ G(n, p) be sampled
independently of U. If there exists ϕ(n) such that, for every m ∈ Jn and every U ∈

(
[n]
m

)
,

P((U,G) /∈ Fn) ≤ ϕ(n), then P((U, G) /∈ Fn) ≤ ϕ(n) + o(1).

Proof. It suffices to prove that

P ((U, G) ∈ Fn, |U| ∈ Jn) ≥ 1− ϕ(n)− o(1).

Let Um be a uniformly random m-subset of [n], independent of G. We get

P((U, G) ∈ Fn, |U| ∈ Jn) =
∑
m∈Jn

P((U, G) ∈ Fn | |U| = m)

(
n

m

)
2−n

=
∑
m∈Jn

P((Um, G) ∈ Fn)

(
n

m

)
2−n

≥ min
m∈Jn

P((Um, G) ∈ Fn)− o(1),
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due to the Chernoff bound (see, e.g., [16, Theorem 2.1]). Finally,

P((U, G) ∈ Fn, |U| ∈ Jn) ≥ min
m∈Jn

∑
U∈([n]m)

P((Um, G) ∈ Fn, Um = U)− o(1)

= min
m∈Jn

∑
U∈([n]m)

P((U,G) ∈ Fn)P(Um = U)− o(1)

≥ (1− o(1))(1− ϕ(n))− o(1) ≥ 1− ϕ(n)− o(1).

3 Proof of Theorem 1, part 1

We separately prove the upper and the lower bounds. Let

αn = n(1− 2p(1− p)), βn =
√

8np(1− p)(1− 2p(1− p)) lnn. (2)

Lower bound. Let us call a set U ⊂ [n] unique, if there is no other subset U ′ ⊂ [n] such that
G[U ] ∼= G[U ′]. It suffices to prove that whp there are at most 2αn+βn(1+o(1)) sets that are not
unique. Let us first count sets U such that there exists a set U ′ with the following properties:

• |U | = |U ′|;

• |U ∩ U ′| = |U | − 1; and

• the bijection U → U ′ that does not move any vertex from U ∩ U ′ is an isomorphism
between G[U ] and G[U ′].

All pairs (U,U ′) of such sets can be constructed as follows: choose vertices x, x′ arbitrarily.
Let N+ := N+(x, x′) be their common neigbourhood, and let N− := N−(x, x′) be the set of
vertices that are adjacent neither to x, nor to x′. Let W ⊂ N+ ∪N−. Then take U = W ∪ {x},
U ′ = W ∪ {x′}. Clearly, the number of such pairs (U,U ′) is at most n22ξ, where ξ is the
maximum cardinality of N+ ∪N− over all x and x′.

Claim 3.1. Whp ξ = αn + βn(1− o(1)).

Proof. Fix a small ε > 0. Fix vertices x, x′. Then ξx,x′ := |N+∪N−| ∼ Bin(n, q := 1−2p(1−p)).
Then, by the de Moivre–Laplace limit theorem

P
(
ξx,x′ − nq >

√
(4 + ε)nq(1− q) lnn

)
= (1 + o(1))

∫ ∞
√

(4+ε) lnn

1√
2π
e−(1/2+o(1))t2dt

=
n−2−ε+o(1)√
2(4 + ε)π lnn

.

Since ξ = maxx,x′ ξx,x′ , the union bound over all pairs x, x′ completes the proof of the upper
bound

ξ ≤ nq +
√

(4 + ε)nq(1− q) lnn = αn +
√

1 + ε/4 · βn
whp.

In the same way, letting

Bx,x′ =
{
ξx,x′ − αn >

√
(4− ε)nq(1− q) lnn

}
,

we get

P
(
Bx,x′

)
=

n−2+ε+o(1)√
2(4 + ε)π lnn

.
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Let X be the number of pairs {x, x′} such that the event Bx,x′(k) holds. We get that E[X] =
nε−o(1). One can expect that Var[X] = o((E[X])2) implying the desired assertion due to Cheby-
shev’s inequality. However, the rare event that there exists a vertex with a large degree con-
tributes superfluously to the variance (cf. [23]). This makes the proof technically involved,
and we move it to Appendix A. For the sake of clarity of presentation, here we only prove a
weaker version of the lower bound in Claim 3.1 that asserts the right order of magnitude of the
second-order term of ξ. This weaker version is stated below as Claim 3.2.

Claim 3.2. Whp ξ > αn + 1+o(1)
2 βn.

Proof. Fix a vertex x and expose its neighbourhood N(x). Let m = |N(x)|. By the Chernoff
bound, whp

|m− np| ≤
√
np ln lnn.

Then, take any vertex x′ /∈ N(x). It has |N+(x, x′)∪N−(x, x′)| = ξ+
x′+ξ

−
x′ , where ξ

+
x′ ∼ Bin(m, p),

ξ−x′ ∼ Bin(n−m− 2, 1− p) are mutually independent for all x′ /∈ N(x). Let x′ be a vertex with
the maximum value of ξ−x′ . It is known that whp

ξ−x′ = n(1− p)2 + (1− o(1))
√

2n(1− p)2p lnn

(see, e.g., [19]). Since ξ+
x′ is independent of all ξ

−
y , y /∈ N(x)∪{x}, we get that whp |ξ+

x′−np
2| ≤√

np2 ln lnn. Therefore, whp

max
y
|N+(x, y) ∪N−(x, y)| ≥ |N+(x, x′) ∪N−(x, x′)|

≥ n((1− p)2 + p2) +
√

(2− o(1))n(1− p)2p lnn−
√
np2 ln lnn

≥ αn +
1 + o(1)

2
βn,

completing the proof.

Assume that U,U ′ ⊂ [n] are such that |U | = |U ′| =: a and there exist a set W ⊂ U ∩ U ′ of
size at least a− 10 and an isomorphism G[U ]→ G[U ′] that does not move any vertex of W . Let
the isomorphism map a vertex x ∈ U \U ′ to a vertex x′ ∈ U ′. Then sets W ∪ {x} and W ∪ {x′}
induce isomorphic subgraphs of G. Therefore, due to Claim 3.1, whp the number of such pairs
{U,U ′} is at most

n20n22ξ ≤ 2αn+βn(1+o(1))

whp.
Let us call a set U ⊂ [n] bad, if there exists another subset U ′ ⊂ [n] and an isomorphism

G[U ]→ G[U ′] that moves at least 10 vertices of U . It remains to show that the number of bad
sets is OP (2αn).

Let U ⊂ [n] be a uniformly random subset. It suffices to prove that, for all large enough n,

P(U is bad) ≤ 2−2np(1−p).

Indeed, assuming that, for some δ > 0 and for infinitely many n,

P
(
the number of bad sets is more than

1

δ
2αn
)
> δ,

we get that

P(U is bad) > δ
1
δ2αn

2n
= 2−2np(1−p)

— a contradiction.
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Since

P(|U− n/2| > 0.4n) = P(|Bin(n, 1/2)− n/2| > 0.4n) ≤ n ·
(

n

d0.1ne

)
2−n � 2−n/2 ≤ 2−2np(1−p),

it suffices to prove that

P(U is bad, |U| ∈ [0.1n, 0.9n]) ≤ 2−2np(1−p)−1.

Let us fix an integer m ∈ [0.1n, 0.9n]. We get

P(U is bad, |U| ∈ [0.1n, 0.9n]) =
0.9n∑

m=0.1n

P(U is bad | |U| = m)

(
n

m

)
2−n. (3)

We then denote by Um a uniformly random m-subset of [n]. Since G and Um are sampled
independently, we may treat Um as a deterministic fixed subset U ⊂ [n] of size m.

