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Abstra
t

Let k be the asymptoti
 value of the independen
e number of the random graph G(n; p). We

prove that if the edge probability p(n) satis�es p(n) � n

�2=5

ln

6=5

n then the probability that

G(n; p) does not 
ontain an independent set of size k � 
, for some absolute 
onstant 
 > 0, is

at most expf�
n

2

=(k

4

p)g. We also show that the obtained exponent is tight up to logarithmi


fa
tors, and apply our result to obtain new bounds on the 
hoi
e number of random graphs.

We also dis
uss a general setting where our approa
h 
an be applied to provide an exponential

bound on the probability of 
ertain events in produ
t probability spa
es.

1 Introdu
tion

Let G(n; p) denote as usual the probability spa
e whose points are graphs on n labeled verti
es

f1; : : : ; ng, where ea
h pair of verti
es forms an edge randomly and independently with probability

p = p(n). We say that the random graph G(n; p) possesses a graph property A asymptoti
ally

almost surely, or a.a.s. for short, if the probability that G(n; p) satis�es A tends to 1 as the number

of verti
es n tends to in�nity.

De�ne the following quantity:

k

�

= max

�

k 2 N :

�

n

k

�

(1 � p)

(

k

2

)

� 1

�

:
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In words, k

�

is the maximum integer k for whi
h the expe
tation of the number of independent

sets of size k in G(n; p) is still at least 1.

It has been known for a long time ([6℄, [13℄) that for large enough p = p(n) (say, for p(n) � n

��

for small enough 
onstant � > 0) a.a.s. in G(n; p) the independen
e number of G is asymptoti
ally

equal to k

�

. In fa
t, using the so-
alled se
ond moment method, one 
an prove that under the

above assumptions the independen
e number of G(n; p) is 
on
entrated a.a.s. in two 
onse
utive

values, one of them being k

�

. Now let us pi
k an integer k

0

slightly less than k

�

(we will be more

pre
ise later) and ask the following: what is the probability that the random graph G(n; p) does

not 
ontain an independent set of size k

0

? This seemingly somewhat arti�
ial question turns out to

be of extreme importan
e for many deep problems in the theory of random graphs. An exponential

estimate of the above probability provided a 
ru
ial ingredient in the seminal breakthrough of

Bollob�as [5℄, establishing the asymptoti
 value of the 
hromati
 number of random graphs. Later,

this problem be
ame a fruitful playground for 
omparing the strength of various large deviation

methods like martingales and the Janson and Talagrand inequalities. The reader may 
onsult the

survey paper of Spen
er [15℄ for further details. More re
ent appli
ations 
an be found in [10℄

and [11℄.

The main obje
tive of the 
urrent paper is to provide a new, stronger estimate on the probability

de�ned above. This estimate is obtained by 
ombining hypergraph arguments, somewhat similar to

those used by Bollob�as in [5℄, and re
ent martingale results. We will prove that in a 
ertain range

of the edge probability p(n), the probability that G(n; p) does not 
ontain an independent set of

size k

0

, with k

�

�k

0

� 
 for some absolute 
onstant 
 > 0, is at most expf
(�n

2

=k

4

0

p)g. The exa
t

formulation of this result and its proof are presented in Se
tion 2. Somewhat surprisingly it turns

out that the exponent in the estimate 
ited above is optimal up to a logarithmi
 fa
tor. The proof

of this is presented in Se
tion 3. Then in Se
tion 4 we demonstrate how our new bound 
an be used

to extend the s
ope of the results of [10℄ and [11℄ about the asymptoti
 value of the 
hoi
e number

of random graphs to smaller values of p(n). Our argument used to get an exponential bound for the

probability de�ned above 
an in fa
t be viewed as an example of a general approa
h, for obtaining

exponential bounds for probabilities of 
ertain events in produ
t probability spa
es. This general

approa
h, dis
ussed in Se
tion 5, 
an sometimes 
ompete su

essfully with the well known Janson

inequality. Se
tion 6, the �nal se
tion of the paper, is devoted to 
on
luding remarks.

Throughout the paper we will use the standard asymptoti
 notation. In parti
ular, a(n) �

b(n) means a(n) = o(b(n)), 
(a(n)) denotes a fun
tion b(n) su
h that for some C > 0, for n

suÆ
iently large b(n) > Ca(n), and �(a(n)) denotes a fun
tion whi
h is both O(a(n)) and 
(a(n)).

