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Abstract

Extremal properties of sparse graphs, randomly perturbed by the binomial random graph
are considered. It is known that every m-vertex graph G contains a complete minor of order
Q(n/a(G)). We prove that adding £&n random edges, where £ > 0 is arbitrarily small yet fixed, to
an n-vertex graph G satisfying a(G) < ((&)n asymptotically almost surely results in a graph con-
taining a complete minor of order (n /+/ a(G)); this result is tight up to the implicit logarithmic
terms.

For complete topological minors, we prove that there exists a constant C' > 0 such that adding
Cn random edges to a graph G satisfying §(G) = w(1), asymptotically almost surely results in a
graph containing a complete topological minor of order Q(min{d(G), /n}); this result is tight up
to the implicit logarithmic terms.

Finally, extending results of Bohman, Frieze, Krivelevich, and Martin for the dense case,
we analyse the asymptotic behaviour of the vertex-connectivity and the diameter of randomly
perturbed sparse graphs.

1 Introduction

Given an n-vertex graph G and a distribution R,, over all n-vertex graphs, the union GUR with R ~
R, defines a distribution over the n-vertex supergraphs of G, referred to as the random perturbation
of G (with respect to R,). More generally, given, for every n € N, a family of n-vertex graphs G,,
we say that G, U R, asymptotically almost surely (a.a.s. hereafter) satisfies a given property P, if
lim;, o0 P[Gr UR,, € P] =1, whenever (G, )nen is a sequence of graphs satisfying G,, € G,, for every
n € N and (R, )nen is a sequence of random graphs satisfying R,, ~ R, for every n € N. Using a
standard abuse of notation, we often take an n-vertex graph G instead of the sequence (G,,)nen and
a random graph R ~ R,, instead of the sequence (R,,)nen. In particular, we say that G, UR,, a.a.s.
does not satisfy P, if there exists a graph G € G,, such that lim,, ., P[G U R € P] = 0, whenever
R ~ R,,. Given any graph parameter f(-), we write f(G U G(n,p)) to denote the random variable
f(GUR), where R ~ G(n,p) and G(n,p) denotes the binomial random graph with edge-probability
D.

The study of randomly perturbed graphs dates back to the work of Bohman, Frieze, and Mar-
tin [I5] who proved that G, s UG(n,©5(n"1)) is a.a.s. Hamiltonian, where § > 0 is a constant and
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Gn,s denotes the family of n-vertex graphs of minimum degree §(G) > dn. Soon afterwards Krivele-
vich, Sudakov, and Tetali [47] studied the Ramsey properties of G, 4 U G(n,p), where G, 4 denotes
the family of n-vertex graphs with edge density at least d, and d > 0 is independent of n.

The two aforementioned results mark the initiation of the two most dominant strands of research
pertaining to randomly perturbed (hyper)graphs; these being the study of the emergence of spanning
configurations in such (hyper)graphs [4] 13| [14] [19] 20| 26] 28| 29, [30} 36, [43], [44), 51] and the study
of their (anti-)Ramsey properties [II, 2, B, B [0 21, 22, 23, 56]. Modulo few exceptions, in the
results comprising these two strands, the (hyper)graphs being perturbed are dense and the random
perturbation is binomial.

In the present paper, we analyse the asymptotic behaviour of the order of the largest complete
minor, the order of the largest complete topological minor, the vertex-connectivity, and the diameter
of (possibly sparse) graphs that are randomly perturbed using the binomial random graph. All of
our results, to be detailed next, are not far from being tight.

A graph H is said to be a minor of a graph G if H can be obtained from a subgraph of G through a
series of edge-contractions. The Hadwiger number of a graph G, denoted h(G), is the largest integer
r such that G contains a K,-minor. Hadwiger’s conjecture [35] stipulates that h(G) > x(G) holds
for every graph G. Coupled with the trivial bound x(G) > n/a(G), Hadwiger’s conjecture, if true,
implies that h(G) > [%} Conjecturing that h(G) > [ﬁ} thus forms a natural relaxation of

Hadwiger’s conjecture. The weaker bound h(G) > [W-‘ was proved by Duchet and Meyniel [25].
Following a rather lengthy series of improvements, the current state of the art is due to Balogh and

Kostochka [12] who proved that h(G) > {#&(G{‘ holds where ¢ = (80 — v/5392)/126 > 0.052 is
some constant.

Our first result asserts that adding (1/2 4 o(1))n random edges to an n-vertex graph G a.a.s.
results in a graph H for which h(H) = Q (n/da(G)) holds.

Theorem 1.1. For every € > 0, there exists an o > 0 such that

MG UG(n,p)) =Q

\/@-max{\/m, logn}

holds a.a.s., whenever p := p(n) = 1—:;5 and G is an n-vertex graph satisfying a(G) < an.

The bound on h(G U G(n,p)), stated in Theorem is tight up to logarithmic terms. To see
this, let G be an n-vertex graph comprised of n/(k+ 1) vertex-disjoint cliques, each of size k+1 > 4;
note that e(G) = nk/2 and o(G) =n/(k+1). Let R ~ G(n,p), where p := p(n) < % Then, a.a.s.
e(R) < nk/2 entailing e(G U R) < nk/2 + nk/2 = nk. Any graph H that is a minor of G U R must
then satisfy e(H) < e¢(G U R) < nk. In particular, h(G U R) = O(v/nk) = O (n/ﬂa(G)). The
logarithmic terms appearing in Theorem are artefacts of our approach; it would be interesting to
know whether these can be improved upon or removed.

Most vertices of an n-vertex graph G are of degree Q2 (n/a(G)) (see Observation in the next
section). Hence, imposing an upper bound on the independence number of a graph yields a lower
bound on its average degree. It is then reasonable to contemplate whether replacing upper bounds on
a(G) with corresponding lower bounds on the average degree of G in Theorem [1.1{would yield similar



results. The following example demonstrates that this is far from the truth. Let G = (AU B, E)
be a complete bipartite graph, where k := |A| = \/n and |B| = n — k; note that §(G) = k and
h(G) = k+ 1. For h(GUG(n,p)) = w(k) to hold a.a.s., h(G(n,p)[B]) = w(k) must hold a.a.s. as
well. Indeed, at most k branch sets may intersect A and any two branch sets that are fully contained
in B may only be connected via a vertex of A or an edge of G(n,p) . Having h(G(n,p)[B]) = w(k)
requires the random perturbation to be of size w (k:z) = w(n); this, however, is a.a.s. not the case for
p = 0(1/n). To summarise, adding 2(n) random edges to an n-vertex graph with minimum degree
v/n may have insignificant impact on its Hadwiger number; on the other hand, by Theorem
adding (1/2 + o(1))n random edges to any n-vertex graph with independence number y/n (and thus

average degree 2(y/n)) a.a.s. yields a graph with Hadwiger number Q (\7%),

Given a constant C' > 1, it is known by a result in [3I], that h(G(n,p)) = O(y/n) holds a.a.s.
whenever p := p(n) = C/n. Consequently, a complete minor of order ©(y/n) typically resides in
the perturbed graph considered in Theorem by virtue of the random edges alone. Therefore, for
Theorem to be informative, the right hand side of must dominate y/n. This imposes that
the stronger bound a(G) = O(n/logn) be upheld for the theorem to be meaningful. Our second
result addresses this issue. More importantly, it allows for sparser perturbations at the expense of
obtaining a smaller (yet, still non-trivial) complete minor.