Fix U ∈
(

[n]
m

)
. Let k ∈ [2m − n,m − 1] be a non-negative integer. Fix a set U ′ ⊂ [n] that

has k common vertices with U . Also, let us fix a subset W ⊂ U ∩ U ′ of size j ≤ k and a
bijection σ : U → U ′ with the set of fixed points W . Let us estimate the probability that σ is an
isomorphism between G[U ] and G[U ′]. The bijection σ can be represented as a disjoint union of
directed paths P1 = (x1

1, . . . , x
1
s1), . . . , P` = (x`1, . . . , x

`
s`

) and cycles C1 = (y1
1, . . . , y

1
t1), . . . , Ch =

(yh1 , . . . , y
h
th

). Each cycle is entirely inside (U ∩ U ′) \W , and each path has the first vertex in
U \U ′, the intermediate vertices in (U ∩U ′)\W , and the last vertex in U ′ \U . For every i ∈ [`],
adjacencies between xi1 and all the other vertices of G identify uniquely the adjacencies from
xi2, . . . , x

i
ti ; the same holds for each cycle Ci. Thus, as soon as the edges of G from x1

1, x
2
1, . . . , x

`
1

are exposed, all the edges with at least one vertex in U ′ \ U are defined uniquely. Furthermore,
adjacencies to y1

1, y
2
1, . . . , y

h
1 identify the rest of E(G[U ′]) \ E(G[W ]). Recalling that p ≤ 1/2

and letting W ′ := {y1
1, y

2
1, . . . , y

h
1}, we get

P(σ(G[U ]) = G[U ′]) ≤ (max{p, 1− p})
∣∣∣(U′\W ′2 )∪((U ′\U)×(U∩U ′))\(W2 )

∣∣∣
≤ (1− p)(

m−j−h
2 )+(k−j−h)j+(m−k)(j+h),

where, for brevity, we identify (U ′ \ U) × (U ∩ U ′) with the set of unordered pairs [(U ′ \ U) ×
(U ∩U ′)]/S2. The last expression is maximised when h is maximum possible, i.e. h = k−j

2 (here
we assume that h is not necessarily in integer by defining

(
s
2

)
:= s(s−1)

2 for all real s). We finally
get

PG(U is bad) ≤
∑
k,j

(
m

k

)(
n−m
m− k

)(
k

j

)
(m− j)!(1− p)(

m−j/2−k/2
2 )+(k−j)j/2+(m−k)(k+j)/2

=
m−1∑

k=0.99m

(
m

k

)(
n−m
m− k

)min{k,m−10}∑
j=0

f(j) + e−Θ(pm2),

where
f(j) =

(
k

j

)
(m− j)!(1− p)(

m−j/2−k/2
2 )+

(k−j)j
2

+
(m−k)(k+j)

2 .

Indeed, for k < 0.99m, recalling that p� lnn
n ,(

m

k

)(
n−m
m− k

)
f(j) < 2n · 2k ·m! · (1− p)(

m−k
2 ) = e−Θ(m2p).

Since
f(j + 1)

f(j)
=

k − j
(j + 1)(m− j)

(1− p)−3j/4+k/4−1/8,
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and
d

dj

(
ln
f(j + 1)

f(j)

)
= − 1

k − j
− 1

j + 1
+

1

m− j
+

3

4
ln

1

1− p
> 0

when j ∈ [k/6, k/2], we get that f(j+1)
f(j) < 1 when j ≤ k/6, f(j+1)

f(j) > 1 when j ≥ k/2, and
f(j+1)
f(j) increases in [k/6, k/2]. Therefore, there exists j∗ such that f decreases when j < j∗ and
f increases when j > j∗.

We get that, for some constant c > 0,

max
j
f(j) = max{f(0),min{f(k), f(m− 10)}}

= min

{
(m− k)!(1− p)(

m−k
2 )+k(m−k), c

(
k

m− 10

)
(1− p)5m+k(m−k)/2

}
+ e−Θ(m2p)

since
f(0) = m!(1− p)

(m2−3k2/4)−(m−k/2)
2 ≤ m!e−(1/8−o(1))m2

= e−Θ(m2p).

Thus,

PG(U is bad) ≤
m−10∑

k=0.99m

g1(k) + 10c
m−1∑

k=m−9

g2(k) + e−ω(n lnn),

where

g1(k) =

(
m

k

)(
n−m
m− k

)
(k + 1)(m− k)!(1− p)(

m−k
2 )+k(m−k);

g2(k) =

(
m

k

)(
n−m
m− k

)(
k

m− 10

)
(1− p)5m+k(m−k)/2.

As above, we find the maximum value of g1(k) and g2(k). Recalling that k ≥ 0.99m and
m = Θ(n), we get

g1(k + 1)

g1(k)
=

(k + 2)(m− k)

(k + 1)2(n− 2m+ k + 1)
(1− p)−k > epk

n3
= nω(1) > 1, and

g2(k + 1)

g2(k)
=

(m− k)2

(k −m+ 11)(n− 2m+ k + 1)
(1− p)(m−2k−1)/2 >

e0.49mp

n2
= nω(1) > 1,

implying

PG(U is bad) ≤ m12n10(1− p)(
10
2 )+10(m−10) + 10cm10n(1− p)5m+(m−1)/2 + e−ω(n lnn)

= (1− p)(11/2−o(1))m.

Substituting the obtained bound on PG(U is bad) = P(Um is bad) into (3), we get

P(U is bad, |U| ∈ [0.1n, 0.9n]) =
0.9n∑

m=0.1n

(
n

m

)
2−n · P(Um is bad)

≤
n∑

m=0

(1− p)(11/2−o(1))m

(
n

m

)
2−n

=

(
1 + (1− p)11/2−o(1)

2

)n
≤ 2−2np(1−p),

due to the following claim.

Claim 3.3. 1 + (1− p)5.4 < 21−2p(1−p) for all p ∈ (0, 1/2].

The proof of Claim 3.3 is straightforward and technical, thus it is moved to Appendix B.
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Upper bound. Due to Claim 3.1, whp there exist vertices x, x′ such that the set N+(x, x′)∪
N−(x, x′) of vertices that are either adjacent to both x, x′ or non-adjacent to both x, x′ has
cardinality αn + βn(1− o(1)). Clearly, for every W ⊂ N+(x, x′)∪N−(x, x′), sets U := W ∪ {x}
and U ′ := W ∪ {x′} induce isomorphic subgraphs in G, completing the proof.

Remark 3.1. From the proof it immediately follows that whp, for almost all non-unique sets U
(i.e., such that there exists U ′ 6= U satisfying G[U ] ∼= G[U ′]), there exist two vertices x, x′ and
a set W ⊂ U such that |U \W | ≤ 10 and any vertex of W is either a common neighbour of
x, x′, or a common non-neighbour of x, x′. It is easy to see that the stronger property holds for
any such pair {U,U ′}: either there exist x, x′ such that U = W ∪ {x}, U ′ = W ∪ {x′}, where
W ⊂ N+(x, x′)∪N−(x, x′), or there exist x, x′, x′′ such that U = W ∪{x, x′′}, U ′ = W ∪{x′, x′′},
where W ⊂ N+(x, x′, x′′) ∪ N−(x, x′, x′′), or there exist x1, x

′
1, x2, x

′
2 and W ⊂ [N+(x1, x

′
1) ∪

N−(x1, x
′
1)] ∩ [N+(x2, x

′
2) ∪N−(x2, x

′
2)] such that W ⊂ U and |U \W | ≤ 10. It is also possible

to show (in the same way as in the proof of the non-existence statement in Claim 3.1) that the
number of sets U of the second and the third type is o (2αn) whp. Thus, whp, for almost all
non-unique sets U there exist x, x′ such that U \ {x} ⊂ N+(x, x′) ∪N−(x, x′).

4 Proof of Theorem 1, part 2

Since we have already proved the first part of Theorem 1, we may assume that p ≤ C lnn
n for

some C > 0.

Claim 4.1. Let U ⊂ [n] have size (1/2 + o(1))n. Then, whp, for every subset W ⊂ U , the
number of edges in U incident to at least one vertex in W is at least |W | ln lnn.

Proof. The assertion immediately follows from the fact that whp every vertex in U has at least
ε2 lnn neighbours in U . To prove the latter, let |U | = m.

P
(
∃x ∈ U : |N(x) ∩ U | < ε2 lnn

)
≤ mP

(
Bin(m− 1, p) < ε2 lnn

)
= m

∑
i<ε2 lnn

(
m

i

)
pi(1− p)m−1−i

(∗)
≤ m lnn

( emp

ε2 lnn

)ε2 lnn
e−p(m−lnn)

(∗∗)
≤ m · exp

[
−
(

1 + ε/2 + o(1)− ε2 ln

(
(1 + ε/2)e

ε2

))
lnn

]
≤ m · n−1−ε/4 = o(1)

for small enough ε. The inequality (*) follows from the fact that
(
m
i

)
pi increases in i. The

inequality (**) follows from the fact that pε2 lnne−pm decreases in p.

Let us call a set U ⊂ [n] unique, if there is no other subset U ′ ⊂ [n] such that G[U ] and
G[U ′] are isomorphic.