Also, f(n) � g(n) means lim

n!1

f(n)=g(n) = 1. For the sake of 
larity of presentation we will

systemati
ally omit 
oor and 
eiling signs at pla
es where the 
hoi
e of whi
h is used does not

a�e
t the argument.
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2 Independent sets in random graphs

Let k

0

= k

0

(n; p) be de�ned by

k

0

= max

�

k :

�

n

k

�

(1 � p)

(

k

2

)

� n

4

�

: (1)

One 
an show easily that k

0

satis�es k

0

� 2 log

b

(np) with b = 1=(1 � p). Also, it follows from

known results on the asymptoti
 value of the independen
e number of G(n; p) (see, e.g., [9℄) that

a.s. the di�eren
e between k

0

and the independen
e number of G(n; p) is bounded by an absolute


onstant, as long as p(n) � n

�1=2+�

for a positive � > 0.

Theorem 2.1 Let p(n) satisfy n

�2=5

ln

6=5

n � p(n) � 1 � � for an absolute 
onstant 0 < � < 1.

Then

Pr[�(G(n; p)) < k

0

℄ = e

�


�

n

2

k

4

0

p

�

:

Proof. In 
ase p is a 
onstant, the result of the theorem follows easily from Janson's inequality

(see, e.g. [4℄, Chapter 10.3). Thus in the rest of the proof we will assume that p = o(1).

Given a graph G on n verti
es and an integer k

0

, a 
olle
tion C of pairs of verti
es of G is 
alled

a 
over if every independent set of size k

0

in G 
ontains a pair from C. We set X = X(G) to be the

minimum size of a 
over in G. For the reader familiar with hypergraph terminology we 
an de�ne

X(G) as follows. Given G, de�ne a hypergraph H = H(G) whose verti
es are pairs of verti
es of

G and whose edges are formed by taking all pairs of verti
es in every independent set of G of size

k

0

. Thus H is a

�

k

0

2

�

-uniform hypergraph on

�

n

2

�

verti
es, whose number of edges is equal to the

number of independent sets of size k

0

in G. Then a 
over in G 
orresponds to a vertex 
over of the

hypergraph H, and X(G) is equal to the 
overing number of H.

When G is distributed a

ording to G(n; p), the quantity X(G) be
omes a random variable.

Our aim will be �rst to estimate from below the expe
tation of X and then to show that X is


on
entrated. It may be noted that we use pairs of verti
es in the de�nition of a 
over, rather than

single verti
es, in order to a
hieve a better 
on
entration in Lemma 2.6 below, whilst larger sets of

verti
es would not be suitable for Proposition 2.5.

Lemma 2.2 E[X℄ = 


�

n

2

k

2

0

�

.

Proof. Let Y be a random variable 
ounting the number of independent sets of size k

0

in G(n; p).

We denote by � the expe
tation of Y . Then 
learly

� = E[Y ℄ =

�

n

k

0

�

(1 � p)

(

k

0

2

)

� n

4

by the de�nition of k

0

.
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For a pair u; v 2 V (G), let Z

u;v

be a random variable 
ounting the number of k

0

-subsets of

V that 
ontain u and v and span no edges ex
ept possibly the edge (u; v). (The edge (u; v) is

permitted for ease of later analysis.) Thus, if (u; v) 62 E(G), then Z

u;v

is equal to the number of

independent sets of size k

0

that 
ontain both u and v. If �

0

= E[Z

u;v

℄, then

�

0

=

�

n� 2

k

0

� 2

�

(1 � p)

(

k

0

2

)

�1

:

It is easy to see that, by de�nition, �

0

=� = �(k

2

0

=n

2

). Next, we set

Z

+

u;v

=

(

Z

u;v

; Z

u;v

> 2�

0

;

0; otherwise :

We also de�ne Z

+

=

P

u;v

Z

+

u;v

.

To �nish the proof of the lemma, we use three propositions.

Proposition 2.3 For every graph G, X �

Y�Z

+

2�

0

.

Proof. Let C be an optimal 
over in G, jCj = X. Set C

0

to be the set of pairs of verti
es from

C 
overing more than 2�

0

independent sets of size k

0

, and also set C

1

= C n C

0

. Ea
h pair u; v


overs Z

u;v

independent sets of size k

0

. Hen
e the set C

0


overs at most

P

fu;vg2C

0

Z

u;v

� Z

+

su
h

independent sets. Then it follows that at least Y �Z

+

independent sets are 
overed by C

1

only. As

every pair in C

1

parti
ipates in at most 2�

0

independent sets of size k

0

, we get jC

1

j � (Y �Z

+

)=(2�

0

).

Therefore X � jC

1

j � (Y � Z

+

)=(2�

0

), as required.

