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Abstract

In 2004, Frieze, Krivelevich and Martin [17] established the emergence of a giant compo-
nent in random subgraphs of pseudo-random graphs. We study several typical properties of
the giant component, most notably its expansion characteristics. We establish an asymptotic
vertex expansion of connected sets in the giant by a factor of O (62). From these expansion
properties, we derive that the diameter of the giant is whp O, (logn), and that the mixing
time of a lazy random walk on the giant is asymptotically O, (log2 n) We also show similar
asymptotic expansion properties of (not necessarily connected) linear sized subsets in the
giant, and the typical existence of a large expander as a subgraph.

1 Introduction

Percolation theory, the study of which was initiated by Broadbent and Hammersley [9] in 1957,
is a mathematical discipline researching the following probabilistic model: given a graph G,
the percolated subgraph G, is the random subgraph of G obtained by retaining each edge of
G independently with probability p. We refer the reader to [21], [18] and [8] for systematic
coverage of percolation theory.

Percolation on several concrete base graphs has been studied extensively. One notable exam-
ple is percolation on the complete graph K, which is equivalent to the classical model of the
random graph G(n,p). In their groundbreaking paper [12] from 1960, Erdés and Rényi discov-
ered that G(n,p) (working on its close analogue G(n,m)) undergoes a phase transition around
probability p = %: for any constant ¢ > 0, if p = 1? then all the connected components of
G(n,p) are typically of size O(logn), while for p = %, whp! there exists a unique component
of linear size in G(n,p), usually called the giant component. In the same paper [12], Erd6s and
Rényi also obtained the asymptotic order of this giant component. We refer the reader to [20)],
[6] and [16] for a systematic coverage of random graphs. Similar phenomenon of an emergence
of a unique linear sized component has been discovered in percolation on other concrete base
graphs, with one well studied example being the d-dimensional hypercube [I, 7].

When trying to show the emergence of a unique giant component in percolation on a large
class of graphs G, certainly some assumptions on G € G have to be made. For example, letting
G be the family of d-regular graphs, G € G could be a collection of vertex disjoint cliques of
size d + 1, having no large connected components to begin with. It is thus necessary to impose
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With high probability, that is, with probability tending to 1 as n tends to infinity.



some restrictions on the edge-distribution of the graphs. Hence, it may be natural to consider
pseudo-random graphs.

In this paper, we are concerned with a specific model of pseudo-random graphs called (n, d, A)-
graphs (also called spectral or algebraic expanders). Informally, pseudo-random graphs are
graphs whose edge distribution resembles that of random graphs, with the same number of
vertices and edge density. An (n,d, \)-graph is a d-regular graph on n vertices, where its
eigenvalues (that is, the eigenvalues of its adjacency matrix) d = Ay > Ao > ... > A, satisfy
A = max {|A2],|An|}. The greater the ratio between d and A, also called the spectral ratio,
the more tightly the distribution of the edges of the graph approaches that of a truly random
graph G (n, %) This follows from the expander mixing lemma, due to Alon and Chung [2]
(stated as Lemma 2.1 in this paper). Thus, (n,d, A)-graphs serve frequently as a standard

model for pseudo-random graphs. Crucially, we note that, for d < 0.99n, A = Q (\/&) (see, for

example, [23]). Thus, a large spectral ratio implies that d is large as well. We refer to [23] for
a comprehensive survey on the subject of pseudo-random graphs. Let us note that throughout
the paper, we will be interested in asymptotic statements which hold with high probability as
n tends to infinity. Furthermore, d (and thus \) may depend on n. Moreover, € always stands
for a small enough constant which does not depend on n (that is, there exists some absolute
constant €y > 0 such that for all 0 < € < ¢, the statement holds). In particular, with a slight
abuse of notation, when considering an (n,d, \)-graph, one can formally view it as a sequence
of (n,dn, \n) graphs (G, ), where for each graph in the sequence the required assumptions on
dpn, A, hold.

Returning to the subject at hand, the emergence of a unique giant component in percolation
on (n,d, A)-graphs has been shown in 2004 by Frieze, Krivelevich, and Martin [17]. For such
graphs, it was shown in [17] that around p = é a phase transition occurs, with respect to
the sizes of the components, having many properties similar to the phase transition of G(n,p)
around p = %

To be more concrete, let y = y(e) be the unique solution in (0,1) of:

yexp(—y) = (1 +e)exp (=(1+¢)). (1)
Theorem 1 of [17] then states the following:

Theorem 1.1 ([17]). Let € > 0 be a small enough constant and let § > 0 be such that § < €.
Let G = (V,E) be an (n,d, \)-graph with 3 < 4. Letp = %E. Form G, by retaining every
edge of G independently with probability p. Then, whp, there is a unique giant component Ly
of asymptotic size (1 — %E) n, where y is defined as in (1). Whp, all the other components

are of size O (logn) .

Some comments are in order here. In the same paper [17], the authors showed that when
p= % (for a small constant e > 0), then typically all the connected components are of order
Oc(logn). Furthermore, this phase transition and the asymptotic order of the giant component
are analogous, both quantitatively and numerically, to the classical phase transition in G(n,p)
around p = % We thus call the regime where p = 15€ the subcritical regime and the regime
where p = % the supercritical regime. Observe that from (1) and Theorem 1.1, it can be seen
that whp, |L1| = (1 + 0(1))2en. In [17], Theorem 1.1 is stated for d — oo and % < 6. It
can routinely be verified that this pair of conditions can be replaced with % < ¢€* for a small
constant € > 0. Indeed, note that % < €t implies d = Q (6_8).

The giant components in the aforementioned percolated concrete graphs (such as G(n,p)
and the percolated hypercube) are known to be typically far from tree-like, and in fact are
fairly rich combinatorial structures, with many interesting properties to study. In the case of
G(n,p), there has been extensive research into several properties of the giant, such as the typical
diameter of ([13, 31]), and the asymptotic mixing time of a random walk ([15, 4]) on the giant




component. One approach taken in order to study such properties is to examine the expansion
properties of the giant component. For example, this has been done in supercritical G(n, p) by
Benjamini, Kozma, and Wormald [4] in order to study the mixing time of a random walk on
the giant, and very recently by Erde, Kang and Krivelevich [11] in supercritical percolation on
the hypercube in order to obtain asymptotic bounds on the diameter and the mixing time of
a random walk on the giant. Krivelevich, Reichman, and Samotij [25] studied the expansion
properties of perturbed connected graphs, and obtained from them asymptotic bounds on the
diameter and the mixing time. In [23], Krivelevich showed how to argue about expansion and
to obtain several interesting properties of graphs from their expansion properties.