Theorem 1.2. There ezists a constant ¢ > 0 such that given an integer k := k(n) = o(n), the bound

WG UG(n,p)) = Q o
! \/m'max{\/a(G), logn}-k

holds a.a.s. whenever G is an n-vertex graph satisfying a(G) < <% and p := p(n) = .

Note that for k < 8, Theorem gives essentially the same result as Theorem but it is
also applicable for larger values of k. We keep a separate statement of Theorem [1.1] since our proof
strategy is to first prove Theorem (this is the harder part of the proof) and then to deduce
Theorem [I.2] from it.

Hadwiger’s conjecture has attracted a lot of attention and significant progress towards its reso-
lution has been made over the years. A classical result by Kostochka [4I] and by Thomason [58]
— UG ) where d(G) denotes the average degree

log(d(G))

of G; a short proof of this theorem can be found in [9]. Building on the work of Norin, Postle, and

asserts that every graph G satisfies h(G) = Q (

Song [52, [55] (and references therein), a major breakthrough was recently obtained by Delcourt and
Postle [24] who proved that any graph G with chromatic number r satisfies h(G) = € (r/loglogr).

For the binomial random graph G(n, p), Hadwiger’s conjecture is known to be true a.a.s. essen-
tially throughout the whole range of p := p(n)(see [31, 45] and references therein). In fact, these
results assert that almost all graphs G satisfy

= ﬂ an = M
h(G)‘Q< 1og<d<G>>> 4 10 =0 (i)

implying that Hadwiger’s conjecture holds true for almost all graphs in a rather strong sense.



Fountoulakis, Kithn and Osthus [32] proved that the random 3-regular graph G,, 3 a.a.s. satisfies
h(Gp3) = ©(y/n). Their proof exploits the fact that G, 3 can be generated by first sampling a
Hamilton cycle C' over [n] uniformly at random and then randomly perturbing C' using a perfect
matching, sampled uniformly at random from all perfect matchings over V(C'). As far as we know,
this is the first result regarding the Hadwiger number of randomly perturbed graphs.

More recently, Kang, Kang, Kim, and Oum [38] proved that for every w(n=2) = p:=p(n) < 2/n
there exists a constant C' > 0 such that given an n-vertex connected graph G of maximum degree
A <pn?/C, a.as.

2

: pn pn?
h(GUG(n,p)) =Q (mln{ g A’ Am})
holds.

In light of the aforementioned results, it is natural to wonder whether perturbed variants of
Hadwiger’s conjecture can be proved, by which we mean proving that h(GUG(n,p)) > x(GUG(n,p))
holds a.a.s. for any sufficiently large n-vertex graph G and non-trivial p := p(n). A graph G is said
to be wvertex-transitive if for any pair of vertices (u,v) € V(G) x V(G), there is an automorphism
of G which maps u to v. Our third result is a consequence of Theorem [1.2}; it asserts that a rather
modest random perturbation is sufficient in order to a.a.s. generate a graph satisfying Hadwiger’s
conjecture in a fairly strong sense provided that the graph being perturbed is vertex-transitive.

Proposition 1.3. Let 8 < k := k(n) be an integer. Then, there exist constants ci,ca > 0 such
that GUG(n,p) a.a.s. satisfies Hadwiger’s conjecture, whenever G is a vertex-transitive graph on n
can 8

vertices satisfying c1k?log3n < a(G) < 2, and pi=p(n) =

=25,
Remark 1.4. For a significant range of admissible values of k, the perturbed graph G U G(n,p),

considered in Proposition satisfies h(G U G(n,p)) = w(x(G U G(n,p))) asymptotically almost
surely.

A graph H is said to be a subdivision of a graph K if H can be obtained from K by repeatedly
subdividinéﬂ edges. A graph K is said to be a topological minor of a graph G if G contains a
subdivision of K as a subgraph. For a graph G, let tcl(G) denote the largest integer r such that G
contains a subdivision of K.

The order of magnitude of tcl(G(n,p)) is known provided that p := p(n) > C/n, where C > 1
is independent of n [7, [I7]. Roughly stated, these results collectively assert that tcl(G(n,p)) =
©(min{pn, /n}) holds a.a.s., whenever p is as above; the first term arises due to the triviality
tcl(G) < A(G) + 1 holding for any graph G; the second term accounts for the so-called space
limitation that obstructs the accommodation of large complete topological minors [17, 27]. Our
fourth result reads as follows.

Theorem 1.5. There ezists a constant C > 0 such that tcl(G U G(n,p)) > min {5(G)/8, \/n/60logy n}
holds a.a.s. whenever p :=p(n) > C/n and G is an n-vertex graph satisfying 6(G) = w(1).

Up to logarithmic terms, Theorem is tight with respect to both lower bounds proclaimed
in its statement. Indeed, let k := k(n) and p := p(n) be such that 210% < p = o(k/n). Let G

!The act of subdividing an edge e in a graph entails the removal of e and the addition of a degree two vertex whose
sole neighbours are the ends of e.



be a k-regular graph on n vertices and let R ~ G(n,p). Then a.a.s. A(R) = o(k) implying that
tcl(GUR) < A(GUR)+1 = (1+0(1))k. This establishes the tightness of Theorem [L.5 with respect
to the minimum degree of G. As for the second bound, let G ~ G(n,1/3) and R ~ G(n,o(1)).
Then, GU R ~ G(n,p) for some 1/3 < p < 1/2. It then follows by a classical result of Erdds and
Fajtlowicz [27] (see [I7] as well) that tcl(G U R) = O(y/n).

Our next result provides estimates for the vertex-connectivity of randomly perturbed graphs. It is
well-known that p = (logn+ (k—1)loglogn)/n is the threshold for G(n, p) being k-vertex-connected
(and also for being k-edge-connected and for having minimum degree k).

While there are disconnected n-vertex graphs G satisfying 6(G) = Q(n), Bohman, Frieze, Kriv-
elevich, and Martin [I6] proved that adding w(1) random edges to such a graph G a.a.s. results
in a graph H satisfying x(H) > k, provided that k is independent of n, where x(H) denotes the
vertex-connectivity of H. For w(1) = k = O(n), they proved that (k) random edges suffice in order
to a.a.s. obtain a k-connected graph (consult [16] regarding the implicit constants in the Big O and
Big  notation); their results are tight in terms of the number of random edges needed. Our fifth
result provides an extension of these results by accommodating the random perturbation of sparse
graphs.

Theorem 1.6. Let n, k := k(n) and s := s(n) be positive integers satisfying k < s/17.