Let U ⊂ [n] be a uniformly random subset. It suffices to prove that P(U is non-unique) =
o(1). Indeed, assuming that, for some δ > 0 and for infinitely many n,

P (the number of non-unique sets is more than δ2n) > δ,

we get that

P(U is non-unique) > δ
δ2n

2n
= δ2

— a contradiction.
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Letm ∈ Jn, U ∈
(

[n]
m

)
. Due to Claim 2.1, it suffices to prove that PG(U is non-unique) = o(1)

uniformly over m and U . Arguing in the same way as in the proof of part 1 of Theorem 1 and
using the fact that whp, for every subset W ⊂ U , the number of edges in E(G[U ]) \E(G[W ]) is
at least |W | ln lnn, we get

PG(U is non-unique) = o(1) +

m−1∑
k=max{0,2m−n}

k∑
j=0

g(k, j) = o(1) +

m−1∑
j=0

m−1∑
k=max{j,2m−n}

g(k, j)

where

g(k, j) =

(
m

k

)(
n−m
m− k

)(
k

j

)
(m− j)!(1− p)(

m−j/2−k/2
2 )+

(k−j)j
2

+
(m−k)(k+j)

2

(
p

1− p

)(m− j+k2 ) ln lnn

.

For a fixed j,

g(k + 1, j)

g(k, j)
=

(m− k)2

(n− 2m+ k + 1)(k + 1− j)
(1− p)

j−3k−1/2
4

(
1− p
p

)ln lnn/2

>
p− ln lnn/2

n2
> 1.

Thus, for every j and every k, g(k, j) ≤ g(m− 1, j). Then

PG(U is non-unique) = o(1) + n
m−1∑
j=0

g(m− 1, j).

Now, observe that, for all j,

g(m− 1, j + 1)

g(m− 1, j)
=

m− 1− j
(j + 1)(m− j)

(1− p)−3j/4+m/4−5/8

(
1− p
p

)ln lnn/2

>
(1− p)m/4

n2
p− ln lnn/2 > n−C+ln lnn/2 > 1.

We finally get

PG(U is non-unique) ≤ o(1) + n2g(m− 1,m− 1)

≤ o(1) + n2(m− 1)(n−m)(1− p)m−1−ln lnnpln lnn

≤ o(1) + n4pln lnn = o(1),

completing the proof.

5 Proof of Theorem 1, part 3

Let us call a set U ⊂ [n] bad, if there exist at least lnn sets U ′ ⊂ [n] such that G[U ] and G[U ′]
are isomorphic.

Let U ⊂ [n] be a uniformly random subset. It suffices to prove that P(U is bad) = 1− o(1).
Indeed, assume that with probability at least δ > 0 the number of non-isomorphic induced
graphs is at least δ · 2n. Then

P(U is not bad) ≥ δ · δ · 2
n − 2n/ lnn

2n
= δ2 − o(1)

— a contradiction.
Let m ∈ Jn, U ∈

(
[n]
m

)
. Due to Claim 2.1, it suffices to prove that PG(U is bad) = 1 − o(1)

uniformly over m and U . The following claim completes the proof.
Let η be the number of vertices from U that do not have neighbours in U and let η′ be the

number of vertices outside U that do not have neighbours in U .
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Claim 5.1. Whp η ≥ 1 and η′ ≥ lnn.

Indeed, let x ∈ U, x′ /∈ U be vertices that do not have neighbours in U . Then G[U ∪ {x} \
{x′}] ∼= G[U ]. In this way, we can get at least lnn sets that induce graphs isomorphic to G[U ].

Proof of Claim 5.1. Since G[U ] ∼ G(|U |, p), the fact that whp η ≥ 1 is known (see, e.g., [5,
Theorem 3.5]). Let m = |U |. Then η′ ∼ Bin(n−m, (1− p)m). Therefore,

Eη′ = (n−m)(1− p)m ≥ n

2
e−(1−ε/2+o(1)) lnn = nε/2−o(1).

The claim follows from the fact that a binomial random variable with growing expectation is
concentrated around its expectation.

6 Proof of Theorem 1, part 4

Without loss of generality, we assume that ε > 0 is small enough. Let us call a set U ⊂ [n] bad,
if there exist at least 2εn sets U ′ ⊂ [n] such that G[U ] and G[U ′] are isomorphic.

Let U ⊂ [n] be a uniformly random subset. It suffices to prove that P(U is bad) = o(1).
Indeed, assume that with probability at least δ > 0 the number of non-isomorphic induced
graphs is at most δ2(1−ε)n. Then

P(U is bad) ≥ δ · 2n − δ2(1−ε)n2εn

2n
= δ(1− δ)

— a contradiction.
Let m ∈ Jn, U ∈

(
[n]
m

)
. Due to Claim 2.1, it suffices to prove that PG(U is bad) = o(1)

uniformly over m and U .

Claim 6.1. Whp every subset W ⊂ U of size at least ε2n spans the number of edges satisfying
||E(G[W ])| − E[|E(G[W ])|]| ≤ 1

2E[|E(G[W ])|].

Proof. Let W ⊂ U have size y ≥ ε2n. It induces |E(G[W ])| ∼ Bin(
(
y
2

)
, p) edges with

E[|E(G[W ])|] =

(
y

2

)
p ∼ y2

2
p >

Cε2

2
y.

By the Chernoff bound,

P
(
||E(G[W ])| − E[|E(G[W ])|]| > 1

2
E[|E(G[W ])|]

)
≤ e−10y/ε2

for large enough C = C(ε). By the union bound,

P
(
∃W ||E(G[W ])| − E[|E(G[W ])|]| > 1

2
E[|E(G[W ])|]

)
≤ 2ne−10n = o(1).

Consider the family Fm of all sets of size m that have subgraphs with the number of edges
concentrated as in Claim 6.1. We know that whp U ∈ Fm. Let U(U) be the family of all m-
subsets of [n] that have less than m− ε2n common vertices with U . Then if U ∈ Fm, for every
U ′ ∈ U(U) such that G[U ′] ∼= G[U ], there should exist an isomorphism ϕ : U → U ′ that moves
all edges from E(G[U \U ′]). Since |U \U ′| ≥ ε2n and U ∈ Fm, there are at least

(
1
4 − o(1)

)
ε4n2p

edges moved my ϕ. Then

P
(
∃U ′ ∈ U(U) G[U ] ∼= G[U ′]

)
≤ P(U /∈ Fm) + 2nn!p( 1

4
−o(1))ε4n2p

≤ o(1) + exp

(
n lnn−

(
1

4
− o(1)

)
ε4Cn lnn

)
= o(1), (4)
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for large enough C = C(ε). Therefore, whp all subsets U ′ ⊂ [n] such that G[U ] ∼= G[U ′] have at
least m− ε2n common vertices with U . Thus, whp the number of such sets is at most∑

k≥m−ε2n

(
m

k

)
≤ n

(
m

dm− ε2ne

)
< 2εn,

completing the proof.

7 Proof of Theorem 1, part 5

In Section 7.1, we prove that the expected number of non-isomorphic subtrees in a Pois(1− ε)–
Galton–Watson tree equals exp(Ω(1/ε)). In Section 7.2, we recall the structure of the automor-
phism group of G(n, p) as well as the contiguous model of the giant component due to Ding,
Lubetzky, and Peres [9]. We then combine these results in Section 7.3 and prove the lower
bound from part 5 of Theorem 1. The upper bound is much more straightforward, as explained
in Section 1, and its proof is presented in Section 7.4.

7.1 Galton–Watson trees

For a rooted tree T with root R, let f(T ) be the number of non-isomorphic subtrees of T rooted
in R. For a vertex v of T , let Tv be the subtree of T induced by all descendants of v, including v
itself. For technical reasons, it will be more convenient to work with f+(T ) := f(T )+1. Observe
that if R has children v1, . . . , vj , then

f+(T ) ≥
∏j
i=1 f+(Tvi)

j!
+ 1.

Indeed, if, for every i ∈ [j], we choose a pair of (not necessarily non-empty) non-isomorphic
trees Ti ⊂ Tvi , T ′i ⊂ Tvi rooted in vi, then the rooted trees T0 and T ′0 obtained by adding edges
between R and vi in every Ti and T ′i respectively are isomorphic if and only if the multisets of
unlabelled trees {{Ti, i ∈ [j]}} and {{T ′i , i ∈ [j]}} coincide.

Let T be a rooted Galton–Watson tree with offspring distribution Pois(1− ε).