The aim of this paper is to study the typical expansion properties of the giant component of
its random subgraph, and to derive from them several properties of the giant component, such
as its asymptotic diameter and mixing time.

With this in mind, we are now able to state and discuss our results.

We start with some notation. Given a graph G, we let Ng(S) be the external neighbourhood
of S C V(G) in G, and let 95(S) be the set of all the edges in G with exactly one endpoint in
S (the edge boundary of S in G).

Our first main result regards the vertex-expansion properties:

Theorem 1. Let € > 0 be a small enough constant. Let G = (V, E) be an (n,d, \)-graph with
% <€ Letp= %. Form G, by retaining every edge of G independently with probability p.
Let Ly be the largest component of G,. Then, there exists an absolute constant ¢ > 0 such that
whp for any S C Lq:

1. if 1661# <|S| < 512—? and S spans a connected subgraph in G, then:

No, (5)] = 5

11

ce?| S|
Y92 iy
Let us first note that it is necessary to require in the first part of the statement above that
the sets of up to a small linear size are connected. Indeed, for simplicity, let us consider the
classical model of G(n,p). There it can be seen (for example, from the structural result of
Ding, Lubetzky, and Peres [10]) that typically one can find a non-connected subset of the giant
component which is of a linear size, but expands by less than a 0) (62) factor.
Clearly, the vertex-expansion properties of Theorem 1 imply that the same holds for edge-
expansion as well. However, for linear sized (not necessarily connected) subsets, we can obtain a
slightly better edge-expansion factor. Indeed, we have the following asymptotic edge-expansion

property:

Theorem 2. Let € > 0 be a small enough constant. Let G = (V, E) be an (n,d, \)-graph with
% < €t Letp = %. Form G, by retaining every edge of G independently with probability p.
Let Ly be the giant component of G,. Then, there exists an absolute constant ¢ > 0 such that

whp for any S C L1 such that 612—? <8 < Iﬁ”, we have
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Let us mention a few related results. In 2007, Ofek [30] studied the edge-expansion property
of G, when the spectral ratio is nearly optimal and p > %, obtaining a typical edge-expansion

by an (ﬁ) factor. In supercritical G(n,p), Fountoulakis and Reed [15], and independently
Benjamini, Kozma, and Wormald [1] showed that asymptotically the edge-expansion of con-
nected subsets of the giant is by an (e) factor. Krivelevich [22, 23] showed a method for

finding large expanders as subgraphs of general graphs, and in particular the typical existence
of a linearly large constant factor expander in supercritical G(n,p). Theorems 1 and 2 here
establish whp an Q (62) factor.

From Theorem 1, we are able to derive that the largest connected component of G, whp
contains a large expander as a subgraph. Indeed, a simple corollary of Property 2 of Theorem
1 is the following:

Theorem 3. Let € > 0 be a small enough constant. Let G = (V, E) be an (n,d, \)-graph with
% <€t Letp = %. Form G, by retaining every edge of G independently with probability p.
Let Ly be the giant component of Gp,. Then, whp there exists L) C Ly with |L}| > HTE” such

that for every S C L} with |S| < lLT“f

2
ce”|S|
N (S)| > ——~-
) 2
Remark 1.2. Recalling that whp |L1| = (2 + oc(1)) en, we note that the fraction T in Theorem
3 can be replaced by any constant strictly smaller than 2, while adjusting the statements and

proofs of the other theorems as well. It is left as such for ease of presentation.

From the typical existence of a large, relatively good expander as a subgraph, one can obtain
several other interesting properties of the giant component, such as the existence whp of a large
complete minor, a long cycle and cycles of different lengths. We refer the reader to [23] for a
survey including many results of this type, and to [19] for an extensive survey on expanders and
their applications.

From the expansion properties of the giant component, we will be able to derive an asymptotic
bound on its diameter:

Theorem 4. Let € > 0 be a small enough constant. Let G = (V, E) be an (n,d, \)-graph with
% < €' Letp= % Form G, by retaining every edge of G independently with probability p.
Let Ly be the largest component of G,. Then, there exists an absolute constant C' such that whp
the diameter of Ly is at most
In (%) Inn
€2 '

For G(n,p) with p = %, the diameter of the giant component is known to be typically
S) (hl?”) (see the results of Fernholz and Ramachandran [13] and of Riordan and Wormald [31]).
Theorem 4 is within an (%) factor from that.

In [15], Fountoulakis and Reed obtained a good control over the typical edge-expansion of
connected subsets of the giant component in G(n,p) and utilised it in order to bound the
mixing time of a random walk on the giant component. Adjusting their method to our setting,

we obtain:

Theorem 5. Let € > 0 be a small enough constant. Let G = (V, E) be an (n,d, \)-graph with
% <€ Letp= %. Form G, by retaining every edge of G independently with probability p.
Let Ly be the largest component of G,. Then, there exists an absolute constant C' such that whp

the mixing time of the lazy random walk on Ly is at most
In%n
e

C




For the supercritical G(n,p), Fountoulakis and Reed [15], and independently Benjamini,
Kozma and Wormald [!] established the asymptotic order of magnitude of the mixing time
of a random walk on the giant component is asymptotically © (log2 n) Thus, the order of
magnitude (in n) of our estimate in Theorem 5 is optimal.

Let us briefly remark that the proofs for G(n, p) usually rely on the symmetry of the complete
graph, on its density (that is, its degree is roughly its number of vertices), and on delicate
arguments regarding its 2-core and structure (see [15], [1], [31]). Hence, these techniques do not
carry on to expanders, which could be much sparser, and lack the symmetry of the complete
graph. We thus require several different tools, with the key ones appearing in Lemma 2.6 and in
the proof of Property 1 of Theorem 1, allowing us to establish the typical expansion properties
and derive from them the asymptotic diameter and mixing time of the giant component.