(a) Let G = (V,E) be an n-vertex graph satisfying 6(G) = s, where s = o(n). Then, a.a.s.
k(G U G(n,p)) > k holds, whenever p := p(n) > W and ¢ is a sufficiently large
constant.

(b) For every positive integer s < n/2 — 1 there exists an n-vertex graph Gy satisfying §(Go) > s
such that K(GoU H) < k holds, whenever H is a graph having fewer than k|n/(s+1)]/2 edges.

Moreover, if w(1) = s = o(n), then k(Go U G(n,p)) = 0 holds a.a.s. whenever p := p(n) <
(1—o(1)) log(n/s)

ns .

Lastly, we consider the asymptotic behaviour of the diameter of randomly perturbed sparse graphs.
For a connected graph G, let diam(G) = max {distg(u,v) {u,v} € (V(QG))} denote the diameter
of G, where distg(u,v) is the length of a shortest uv-path in G; if the latter is disconnected, then
diam(G) = oo. The threshold for the property diam(G(n,p)) = d is known for every fixed integer d >
2; it is roughly Q(n_%) (see, e.g. [34, Theorem 7.1]). If p :=p(n) = @, then diam(G(n,p)) =
(1+ 0(1))1(:;%”7;) a.a.s. [34, Theorem 7.2].

While there are n-vertex graphs G satisfying §(G) = Q(n) whose diameter is infinite, Bohman,

Frieze, Krivelevich, and Martin [I6] proved that such graphs are not far from having constant diam-
eter. More precisely, they proved that adding w(1) random edges to such a graph G a.a.s. results in
a graph whose diameter is at most 5, that adding 2(logn) edges to such a graph a.a.s. results in a
graph whose diameter is at most 3, and that adding (nlogn) random edges a.a.s. has the resulting
graph having diameter at most 2. Their results are tight in terms of the number of random edges
needed. Our sixth result extends these results by allowing the graph being perturbed to be sparse.

Theorem 1.7. Let n and k := k(n) = o(n) be integers, let p := p(n) = w <%), and let
g=1-(1-p".



(a) Let G be an n-vertex graph with minimum degree k. Then, a.a.s. diam(G U G(n,p)) <
(540(1)) log(n/k)
log(nq/(2k))

(b) There exists an n-vertex graph Go satisfying 6(Go) > k such that a.a.s. diam(Go U G(n,p)) >
(1—o(1)) log(n/k)
log(ng/k) -

The rest of this paper is organised as follows. In Section [2| we prove Theorem In Section [3] we
prove Theorem In Section [4] we prove Proposition In Section [5] we prove Theorem In
Section [6] we prove Theorem In Section [7]we prove Theorem Finally, in Section [§] we suggest
several open questions and directions for future research. Throughout this paper, unless explicitly
stated otherwise, log stands for the natural logarithm. We omit floor and ceiling signs whenever they
are not crucial.

2 Complete minors in randomly perturbed graphs

In this section, we prove Theorem We commence with the following observation alluded to in
the introduction. Given a graph G and a positive integer k, let B := {v € V(G) : degs(v) < k}.
Then,

a(G) = o(G[B]) = |B|/(A(G[B]) +1) = |B|/k,

implying that |B| < ka(G). We have thus shown the following.

Observation 2.1. For everyn > 0 and every n-vertex graph G, all but at most nn vertices v € V(Q)
satisfy degg(v) = |n5i67]-

Given an n-vertex graph G, a set X C V(G) of size ¢ formed by choosing each of its members
independently and uniformly at random from V' (G) without replacement, is said to be an ¢-uniform
subset of G ({-set, hereafter). A (k,()-ensemble of G is a sequence (X7, ..., X}) of {-sets, all sampled
in succession such that the ambient set from which X; is sampled is V(G) \ U;;ll X;. The size of
Ule X;| = kf. For distinct indices i,j € [k], set X&) = @ if j < i, and
X () = Ufazz X, otherwise; put X := xX(1F),

such an ensemble is

The following lemma forms our main step towards identifying the potential branch sets of the
sought after minor.

Lemma 2.2. Given v € (0,1/12), set o such that y?>a~' > 2. Let G be an n-vertex graph satisfying
a(G) < an and define the quantities

2 32 n
f:=max{ —a(G), —logn and k= vy-—. 2
{2va@. Ziogn} ) @

Let (X1,...,Xk) be a (k,0)-ensemble of G and let (Uy,...,Ux) be a (k,£)-ensemble of G\ X. Then,
the following properties hold a.a.s. simultaneously.

(E.1) For every i € [k], there exists a set N; C Ng(X;) satisfying |N;| > k/3 and N; N X = ();

(E.2) {je[k]: NinU; # 0} = Qy(k) for every i € [k].



Proof. The proof proceeds via two rounds of exposure. First, the ensemble (X7, ..., X}) is shown
to satisfy Property (E.1) asymptotically almost surely. Then, an ensemble (X7,..., X)) satisfy-
ing Property (E.1) is fixed and subsequently the ensemble (Uy,...,Uy) is sampled and proven to
a.a.s. satisfy Property (E.2).

Starting with Property (E.1), choose the ¢-sets X1, ..., X} in succession. Fix i € [k] and consider

the ongoing formation of X;. For j € [{], let Xz-(j ) denote the subset of X; formed after precisely j

vertices have been placed in X;. For every i € [k] let AZ(-O) C A(l) Cc...C A(e) be a sequence of sets

constructed as follows. First, set A§0) = (). Assume we have already defined AEO) C...C Agj ) for
some 0 < j < £ and now wish to define A§j+1). If ‘Agj)‘ > k/2, set Agjﬂ) = Agj); otherwise, define

Agj +1) as follows. Set

Rip = V(@A) (¥ D uxP ua?), (3)

and define R ; = Rji1\ Bjt1, where

R.
Bj+1 = {U € Rj+1 : degG[Rj+1](v) < ’704(|G[;%+1+|1])} .
7

Let vj1q € Xi(jﬂ) \X-(j) denote the (j + 1)st vertex sampled and added to X;. If vj;1 is chosen

from R, then set AEjH) = Agj) U Ng(r, ) (vj+1); otherwise, set AUD Agj). For every i € [k]

i
let A; = AEZ) and let N; = A; \ X; note that N; C Ng(X;) and N; N X = (). It thus remains to prove
that a.a.s. |N;| > k/3 for every i € [k]. For every i € [k], define the events

gV Al 2 /2, and £ :|AiNX] < 29]Ad.

Using the assumption v < 1/12, it follows that
k
P[Property (E.1) fails] < P [5}” fails for some i € [k] ] +Y P [5}2) fails ‘ cW holds] )
i=1

We prove that the two terms appearing on the right hand side of are both o(1).
Commencing with the first term, fix some i € [k] and some integer 0 < j < ¢ for which ’AEJ ) ‘ < k/2.