Claim 7.1. For all small enough ε > 0, E ln f(T) > 0.003
ε .

Proof. Let X = ln f+(T), and let ξ be the number of children of the root. Then

EX =

∞∑
j=0

E(X | ξ = j) · P(ξ = j) ≥ ln 2 · P(ξ = 0) +

∞∑
j=1

E ln((f+(T))j/j! + 1) · P(ξ = j)

= ln 2 · P(ξ = 0) +

∞∑
j=1

(
j · EX + E ln

(
1 +

j!

(f+(T))j

)
− ln(j!)

)
· P(ξ = j)

≥ ln 2 · P(ξ = 0) + EX · Eξ + P(ξ = 1) · E ln

(
1 +

1

f+(T)

)
−
∞∑
j=1

ln(j!) · P(ξ = j).

Clearly, denoting by Y the total progeny of the Galton–Watson process, we get

E ln

(
1 +

1

f+(T)

)
≥ ln(3/2) · P(Y = 1) + ln(4/3) · P(Y = 2)

= ln(3/2) · P(ξ = 0) + ln(4/3) · P(ξ = 1) · P(ξ = 0).
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Since Eξ(ξ − 1) = (1− ε)2, it follows that

EX ≥ ln 2 · e−(1−ε) + (1− ε)EX + (1− ε)e−(1−ε)
(
e−(1−ε) ln(3/2) + (1− ε)e−2(1−ε) ln(4/3)

)
− (1− ε)2 +

∞∑
j=2

[j(j − 1)− ln(j!)] · P(ξ = j).

Notice that, for every j ≥ 2, ln(j!) < j(j − 1). Therefore,

∞∑
j=2

[j(j − 1)− ln(j!)] · P(ξ = j) ≥
5∑
j=2

[j(j − 1)− ln(j!)]
e−1+ε(1− ε)j

j!

= e−1

(
2− ln 2

2
+

6− ln 6

6
+

12− ln 24

24
+

20− ln 120

120

)
+O(ε),

implying

EX ≥ 1

ε

(
e−1

(
ln 2 +

2− ln 2

2
+

6− ln 6

6
+

12− ln 24

24
+

20− ln 120

120
+ e−1 ln

3

2
+ e−2 ln

4

3

)
− 1 +O(ε)

)
>

0.004

ε
,

for small enough ε > 0. Finally, we get

E ln f(T) = E ln

(
(f(T) + 1)

(
1− 1

f(T) + 1

))
= EX + E ln

(
1− 1

f+(T)

)
>

0.004

ε
− ln 2 >

0.003

ε
.

Since E ln f(T) > 0.003
ε , there exists A = A(ε) such that E[ln f(T) · 1(f(T) ≤ A)] > 0.002

ε .
Since the random variable X̃ := ln f(T) · 1(f(T) ≤ A) is bounded, EX̃2 < ∞. Chebyshev’s
inequality implies the following.

Lemma 7.2. Let ε > 0 be small enough, and let T1, . . . ,Tn be independent Galton–Watson
trees with offspring distribution Pois(1− ε). Then, whp (as n→∞),

∏n
i=1 f(Ti) ≥ e0.002n/ε.

7.2 Anatomy of a strictly supercritical random graph

A connected graph is called complex if it has at least two cycles.
Let C > 1 + ε > 1 be constants, (1 + ε) ≤ np ≤ C, G ∼ G(n, p), and let H be the 2-core of

the union of complex components of G. In the supercritical regime, we shall consider subgraphs
of the giant component of Gn that contain the entire 2-core. If two such induced subgraphs
are isomorphic, then any isomorphism between them preserves the set of vertices of the 2-core.
Thus, in order to prove that there are many such non-isomorphic subgraphs, we will use the fact
that the 2-core is almost asymmetric. In [26], Verbitsky and the second author obtained a full
description of the automorphism group Aut(H) of H. In particular, they proved the following.

Claim 7.3 ([26]). |Aut(H)| = OP (1).

We will also make use of the contiguous model, due to Ding, Lubetzky, and Peres [9]. Here,
we formulate its simplified and weaker version which is precisely [9, Equation (5.9)] and is enough
for our goals. We also note that the results in [9] are presented for constant np, although for
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our goals we need non-constant np. Nevertheless, literally the same proof allows to get the
following‡.

Claim 7.4 ([9]). Let λ > 1. Let 1 < np = λ+o(1) and let λ′ be the unique number in (0, 1) such
that λ′e−λ′ = npe−np. Let G ∼ G(n, p), G′ be the union of complex components of G, and H be
the 2-core of G′. Let G′′ be obtained from H by attaching (independently of G) an independent
Pois(λ′)–Galton–Watson tree to each vertex of H. Then, for every set of unlabelled graphs F , if
P(G′′ ∈ F) = o(1) then P(G′ ∈ F) = o(1).

7.3 Completing the proof of the lower bound

For a graph Γ on V ⊂ N, we denote by Core(Γ) the 2-core of the union of complex components
of Γ. For v ∈ V (Core(Γ)), let Tv(Γ) be the unlabelled version of the inclusion-maximal subtree
of Γ rooted in v and sprouting from the 2-core, i.e. the connected component of v in Γ[V \
V (Core(Γ)) ∪ {v}]. Let type of Γ be the tuple

t(Γ) := (Tv(Γ), v ∈ V (Core(Γ))),

where the order of the elements in the tuple respects the order of integers in V .
Now, we can complete the proof of part 5 of Theorem 1. Assume towards contradiction that

there exist p = p(n) and a constant δ > 0 such that np ∈ [1 + ε, C] and

P
(
µ(Gn) < exp(εn/1000)

)
> δ (5)

for Gn ∼ G(n, p) and all n large enough. Then, there exists an increasing sequence of positive
integers nk, k ∈ N, such that p(nk)nk → λ for some λ ∈ [1 + ε, C]. Since, for the subsequence
Gnk , we have that P(µ(Gnk) < exp(εnk/1000)) > δ for all k large enough, in what follows,
without loss of generality, we assume that np = λ + o(1). In what follows, we also omit the
subscript and write G := Gn.

Let λ′ = λ′(n) be the sequence from the assumptions of Claim 7.4. Note that λ′ ≤ 1−ε+ε2,
since λ′e−λ′ increases on (0, 1) and, for small enough ε > 0,

λe−λ < e−1(1 + ε)(1− ε+ ε2/2) < e−1(1− ε+ ε2)(1 + ε− ε2/2) < (1− ε+ ε2)e−1+ε−ε2 .

We define the following set of connected graphs F on subsets of N: Γ ∈ F , if the number of dis-
tinct t(Γ̃) over all connected Γ̃ ⊂ Γ with Core(Γ) = Core(Γ̃) is at least exp(|V (Core(Γ))|/(500(1−
λ′))). Note that F is isomorphism-closed — thus, it can be treated as a set of unlabelled
graphs. If λ′ < 1 is close enough to 1, then due to Lemma 7.2 and Claim 7.4, whp G ∈ F .
Let G′ be the union of complex components of G. Let G̃1, G̃2 ⊂ G′ be isomorphic con-
nected subgraphs with Core(G̃1) = Core(G̃2) = Core(G′) and let ϕ : G̃1 → G̃2 be an iso-
morphism. Clearly, ϕ(V (Core(G̃1))) = V (Core(G̃2)). If ϕ acts trivially on the 2-core, then
t(G̃1) = t(G̃2). Otherwise, ϕ is a non-trivial automorphism of H := Core(G′). Due to
Claim 7.3, whp the number of automorphisms of H is less than, say, n. Therefore, whp, G′ has
at least 1

n exp(|V (H)|/(500(1 − λ′))) non-isomorphic induced subgraphs. On the other hand,
whp |V (H)| = (1− λ′ + o(1))(1− λ′/λ)n [21]. Therefore, whp

µ(G) ≥ exp((1− λ′/λ+ o(1))n/500) > exp(εn/1000)

— a contradiction with (5).
‡The authors of [9] rely on the local limit theorem for a sequence of independent identically distributed random

variables [9, Theorem 2.2]. For non-constant np, the proof requires a generalisation to triangular arrays that can
be found, e.g., in [24].
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Finally, let λ′ < 1 be not large enough so that Lemma 7.2 is not applicable. Since we may
choose ε as small as we need, we can assume that whp |V (Core(G))| >

√
ε·n and that λ′ < 1−

√
ε.