In Section 2 we state and establish several lemmas which we will use throughout the proofs,
as well as the key lemma for proving Theorems 1 and 2 (Lemma 2.6), utilising a random variant
of the Breadth First Search algorithm. In Section 3 we prove Theorems 1, 2, and 3. Theorem
4 is proven in Section 4, and Theorem 5 is proven in Section 5.

2 Auxiliary Lemmas

We denote by e (A, B) the number of edges in G with one endpoint in A and the other endpoint
in B. When A = B, we write for short eg(A4) := M. Note that eg(A) is the number of
edges inside A. When the graph we refer to is obvious, we sometimes omit the subscript.

We begin by stating a couple of lemmas which we will use throughout the proofs. The first
one is the famed expander mizing lemma due to Alon and Chung [2] (which we state in the
same form as Theorem 2.11 of [20]), which gives us control over the edge-distribution of the
graph through its spectral ratio:

Lemma 2.1 ([2]). Let G = (V, E) be an (n,d, \)-graph. Then, for every two subsets A,B CV,

Sx\\/\AHB\ (-2 (- 2.

We also require the following claim, which follows from the expander mixing lemma.

d
e(A,B) - % |A|IB]

Claim 2.2. Let G be an (n,d, \)-graph, and let 6 = g. Let a, 8> 0 and A CV be such that
|A| > Bn. Define:

B:{UEV\Ang(U,A)S(l—Oé)Mn’d}.

2
Then |B| < 32—%

Proof. By the definition of B, we have that eq(A, B) < (1 — a)%. On the other hand, by
the expander mixing lemma, we have that:

Al||Bl|d
cc(a.) > APy /i

Combining these together, we obtain:

A||Bld A||Bl|d
AN 17181 < (1 - o A1

n

Since |A| > fn, we thus have that |B| < %, as required. O



The next lemma bounds the number of subtrees of a given order in a d-regular graph:

Lemma 2.3. Let t;(G) denote the number of k-vertex trees contained in d-reqular graph G on
n vertices. Then,
kk72dk71
k!
This follows directly from Lemma 2 of [5].
Let Di(G) == {v € V(G) : dg(v) > k}. We will use the following lemma, which bounds the
typical number of edges incident to high degree vertices in G):

t(G) <n < n(ed)*1.

Lemma 2.4. Let G = (V, E) be a d-regular graph on n vertices. Let € > 0 be a small enough
constant and let p < %. Form G), by retaining each edge of G with probability p. Let X be the

random variable defined as
X = Z dg,(v).

UEDSln(%)(Gp)
Then, whp,
X< e ().
Proof. Let k = ne™(2) | Assume that X > 2k. Then,
> dg,(v) = 2¢G, (Dy1y(1)(Gp)) + €6, (D51 (1) (Gy), D51H(%)(Gp)c) > 2k,
UGDSID(%)(GP)
and in particular,
€6y (Ds1(1)(Gp)) + €6, (Ds (1) (Gp), Dy 1y 1) (Gp)) > k.
Let S be a minimal subset of D, In(2) (Gp), satisfying that e, (S)+eq, (S, S¢) > k. This implies
that for every vertex u € S, we have that e, (S \ {u}) +eq, (S \ {u}, SC U {u}) < k. Now,
Z da,(v) = 2eq, (S \ {u}) +eq, (S \ {u}, SCu {u}) < 2k.
veS\{u}
Since every vertex contributes at least 51n (%) edges to ) o S\ {u} dg,(v), we have that
2k k
< .
5In (%) ~ 2ln (%)

We have at most (\gl) < (k/217111(§)) ways to choose a set of size |S|. We then have at most

[S|=1+[S\{u}| <1+

1
(I”S;g'd) < (kd/ 2}:(?)) ways to choose k of the edges touching S, and include them in G, with
probability p*. Therefore, the probability that X > k is at most:

1 k
no\ (T ¢ 2enin (1)\2n(%)  ekd 2
_k__ </ |p" = T m(l) 2kIn (1) "4
2(1) k ne™ e (e
1 7 g
1 = 21n %
< 6 In (61) (+) el
elnln(;) In (2)
1
() ()
€ € In (7)
k
e
<|—1 =
where, since we assume that e is small enough, we have that In'/3 (%) > e. O



The next lemma bounds the typical number of edges incident to connected subsets:

Lemma 2.5. Let G = (V, E) be a d-regular graph. Let p < %. Form G, by retaining each edge
of G with probability p. Then, whp for all S C V(G) such that |S| = k > Inn and Gp[S] is
connected,

ec, (S) + eq, (S, 8°) < 10k.

Proof. Since any connected set in G, has a spanning tree, it is sufficient to show the statement is
true for the edges incident to trees of order k in G,. By Lemma 2.3, there are at most n(ed)*~*
trees on k vertices in G. The probability such a tree falls into G, is p*~1. A set of k vertices
has at most kd edges touching it in G. We have at most (Sg) ways to choose the additional
9k edges incident to the set, and they are in G, with probability p?*. As such, by the union
bound, the probability of an event violating the statement of the lemma is at most:

e <§Z>p9k <n- (207 <296>9k
< nexp <—52k> =o(1/n),

for £ > Inn. The union bound over the at most n possible values of k& completes the proof. [

The final lemma of this section will be a key tool in proving Theorem 2. In order to prove it,
we will make use of the Breadth First Search (BFS) algorithm.