Proposition 2.4 For ea
h u, v 2 V (G) and all i with 2�

0

� i �

�

n�2

k

0

�2

�

, Pr[Z

u;v

� i℄ =

O

�

k

4

0

p�

2

0

n

2

1

(i��

0

)

2

�

:

Proof. Fix a pair u; v 2 V (G) and let U be the set of verti
es in V n fu; vg not adja
ent to either

u or v. By de�nition the size of U is a binomially distributed random variable with parameters

n�2 and (1�p)

2

. Therefore by applying standard estimates for binomial distributions (see, e.g. [4,

Theorems A.11 and A.13℄) to the size of V � U we obtain that

Pr

�

�

�

�

jU j � (1 � p)

2

n

�

�

�

>

np

ln

2

n

�

< e

�


�

np

ln

4

n

�

:

Denote by z

1

the value of the random variable Z

u;v


onditional on the parti
ular set U of size

n

1

; (1 � p)

2

n � np= ln

2

n � n

1

� (1 � p)

2

n + np= ln

2

n. Let S be the family of all subsets of U of

size k

0

� 2. For every S 2 S let Z

S

be the indi
ator random variable taking value 1 when S spans

no edges of G, and value 0 otherwise. Clearly, z

1

=

P

S2S

Z

S

. By de�nition, the expe
ted value

and the varian
e of z

1

are equal to

�

1

=

�

n

1

k

0

� 2

�

(1 � p)

(

k

0

�2

2

)

;
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�

2

1

= V AR[

X

S2S

Z

S

℄ =

X

S2S

V AR[Z

S

℄ +

X

S 6=S

0

2S

COV [Z

S

; Z

S

0

℄ :

Clearly, if S; S

0

2 S have no 
ommon pairs of verti
es, then the events Z

S

= 1 and Z

S

0

= 1 are

independent, implying COV [Z

S

; Z

S

0

℄ = 0. Therefore we need to sum only over those pairs S; S

0

2 S

for whi
h 2 � jS \ S

0

j � k

0

� 3. This implies:

�

2

1

� E[z

1

℄ +

�

n

1

k

0

� 2

�

k

0

�3

X

i=2

�

k

0

� 2

i

��

n

1

� k

0

+ 2

k

0

� i� 2

�

h

(1 � p)

2

(

k

0

�2

2

)

�

(

i

2

)

� (1 � p)

2

(

k

0

�2

2

)

i

= �

1

+ �

2

1

k

0

�3

X

i=2

�

k

0

�2

i

��

n

1

�k

0

+2

k

0

�i�2

�

�

n

1

k

0

�2

�

 

1

(1 � p)

(

i

2

)

� 1

!

:

Denote the i-th summand of the last sum by g(i), 2 � i � k � 3. One 
an 
he
k (see [4℄, Chapter

4.5 for a similar 
omputation) that the dominating term is

g(2) =

�

k

0

�2

2

��

n

1

�k

0

+2

k

0

�4

�

�

n

1

k

0

�2

�

�

1

1 � p

� 1

�

= O

�

k

4

0

p

n

2

1

�

:

Hen
e �

2

1

= O

�

k

4

0

p

n

2

1

�

2

1

�

. Next by applying Chebyshev's inequality we obtain that

Pr[z

1

� i℄ � Pr[jz � �

1

j � i� �

1

℄ �

�

2

1

(i� �

1

)

2

:

Using the fa
t that n

1

= (1 � p)

2

n + �(np= ln

2

n) and k

0

= �(lnn=p) we obtain

�

1

�

0

=

�

n

1

k

0

�2

�

(1 � p)

(

k

0

�2

2

)

�

n

k

0

�2

�

(1 � p)

(

k

0

2

)

�1

=

n

1

� � � (n

1

� k

0

+ 3)

n � � � (n� k

0

+ 3)

1

(1 � p)

2k

0

�4

=

(1 + o(1))

(1 � p)

2k

0

�4

�

n

1

n

�

k

0

�2

= (1 + o(1))

�

n

1

(1 � p)

2

n

�

k

0

�2

= (1 + o(1))

�

1 + �

�

p

ln

2

n

��

k

0

�2

= 1 + o(1):

Now to �nish the proof note that

Pr

h

Z

u;v

� i

i

�Pr

�

Z

u;v

� i

�

�

�

jU j = (1 � p)

2

n + �

�

np

ln

2

n

��

+ Pr

�

�

�

�

jU j � (1 � p)

2

n

�

�

�

> �

�

np

ln

2

n

��

�

�

2

1

(i� �

1

)

2

+ e

�


�

np

ln

4

n

�

= O

�

k

4

0

p�

2

0

n

2

1

(i� �

0

)

2

�

:

Here we used the estimate for �

2

1

and the fa
ts that n

1

= (1+o(1))n and that the maximal possible

value of i

2

is

�

n

k

0

�2

�

2

= e

o

(

np=ln

4

n

)

.
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Proposition 2.5 E[Z

+

℄ = o(�).