Since a Pois(1−λ′)–Galton–Watson tree is non-trivial with probability 1− e−(1−λ′), we get that
whp (1− e−(1−λ′) + o(1))-fraction of vertices of Core(G) have a non-trivial tree growing from it.
Therefore, due to Claim 7.3, whp

µ(G) ≥ 2
√
ε(1−e−(1−λ′)+o(1))n ≥ eεn/10

— a contradiction with (5).

7.4 Upper bound

Let np ≤ 1 + ε, ε > 0 is small, and G ∼ G(n, p).
Assume first that np = 1+Θ(1). Let us recall that in this case whp G has a single connected

component of size Θ(n), and all the other components have size O(log n), see, e.g., [16, Chapter
5]. Let us now prove that whp the number of vertices in small components that have size at least
ln lnn is o(n). Fix v ∈ [n]. By the union bound, the probability that v belongs to a connected
component of size k is at most

(
n−1
k−1

)
kk−2pk−1(1 − p)k(n−k). Let X be the number of vertices

that belong to connected components of size k ∈ [ln lnn, ln2 n] in G. By linearity of expectation,
we get

EX ≤
bln2 nc∑

k=dln lnne

n

(
n− 1

k − 1

)
kk−2pk−1(1− p)k(n−k) ≤

bln2 nc∑
k=dln lnne

1

p
(e1−npnp)k =

n

(lnn)Ω(1)
.

By Markov’s inequality, whp X = o(n). Therefore, whp G is a disjoint union of graphs
G(1), G(2), G(3), where G(1) is a connected graph of size Θ(n), G(2) has o(n) vertices, and all
components of G(3) have size at most ln lnn. The number of non-isomorphic graphs on at most
n vertices with all components of size at most ln lnn is less than n2(ln lnn)2

= eo(n). Indeed,
there are at most 2(ln lnn)2 non-isomorphic graphs on at most ln lnn vertices, and to describe the
isomorphism type of a graph on at most n vertices with all connected components that small,
it is enough to state to which isomorphism type the connected component containing each of
the at most n vertices belongs. The giant component G(1) has at most (2ε + O(ε2))n vertices
whp [16, Theorem 5.4]. Therefore, whp

µ(G) ≤ 2(2ε+O(ε2))n+o(n) < 23εn,

as required.
Actually the case np ≤ 1 + o(1) also follows since the property of containing at least 2εn

vertices in components of size at least ln lnn is increasing, and whp G(n, 1 + ε/2) does not have
it.

8 Proof of Theorem 1, part 6

Let np ≤ 1−ε and G ∼ G(n, p). We will define explicitly a decreasing function c2 = c2(ε) ∈ (0, 1)
satisfying the required properties: whp µ(G) ≤ 2n

c2 and c2(1−) = 0.
First, let ε ≤ 0.99. Fix any c ∈ (0, 1). Recall that whp G does not contain components

of size at least ln2 n (see, e.g., [16, Theorem 5.4]). Observe that whp the number of connected
components of size more than 2(1−c)

ε2
lnn and less than ln2 n is at most nc lnn by Markov’s
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inequality since the expected number of such components is at most

ln2 n∑
k=2(1−c) lnn/ε2

(
n

k

)
kk−2pk−1(1− p)k(n−k) ≤

∑
nkekpk−1e−pk(n−k)

≤ (e+ o(1))n
∑

e(k−1)(1+ln(np)−np)

≤ (e+ o(1))n
∑

e(k−1)(ε+ln(1−ε))

= O
(
n
∑

e−kε
2/2
)

= O(nc).

Recall that whp G does not contain complex components (see, e.g., [16, Theorem 5.5]) and that
the number of isomorphism classes of trees on k vertices at most k4k [20]. Therefore, the number
of isomorphism classes of unicyclic graphs on k vertices is at most k34k. Let U be the set of all
vertices in connected components of G of size more than 2(1−c)

ε2
lnn. Every subgraph of G is a

disjoint union of a subgraph of G[U ] and connected components of size at most 2(1−c)
ε2

lnn whp.
Since the number of components in every subgraph of G is at most n, we get that the number
of non-isomorphic subgraphs of G[[n] \ U ] consisting of connected components of size exactly k
is at most nk3·4k , for k ≤ 2(1−c)

ε2
lnn. We get that whp

µ(G) ≤ 2|U | ·
∏

k≤ 2(1−c)
ε2

lnn

nk
3·4k .

Therefore, letting c = 1− ε2/100, we get that whp

µ(G) ≤ n4
2(1−c)
ε2

lnn·ln4 n · 2nc·ln
3 n = 22n(ln 4)/50·ln5 n+nc·ln3 n = 2n

c+o(1)
.

Hence, we can take c2 = 1− ε2/200, say.
Second, let ε > 0.99. In this case, in a similar way, by Markov’s inequality we get that

whp there are no components of size more than 2 lnn
−ε−ln(1−ε) . Indeed, the expected number of

components of such size (and less than ln2 n) is at most

ln2 n∑
k=2 lnn/(−ε−ln(1−ε))

(
n

k

)
kk−2pk−1(1− p)k(n−k) ≤ (e+ o(1))n

∑
e(k−1)(1+ln(np)−np)

≤ (e+ o(1))n
∑

e(k−1)(ε+ln(1−ε))

= O
(
ne−2 lnn

)
= O(1/n).

Thus, whp

µ(G) ≤ n42 lnn/(−ε−ln(1−ε))·ln4 n = 2n
2 ln 4/(−ε−ln(1−ε))·log2 n·ln4 n < 2n

c2
,

where c2 = ln 17/(−ε− ln(1− ε)), say.
Now, let np ≥ 1 − ε and G ∼ G(n, p). It is sufficient to show that there exists a strictly

decreasing continuous function c1 = c1(ε) ∈ (0, 1) such that whp µ(G) ≥ 2n
(1−o(1))c1 and

c1(0+) = 1. Without loss of generality we may assume that np = O(1). Set

• c1 = 1 + 3(ε+ ln(1− ε)) = 1−Θ(ε2) and k =
⌊

1−c1
−ε−ln(1−ε) lnn

⌋
= b3 lnnc, if 1− ε > 1

2 ;

• c1 = 1
2(1−ε−ln(1−ε)) and k =

⌊
1−c1

np−1−ln(np) lnn
⌋
, if 1− ε ≤ np ≤ 1

2 .
§

§Even though c1 = c1(ε) is not continuous at 1/2, it can be decreased in the left neighbourhood of 1/2 in
order to make it continuous.
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Let us prove that whp G contains many non-isomorphic tree connected components on k vertices.

Claim 8.1. Whp

• G contains at least n(1−o(1))c1 connected components isomorphic to a tree on k vertices;

• G does not contain two connected components isomorphic to the same tree on k vertices.

Proof. Let X be the number of connected components of G isomorphic to a tree on k vertices.
Then

EX =

(
n

k

)
kk−2pk−1(1− p)k(n−k)+(k2)−(k−1) = (1 + o(1))

nk

k!
kk−2pk−1e−pkn

=
1 + o(1)√

2πkk2p
e(1+ln(np)−np)k.

If 1− ε > 1
2 , then

EX = Ω

(
n

(lnn)2.5
ek(ε+ln(1−ε))

)
= Ω

(
nc1

(lnn)2.5

)
.

If 1− ε ≤ np ≤ 1
2 , then

EX = Θ

(
n

(lnn)2.5
n−1+c1

)
= Θ

(
nc1

(lnn)2.5

)
. (6)

Moreover,

EX(X − 1) =

(
n

k

)(
n− k
k

)
k2(k−2)p2(k−1)(1− p)2k(n−2k)+k2+2((k2)−(k−1)) = (1 + o(1))(EX)2.

Therefore, by Chebyshev’s inequality, X/EX P→ 1.
Now, let Y be the number of pairs (T1, T2) of connected components of G isomorphic to the

same tree on k vertices. We get

EY ≤ EX
(
n

k

)
k!pk−1(1−p)k(n−2k) ≤ (1+o(1))EX·n(np)k−1(1−p)kn = O

(
n · EX · ek(ln(np)−np)

)
.

If 1− ε > 1
2 , then

EY = O(n2e−k) = O(1/n),

since ln(np)− np ≤ −1 and EX ≤ n. If 1− ε ≤ np ≤ 1
2 , then, due to (6),

EY = O
(
n1+c1e−(1−c1)(1+1/(np−1−ln(np))) lnn

)
= O

(
n2c1−(1−c1)/(np−1−ln(np))

)
= o(1),

since
c1 <

1

2(1− ε− ln(1− ε))− 1
≤ 1

2(np− ln(np))− 1
.