This variation of the BF'S constructs G}, while exploring the spanning trees of the connected
components. The algorithm maintains three sets of vertices: S, the vertices whose exploration
is complete; @, the vertices currently being explored, kept in a queue; and T, the vertices that
have not been explored yet. The algorithm starts with S = Q = @ and T = V(G), and ends
when QUT = @. At each step, if @) is non-empty, the algorithm queries T' for neighbours of the
first vertex in @ (edge by edge), according to the edges of G and an order o on V (that is, at
each step we query a single edge). The algorithm is fed X;, 0 <i < %d, i.i.d Bernoulli(p) random
variables, each corresponding to a positive (with probability p) or negative (with probability
1 — p) answer to such a query. Thus, each X; corresponds to some edge of G (noting that
this edge depends on the execution of the algorithm), which is included in G, if X; =1 and is
excluded otherwise. If @) is non-empty and we discovered a neighbour of v € Q) in T', we place
the neighbour as the last vertex in () and continue. If () is non-empty and the first vertex in
@ has no more queries to ask, then we move the first vertex of @ to S. If Q = &, we move the
next vertex from 7' (according to o) into Q). Observe that the BF'S uncovers a spanning forest
of G)p. Note that, formally, in order to obtain a graph distributed according to G, after the
run of the BFS we query all edges in G left unqueried and include them in G, according to the
remaining random bits X; — this will not be of any importance to us in our analysis, and thus
we restrict our attention to the BFS which uncovers a spanning forest of G.

We will make use of the following properties of the BFS:

1. A vertex moves from ) to S only if it has no more neighbours in 7. Thus, at any moment
t all the edges between S and T have been queried;

2. While @ is non-empty, we are exploring the same connected component;

3. At any moment ¢, we have that |SUQ| > 1+ 25:1 X;, since the first vertex moves into )
without a query, and every positive answer to a query corresponds to a vertex that moves
from T into @ (and perhaps later on into S); and,

4. At any moment t, we have asked no queries between the vertices of QQ and T, except
perhaps for the first vertex of Q).



We note that the initial analysis of the BFS will be similar to that of the Depth First Search
(DFS) in [27].

Lemma 2.6. Let ¢ > 0 be a small enough constant and let § < €*. Let G = (V,E) be an
(n,d, \)-graph, with 3 <. Letp = %. Form G, by retaining each edge of G independently
with probability p. Then, the probability there is a connected component B, |B| =k, in G, with

en llen . 2k
1—5§k’§ 0 zsatmostexp( )

T 2202
Proof. We require the following claim, whose proof we defer to the end of this proof:

Claim 2.7. With probability at least 1 — exp (—268'—1"2), there is an interval starting at least as

2 .
early as EQ’Sd, where the BFS uncovers a connected component of size larger than 1%6”.

We now consider the three possible cases: we finished discovering B prior to ezgd; B is the
connected component asserted by Claim 2.7; we began discovering B subsequent to discovery
of the connected component described in Claim 2.7.

If we finished discovering B prior to 522%1, then by properties of the BFS we have that |B| <

2nd
1+>,2) X;. As such, by a typical Chernoff-type bound (see Appendix A in [3]), we obtain
that with probability at least

647”22 €2n
16

20

we have that |B| < 612—;‘
If B is the connected component described in Claim 2.7, then with probability at least 1 —

exp (—263{12), we have that |B| > 116”.
Suppose towards contradiction that we discovered some connected component B of size at

least 512—?, and that we began discovering B subsequent to the discovery of the connected com-

ponent described in Claim 2.7. By Claim 2.7, with probability at least 1 —exp (—;g—{é) we have
llen

discovered a component of size at least =5*, which we denote by M. Note that by properties
of the BFS, by the time we have finished discovering M all the edges of G between M and
T have been queried (with all queries answered in the negative). Therefore, we could have no
queries between B and M, and hence we have an interval in the BFS whose length is at most
|Bld — eq(B, M), where we received at least |B| — 1 positive answers. By the above bound on

| M| and by the expander mixing lemma (Lemma 2.1), with probability at least 1 —exp (—53—;2)

we have that:

d
ec(B, M) = ~|B||M| - AV|B||M|
S 11e|Bld ) 11en|B|

- 10 10
12¢|B|d
>

- 1

62n

where the last inequality is due to |B| > £ and % < 6 < €*. Therefore, with probability at

least 1 — exp (—2%@), we have an interval whose length is at most

12
\Bld — ec(B, M) < (1 - He) Bld,



where we received at least |B| — 1 positive answers. Considering the n possible starts of the
interval together with a Chernoff-type bound, this happens with probability at most:

12¢ ?|B|
-P|B1 1—-— | |B > Bl -1 < S
n {zn<( 11)|\¢p)_w | ]._mp< a)),

and thus the probability of an event violating the statement of the Lemma is at most

P\ "0 P\ o012 A\ T50 ) =P\ o002 )

completing the proof.

Proof of Claim 2.7. We begin by showing that with probability at least 1 — exp (—%), we
have that ) does not empty in the interval

I e2nd 3end
L2 4
Assume ) empties at some moment ¢t € I. Specifically, we let ¢ be the first moment in that
interval such that @ is empty.
Note, we may assume that at ¢t we have |S| < §. Otherwise, as the vertices move between the

sets one by one, there is some moment t' < ¢ < % where |S| = 5. By the expander mixing
lemma, we then had by the moment ¢’ at least

d2nn 2n?
C

> -
eq(S,S5%) 33 A/ 9

queries, a contradiction.
Furthermore, at t, we have by properties of the BFS that |S| > Zle X;. By a Chernoff-type

bound, we obtain that with probability at least 1 — exp( <t ) > 1—exp (—%), we have

T 4024

(1+e)t t
|S‘ > d - ﬁ

As such, by the expander mixing lemma, with the same probability

ec(S,59)

Vv

%181~ A/~ 18DIS]

(1+e—§)t €
G_%_dn (1+e=55)0

where the second inequality uses the fact that since we assumed that |S| < %, the expression
is minimised by the smallest possible value of |S|. We note that this accounts for the queries
between S and T by t. For any t < 35%1, we then have that with the same probability:

(14 38<)¢ 38¢
t>1-20— 397~ 1+— |t
- < dn ( + 39 )
4e 38¢
>11—-— 1+ —|t>t
a contradiction.