Since )X(l’i_l)UXi(j)‘ < KL n, ’Agj)’ < k/2 < vn, and v < 1/3, it follows that |R;ii| >
(1 = 29)n > yn. Observation applied to G[Rj41], implies that |Bjy1| < - |Rjt1|. Therefore

|R: 1| > [Rja|(1 =) > yn/2, (5)

where the last inequality holds for v < 1/2. If vj1; is chosen from R; 41, then its addition results in

Agjﬂ) = Az(j) U NG[R].H](UJ-H) being set; the latter leads to an increase of at least

L O T

in the size of the eventual set A;, where for the last inequality we rely on our choice of .. This choice

n 2 n
bza(G)J ' Ed > Vop = K/2

also supports the inequality




Hence, if v; is chosen from R for at least y//4 indices j € [£], then |A;| > k/2.

For i € [k] and r € [¢], the addition of the rth vertex v, to X; is termed successful if |A(’”_1)‘ >k/2
or v, € R). If the former holds, then the addition is successful with probability one; otherwise, by
the addition is successful with probability at least /2. These probability bounds hold regardless of
the outcome of previous additions to X;. Let Z; denote the number of successful vertex-additions
to X; and let Z ~ Bin(¢,7/2). Then, P[Z; < h] < P[Z < h| holds for every h. An application of
Chernofl’s inequality (see, e.g. [37, Theorem 2.1]) and the union-bound then yield

@) fa5 ; < 7 ; <k- _
P&, fails for some i € [k:]} <P [ZZ < 46 for some i € [k]} <k exp{ 16£}

)] 2

< exp {logk—lfyﬁ- ilogn} =o(1), (6)
where the last equality holds since k£ < n.

To handle the second term appearing on the right hand side of it suffices to prove that

P [|4; N X| > 27]A]

Al = k/2] = o(1/k)

holds for every i € [k]. Fix any i € [k]. Note that |X| = k¢ = yn and that whenever a vertex is

(1|i4;|)n (note that this

bound makes sense throughout the process of determining X, even before the construction of A;

sampled and added to X, the probability that it is in A; as well is at most

is completed) and this holds regardless of the outcome of previous additions to X'. It follows that
P [\Az NX|>h ’ |A;| > k/2] < P[L > h] for every h, where L ~ Bin (fyn, |Ai‘n>. Since v < 1/3, it

(1=7)
follows that E[L] = ﬁ|AZ| < 1.57|4;|. An application of Chernoff’s inequality then yields

|Ai[>k/2

P []AZ- N x| > 29]4;| exp{—Q, (k)} = o(1/k),  (7)

Al = /2] < exp{-9,(14i)}

where the last equality holds since k = Q(y/n) by
Combining [(6)] and implies that Property (E.1) holds a.a.s. as required.

We proceed to establishing Property (E.2). Fix a (k,¢)-ensemble (X1,..., X}) satisfying Prop-
erty (E.1). For every ¢ € [k], fix an arbitrary set N; C Ng(X;) \ X of size |N;| = k/3. For i € [k]
and an ensemble (U, ..., Uy) let u; = [{j € [k] : U; N N; # 0}]. It suffices to prove that there exists
a constant ¢ > 0 such that

Plu; < ck] = o(1/k)

holds for every ¢ € [k]. Hence, fix some ¢ € [k] for the remainder of the proof. Generate the sets
Ui, ..., U, one by one. Assume that, for some j € [k], we have already sampled Uy, ...,U;j—1 and
now wish to sample U;. Let N/ = N;N (Ui U...UUj_1) and let N/ = N; \ N/. Let Z ~ HG((1 —
2y)n, k/3,vn); in particular E(Z) = 3(%“27) < 7k/2, where the inequality holds since v < 1/12.
Since |X| =yn and |U1 U...UUj—1| = (j — 1) < kl = ~yn, it follows that P[|N/| > h] < P[Z > h]
holds for every h. An application of Chernoff’s inequality (see, e.g. [37, Theorem 2.10]) thus implies
that

P [IN/'| < k/4] <P[|IN]| > vk] <P[Z > 2E(Z)] < exp(—Ck),



where the first inequality holds since v < 1/12, and d =/ (v) > 0 is an appropriate constant.

Therefore

(n—\XUUlu.,.uUj,luNﬂ)
[

<1
(n—|XUU1U...UUj,1‘) - 1 ¢
y4

PNinU; =0 IN/| 2 k/4] =

where ¢’ := () > 0 is an appropriate constant (the latter inequality holds by the birthday paradox
and can also be verified via a direct calculation). Therefore

PIN,NU; =0 <P[|N/'| <k/4] +P [Ni NU; =10 ‘ |N/| > k:/4} <1-c")2.

We conclude that P[N; NU; # 0] > /2 for every j € [k], and this holds regardless of whether
NiN(U,ey Ur) is empty or not for any J C [k]\{j}. Let X ~ Bin(k,¢”/2); then Plu; < h] < P[X < h]
holds for every h. It thus follows by Chernoff’s inequality that

P [u; < "k/4] <P[X < E(X)/2] < exp(—c"k/16) = o(1/k)

as required. [

We are now ready to prove Theorem

Proof of Theorem [1.1. Given € > 0, set an auxiliary constant

0 < ¢ < mi L (8)
min{ —, — ¢.
B STAT!
Let G be an n-vertex graph, with n being sufficiently large, and set £ and k to be as in with

¥ =¢.

Extending a result of Ajtai, Komlés, and Szemerédi [§], Krivelevich and Sudakov [46] (see also [10,
Page 220]) proved that R ~ G (n, (1 + ¢)/n) a.a.s. contains a path P of length L%nJ . Let Pp,..., Py
be a collection of 2k vertex-disjoint sub-paths of P, each of length ¢. Such a partition exists since
2k(¢ + 1) < [V(P)] holds by [(2)] and

Any subgraph K of R ~ G(n,p) is distributed uniformly over all copies of K in K,. To see
this, note that R ~ G(n,p) can be generated as follows. First, generate R’ ~ G(n,p). Then,
pick a permutation 7 € S, uniformly at random and set R := ([n],{m(u)7(v) : wv € E(R)}).
The resulting distribution coincides with that of G(n,p). It follows that (V(P1),...,V(P)) and
(V(Pgt1)s-- -, V(Py)) both form (k,£)-ensembles of G with the added property that the members
across both ensembles are pairwise disjoint.