In both cases, EY = o(1) and, thus, whp there are no such pairs (T1, T2).

From Claim 8.1 it follows that, whp G contains at least n(1−o(1))c1 connected components
T1, . . . , Tm such that, for every i 6= j, Ti and Tj are not isomorphic. Therefore, for any two sets
of indices I1, I2 ⊂ [m], disjoint unions of trees ti∈I1Ti and ti∈I2Ti are not isomorphic. Thus,
whp G contains at least 2m ≥ 2n

(1−o(1))c1 non-isomorphic induced subgraphs, completing the
proof.
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9 Random regular graphs

In this section, we prove Theorem 2, discuss its tightness, and then prove Theorem 3.

9.1 Proof of Theorem 2

Let ε > 0 be small enough. Following the same lines as in the proof of the fourth part of
Theorem 1 in Section 6, we note that it is sufficient to prove the following analogues of Claim 6.1
and the bound (4).

Let m ∈ Jn, U ∈
(

[n]
m

)
. We also assume that d� 1

ε4
.

Claim 9.1. Whp every subset W ⊂ U of size at least ε2n spans the number of edges satisfying∣∣∣∣|E(G[W ])| − d|W |2

2n

∣∣∣∣ ≤ d|W |2

4n
.

Claim 9.2. Let U(U) be the family of all m-subsets of [n] that have less than m− ε2n common
vertices with U . Then whp there is no set U ′ ∈ U(U) such that G[U ] ∼= G[U ′].

The rest of the proof of Theorem 2 is devoted to the proofs of these two claims.

Proof of Claim 9.1. Since the largest absolute value λ(G) of a non-trivial eigenvalue of G is less
than 2

√
d− 1 + 1 whp [8, 13, 22], by applying the expander mixing lemma [3, Corollary 9.2.6],

we get that whp, for every subset W ⊂ U of size at least ε2n,∣∣∣∣|E(G[W ])| − d|W |2

2n

∣∣∣∣ < (√d− 1 + 1
)
|W | < d|W |2

4n
,

completing the proof.

Proof of Claim 9.2. We will use the following result, due to McKay [17]. Let H = H(n) be an
arbitrary graph with maximum degree at most d on [n], and let |E(H)| = ω(1). Then

P(H ⊂ G) = (1 + o(1))

∏
j∈[n] d(d− 1) . . . (d− degHj + 1)

2|E(H)|(dn/2)(dn/2− 1) . . . (dn/2− |E(H)|+ 1)
. (7)

For every U ′ ∈ U(U) such thatG[U ′] ∼= G[U ], there should exist an isomorphism U → U ′ that
moves all edges from E(G[U \U ′]). If U has subgraphs with the number of edges concentrated as
in Claim 9.1, the number of moved edges is at least 1

4ε
4dn. Then, due to (7) and since d� 1/ε4,

P
(
∃U ′ ∈ U(U) G[U ] ∼= G[U ′]

)
≤ o(1) + 2nn!

(
d

n(1− ε4)

) 1
4
ε4dn

= o(1),

completing the proof.

9.2 Tightness

Theorem 2 is tight in the sense that, for every n-vertex graph G with a bounded maximum
degree, µ(G) ≤ 2(1−Θ(1))n.

Theorem 4. For every C > 0 there exists ε > 0 such that, for all large enough n, every graph
G with n vertices and maximum degree at most C has µ(G) ≤ 2(1−ε)n.
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Proof. Let G be a graph on [n] with maximum degree at most C. Let U be a uniformly random
subset of [n]. Let X be the number of sets U ′ 6= U such that G[U] ∼= G[U ′]. It suffices to prove
that, for a sufficiently small ε > 0,

P
(
X ≥ 2εn

)
≥ 1− 2−εn.

Indeed, if this is the case, let us partition the set of all subsets of [n] into equivalence classes,
where two sets are equivalent whenever they induce isomorphic subgraphs of G. Then 2[n] =
X1tX2, where X1 is the union of all equivalence classes of size less than 2εn and it has cardinality
2n · P(X < 2εn) < 2n−εn. Since every equivalence class that is a subset of X2 has size at least
2εn, we get that the total number of classes is at most 2n−εn+1.

We then find a set I ⊂ [n] of size at least n
C2 such that 1-neighbourhoods in G of all vertices

from I are disjoint. For every v ∈ I, let δv be the number of neighbours of v in U. Let

ξv = 1v∈U, δv=0, ξ =
∑
v∈I

ξv, and ηv = 1v 6∈U, δv=0, η =
∑
v∈I

ηv.

Since all ξv, v ∈ I, are independent and stochastically dominate Bernoulli(2−C−1), and the
same applies to ηv, we get that

max
{
P
(
ξ <

n

100C22C

)
,P
(
η <

n

100C22C

)}
< 2−εn−1,

for sufficiently small constant ε = ε(C) > 0. In particular, we may assume that ε < 1
100C22C

.
For every set U ′ obtained from U by removing vertices v ∈ U with δv = 0 and by adding the
same number of vertices u 6∈ U with δu = 0, we have that G[U] ∼= G[U ′]. Indeed, all such
vertices belong to I and, therefore, they are not adjacent and so they form independent sets,
both in G[U] and G[U ′]. Therefore, X ≥ 2εn with probability at least 1− 2−εn.

Remark 9.1. The bound on the maximum degree in Theorem 4 cannot we weakened to a linear
bound on the number of edges: there exists a sequence of graphs G = G(n) with V (G(n)) = [n]
with at most 2n edges so that µ(G) = 2n−O(

√
n). Such G can be constructed in the following way.

Start from a path P on 100
√
n vertices, and then draw two edges from every vertex outside of P

to P so that (1) every two vertices on P that have a neighbour outside P are at distance at least
10 in P (here, 10 is some rather arbitrarily chosen and not necessarily optimal constant for which
the argument works); (2) every vertex on P that has a neighbour outside P is at distance at least
10 from both leaves in P ; (3) any two vertices outside P have different neighbourhoods in P .
Then, for every U ⊂ V (G) such that V (P ) ⊂ U there is at most one other U ′ ⊂ V (G) such that
V (P ) ⊂ U ′ and G[U ] ∼= G[U ′]. Indeed, assume U 6= U ′ satisfy V (P ) ⊂ U,U ′ and G[U ] ∼= G[U ′].
Then any isomorphism ϕ : U → U ′ between these two graphs preserves the property of vertices
to have degrees of all neighbours equal 2. Moreover, ϕ preserves the property of having degree
more than 2. This immediately implies that ϕ(V (P )) = V (P ), and so ϕ|V (P ) is an automorphism
of P . There are exactly two such automorphisms, and it is easy to see that both automorphisms
admit at most one extension to the entire U : the trivial automorphism extends only to the trivial
automorphism of G[U ], and the non-trivial automorphism extends to an isomorphism between
G[U ] and G[U ′] for at most one U ′. We also note that this construction can be generalised to
get, for every ε > 0, graphs G with Oε(n) edges and with log2 µ(G) ≥ n − nε. This can be
achieved by shrinking P to a path of size n1/k, where k is a positive integer so that 1/k < ε,
and by attaching every vertex outside of P to k vertices on P in a similar manner as above.
Nevertheless, such a graph has around kn edges, which grows with k. It would be interesting to
know the maximum possible µ(G) achieved by graphs G on n vertices with a given number of
edges m = |E(G)|.
Remark 9.2. Using similar ideas, it is easy to get a generalisation of Theorem 2 for all ω(1) ≤
d ≤ n/2. For such d, whp G ∼ Gn,d has µ(G) = 2(1−o(1))n.
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9.3 Exponentially many subgraphs for all d: proof of Theorem 3

Let d ≥ 3 be a constant and let G ∼ G(n, d). Due to [15, Theorem 1] (see also [10]) there exists
a constant c = c(d) > 0 such that, whp G contains an induced path of length at least c(d)n. Let
ε ∈ (0, c(d)) be small enough as a function of d, and let P = (v1 . . . v`+1) ⊂ G be an induced
path of length exactly ` := dεne. For every vi ∈ V (P ), consider an arbitrary edge {vi, ui} that
does not belong to P . Since the path P is induced, ui /∈ V (P ). Let U = {u1, . . . , u`+1}. Note
that some of these vertices may coincide, in which case |U | < ` + 1. Nevertheless, let us show
that most vertices in {u1, . . . , u`+1} do not coincide and have degree 1 in G[V (P ) ∪ U ] whp
(independently of the choice of all ui). This would follow from the fact that, for a small constant
ε′ � ε (say ε′ =