We now continue the analysis of the algorithm, albeit in a slightly different manner. By the
properties of the BFS, at the moment ¢ = 36]1“5, there have been no queries between the vertices
of @ and T (except perhaps for the first vertex Q). We set Qo, Ty and Sy to be the sets @

Y




without its first vertex, T" and S, respectively, at the moment 35%!. For any ¢ > 1, as long as
Q;—1 is nonempty, we define (); to be the neighbourhood of @;—1 in T, §; = S;_1 U Q;—1 and
T; = T;—1 \ Q. Furthermore, we call each such step an iteration, and @;,S; and T; are the
relevant sets at iteration i. We claim that, with probability at least 1 — exp (—%), there is an

llen
10 »

iteration where we uncover a connected component whose size is larger than
the proof.
2
We begin by considering the set QQg. Assume that |Qg| < 5*. Then, as before, by the prop-

completing

erties of the BFS and a Chernoff-type bound, we have with probability at least 1 —exp (—%)
that:

3(1+een  3e2n € 3en  3é*n

n
> — -
[Sof = 4 130 9 — +

4 5 2)

By the same arguments as before, we may further assume that |So| < §. Therefore (with the
same probability), by the expander mixing lemma

d
eq(So, To) > ﬁ|50||T0| — AV [S0|[Tol
3e 3¢ 3e 9
> (1 — _ 2=
o (55 ()

S 3end . e2nd - 3end
- 4 80 4’

where in the second inequality we used the fact that since we assume that |Sp| < %, the

expression is minimised by the smallest possible value of |Sp|. Thus, with probability at least
1—exp (—%), we have that |Qo| > 6%”.

Now, using Claim 2.2 with A = @Q; and a = €2, we have that the number of vertices which have
(1-€*)|Qild
n

neighbours in (); is at most | 5” 564" < Tgl' Denote the set of these vertices

less than

U=Peild  (1e-2e2)Qy
n

by B;. As such, every vertex in T;\ B; has probability at least 1 —(1—p)
to be in Q;41, and these events are independent for each vertex. Hence, at iteration ¢ + 1, the
number of vertices in ();41 stochastically dominates

(1+e—28ﬂQ4>
- )

Bin <\TZ] — | Bil,

Since we prefer to express the above in terms of @Q;, observe that:

Recall that with probability at least 1 — exp (—ﬂ>, we have that () does not empty in the

SETL
interval I. With probability at least 1 — exp ( 4312> we have that Z X; < 316” Further-

end

more, consider the sets S and T at the last moment before + 1 where Q was empty. If we

had that |S| > 3652", then by the expander mixing lemma at that moment

3e2nd € nd
— 2)Xen
~ 50 20

eg(S, T) >

a contradiction. By the first and fourth properties of the BFS, we may thus conclude that with
probability at least 1 — exp (—%&), we have that |Sp| < 3}16” + 3652”, and that at most 3652”

10



vertices in Sy do not belong to the component we are now uncovering. Finally, for the simplicity

of computation, we stop the process before |Q;| < 790 , \Qj <

Therefore, with probability at least 1 — exp (—%), we have that:

e4n2
3le 2 Zj:l 1Qj
1— 2= 902 - &=L F)
( 40 Oc n "
Let
i
N=JQj a= |%|, and n; = | nl|~

Jj=1

Denote by i the first iteration where n;, > ILJFE, and let i1 be the last iteration before ¢; < %.
By a typical Chernoff-type bound, we have with probability at least

€|Q; en
1 —exp (— J1622|> >1—exp <—2002> ,
7

44e 3le : 5 €
Qi+1><1+45> 1—5 ;Qj—%ﬁ G = 1+5—(1+6);Qj ;- (3)

that

We continue by assuming that (3) holds and gy > €. Note that for any ¢ < ig, we have by
9
3) that ¢;01 > ¢q; > £ Assume that ng, < fe Then, for any iy < ¢ < i1, we have by (3) that
+ 9 1> 20

€ Te
> (1+S-q
Q+1_< +5 ( +5)20>

€
1—7>
>( 5)4

€2

Zq’—ggl

Thus,

i=i0+1
S E B Te
9 18(1—-¢%)
99¢
500"
However, we then have that
N 99¢  Te

N, = + > —
T 1+4e 600 20°
which contradicts our assumption on n;,. Hence, we may conclude that with probability at

least 1 — exp <_26;’70712), INi, | =n-ng > 726517 and thus with probability at least 1 — exp (—;gfz),

we have discovered a component of size at least
Ten  3en  1len
20 1 T 100
where we used both the above bound on |N;, |, our lower bound on |Sy| as given in (2), and that

there were at most 36 n

vertices in Sy which do not belong to this component. O

d

11



3 Expansion and Expanders

In this section, we will prove Theorems 1, 2, and 3. The proofs of Theorems 1 and 2 are
somewhat interwoven.

We begin with the proof of the first property of Theorem 1, which also implies the same
asymptotic edge-expansion factor for connected subsets. Utilising Lemma 2.6 we then show
that, in fact, the same edge-expansion factor holds whp for connected subsets of size up to

1?;” (Lemma 3.1). Having the asymptotic bound on the edge-expansion of connected sets of
any size between 1661# and 1%5”, we will be able to derive Theorem 2. This, together with an

asymptotic bound on the sum of degrees of high-degree vertices (Lemma 2.4), will imply the
second property of Theorem 1. We conclude the section with the proof of Theorem 3.

For the proof of the first property of Theorem 1, we will directly bound the probability of the
event violating the statement of the theorem.

Proof of Property 1 of Theorem 1. Consider the event Ay,

2
A = {35’ C V(G),|S| = k,Gp[S] is connected & ’NG,,(S)‘ < 40;16(1)} .
n(t

We will show that for 1661# <k< 512—5”, PlAy] =o (%), and therefore by the union bound over
the at most n possible values of k, the probability of an event violating the statement of the
theorem is o(1).