Lemma applied to (V(Py),...,V(FP)) and (V(Piy1),...,V(Pax)) with v = (, asserts that
a.a.s. for every i € [k] there exists a set N; C Ng(V(P;)) satisfying Property (E.1) and such that the
sets (N1, ..., Ng) and (V(Pgt1),- .., V(Pay)) satisfy Property (E.2). It follows that GU R a.a.s. con-
tains some graph H as a minor such that v(H) = 2k, e(H) = Q(k?), and whose branch sets are
V(Py),...,V(Ps). The Kostochka-Thomason Theorem [0, [41], (58] then asserts that H, and thus
also G U R, contains a complete minor of order

* (oar) = ()

as required. [



3 Complete minors arising from sparse perturbations

In this section, we deduce Theorem from Theorem

Proof of Theorem Let € € (0,1) be fixed and set a := a(e) to be the constant guaranteed
by Theorem note that 0 < a < 1. Set ¢ = a/3. Since p = 5 and k = o(n), it follows
that p = o(k™2). Let r = n/(2k); we claim that G admits pairwise vertex-disjoint paths Pi,..., P,
each of length £ — 1. Indeed, assuming that for some i € [r|, the paths Pj,..., P,_; have already
been constructed, the path P; is found as follows. Let G; = G\ (V(P) U...UV(Pi_1)), so that
V(G;)] =n—(i—1)k >n—rk =n/2. Let G} be the graph obtained from G; by repeatedly
discarding vertices of degree at most k — 1. Note that «(G}) < a(G). Moreover, G} is non-empty and
thus §(G}) > k holds by construction. Indeed, let S = V(G;)\ V(G}) and assume for a contradiction
that |S| > n/2. Observe that G;[S] is (k — 1)-degenerate, implying that

IS| = n _ cn

> >

a(G) =2 a(Gi[S]) = —

=k _%>?_Q(G),

which is clearly a contradiction. It follows that G contains a path of length k£ — 1 which we denote
by Pz

Define two auxiliary graphs, namely I'¢ and T'g, such that V(I'q) = V(I'r) = {u1,...,u,} and,
for any 1 < i < j <, there is an edge of I' (respectively, I'r) connecting u; and u; if and only if
Eq(V(P;),V(P;)) # 0 (respectively, Er(V(F;),V(P})) # 0). Then

alg) < a(G) < % < ar

and I'r ~ G(r, q), where ¢ > % To justify the latter inequality, note that pk? = o(1) by assumption,
implying that

Pl{ui,u;} ¢ E(Tr)] = (1-p)* < exp (—ph?) = 1 - pk? + o(pk?)

2
PRk 14
2 n r
holds for any 1 < ¢ < j < r, where the last equality holds since p = % and the last inequality holds
since r = 5 and € < 1.

Since 7 = w(1) holds by our assumption that k = o(n), it follows by Theorem [1.1] that

WMGUR) > h(I'gUTR) = Q !
e \/@'max{\/a(Fg),logr}

=0

\/loﬁ-max{\/m,logn}-k

holds asymptotically almost surely. |
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4 Hadwiger’s conjecture for randomly perturbed vertex-transitive
graphs

In this section, we prove Proposition our proof makes use of the following known result.
Proposition 4.1. Let G be a vertex-transitive graph on n vertices. Then, x(G) < (1+logn)n/a(G).

Proposition is an immediate consequence of the following two known results (in both results,
X (G) denotes the so-called fractional chromatic number of G).

Proposition 4.2 (Proposition 3.1.1 in [57)). Let G be a vertez-transitive graph on n vertices. Then,

Xt (G) = n/a(G).

Proposition 4.3 (Theorem 6 in [48]). x;(G) > mx(G) holds for every graph G.

Proof of Proposition Let k,p and G be as in the premise of the proposition, and let
cs > 0 be the constant whose existence is ensured by Theorem Let R ~ G(n,p). Since p = %
and k > 8, the results seen in [34, Chapter 2| assert that x(R) < 3 a.a.s. holds as at this edge-
probability all components of the random graph are a.a.s. either trees or unicyclic. Consequently,
X(GUR) < x(G)x(R) < 3x(G) holds asymptotically almost surely. On the other hand, Theorem [1.2
Proposition and the lower bound imposed on a(G), where ¢; is assumed to be a sufficiently large
constant, together imply that a.a.s.

h(GUR) =Q ( > > 3x(G).

Va(G)logn -k

5 Complete topological minors in randomly perturbed graphs

In this section, we prove Theorem The core property of the random perturbation facilitating
this proof is stated and established in Section A proof of Theorem [I.5| can be seen in Section
5.1 Properties of random graphs

The main result of this section reads as follows.

Proposition 5.1. There ezists a constant C > 0 such that R ~ G(n,C/n) a.a.s. satisfies the
property that every subset U C [n] of size |U| > 0.9n contains a subset U' C U of size |U'| > 0.8n
such that diam(R[U']) < 3logsy n.

Before proving Proposition 5.1} we collect some properties of random graphs facilitating our proof.

Lemma 5.2. There exists a constant C > 0 such that R ~ G(n,C/n) a.a.s. satisfies the property
that for every U C [n] of size |U| > 0.9n, there exists a subset U' C U of size |U’| > 0.8n such that
S(R[U']) > C)2.

11



Proof. A standard application of Chernoff’s inequality shows that the probability that there are
disjoint sets X and W such that | X| = 0.1n, [W| > 0.8n, and er(X, W) < 0.05Cn is at most

2" . 2" . P [Bin (0.08n2,C/n) < 0.05Cn] < 4"~ 9" = (1),

where the last equality holds for a sufficiently large constant C. Assume then, for the remainder of
the proof, that eg(X,W) > 0.05Cn whenever X and W are disjoint sets of sizes |X| = 0.1n and
|[W| > 0.8n.

Fix some U C [n] of size |[U| > 0.9n. Repeatedly remove vertices of U whose degree in the current
subgraph of R[U] is strictly smaller than C/2; denote the resulting subset of U by U’. Suppose for a
contradiction that |[U’| < 0.8n. Let X be an arbitrary subset of U\ U’ of size 0.1n and let W = U\ X;;
note that |WW| > 0.8n. Therefore

0.05Cn < er(X,W) < |X|-C/2=0.05Cn.
This contradiction concludes the proof of the lemma as 6(R[U’]) > C/2 holds by construction. W
The next two lemmas consider the edge distribution of random graphs.

Lemma 5.3. There ezists a constant C > 0 such that R ~ G(n,C/n) a.a.s. satisfies the property
that er(X) < C|X|/8 whenever X C [n] is of size | X| < n/ell.

Proof. The probability that there exists a set X C [n] of size |X| < n/el” such that er(X) >
C|X|/8 is at most

nfo n /2 c Ct/8 ) N§° en [ Set c/8 c o/8\ ¢t ) nfo < t c/8—1\ !t
t)J\Ct/8) \ n - t C n - n
t=1 t=1 =1
log n £\ C/9 t njel0 N t
< Z (ec () ) + Z (ec <> )
t=1 n t=logn "
1 logn
<logn - L) (60—10-0/9> e 0(1) + ne~Clen/9 = o(1),
n
where throughout we rely on C' being sufficiently large. |

Lemma 5.4. There exists a constant C' > 0 such that R ~ G(n,C/n) a.a.s. satisfies the property
that er(X,Y) > 0 whenever X,Y C [n] are disjoint subsets of sizes | X|,|Y| > n/(2¢19).