Proof. We will use the following easily proven statement: If X is an integer random variable with

�nitely many values, then for every integer s,

X

i>s

iP r[X = i℄ = sPr[X > s℄ +

X

i>s

Pr[X � i℄ : (2)

For every pair (u; v) it now follows from the de�nition of Z

u;v

and Proposition 2.4 that

E[Z

+

u;v

℄ =

X

i>2�

0

iP r[Z

u;v

= i℄ = 2�

0

Pr[Z

u;v

> 2�

0

℄ +

X

i>2�

0

Pr[Z

u;v

� i℄

= 2�

0

O

�

k

4

0

p�

2

0

n

2

1

(2�

0

� �

0

)

2

�

+

X

i>2�

0

O

�

k

4

0

p�

2

0

n

2

1

(i� �

0

)

2

�

= O

�

k

4

0

p�

0

n

2

�

:

Then we derive from the de�nition of Z

+

and the linearity of expe
tation that E[Z

+

℄ =

P

u;v

E[Z

+

u;v

℄ = O

�

n

2

k

4

0

p�

0

n

2

�

= O

�

k

6

0

p

n

2

�

�

. Now applying our assumption on the edge probabil-

ity p(n), we obtain the desired estimate.

We 
an now 
omplete the proof of Lemma 2.2. Re
all that by Proposition 2.3, X � (Y �

Z

+

)=(2�

0

). Therefore, taking into a

ount Proposition 2.5 and the de�nitions of � and �

0

, we

derive:

E[X℄ �

E[Y ℄�E[Z

+

℄

2�

0

=

(1 � o(1))�

2�

0

= 


�

n

2

k

2

0

�

;

as required.

Lemma 2.6 For every n

2

p > t > 0, Pr[X � E[X℄ � t℄ � e

�

t

2

2n

2

p

.

Proof. Noti
e that X is an edge Lips
hitz random variable, i.e. 
hanging a graph G in one pair

of verti
es 
hanges the value of X by at most one. This is due to the fa
t that if a pair (u; v)

be
omes a non-edge, then in the worst 
ase it 
an be added to an optimal 
over to produ
e a new


over. When applying the edge exposure martingale to X, the maximal varian
e in the martingale

is

�

n

2

�

p(1 � p) � n

2

p=2. Therefore, the desired estimate of the lower tail of X follows from known

results on graph martingales (see, e.g. [4℄, Th. 7.4.3).

We are now in position to �nish the proof of Theorem 2.1. Clearly, a graph G 
ontains an

independent set of size k

0

if and only if X > 0. From Lemmas 2.2 and 2.6 we obtain:

Pr[�(G) < k

0

℄ = Pr[X = 0℄ = Pr

h

X � E[X℄ �E[X℄

i

� e

�

(E[X℄)

2

2n

2

p

= e

�


�

n

2

k

4

0

p

�

:
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3 On the tightness of Theorem 2.1

In this se
tion we show that the exponent in the bound of Theorem 2.1 is tight up to logarithmi


fa
tors.

Theorem 3.1 Let p(n) � 1 � � for an absolute 
onstant � > 0. De�ne k

0

= k

0

(n; p) by (1). Then

Pr[�(G(n; p)) < k

0

℄ = e

�O

�

n

2

ln

2

n

k

4

0

p

�

:

Proof. Set

T =

7n

2

lnn

k

2

0

;

M

0

=

�

n

2

�

p + T :

Our �rst goal will be to estimate from above the probability Pr[�(G) � k

0

jjE(G)j = M ℄, where

M � M

0

. Sin
e the distribution of G = G(n; p) 
onditional on the event jE(G)j = M is identi
al

to the distribution of graph with M random edges, we have

Pr[�(G) � k

0

jjE(G)j = M ℄ �

�

n

k

0

��

(

n

2

)

�

(

k

0

2

)

M

�

�

(

n

2

)

M

�

�

�

n

k

0

�

 

1 �

M

�

n

2

�

!

(

k

0

2

)

�

�

n

k

0

�

 

1 � p�

T

�

n

2

�

!

(

k

0

2

)

=

�

n

k

0

�

(1 � p)

(

k

0

2

)

0

�

1 � p�

T

(

n

2

)

1 � p

1

A

(

k

0

2

)

�

�

n

k

0

�

(1 � p)

(

k

o

2

)

 

1�

T

�

n

2

�

!