Let S, |S| = k, be a connected set in Gy,. Since it is connected, it must have a spanning tree.
By Lemma 2.3, we have n(ed)*~! ways to choose a tree of size k, and we include its edges in
G, with probability pF~1. Now, consider the auxiliary random bipartite graph I'(S,p), whose
one side is S, the other side is Ng(S), and we include every edge of G between S and Ng(.S5)
in I'(S, p) with probability p. Then, we have that |Ng,(S)| > v (I'(S,p)), where v(H) is the
matching number of H. Thus, it suffices to bound the probability that a maximum matching

in I'(s, p) is smaller than 40??(61)'

Let us first bound the probz;bility that v (I'(S,p)) = i. This is at most the probability that
I'(S,p) has a maximal by inclusion matching of size i. We have at most (eG(S’]ZG(S))) < (kz.d)
ways to choose a matching M of size i. We then need to include the edges of the matching,
which happens with probability p’. Due to the maximality of M, every edge of G between S
and Ng(S) disjoint from M is not in I'(S,p). Thus, we have at least eq(S, S¢) — 2id edges that

do not fall into I'(S, p). As in our previous arguments, by the expander mixing lemma:

2
e (8,59) > (1 - :4) dF,

12



Therefore, we obtain that

52k
401n(%)

PlA] < n(ed)t1p* Z <kd)pi(1 ) (15 ) ka—2id
i=0

1

Sn((1+€)exp(1_(1+e)<1_i)»“
Sn<(1+6)exp<l—(1+€>(1—i)))k 1+ ; (ejk)z

Observe that the ratio of consecutive terms in the above sum is:

1) )
() e
(e4k)i+1 - €4kii

1
S 57
i1
and thus the sum is at most twice the final term. Hence,

2k

Piad<n((+gem(1-0+9 (1—i>>>k 14 (6440;1(1)> o

k
€ €2 4le4ln(1)
< 1 — - 1 €
_3n<( +e)exp< 6+14+401n(%) n( =
A\ \*
< 3n ((1+6)€Xp <—e+4>)
(-5) =)
<3nexp|—— | =0 —].
8 n
3x2

Note that the last inequality follows since 1 + x < exp (ZL‘ — ?) for x small enough. Indeed,

both functions attain the value of 1 when x = 0, and the derivative of the latter is strictly larger
for small z > 0. The equality holds since we assumed k > 1661#. Union bound over the at most
n different values of k£ completes the proof. O

<)

We now turn to show that for edge-expansion, the same expansion factor holds whp for
connected sets up to size %i" For subsets larger than 612—;, the arguments above do not suffice,
as the expander mixing lemma does not yield a strong enough bound on the number of edges
in the boundary. We therefore need to utilise Lemma 2.6, together with arguments inspired by

those used for separators in [24].

Lemma 3.1. Let € > 0 be a small enough constant and let § > 0 be such that § < et. Let
G = (V,E) be an (n,d, \)-graph with % <é. Letp = %. Form G, by retaining every edge of
G independently with probability p. Let Ly be the giant component of G,,. Then, there exists an
absolute constant ¢ > 0 such that whp for any S C Ly such that 1661# < |S] < < gnd G,[S]
is connected, we have

8GP(S)‘ S CEQ‘S’

“n(l)

13



Proof. For 1661# < |5 < 612—?, this follows immediately from the first property of Theorem 1.

We now assume that 612—? < |S| < B Let py = %, and let p = %. Let G, be the
subgraph obtained by retaining each edge of G' with probability p;. Observe that G, can also

be obtained by drawing a random graph G, and then by retaining each edge with probability
p.

Let Aj, be the following event addressing G:

A = {HS CV(G),|S| =k, S is connected in G, &

ek
9, (S)| < — 8 4
G )‘<40021n(1)}

Let By, be the following event addressing Gy, :

B, ={3S CV(G),|S| =k & S is a connected component in Gp, } .

Note that p =1 — % + O(€3). Thus, going from G, to Gy, by retaining each edge of G, with
probability p, given A, the probability that S is separated from L, and remains connected is

at least:
2k 2 2
1 €
1— 40021n( 1) k=1 - | & ] k
1=7) o =e® | Tl T \w0e) 00 (3
S ek
exp| —— | .
=P 73002
Hence,
ek
P [B|A;] > —— .
1Bl ’“]—exp< 3002>
Since p; can be rewritten as p; = H{f with € = € — g%, we have by Lemma 2.6 that for

en 12en
T Sk< T

€%k ek
P[By] < exp <2202> < exp <2502> :

ek ek 1
P < — — ) =o0ol|—].
Ar] < exp ( 2502 " 3002> ? <n>
Union bound over the at most n possible values of & completes the proof of the lemma, with

_ 1
C= 1002 O]

Thus,

Before proving Theorem 2, we require the following lemma as well. Given a family of disjoint
subsets of vertices, the volume of the family is the total number of vertices in the subsets.

Lemma 3.2. Let e > 0 be a small enough constant and let § < e*. Let G = (V, E) be an (n,d, \)-

graph, with % < 9. Letp = %. Form G, by retaining each edge of G independently with

probability p. Let ¢ < % be a positive constant independent of €. Define the random variable X
. . L In(1

to be the mazimal volume of a family of vertex disjoint subsets S, such that i) <|S| < 1661%,

ce?
G,[S] is connected and |0g, (S)| < % Then whp X < 2e3n.

14



Proof. We begin with an upper bound on EX. Clearly, evaluating the expected total volume of

. In( . . .
all trees in G, of order % <k< 1661# whose edge boundary in G, is at most hcleék), provides

an upper bound.

By Lemma 2.3, we have n(ed)*~! ways to choose the tree. We include its edges in G, with
probability p*~!. Denote by m the number of edges in the boundary that fall into Gp. Then,
we have (1:3) ways to choose the edges in the boundary that fall into G, and this happens with
probability p™. Observe that

ce2k

B2}
kd\ . ek(l+¢e)\™ ek(l+e ()
m m
In(Z)
cek

since (a/x)? is strictly increasing for 0 < = < a/e, and we assumed that m < (1)’ Furthermore,

we have that all but m of the edges in Eg (S, S¢) do not fall into G,,. By the expander mixing
lemma, we obtain in a manner similar to the previous arguments that:

eq(S,589) —m > (1—’“—25) kd —m
n

> (1 — €)kd,

where we used our assumptions on k and § and m. Finally, we consider all the at most k possible
values of m. Hence, performing calculations similar to those we employed in proving Property
1 of Theorem 1, we obtain:

16Inn
€2

EX < Z k- n(ed)k‘—lpk—l X k(l _p)(1—63)kd
) in()

ce

=

[V

E E* |e(1 +¢€)exp (—(1+e)(1— 53)) (e(l—i—e)ln(i)) n(

<n

_(2)

assuming that ¢ < %.