Proof. The probability that there exist two disjoint subsets X, Y C [n] of sizes | X|, |Y| > n/(2¢1?)
such that Er(X,Y) = 0 is at most

2n . 2" (1 — C/n)"g/(‘lem) <4"-exp {—Cn/(4e*)} = o(1),
where the last equality holds for a sufficiently large constant C. |

We are ready to prove Proposition |5.1

Proof of Proposition Let C be a sufficiently large constant and let R ~ G(n,C/n); for the
remainder of the proof we assume that R satisfies the properties stated in Lemmas and

12



Fix U C [n] of size |U| > 0.9n. By our assumption that R satisfies the conclusion of Lemma
there exists a subset U’" C U of size |U’| > 0.8n such that §(R[U']) > C/2; denote R[U'] by R'. Given
u € U’ and a non-negative integer i, let Bl(f) denote the set of vertices in U’ whose distance from u

in R’ is at most 7. Fix some v € U’ and some non-negative integer k for which ‘Bq(ﬁ) < n/(2e10).

Denote B by X and let Y = Ng/(X) = iy \Bi(tk). Suppose for a contradiction that |Y| < |X]|.
Then | X UY] < n/et? and

er(XUY) > ep(XUY) > |X|0(R)/2 > C|X]|/4 > C|X UY]/S,

contrary to our assumption that R satisfies the conclusion of Lemma It follows that ’qukﬂ)) =

IXUY| > 2|X| =2 ‘quk) . Therefore, )Bz(f) > min {2°,n/(2¢')} holds for any u € U’ and any
non-negative integer ¢. By our assumption that R satisfies the conclusion of Lemma [5.4] we conclude
that BSOg? " A Bf;log2 n) # ) or ep (B£10g2 n),Bq()log2 n)) > 0 holds for any pair of distinct vertices
u,v € U’, giving rise to a uv-path in R’ of length at most 2log, n + 1 < 3log, n between any two

such vertices. [ |

5.2 Proof of Theorem [1.5]

Prior to proving Theorem we state and prove the following lemma which is used in order to
identify the branch vertices of the topological minor proclaimed to a.a.s. exist by this theorem.

Lemma 5.5. Let s and n be positive integers satisfying 1 < s* < n/12 and let G be an n-vertex
graph of minimum degree 6(G) > 8s. Then, G contains a family of s pairwise vertex-disjoint copies
Of KLQS.

Proof. Let B = (X UY,FE) be a spanning bipartite subgraph of G of minimum degree 6(B) > 4s;
any maximum cut of G defines such a bipartite subgraph. Without loss of generality, assume that
|X| < n/2. Let Si,...,S; be a maximal collection of pairwise vertex-disjoint copies of K 95 in B,
each having its centre VertexE| residing in X. Let M denote the set of all centre vertices of said copies
and let L denote the set of all leaves of these copies.

Assume for a contradiction that ¢t < s which in turn implies that |L| = t - 2s < 2s?. Each vertex
in Y\ L has at least 4s —t > 4s — s = 3s neighbours in X \ M. In particular,

s2<n/12
eg(X\M,Y\L)>|Y\L|-35s>(n/2—2s%)-35s > ns

holds, implying that there exists a vertex x € X \ M satisfying

ns
/ > — =2
degB (.’L‘) = TL/2 S,
where B’ := B[X \ M,Y \ L]. This contradicts the maximality of the collection Si,...,S;. |

We are ready to prove Theorem

2For n > 2, the unique vertex of K., whose degree exceeds one is called its centre verter.
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Proof of Theorem Let C' > 0 be a constant as in the statement of Proposition Set

£ = min {6(G)/8,\/n/601ogyn |,

and let Si,...,S5; be a collection of vertex-disjoint copies of Kj o, in G (stars, hereafter); such a
collection exists in G by Lemma Let M denote the set of centre vertices of these stars; in
what follows we provide a probabilistic construction of a topological K,-minor whose branch vertices
coincide with M.

For every i € [{] let L; denote the leaf vertices of Sj; set L = (J;¢[q Li, and fix an arbitrary linear
ordering of the members of L; for every i € [¢]. Let Z = V(G) \ (M U L) and note that |Z| > 0.95n
as |M| + |L| = €+ 2% < n/logyn = o(n). Expose the perturbation R ~ G%n, C/n) over Z only and
consider the following construction. Set £ = 1 and initialise Zj, := Z and Lik) := L; for every i € [{].
Fix an arbitrary linear ordering of the elements of P := {(4,j) : 1 < i < j < ¢}. While k < (g),

perform the following steps.

Step 1. Let Ux C Zj be a subset of size |Ug| > 0.8n and such that diam((GU R)[Ug]) < 3log, n;
the existence of Uy is justified below.

(4

considered throughout the scan,

Step 2. Let ¢ < j denote the elements of the kth pair of P. Scan the members of L
(k)
i

expose the edges of R incident to both y and Uj. If no edges are revealed, then declare

y to be a failure (with respect to S;) and proceed to the next vertex in the ordering.
Halt upon reaching the first member of Lgk)
exists, then terminate); denote this vertex by y;. Remove all failed vertices encountered

throughout the scan as well as y; from L(k), and let Lgkﬂ) denote the resulting set.

i

according

to the assumed ordering. Given a vertex y € L

that is not a failure (if no such vertex

Step 3. Perform Step 2 over Lg.k); let y; and Lg-kﬂ)

defined in Step 2, respectively (unless termination is reached).

(k+1)

denote the counterparts of y; and L;

Step 4. Connect y; and y; via a path Pj; € GU R such that V(P;;) \ {vi,y;} € Uy, and its length
is at most 3log, n.

Step 5. Set Zj41 := Zy \ V(Pj;), increase k by one and return to Step 1.

It remains to prove that the above probabilistic construction a.a.s. constructs (5) paths F;;, as
defined in Step 4; in order to prove this, it suffices to prove that a.a.s. for every i € [¢] there are
at most £ failures with respect to S;. We start by arguing that a.a.s. the set Uy, defined in Step 1,
exists in each execution of Step 1. To see this, note that if (5) paths are ever defined throughout the

construction, then at most

— - 31 =0.05
60logs 82T "

vertices are ever removed from Z. Consequently, |Zx| > 0.9n holds throughout the process, allowing
for an appeal to Proposition [5.1]in every execution of Step 1.

The probability that a vertex is declared a failure with respect to a given star S; is at most
(1 —C/n)08" < 08¢ < 1/4, where the last inequality is owing to C' being sufficiently large. The
number of failures seen for a given star S; throughout is then stochastically dominated by a random
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variable that is binomially distributed with parameters 2¢ and 1/4. An application of Chernoff’s
inequality (see e.g. [37, Theorem 2.1]) then yields

P[Strictly more than ¢ failures occur for a given star] < e,

A union bound over all stars then implies that
P[There exists a star for which strictly more than ¢ failures occur] < fe™%) = o(1),

where the last equality holds since ¢ = w(1) which is implied by 0(G) = w(1). [ ]

6 Vertex-connectivity of randomly perturbed graphs

In this section, we prove Theorem Our proof makes use of the following known result due to
Mader.

Theorem 6.1 ([49]). Every graph of average degree at least s admits an s/4-connected subgraph.