(

k

0

2

)

;

where we used the estimate

�

a�x

b

��

a

b

�

�1

�

�

a�b

a

�

x

in the se
ond inequality above. Returning to the

de�nition (1) of k

0

, we 
an noti
e that

�

n

k

0

�

(1 � p)

(

k

0

2

)

� n

6

. Therefore:

Pr[�(G) � k

0

jjE(G)j = M ℄ � n

6

e

�

T

(

k

0

2

)

(

n

2

)

:

Substituting the de�nition of T , we get Pr[�(G) � k

0

jjE(G)j = M ℄ = n

6

n

�7+o(1)

= o(1). As this

estimate holds for every M �M

0

, it follows that

Pr[�(G) < k

0

jjE(G)j �M

0

℄ = 1� o(1) :

7



Also, due to the standard estimates on the tails of a binomial random variable we have Pr[jE(G)j �

M

0

℄ = e

��

�

T

2

n

2

p

�

. Combining the two estimates above and substituting the value of T , we thus

obtain:

Pr[�(G) < k

0

℄ � Pr[jE(G)j �M

0

℄Pr[�(G) < k

0

jjE(G)j �M

0

℄ � (1 � o(1))e

��

�

T

2

n

2

p

�

= e

��

�

n

2

ln

2

n

k

4

0

p

�

:

4 Appli
ations to 
hoosability of random graphs

The 
hoi
e number 
h(G) of a graph G is the minimum integer k su
h that for every assignment

of a set S(v) of k 
olors to every vertex v of G, there is a proper 
oloring of G that assigns to ea
h

vertex v a 
olor from S(v). The 
hoi
e number was introdu
ed by Vizing [16℄ and independently

by Erd}os, Rubin and Taylor [8℄ and the study of this parameter re
eived a 
onsiderable amount of

attention in re
ent years.

In this se
tion we 
onsider the asymptoti
 behavior of the 
hoi
e number of random graphs. In

their original paper, Erd}os, Rubin and Taylor [8℄ 
onje
tured that almost surely 
h(G(n; 1=2)) =

o(n). This was proved by Alon in [1℄. Kahn proved (see [2℄) that almost surely


h(G(n; 1=2)) = (1 + o(1))�(G(n; 1=2)) = (1 + o(1))n=(2 log

2

n):

His result was extended by Krivelevi
h [10℄, who determined the asymptoti
 value of 
h(G(n; p))

when p(n) � n

�1=4

. At the same time Alon, Krivelevi
h and Sudakov [3℄ and independently Vu [17℄

showed that for all values of the edge probability p almost surely the 
hoi
e number of G(n; p) has

order of magnitude �(np= ln(np)) (see also [12℄ for better 
onstants). Here we 
ombine Theorem

2.1 and the ideas from [10℄ to prove the following result.

Theorem 4.1 Let 0 < � < 1=3 be a 
onstant. If the edge probability p(n) satis�es n

�1=3+�

�

p(n) � 3=4 then almost surely


h(G(n; p)) = (1 + o(1))�(G(n; p)) = (1 + o(1))

n

2 log

b

(np)

;

where b = 1=(1 � p).

Sket
h of the proof. First note that a.a.s. every subset of verti
es of G(n; p) of size at least

m � n= ln

4

n 
ontains an independent set of size k

0

= (1 � o(1))2 log

b

(np), where b = 1=(1 � p).

Indeed, from Theorem 2.1, the fa
t that k

0

= O(lnn=p) and the assumptions on the value of p, it

follows that the probability that there exists a set of m verti
es that does not span an independent

set of size k

0

is at most

�

n

m

�

e

�


�

m

2

k

4

0

p

�

� 2

n

e

�n

1+3��o(1)

= o(1):

8



Next we sket
h how, given a typi
al graph G in G(n; p) and a family of lists S

1

; : : : ; S

n

ea
h

of size n=k

0

+ 3np= ln

2

n, we 
an 
olor G from these lists. Our 
oloring pro
edure 
onsists of two

phases. As long as there exists a 
olor 
 whi
h appears in the lists of at least n= ln

4

n of yet

un
olored verti
es, we do the following. Denote by V

0

the set of those un
olored verti
es whose


olor list 
ontains 
. Then jV

0

j � n= ln

4

n. Then V

0

spans an independent set I of size jIj = k

0

. We


olor all verti
es of I by 
, dis
ard I and delete 
 from all lists. The total number of deleted 
olors

from ea
h list S(v) during the �rst phase 
annot ex
eed n=k

0

, as ea
h time we remove a subset of

size k

0

.