√
1/ ln(1/ε) is enough for our goals), the number of edges induced by U ∪V (P )

is at most (1 + ε′/2)|U ∪ V (P )| ≤ |U ∪ V (P )| + ε′`. Indeed, due to (7), whp G does not have
subgraphs H with εn ≤ |V (H)| ≤ 2εn and |E(H)| ≥ (1 + ε′/2)|V (H)| — the expected number
of such subgraphs is at most

2εn∑
v=εn

(
n

v

)( (
v
2

)
(1 + ε′/2)v

)(
2d

n

)(1+ε′/2)v

≤
2εn∑
v=εn

exp
[
v ln

en

v
+ (1 + ε′/2)v

(
ln(ev)− ln

n

2d

)]
=

2εn∑
v=εn

exp

[
v ln

en(ev)1+ε′/2

v(n/2d)1+ε′/2

]

≤
2εn∑
v=εn

exp
[
v ln((de)3(v/n)ε

′/2)
]

≤
2εn∑
v=εn

exp

[
v

(
3 ln(de)− ε′

2
· ln 1

2ε

)]

≤
2εn∑
v=εn

exp

[
−1

3
v

(
ln

1

ε

)1/2
]

= exp(−Θ(n)).

Then, whp G[U ∪ V (P )] has excess at most ε′` and, therefore, there exists a set U∗ ⊂ U of size
at least (1− 2ε′)` such that

• vertices v1, v2, v`, v`+1 do not have neighbours in U∗;

• each vertex from U∗ contains exactly one neighbour in V (P ) ∪ U , and this neighbour lies
on P .

Note that the second condition immediately implies that there are no two vertices in U∗ that
share a neighbour on P . Indeed, otherwise, let ui, uj ∈ U∗ be both adjacent to vi, say. Then uj
has two neighbours on P , vi and vj — a contradiction.

Let us show that the comb H := G[V (P )∪U∗] has exponentially (in n) many non-isomorphic
induced subgraphs. Assume that there are two different subsetsW,W ′ ⊂ U∗ such that G[V (P )∪
W ] ∼= G[V (P ) ∪W ′]. Let ϕ : V (P ) ∪W → V (P ) ∪W ′ be an isomorphism between these two
graphs. Since all leaves of the tree G[V (P )∪W ] that belong toW adjacent to vertices of degree 3
(in contrast to the leaves v1, v`+1), ϕ has to mapW toW ′. Therefore, ϕ|V (P ) is an automorphism
of P . If ϕ|V (P ) is identity, then W = W ′. Otherwise, when ϕ|V (P ) is a non-trivial involution,
there are at most two ways to choose W ′, for a given W , so that G[V (P )∪W ] ∼= G[V (P )∪W ′].
We conclude that the number of non-isomorphic induced subgraphs F ⊂ H with V (F ) ⊇ V (P )
is at least 2|U

∗|−1 ≥ 2(1−2ε′)`−1 ≥ 2ε(1−2ε′)n−1 = 2Θ(n), completing the proof of the theorem.
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A Proof of the lower bound in Claim 3.1

Here, we prove

Claim A.1. Whp ξ ≥ αn + (1− o(1))βn, where αn and βn are defined in (2).

Proof. Letting

Bx,x′(k) =
{
ξx,x′ − nq > k

}
and k =

√
(4− ε)nq(1− q) lnn,

we get

P
(
Bx,x′(k)

)
=

n−2+ε+o(1)√
2(4 + ε)π lnn

, P
(
ξx,x′ − nq = k +O(1)

)
= O

(
1
√
nq
· P
(
Bx,x′(k)

))
.

Let X be the number of pairs {x, x′} such that the event Bx,x′(k) holds. We get that

E[X] = nε−o(1). (8)

One can expect that Var[X] = o((E[X])2) implying the desired assertion due to Chebyshev’s
inequality. However, the rare event that there exist a vertex with a large degree contributes
superfluously to the variance (cf. [23]). Thus, we consider the following “pruned” version of the
random variable X:

X̃ =
∑
x,x′

1B̃x,x′ (k), where

B̃x,x′(k) := Bx,x′(k) ∩
{
d− ≤ deg(x) ≤ d+

}
∩
{
d− ≤ deg(x′) ≤ d+

}
,

d− = np−
√

2np(1− p) lnn, d+ = np+
√

2np(1− p) lnn.

For fixed x, x′, the event Bx,x′(k) ∩ {deg(x) > d+} implies

ξ̃x,x′ := 2|N(x) ∩N(x′)|+ |N(x) \N(x′)|+ |[n] \ (N(x) ∪N(x′))|

> n(1− p+ 2p2) +
√

2p(1− p)n lnn
(

1 +
√

(4− ε)q
)
.

The latter random variables is a sum of n independent random variables ξ1, . . . , ξn, where

P(ξi = 2) = p2, P(ξi = 1) = 1− p, and P(ξi = 0) = p− p2.
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Thus, E[ξ̃x,x′ ] = n(1− p+ 2p2) and Var[ξ̃x,x′ ] = np(1− p)(1 + 4p2). By the local limit theorem,

P
(
ξ̃x,x′ − E[ξ̃x,x′ ] >

√
2p(1− p)n lnn

(
1 +

√
(4− ε)q

))
=

1 + o(1)√
2π

∫ ∞(
1+
√

(4−ε)q
)√

2 lnn
1−p+2p2

e−t
2/2dt = n

−(2+o(1))
(1+
√

(4−ε)q)2
1−p+2p2 = o(n−2)

since 1− p+ 2p2 ≤ 1 while 1 +
√

(4− ε)q)2 > 1. In a similar way,

P
(
Bx,x′(k) ∩

{
deg(x) < d−

})
= o(n−2).

Thus,
E[X̃] ≥ E[X]− 2n2E[ξ̃x,x′ ] = E[X]− o(1). (9)

Consider two disjoint pairs of vertices {x1, x
′
1} and {x2, x

′
2}. Let ηxi,x′i , i ∈ {1, 2}, be the

number of vertices in [n]\{x1, x
′
1, x2, x

′
2} that are either adjacent to both xi, x′i, or non-adjacent

to both; and let ηxi (or ηx′i) be the number of neighbours of xi (or x′i) in [n] \ {x1, x
′
1, x2, x

′
2}.

Then

P

 ⋂
i=1,2

B̃xi,x′i(k)

 ≤ P

 ⋂
i=1,2

{
ηx1,x′1 > nq + k − 2, ηxi ≤ d+, ηx′i ≤ d

+
}

=
∏
i=1,2

P
(
ηx1,x′1 > nq + k − 2, ηxi ∈ [d−, d+], ηx′i ∈ [d−, d+]

)
≤
∏
i=1,2

P
(
Bx1,x′1(k − 2) ∩

{
deg(xi),deg(x′i) ∈ [d− + 3, d+ + 3]

})
=

(
1 +O

(
1
√
np

))
P
(
B̃x1,x′1(k)

)
P
(
B̃x2,x′2(k)

)
. (10)

Now, let us consider pairs {x, x′} and {x′, x′′}. As above, ηx,x′ and ηx′,x′′ are numbers of
vertices in [n] \ {x, x′, x′′} that are either adjacent to both x, x′ (both x′, x′′), or non-adjacent to
both; for y ∈ {x, x′, x′′}, ηy is the number of neighbours of y in [n] \ {x, x′, x′′}. Let

M = Z ∩
[
d−, d+

]
, Mε = Z ∩

[
d−(ε), d+(ε)

]
, where

d−(ε) = np−
√

(2− ε)np(1− p) lnn, d+(ε) = np+
√

(2− ε)np(1− p) lnn.

For m ∈M, we consider independent ζm ∼ Bin(m, p) and ζ ′m ∼ Bin(n−m, 1− p). Then,

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤ P

(
ηx,x′ > nq + k − 2; ηx′,x′′ > nq + k − 2; ηx, ηx′ , ηx′′ ∈ [d−, d+]

)
≤
∑
m∈M

P(ηx′ = m)
[
P
(
ζm + ζ ′m > nq + k − 2

)]2
and also

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤ P

(
B̃x,x′(k)

)
max
m∈Mε

P
(
ηx′,x′′ > nq + k − 2 | ηx′ = m

)
+

∑
m∈M\Mε

P(ηx′ = m)
[
P
(
ζm + ζ ′m > nq + k − 2

)]2
.