Proof of Theorem Starting with (a), let {V41,...,V;} be a family of pairwise-disjoint subsets
of V such that the subgraph G[V;] is s/16-connected for every i € [t], and ¢ is maximal for any family
with this property (note that ¢ > 1 holds by Theorem [6.1]). Observe that, in particular, |V;| > s/16
for every i € [t] and thus t < 16n/s. Let W =V \ (V1 U...UV;) and let r = |IW|. We claim that
G[W] is s/4-degenerate. Indeed, suppose for a contradiction that there exists a set Z C W such that
the minimum degree in G[Z] is at least s/4. Hence, by Theorem there exists a set V311 C Z such
that G[Vi41] is s/16-connected, contrary to the maximality of ¢. Let (wi,...,w,) be a degeneracy
ordering of the elements of W, that is, degg (wz-, U;:l Vi UA{wi,... ,wi_1}> > 3s/4 holds for every
ielr]

Given a non-trivial partition Iy U I of [t], define sequences of sets 49 C A; C ... C A, and
By C By C ... C B,, such that A; U B; is a partition of U§:1 Vi U{wi,...,w;} for every i € [r], as
follows. Set Ay = Uieh V; and By = Uiel2 V;. Suppose we have already defined Ag,...,A;—1 and
By, ..., B;_1 for some i € [r]|, and now wish to define 4; and B;. If degq(w;, A;—1) > degq(wi, Bi—1),
then set A; = A;—1 U{w;} and B; = B;_1, otherwise set A; = A;_1 and B; = B;_1 U {w;}. Observe
that, given the partition [t] = I; U I, the sets A, and B, are uniquely determined. A graph H
with the same vertex-set as G is said to satisfy the property My if for every non-trivial partition
[t] = I U I, there is a matching in H of size k such that each of its edges has one endpoint in A,
and the other in B,.

Let R ~ G(n,p), where p := p(n) > %. Fix an arbitrary non-trivial partition [t] = I;Uls,
and let A, U B, be the corresponding partition of V. If R does not admit a matching of size k between
A, and B,, then it admits an inclusion maximal matching M between A, and B, of size i for some
0 <i < k—1; by maximality Eg(A, \V (M), B, \V(M)) = (. Assuming first that k£ > log(n/s), the
probability of the latter event occurring is at most

k—1 k—1 i
T <|Ar|.|Br\)pi(1 ~ p)(ADB ) < (1 )l 3 <€|Ar|.’Br’P) o—p(1Ar =) (| B, |—)
1

; 1 ;
=0 =1
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k-1
< e PB4y " exp{ilog(e| Ar || Brlp/i) — p(|As| = i) (| B;| =)}

=1

< kexp {klog(e|A,||B;|p/k) — p|A|| Br|/300}
2cel A, || B, A,|| B,
< kexpd k |log celAr|[Br|\  c|Ar]| By
ns 300ns

< kexp {_MW} < kefclk|11| < efc”|11\log(n/s)7

600ns

where in the third inequality we use the fact that f(i) := ilog(a/i) is increasing for 1 < i <
min{k,a/3}, the fact that min{|A,|,|B,|} > s/16, and our assumption that k£ < s/17; the fourth
inequality holds by our assumption that k& > log(n/s); the fifth inequality holds for a sufficiently
large constant ¢ since |A,||By| > ns/32; in the sixth inequality we assume without loss of generality
that |A,| < |B,|; additionally ¢/, ¢” are sufficiently large constants depending on c.

Similarly, if £ < log(n/s), then

k—1
A’r Br . . .
Z(' I ‘)p’u—p)%' V1B < ks exp (I log(e| Ayl | By p/k) — plAs||By]/300}

i
i=0
2ce|A,||By|log(n/s clA,||B,|log(n/s
Skexp{k [10g< | ||k‘ns g( /)) (] H300|k:ni( /)]}

AT’ BT 1 o
< kexp{—c| Hﬁol):sg(n/S)} < e~¢"M|log(n/s),

Either way, a union bound over all choices of ) # I; C [t] then implies that the probability that
R does not satisfy M, is at most

t—1 00

t —c"ilog(n/s) i[log(16n/s)—c" log(n/s)]
E e < g e'lo8 g =o(1),
=1 <1/> =1 ( )

where in the inequality above we use the fact that ¢ < 16n/s, and in the equality above we use the
fact that ¢” is sufficiently large and the assumption s = o(n).

It thus suffices to prove that if R satisfies My, then G U R is k-connected. Assume then that R
satisfies M. and suppose for a contradiction that there exists a set S C V of size kK — 1 such that
(GUR)\ S is disconnected. Let S be such a set and let AU B be a non-trivial partition of V'\ S such
that Equr(A, B) = 0. Since k((GUR)[V;]) > k(G[V;]) > s/16 > k for every i € [t], it follows that for
every ¢ € [t] either V; C AUS or V; € BUS (but not both as |S| < |V;| for every i € [t]). This defines
some partition Iy U Iy of [t], where ) = {i € [t] : V; CAUS}and b ={i € [t] : V; C BUS}. We
claim that this partition is non-trivial. Indeed, without loss of generality, suppose for a contradiction
that I; = [t] and Iy = (); note that the latter equality implies that B C W. Let u € B be the first
vertex according to the degeneracy ordering of W; such a vertex exists since B # () and B C W.
Since Eg(A, B) = (0, it follows that degq(u,S) > 3s/4 > |S|, which is clearly a contradiction. For
every vertex w; € AN W, it holds that degq(w;, B) = 0 and thus

degG(wi,Aﬂ(V1U...UVtU{wl,...,wi,l})) > degG(wi,Vl U...UVtU{wl,...,wi,l}) —k
> degG(wi,Vl U...UVtU{wl,...,wi,l})/Z
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where the last inequality holds since degq (w;, ViU.. . UViU{w,...,wi—1}) > 3s/4 and k < s/17. Tt
follows that w; € A, (here A, is the set defined above, corresponding to I7). Similarly, w; € BNW
implies w; € B,. Therefore, the partition A, U B, of V' induces a partition S; U Sy of S such that
AUS] = A, and BU Sy = B,. Since R satisfies M}, by assumption, and |S| < k, it follows that
Ecur(A, B) # 0, a contradiction.

Next, we prove (b). Let Gy be an n-vertex graph which is the disjoint union of r := [n/(s + 1)]
cliques, Q1,...,Qy, where s +1 < |V(Q;)| < (1 + o(1))s for every i € [r]; note that §(Gp) > s. Let
H be some graph with vertex-set V(Gg) such that e(H) < k|n/(s+1)|/2. Then ey (V(Q;), V(Go) \

V(Q:)) < k holds for some i € [r|, implying that GoUH is not k-connected; this concludes the proof of
< (1=¢)log(n/s)

ns )
where € > 0 is an arbitrarily small constant. Consider the following auxiliary random graph H: its

the first part of the statement. As for its second part, let R ~ G(n, p), where p := p(n)

vertex-set is {uy,...,u,} and for every 1 < i < j < r there is an edge of H connecting u; and uj if
and only if Er (V(Q;),V(Q;)) # 0. Observe that |V(H)| = r tends to infinity with n, as s = o(n)
by assumption. For every 1 < ¢ < j < r it holds that

P(Er(V(Q:),V(Q)) #0)=1—(1— p)IV(Qi)HV(Qj)| <1-(1 _p)(1+o(1))s2 <1 — e~ (1+o(D)ps?