Let U denote the set of all verti
es that are still un
olored after the �rst phase has been


ompleted. The lists of all verti
es of U are still quite large, namely, jS(u)j � 3np= ln

2

n for ea
h

u 2 U . For a 
olor 
 denote by W (
) the set of all verti
es u 2 U for whi
h 
 is in
luded in the


orresponding list of 
olors S(u). We know that jW (
)j � n= ln

4

n for ea
h 
olor 
. Thus we expe
t

that the degree of a vertex u in the spanned subgraph G[W (
)℄ is about O(np= ln

4

n) � jS(u)j. If

this indeed is the 
ase for every 
olor 
 and every vertex u 2 U , then ea
h 
olor 
 2 S(u) appears

in the lists of only few neighbors of u. Then we 
an 
olor the verti
es of U simply by pi
king for

ea
h vertex a random 
olor from its list. Unfortunately the graph G[W (
)℄ 
an have a few verti
es

of degree mu
h higher than O(np= ln

4

n). We 
olor those verti
es �rst and then treat the rest of U

as indi
ated above. We omit te
hni
al details and some additional ideas required to 
omplete the

argument, and refer the reader to the paper of Krivelevi
h [10℄.

Next we 
onsider a di�erent model of random graphs | random regular graphs. For a positive

integer-valued fun
tion d = d(n) we de�ne the model G

n;d

of random regular graphs 
onsisting of

all regular graphs on n verti
es of degree d with the uniform probability distribution. Our aim here

is to provide the asymptoti
 value of the 
hoi
e number of G

n;d

for d � n

4=5

. As in the 
ase of

G(n; p) we need the following lemma.

Lemma 4.2 For every 
onstant � > 0, if n

4=5+�

� d � 3=4n, then almost surely every subset

of verti
es of G

n;d

of size at least m = n= ln

4

n 
ontains an independent set of size k

0

= (1 �

o(1))2 log

b

d, where b = n=(n� d).

Proof. Let p = d=n. We �rst need a lower bound on the probability that a random graph in G(n; p)

is regular. We use the result of Shamir and Upfal [14, equation (35)℄ with �(n) = d, � =

1

2

+ Æ for

some Æ > 0, 
hoosing w(n)� �(n) = dw(n)

1�Æ

e, to dedu
e that the number of d-regular graphs on

n verti
es is at least

�

�

n

2

�

nd=2

�

exp

�

�O(nd

1=2+2Æ

)

�

:

(Here there is a 
ondition on d(n); growing faster than log

2

n is suÆ
ient.) It follows that for any

�xed Æ > 0

Pr[G(n; d=n) is d-regular℄ � exp(�nd

1=2+Æ

):

9



On the other hand as we have already mentioned in the proof of Theorem 4.1, the probability that

the vertex set of G(n; d=n) 
ontains a subset of size m that does not span an independent set of

size k

0

= O(n lnd=d) is at most

�

n

m

�

exp

�

�


�

m

2

k

4

0

p

�

�

� 2

n

exp

�

�


�

m

2

k

4

0

p

�

�

= exp

�

�

�

d

3

n

�

1�o(1)

�

:

Comparing the last two exponents and using the assumption d � n

4=5+�

, we observe that the

probability that G(n; d=n) is d-regular is mu
h higher asymptoti
ally than the probability that

G(n; d=n) 
ontains a large subset without an independent set of size k

0

. Therefore, almost surely

if d lies in the range given in the assertion of the lemma, every subset of the verti
es of G

n;d

of size

at least n= ln

4

n spans an independent set of size k

0

.

Using this lemma, together with the ideas from [10℄ and the upper bound on the size of independent

set in G

n;d

obtained in [11℄, one 
an dedu
e the following theorem:

Theorem 4.3 For every 
onstant � > 0, if n

4=5+�

� d � 3n=4, then almost surely


h(G

n;d

) = (1 + o(1))�(G

n;d

) = (1 + o(1))

n

2 log

b

d

;

where b = n=(n� d).

Proof. The proof here is very similar to the proof of Theorem 4.1, and we therefore restri
t

ourselves to just a few words about it, leaving te
hni
al details to the reader.

To prove the lower bound for 
h(G

n;d

) observe that obviously 
h(G) � �(G) � jV (G)j=�(G)

for every graph G. Plugging in the estimate �(G) = (2 + o(1)) log

b

d for almost all graphs G in

G

n;d

, provided by Theorem 2.2 of [11℄, we get the required lower bound.

As for the upper bound, one 
an prove that almost surely the 
hoi
e number of G

n;d

satis�es


h(G) � n=k

0

+ 3d= ln

2

n. The proof pro
eeds by essentially repeating the proof of Theorem 4.1 for

the edge probability p(n) = d=n. Given a d-regular graph G on n verti
es, satisfying the 
on
lusion

of Lemma 4.2 and having some additional properties, whi
h hold almost surely in the probability

spa
e G

n;d

, and also given 
olor lists fS(v) : v 2 V (G)g of 
ardinality jS(v)j = n=k

0

+ 3d= ln

2

n,

the 
oloring pro
edure starts by �nding independent sets of size k

0

in frequent 
olors (i.e. 
olors

appearing in at least n= ln

4

n lists). On
e su
h a set is found in 
olor 
, we 
olor all of its verti
es

by 
, dis
ard them and delete 
 from all lists.