≤ P
(
B̃x,x′(k)

)
max
m∈Mε

P
(
ζm + ζ ′m > nq + k − 2

)
+

∑
m∈M\Mε

P(ηx′ = m)
[
P
(
ζm + ζ ′m > nq + k − 2

)]2
.

23



If p ≤ n−2/3, then any m fromM equals np(1 + o(1)). Thus,

P(ζm ≥ 10) ≤ (np(1 + o(1)))10p10 ≤ ((1 + o(1))n−1/3)10 = o(n−3).

In this case,

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤ P

(
B̃x,x′(k)

)
P
(
Bin(n− d−(ε), 1− p) > nq + k − 11

)
+ o(n−3)

+
∑

m∈M\Mε

P(ηx′ = m)
[
P
(
Bin(n− d−, 1− p) > nq + k − 11

)]2
≤ P

(
B̃x,x′(k)

)
P
(
n− d−(ε)− Bin(n, p) > nq + k − 20

)
+ P(ηx′ ∈Mε)

[
P
(
n− d− − Bin(n, p) > nq + k − 20

)]2
+ o(n−3)

≤ P
(

Bin(n, p) < np−
(√

8− 2ε−
√

2− ε
)√

np(1− p) lnn+ 21
)

× P
(
B̃x,x′(k)

)
+ o(n−3) +

√
np lnn · P(ηx′ = d−(ε))

× P
[
Bin(n, p) < np−

(√
8− 2ε−

√
2
)√

np(1− p) lnn+ 21
]2
.

Since
√

8− 2ε−
√

2− ε >
√

2 + ε2/16, by the de Moivre–Laplace limit theorem, we get

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤ P

(
B̃x,x′(k)

)
o(1/n) +

√
np lnn · n

−1+ε/2+o(1)

√
np

·
(
n−1+ε/2

)2
+ o(n−3)

= P
(
B̃x,x′(k)

)
o(1/n) + n−3+3ε/2+o(1). (11)

Let n−2/3 < p ≤ n−1/2 ln2 n. For m ∈M, P(ζm ≥ ln5 n− 3) = o(1/n). As above, we get

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤ P

(
Bin(n, p) < np−

(√
8− 2ε−

√
2− ε

)√
np(1− p) lnn+ 3 ln5 n

)
× P

(
B̃x,x′(k)

)
+ o(n−3) +

√
np lnn · P(ηx′ = d−(ε))

× P
[
Bin(n, p) < np−

(√
8− 2ε−

√
2
)√

np(1− p) lnn+ 3 ln5 n
]2
.

Again, due to the de Moivre–Laplace limit theorem, we get

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤ P

(
B̃x,x′(k)

)
o(1/n) + n−3+3ε/2+o(1). (12)

In both cases,

Var[X̃]

(E[X̃])2
=

E[X̃(X̃ − 1)]− (E[X̃])2

(E[X̃])2
+ o(1) ≤ O

(
1
√
np

)
+
o
(
E[X̃]

)
+ n3 · n−3+3ε/2+o(1)

(E[X̃])2
= o(1),

due to (8), (9), (10), (11), (12).
Finally, let p > n−1/2 ln2 n. Fixm ∈M. By the de Moivre–Laplace limit theorem, uniformly
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over all ` such that |`−mp− (n−m)(1− p)| ≤ √np lnn,

P
(
ζm + ζ ′m = `

)
=

m∑
s=0

P
(
ζm = s)P(ζ ′m = `− s

)

= (1 + o(1))

mp+
√
mp(lnn)1.1∑

s=mp−
√
mp(lnn)1.1

P
(
ζm = s)P(ζ ′m = `− s

)
=

1 + o(1)

2πp(1− p)
√
m(n−m)

∑
s

exp

[
− (s−mp)2

2mp(1− p)
− (n−m− `+ s− (n−m)p)2

2(n−m)p(1− p)

]
=

1 + o(1)

2πp(1− p)
√
m(n−m)

e
− (`−n(1−p)−m(2p−1))2

2np(1−p)

∫
R
e
− (t−m((n−m)(2p−1)+`)/n)2

2m(n−m)p(1−p)/n dt

=
1 + o(1)√

2πp(1− p)n
e
− (`−n(1−p)−m(2p−1))2

2np(1−p) .

Therefore,

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
≤
∑
m∈M

P(ηx′ = m)
[
P
(
ζm + ζ ′m > nq + k − 2

)]2
=
∑
m∈M

1 + o(1)√
2πnp(1− p)

e
− (np−m)2

2np(1−p)

∫ ∞
(1−2p)(m−np)+k√

np(1−p)

1√
2π
e−t

2/2dt

2

=
∑
m∈M

1 + o(1)

2π((1− 2p)(m− np) + k)
e
− (np−m)2

2np(1−p)−
((1−2p)(m−np)+k)2

np(1−p)

=
∑
m∈M

1 + o(1)

2π((1− 2p)(m− np) + k)
e
−

(1+2(1−2p)2)
(
m−np+ 2k(1−2p)

1+2(1−2p)2

)2
+ 2k2

1+2(1−2p)2

2np(1−p)

≤ 1 + o(1)
√

2π lnn
(√

(4− ε)q − (1− 2p)
)e− k2

np(1−p)(1+2(1−2p)2)

×
∫ ∞(

2k(1−2p)

1+2(1−2p)2
−
√

2np(1−p) lnn
)
/

√
np(1−p)

1+2(1−2p)2

1√
2π
e−t

2/2dt

= Θ

(
1

lnn

)
n
−

2(4−ε)q+(2
√

(4−ε)q(1−2p)−(1+2(1−2p)2))
2

1+2(1−2p)2 .

The function

2(4− ε)q +
(

2
√

(4− ε)q(1− 2p)− (1 + 2(1− 2p)2)
)2

1 + 2(1− 2p)2

= 1 + 2
(

1− 2p−
√

(4− ε)(1− 2p+ 2p2)
)2

=: g(p)

is decreasing in p since

d

dp

√
(g(p)− 1)/2 =

2(1− 2p)
√

4− ε− 4
√

1− 2p+ 2p2

2
√

1− 2p+ 2p2
< 0.

Therefore,

P
(
B̃x,x′(k) ∩ B̃x′,x′′(k)

)
= O

(
1

lnn

)
n
−
(

1+2(1−
√

4−ε)
2
)

= n−11+ε+8
√

1−ε/4+o(1) < n−3. (13)
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Due to (8), (9), (10), (13),

Var[X̃]

(E[X̃])2
=

E[X̃(X̃ − 1)]− (E[X̃])2

(E[X̃])2
+ o(1) ≤ O

(
1
√
np

)
+
n3 · n−3

(E[X̃])2
= o(1),

completing the proof.

B Proof of Claim 3.3

First, let us notice that the inequality stated in the claim is true for all p ∈ (1/3, 1/2]. Indeed,
in this range,

1 + (1− p)5.4 < 1 + (2/3)5.4 < 1.2 < 21/2 ≤ 21−2p(1−p).

Now, let p ∈ (0, 1/3]. We get (1− p)5.4 < e−5.4p and

d

dp

(
1 + e−5.4p − 2 · e(−2p+2p2) ln 2

)
= 4 ln 2(1− 2p)e(−2p+2p2) ln 2 − 5.4e−5.4p

< 5.4e−2p ln 2

(
4 ln 2

5.4
(1− 2p)− e−(5.4−2 ln 2)p

)
.

Since

d

dp

(
4 ln 2

5.4
(1− 2p)− e−(5.4−2 ln 2)p

)
= −8 ln 2

5.4
+ (5.4− 2 ln 2)e−(5.4−2 ln 2)p > 0,

we get that
4 ln 2

5.4
(1− 2p)− e−(5.4−2 ln 2)p ≤ 4 ln 2

3 · 5.4
− e−(5.4−2 ln 2)/3 < 0.

Thus, 1 + e−5.4p − 2 · e(−2p+2p2) ln 2 decreases and is strictly smaller than its value at p = 0,
implying that

γ(p) := 1 + e−5.4p − 2 · e(−2p+2p2) ln 2 < γ(0) = 0

for all p ∈ (0, 1/3], completing the proof.
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