(1 —¢/2)log(n/s) < (1—¢/3)logr

< (L+o(1))ps® < /s < "

)

where the second inequality holds since p = o(1) implies 1 — p > e~ (o) the third inequality
holds by the standard inequality 1 — p < e™P, the fourth inequality holds by the definition of p, and
the last inequality holds by the definition of r. It follows that a.a.s. w; is isolated in H for some
i € [r] (see, e.g., Chapter 3 in [34]), implying that Go U R is a.a.s. disconnected. [ ]

7 The diameter of randomly perturbed graphs

In this section we prove Theorem We begin by stating two results that facilitate our proof. The
first is a standard result in the theory of random graphs.

Theorem 7.1 (Theorem 7.2 in [34]). If p = w(logn/n), then a.a.s. diam(G(n,p)) = m{;&%.

Proposition 7.2. Let G be an n-vertex graph with minimum degree k := k(n) > 1. Then there
exists a partition Uy U ...UUs of V(G) such that, for every i € [s], the radius of G[U;] is at most 2
and |U;| > k + 1.

Proof. Let Hi,...,Hs be an inclusion maximal collection of pairwise vertex-disjoint stars in G,
each having at least k edges. For every i € [s] let V; = V(H;) and let v; denote the centre of
H;. Let H =G\ (HiU...UBH,). It follows by the maximality of the family Hi,...,Hs that
degy(u) < k < degg(u) holds for every u € V(H). Hence, for every u € V(H) there exists some
i € [s] such that Ng(u) N'V; # 0; add w to V; (if there is more than one such set Vj, then choose
one arbitrarily). For every i € [s] denote the extension of V; thus obtained by U;. It is then evident
that U; U...UUs is a partition of V(G) and that |U;| > |V;| > k + 1 for every i € [s]. Moreover, for
every i € [s], it follows by construction that distqy, (v, v;) < 2, implying that the radius of G[U;] is
at most 2. |
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nk
Ui U...UUs be a partition of V(G) as in the statement of Proposition For every i € [s] let

At U...UAL be an arbitrary partition of U; such that k < \A;\ < 2k for every j € [m;]; such a
partition exists since |U;| > k+1 holds by Proposition Observe that, given two vertices z,y € A;,

Proof of Theorem Starting with (a), let R ~ G(n,p), where p := p(n) = w (M) Let

it may hold that distG[Aq(;U, y) = oo, but distg(z,y) < distgy,)(,y) < 4 holds by Proposition
J

Let S = {(i,j) : i € [s],5 € [m4]} and let m = |S|; note that n/(2k) < m < n/k. Consider the

following auxiliary random graph H: its vertex set is S, and for every (i1, j1), (i2, j2) € S there is an

edge of H connecting (i1, 71) and (iz, j2) if and only if Fr (Aﬁ,Ag) # (). Observe that |[V(H)| =m

tends to infinity with n owing to k = o(n) assumed in the premise. Additionally,

i1 2
J2

Aj 1

P (Br (4,42) 20) =1- (1-pl i3 51— (1 - pp 51— e

> min{1/2, pk?/2} = w (k)g(n/k)) - (bgm)

n/k m

holds for every (i1, j1), (i2, j2) € S, independently of all other pairs. Recalling that ¢ =1 — (1 —p)k2,
it thus follows by Theorem [7.1] that a.a.s.

1+o0(1))logm < (I1+0(1))log(n/k)
log(mq) = log(ng/(2k))
Fix any two vertices z,y € V(G). Let (i1,71)(i2,j2) - - - (ir, jr) be a shortest path in H, where x €

A; and y € A;: For every £ € [r — 1], let uy € Ax and vy € AZE be vertices for which wv, € E(G)
(note that it is possible that usy; = vy for some values of ¢). Then xPyujvi Pyus ... v,.—1 Py is a path

diam(H) < diam(G(m, q)) < ( 9)

in G, where each P; is a shortest (possibly trivial) path in G between the corresponding endpoints.
Since each P; is of length at most 4 by Proposition and since x,y € V(G) are arbitrary vertices,
it follows by M that a.a.s. diam(G U R) < diam(H ) + 4(diam(H) + 1) < % as claimed.

Next, we prove (b). Let Gy be the disjoint union of r := |n/(k + 1)| cliques Q1,...,Q,, where
E+1<|V(Q:)] < (1+0(1))k for every i € [r]; then 6(Go) > k. Let H be the auxiliary random graph
with vertex-set {u1,...,u,} such that w;u; € E(H) if and only if Er(V(Q;),V(Q;)) # 0. Similar

calculations to the ones made in Part (a) of this proof show that a.a.s.

(1 —o(1))log(n/k)

diam(Go U R) > diam(H) > diam(G(r, (1 + o(1))q)) > Tog(ng/k)

8 Concluding remarks and open problems

In this paper we have studied several natural properties of randomly perturbed graphs. In contrast to
most papers in this field, the graphs we perturb may be quite sparse. Moreover, while some of these
graphs are characterized via a lower bound on their minimum degree (which is fairly standard, though,
as noted above, this is done in a way that allows sparse graphs as well), others are characterized
via an upper bound on their independence number; the latter seems natural and useful but was
previously significantly less explored.
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Some of the properties we have studied are related to Hadwiger’s conjecture. A natural relaxation
of Hadwiger’s conjecture asserts that

WG) = [n/a(G)] (10)

holds for every graph G. While this inequality, if true, would be best possible in general, in Theo-

rem [L.1] we show that i
MG UG(n,p)) = ([n/v/a(G UG p))]) (11)

holds whenever p = (1 4+ o(1))/n and «(G) is not too large; note that if «(G) is not too small,
then is significantly stronger than As noted in the introduction, Theorems and
(the latter pertaining to the largest complete topological minor in randomly perturbed graphs) are
both tight up to logarithmic factors. It would be interesting to improve these results so as to obtain
bounds that would be tight up to constant factors.

Proposition stipulates that h(G U G(n,p)) > x(G UG(n,p)) holds for every vertex-transitive
graph on n vertices whose independence number is not too small or too large, where p := p(n) is
chosen appropriately. Since Hadwiger’s conjecture asserts that h(G) > x(G) should hold for any
graph G, but seems extremely hard to prove, it might be interesting to extend Proposition by
proving that h(GUG(n,p)) > x(GUG(n,p)) holds whenever G belongs to some large natural family
of graphs and p := p(n) is as small as possible.

In general, this paper deals with randomly perturbed graphs that may be sparse. While the area
of randomly perturbed graphs has attracted significant attention in recent years, the main focus has
been on dense graphs. It would be interesting to further explore randomly perturbed sparse graphs.
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