After this part of the 
oloring pro
edure has �nished, no 
olor appears in more than n= ln

4

n

verti
es, and ea
h un
olored vertex still has a list of at least 3d= ln

2

n available 
olors. Moreover, for

most un
olored verti
es v 2 V , most of the 
olors in the list S(v) appear in the lists of O(d= ln

4

n)

neighbors of v. We �rst treat few un
olored verti
es whi
h do not have the above stated property,

and then 
olor the rest by 
hoosing 
olors at random from 
orresponding lists. For more details

the reader is referred to [10℄.

10



5 A general setting

The aim of this se
tion is to show that the approa
h exhibited in the proof of Theorem 2.1 
an be

applied in a mu
h more general setting to obtain exponential bounds for probabilities of 
ertain

events. The bounds obtained 
an be better than those provided by the 
elebrated Janson inequality.

Let H = (V;E) be a hypergraph with jV j = m verti
es and jEj = k edges. We assume

furthermore that H is r-uniform and D-regular. Form a random subset R � V by

Pr[v 2 R℄ = p

v

;

where these events are mutually independent over v 2 V .

We want to estimate the probability p

0

that the random set R does not 
ontain any edge of H.

Su
h an estimate is required frequently in appli
ations of the probabilisti
 method. The following

well-known theorem, proved �rst by Janson (see, e.g., [4℄, [9, Theorem 2.18℄), usually gives an

exponential bound for p

0

. To present this theorem, let Y be the number of edges of H spanned by

R. We 
an represent Y as I

1

+ � � �+ I

k

where I

j

are the indi
ator fun
tions of the edges of H. Let

� = E[Y ℄, and write I

i

� I

j

if the 
orresponding edges interse
t. Set � =

P

i;j: I

i

�I

j

E[I

i

I

j

℄:

Theorem 5.1 We have

p

0

� exp

�

�

�

2

� + �

�

:

For any vertex v of H let Y

v

denote the number of edges f 2 E(H) for whi
h v 2 f and

f n fvg � R; set �

v

= E[Y

v

℄. In many appli
ations (espe
ially those related to random graphs) the

probabilities p

v

all have the same value p. In this 
ase, � = kp

r

and �

v

= �

0

= Dp

r�1

for all v.

Furthermore, it o

urs frequently that the sum in � is dominated by the sum of those E[I

i

I

j

℄ where

the 
orresponding edges interse
t in pre
isely one vertex. In su
h a 
ase, � = �(r��

0

). Assuming

�

0

� 1, Janson's inequality gives

p

0

� exp

�

��

�

�

2

� + �

�

�

= exp

�

�


�

�

r�

0

�

�

: (3)

Our purpose here is to use the approa
h introdu
ed in Se
tion 2 to show that under a rather

mild additional assumption (see Corollary 5.4), the following holds:

p

0

� exp

�

�


�

�

(1 � p)r�

0

�

�

: (4)

Inequality (4) is interesting for two reasons. First, in 
ertain appli
ations p is very 
lose to 1

and therefore the term 1 � p in the denominator yields a signi�
ant improvement. As we already

saw in previous se
tions, this is exa
tly the 
ase for the probability of independent sets in random

graphs. For this problem an additional term 1�p is 
ru
ial, and the bound given by inequality (4)
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is almost sharp. Se
ond, our proof is 
ompletely di�erent from that of Janson (and also from the

alternative proof by Boppana and Spen
er [7℄) and the method might therefore be of independent

interest.

From now on we assume that p

v

= p for all v 2 V (H). Let X denote the 
overing number

of the spanned subhypergraph H[R℄ (where the 
overing number of a hypergraph is the minimum

number of verti
es needed to 
over all edges). Set � = min (E[X℄;mp(1 � p)).

Theorem 5.2 The probability p

0

that the hypergraph H[R℄ has no edges satis�es:

p

0

� exp

�

�


�

�

2

mp(1 � p)

�

�

:

Proof. Similarly to Lemma 2.6, using Theorem 7.4.3 [4℄, we have that for every mp(1�p) > t > 0

(the maximum varian
e in the martingale is mp(1 � p)),

Pr[X � E[X℄ � t℄ � e

�

t

2

4mp(1�p)

:

Clearly, a hypergraph H[R℄ 
ontains no edges if and only if X = 0. Therefore

p

0

= Pr[X = 0℄ � Pr[X � E (X) � � ℄ � e

�


�

�

2

mp(1�p)

�

:

It is well known that in a regular hypergraph, the 
overing number is at least the ratio between

the number of edges and the degree. On the other hand, the expe
tation of the number of edges

of H[R℄ is � and that of the degree of H[R℄ is �

0

. Thus, it is reasonable to think that E[X℄ is


(�=�

0

). The following result shows that under an additional assumption, this is indeed the 
ase.