We now proceed to show that X is tightly concentrated. Indeed, consider the edge exposure
martingale for GG,. Changing one edge in G, can add or delete at most two sets to the family in
question (recalling that it is a family of vertex disjoint subsets). Therefore, at each step of the
exposure, we change the size of X by at most 3261% Thus, by a variant of the Azuma-Hoeffding
inequality (see, for example, Theorem 3.9 of [29]), we have that:

P[X >2€en] < P[X >EX + ¢'n|

<o Sn? <1>
<exp|— 3 =o(—].
nd - 135 (3261;1n) +2. 3215171 . €3n n

€

15



We are now ready to prove Theorem 2:

Proof of Theorem 2. Let c(31) be the constant guaranteed by Lemma 3.1. Consider the
connected components of G,[S]. By Lemma 3.1, whp every component of G,[S] whose size
ci.1)€k
(2

in S (otherwise, it would not be a component of G,[S]). Furthermore, since S C L; and Ly
is connected, every connected component of G,[S] contributes at least one edge to dg,(S5).

.. In(1 . 31 €2k
Therefore, any component of Gp,[S] whose size is at most k < 62(71;22 contributes at least C(lié)f)

is k > 1661# contributes at least edges to 0g,(S), since none of these edges can be

edges to Jg,(S) as well. We are thus left with connected components of G,[S], whose size is
1
between % and 1661#.
For any v € S, we define C,[S] to be the connected component of G,[S] which includes v.
Let B C S be the following set:

o (1
BZ{UES:‘Cv[SH:k’ H(G)QSICS 1612nn7
¢B.1)¢€ €

0(3‘1)62]?
8(@[3])‘ < m(l)} .

By Lemma 3.2, we have that whp |B| < 2¢3n.
We can thus conclude that whp all but at most 2e3n of the vertices of S belong to connected

O (CU[S])‘ > e e|Culs]]

components C,[S] of Gp[S] such that . Hence, for any S C L such

ln(%

that 612—; < |S| < 2 we have that whp:

0(3.1)62 (|S‘ — 2€3n) > c(3A1)€2’S|
(D oem(l)

completing the proof of the theorem with ¢ = ¢(3 1)/2. O

%(S)\ >

The second part of Theorem 1, linear sized (not necessarily connected) sets, will build upon
Theorem 2:

Proof of Theorem 1: Property 2. By Theorem 2, for any subset S C Lq such that 612—;‘ <|S] <

1?‘;”, we have that whp

C€2
aG”(S)' T (f)|

Let Dy (Ng,(5)) := {v € Ng,(5) : dg,(v) > t}. By Lemma 2.4, whp,

Z da,(v) < onentn(z).

’UGD5 ln(%) (NGP(S))

Thus, for any subset S C L; of relevant size, we have that whp

_ lnln(%)
BGP(S)’ 2ne 662|S|
51n (%) ~ 61n? (%)’

[Ne, ()] =

completing the proof. O

We conclude this section with the proof of Theorem 3. The proof uses some ideas present in
[23] and Theorem 1.4 of [11].
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Proof of Theorem 3. Let M C L; be a maximal set such that |M| < 612—5” and |Ng,(M)| <
CIMI et L} = Ly \ M. Assume there is some subset B C L} with |B| < w and

(1)
Ny, (B)] < - "(3') Then,

€| M| N Bl €M U B]
cln? (%) cln? (%) ~ cIn? (1)

}N(;p(MUB)} <

Therefore, due to the maximality of M, we obtain [M UB| > igl However, by Theorem 1, whp
every subset S C Ly with 2 < |S| < 12 has [Ng, (S)| > e15] Hence, |[M U B| > 122, On
the other hand, by our ch01ce of B and M , we have that:

cln? (E)

- 2
V()| + 1M
2
WVl e
- 2 12

By Theorem 1.1, whp [V (L1)| < 2en. Therefore, |[MUB| < 13 < 120 5 contradiction. Thus,

whp L) has the desired expansion property, and by Theorem 1.1 whp |L}| = |L1]| — |M]| >

23 11 :
T5 — Elg’ > 2 concluding the proof. O

4 The Diameter of the Giant

Equipped with the expansion properties of connected subsets, we are now able to obtain a
bound on the diameter of the largest component:

Proof of Theorem 4. Let B(v,r) denote the ball of radius r around v in G,. By Theorem
1.1, whp we have that |L;| < 2en. Hence, if we can show that for any v € V(Ly),

1
5 (CW) | e
€

for some large enough constant C' > 0, then every two balls of such radius in L; intersect, and
hence the diameter of the giant component of G, is at most

ln( )lnn.

2C
€2

ce| B(v.r)|

By Theorem 1, for 18102 < |B(v, r)| < 62—”, we have whp that |Ng (B(v,r >
€ 15 P

Thus, we have for r > 1661# that whp:

e’n ce?
’B(v,r—i— 1)‘ > min{157 (1—|— ™ (i)) ’B(v,r)’}.

Hence,

2R (1 + mfije))
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1+ ) Inn. By Theorem 1, for any subset S C Ly with £ < |S| < 122
ln(l/e

Set r1 = <i§+

we have that whp ’NG

. 12en ce?
‘B(v,r+1)‘ >m1n{11, (1 ™ 2( )) |B v, T }}

and thus for some constant K = K (e) large enough, whp

‘ ce |B(U "L Therefore, for any r > r1, we have that whp:

12
B (v, + K) LS en
11
Thus, whp, the diameter of L; is at most
16 1
2(r+K)=2 6—24——2 Inn + 2K
In (1 + ln(l/e))
In (l) Inn
<o/
— 62 )
for large enough absolute constant C'. 0

5 Mixing Time of the Lazy Random Walk

In this section we prove Theorem 5.