Proposition 5.3 Assume that V AR[Y

v

℄ = o

�

�(�

0

+ 1)=m

�

for all v. Then E[X℄ = 


�

�

�

0

+1

�

:

Remark. We need �

0

+ 1 instead of �

0

in order to deal with the 
ase �

0

� 1. If �

0

� 1, we 
an

repla
e �

0

+ 1 by �

0

. Noti
e also that �=�

0

=

kp

D

=

mp

r

.

Now inequality (4) follows immediately from Theorem 5.2, Proposition 5.3 and the above re-

mark. We note that the 
onstant impli
it in 
 is independent of p, r and D.

Corollary 5.4 Assume that �

0

� 1, �=(�

0

+ 1) � mp(1� p) and V AR[Y

v

℄ = o(��

0

=m) for all v.

Then

p

0

� exp

�

�


�

�

(1 � p)r�

0

�

�

:

We �nish this se
tion with the sket
h of the proof of Proposition 5.3.
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Sket
h of the proof. De�ne Z

v

= Y

v

if Y

v

� 2�

0

+ 1 and Z

v

= 0 otherwise. Similarly to the

proof of Proposition 2.3, by setting Z

+

=

P

v

Z

v

, we obtain

X �

Y � Z

+

2�

0

+ 1

: (5)

Next, using the assumption that V AR[Y

v

℄ = o

�

�(�

0

+1)=m

�

, Chebyshev's inequality and applying

the same te
hniques as in the proof of Proposition 2.5, we 
an show that

E[Z

+

℄ = O(

X

v

V AR[Y

v

℄=�

0

) = o(�):

Now it follows immediately that

� = E[X℄ �

E[Y ℄�E[Z

+

℄

2�

0

+ 1

= (1 + o(1))

�

2�

0

+ 1

:

This 
ompletes the proof.

6 Con
luding remarks

Consider the problem of estimating the probability that a random graph G(n; p) has no 
liques of


ardinality t, with t �xed. In the setting of Se
tion 5, de�ne a hypergraph H whose verti
es are

the edges of K

n

and whose edges are the t-
liques of G(n; p). From Theorem 5.1, the probability

that G(n; p) has no t-
liques is at most exp(��

2

=(�+�)) where � � p

(

t

2

)

n

t

=t! and � = �(�

2

=n

2

p).

For �xed p with �

0

> 1 (where �

0

= �(�=n

2

p)), the varian
e 
ondition in Corollary 5.4 is easy to

verify. Hen
e, for all su
h p, Corollary 5.4 gives virtually the same result as Janson's inequality,

whilst its proof is entirely di�erent. The argument also applies for graphs other than 
liques but

we do not elaborate in this dire
tion.

An interesting and important open question is to estimate the probability that G(n; p) does

not 
ontain an independent set of size k = (1 � �)k

0

, where k

0

is de�ned in (1), and � is a small


onstant, or even a fun
tion of n tending to 0 very slowly as n tends to in�nity. We 
onje
ture that

Conje
ture.

Pr

h

G(n; p) does not 
ontain an independent set of size k

i

� exp

�

� 
(n

2

=k

2

p)

�

:

This 
onje
ture, if it holds, is best possible up to a logarithmi
 term in the exponent. It would

immediately extend Theorem 4.1 to all p = p(n) = 
(n

�1+�

) and also give a short proof for  Lu
zak's

result on the 
hromati
 number of G(n; p) (by taking lim

n!1

�(n) = 0).

Based on our method presented in this paper, to prove the above 
onje
ture, it suÆ
es to show

that the expe
tation of the 
overing number of the 
orresponding hypergraph is 
(n

2

=k) (instead

of 
(n

2

=k

2

) as shown in the proof of Theorem 2.1). The following spe
ulation might give the reader
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some intuition why this 
ould be the 
ase. Consider the 
omplete hypergraph H


om


onsisting of all

possible independent sets of size k. By Tur�an's theorem from extremal graph theory, the 
overing

number of H


om

is 
(n

2

=k). As k is mu
h smaller than k

0

, the expe
ted number of independent sets

of size k in G(n; p) is huge (roughly

�

n

k

�

�

). So, the hypergraph 
orresponding to these independent

sets looks typi
ally like a fairly dense sub-hypergraph of H


om

and one may hope that su
h a

hypergraph should have 
overing number 
lose to that of H


om

, namely 
(n

2

=k).
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