We start with some definitions and brief background (see [28] for extensive background on
Markov chains and mixing time). Given a graph G, the lazy simple random walk on G is
a Markov chain starting at a vertex vg chosen according to some distribution o, such that
for any vertex v € V(G) the walk stays at v with probability %, and otherwise moves to a
uniformly chosen random neighbour u of v. Hence, the transition probability from v to

satisfies P(v — u) = 5 d( - For G connected, this Markov chain is irreducible and ergodic and
d(u)

as such has a limit distribution, which we call the stationary distribution m, given by m(v) = 5e(C)

for any v € V(G) (see [28]). We are interested in estimating how quickly this Markov chain
converges to its limit distribution. For that, recall that the total variation distance dpy between
two distributions p; and pe on V(G) is defined by:

drv(p1,p2) == Am‘gm(x o

pr(A) pz(A)'-

Let P!(v,-) denote the distribution on V(G) given by starting the lazy random walk at v € V(G)
and running for ¢ steps. Letting

d(t) = dpy (P!
(t) nax, v (P'(v,-),7),

the mizing time of the lazy random walk is then defined by:

1
tmie 1= IMINn {t 2d(t) < 4} .

Now, for any S C V(G), let

18



We further define:

e(S, 59
Q(S) = m(v)P(v = u) = ——=.
(5) Ues;esc (0) P( 1e(G)
The conductance ®(S) of S is then given by:
QLS)  _ e(S, 5)

O(9) :=

7(S)m(SC)  2(2e(S) +e(S, SY)) 7(SC)’

and we note that since Q(S) = Q(S%), we have that ®(S) = ®(S). Let min = min,cy () 7(v).
For x > mpin, we define:

®(z) := min{P®(S) : S CV(G),z/2 < 7(S) < z,S is connected in G},

if there is no such subset S, we set ®(z) = 1. The following theorem due to Fountoulakis and
Reed [11] bounds the mixing time through the conductance of connected sets:

Theorem 5.1 (Theorem 1 of [11]). There exists an absolute constant K such that

10g2 Tmin

tmia <K Y @72 (277).
j=1

Throughout the rest of this section, we consider the mixing time of the lazy random walk on
the giant component. Formally, let € > 0 be a small enough constant and let § > 0 be such that
§ < €' Let G be an (n,d, \)-graph with % <9J. Let p= %. Let G} be the graph obtained
by retaining each edge of G independently with probability p. By Theorem 1.1, whp there is a
unique giant component in G, which we denote by L;. Below, e(S) will stand for eg,(S) and
e (S, SC) will stand for ‘GGP(S )‘ Equipped with these notation, we now establish a couple of

lemmas.

Lemma 5.2. Whp for any S C Ly such that S is connected in G, and e(S)+e(S, S¢) > 162#,
we have that |S| > 1661%.

Proof. We prove the contrapositive. Since S C L, by Theorem 1.1 whp S is contained in some
connected subset S’ C Ly with |S'| = 1661#. Observing that e(S) + (S, S) increases when
moving from S to S’ D S, we have by Lemma 2.5 that whp

1601nn
5

e(S) +e(8,59) < e(8) +e(S, 5% < -

O]

Using Lemma 5.2, we are now able to bound the conductance of relevant connected sets. We
will make use of the notion of excess of a graph. Recall that the excess of a connected graph
G = (V, E) is defined as |V| — |E| + 1.

Lemma 5.3. There exist positive constants ¢ and C such that whp, for every S C L1 with S

; Cl 1
connected in Gy and ~z-* < m(S) < 3,
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Proof. 1t can be easily read from the proof of Theorem 2 in [17] (in particular, from the asymp-

totic number of edges in the giant which is estimated therein) that whp the excess of L; is at
2e(S)+e(S,5€) L 1

most €2n. Furthermore, S is connected and thus e(S) > |S|—1. Since 7(S) = Se (L)) <3,

we obtain that whp,

e(L1) — e(S, SC) <14 |L1] + é2n < 12en
2 - 2 - 117

S| <1+e(S) <1+

where the last inequality holds whp by Theorem 1.1.
On the other hand, L; is connected, and hence e(Lj) > |Li| — 1. Since 7(S) > C;}J;l", we
obtain that whp

2¢(S) +¢(S,8¢) _ Clnn-e(Ly) _ Clan
> >
2 - e3n - e

e(S) + e(S,8%) >

where the last inequality once again holds whp by Theorem 1.1 and e(Ly) > |L;| — 1. Hence,
choosing C' = 160, we obtain by Lemma 5.2 that whp |S| > 1661#.
All in all, we have that whp 161“” < |8 < 126” . Thus, by Theorem 1 and Theorem 2, whp

e(S,8%) > Cne(lls)‘, and by Lemma 2.5 whp 2€(S) +¢e(S,99) < 2(e(9) +e(S,8Y) < 20S].
Therefore, Whpe

e(S, S¢
B(5) = S
2 (2¢(S) + (S, 59)) n(SY)
ce?| S|
“n(3)-2-20/8]
Hence we obtain that ®(S) > -y ( } for a fitting choice of c. O

We are now ready to prove Theorem 5.

Proof of Theorem 5. By Theorem 5.1, there is an absolute constant K such that
10g2 71—mlln

j=1

Let C be as defined in Lemma 5.3. Observe that if 277 > 2(23%, then

J 62 2CInn )’

and hence j < logy n. As such, we may define J to be the set of indices j satisfying
and note that |JC’ < logyn. Now, for i € J¢, we have that 27¢ > 2C nn and therefore @(2 D!

denotes the minimum conductance of connected sets S with 7 (S) > Cln” , by our definition.
Furthermore, since j > 1, we only consider sets S such that 7(5) S Hence for i € JC, we

9—J < QClnn

may use Lemma 5.3 to obtain that whp & ( ) > C=y ( ) Thus, whp

log?ﬂ-mlln 2 —2
_ i € _
2. 272 ”)S\Jc|‘<cln(1)> +2. 07
7=1 € jeJ

< O (logn) + Z@fz (277).

jeJ
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In order to bound Zje J i (Q_j ), observe that since L; is connected, for every subset S C
V(L1) we have:

- (S, 5°) |
2(8) = 2(S%) = TN S 2 TS

Recall that the excess of L; is whp at most €2n, and therefore by Theorem 1.1 whp e(L;) < 3en.
Furthermore, when considering ® (2_j ), we restrict ourselves to 7(S) < 277, Thus, whp

Hence, we have that whp

> @77 (277) < 2max {27V} 12%6%n

jeJ ied
2
<2122 <2C3hm>
en
In%n
/
<=t
completing the proof. O
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