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1 Introdu
tion

Random graphs have proven to be one of the most important and fruitful 
on
epts in modern

Combinatori
s and Theoreti
al Computer S
ien
e. Besides being a fas
inating study subje
t for

their own sake, they serve as essential instruments in proving an enormous number of 
ombinatorial

statements, making their role quite hard to overestimate. Their tremendous su

ess serves as a

natural motivation for the following very general and deep informal questions: what are the essential

properties of random graphs? How 
an one tell when a given graph behaves like a random graph?

How to 
reate deterministi
ally graphs that look random-like? This leads us to a 
on
ept of pseudo-

random graphs.

Speaking very informally, a pseudo-random graph G = (V;E) is a graph that behaves like a

truly random graph G(jV j; p) of the same edge density p = jEj

.

�

jV j

2

�

. Although the last senten
e

gives some initial idea about this 
on
ept, it is not very informative, as �rst of all it does not say

in whi
h aspe
t the pseudo-random graph behavior is similar to that of the 
orresponding random

graph, and se
ondly it does not supply any quantitative measure of this similarity. There are

quite a few possible graph parameters that 
an potentially serve for 
omparing pseudo-random and

random graphs (and in fa
t quite a few of them are equivalent in 
ertain, very natural sense, as we

will see later), but probably the most important 
hara
teristi
s of a truly random graph is its edge

distribution. We 
an thus make a signi�
ant step forward and say that a pseudo-random graph

is a graph with edge distribution resembling the one of a truly random graph with the same edge

density. Still, the quantitative measure of this resemblan
e remains to be introdu
ed.

Although �rst examples and appli
ations of pseudo-random graphs appeared very long time ago,

it was Andrew Thomason who laun
hed systemati
 resear
h on this subje
t with his two papers

[79℄, [80℄ in the mid-eighties. Thomason introdu
ed the notion of jumbled graphs, enabling to

measure in quantitative terms the similarity between the edge distributions of pseudo-random and
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truly random graphs. He also supplied several examples of pseudo-random graphs and dis
ussed

many of their properties. Thomason's papers undoubtedly de�ned dire
tions of future resear
h for

many years.

Another 
ornerstone 
ontribution belongs to Chung, Graham and Wilson [26℄ who in 1989

showed that many properties of di�erent nature are in 
ertain sense equivalent to the notion of

pseudo-randomness, de�ned using the edge distribution. This fundamental result opened many

new horizons by showing additional fa
ets of pseudo-randomness.

Last years brought many new and striking results on pseudo-randomness by various resear
hers.

There are two 
lear trends in re
ent resear
h on pseudo-random graphs. The �rst is to apply

very diverse methods from di�erent �elds (algebrai
, linear algebrai
, 
ombinatorial, probabilisti


et
.) to 
onstru
t and study pseudo-random graphs. The se
ond and equally en
ouraging is to

�nd appli
ations, in many 
ases quite surprising, of pseudo-random graphs to problems in Graph

Theory, Computer S
ien
e and other dis
iplines. This mutually enri
hing interplay has greatly


ontributed to signi�
ant progress in resear
h on pseudo-randomness a
hieved lately.

The aim of this survey is to provide a systemati
 treatment of the 
on
ept of pseudo-random

graphs, probably the �rst sin
e the two seminal 
ontributions of Thomason [79℄, [80℄. Resear
h

in pseudo-random graphs has developed tremendously sin
e then, making it impossible to provide

full 
overage of this subje
t in a single paper. We are thus for
ed to omit quite a few dire
tions,

approa
hes, theorem proofs from our dis
ussion. Nevertheless we will attempt to provide the reader

with a rather detailed and illustrative a

ount of the 
urrent state of resear
h in pseudo-random

graphs.

Although, as we will dis
uss later, there are several possible formal approa
hes to pseudo-

randomness, we will mostly emphasize the approa
h based on graph eigenvalues. We �nd this

approa
h, 
ombining linear algebrai
 and 
ombinatorial tools in a very elegant way, probably the

most appealing, 
onvenient and yet quite powerful.

This survey is stru
tured as follows. In the next se
tion we will dis
uss various formal de�ni-

tions of the notion of pseudo-randomness, from the so 
alled jumbled graphs of Thomason to the

(n; d; �)-graphs de�ned by Alon, where pseudo-randomness is 
onne
ted to the eigenvalue gap. We

then des
ribe several known 
onstru
tions of pseudo-random graphs, serving both as illustrative

examples for the notion of pseudo-randomness, and also as test 
ases for many of the theorems

to be presented afterwards. The strength of every abstra
t 
on
ept is best tested by properties it

enables to derive. Pseudo-random graphs are 
ertainly not an ex
eption here, so in Se
tion 4 we

dis
uss various properties of pseudo-random graphs. Se
tion 5, the �nal se
tion of the paper, is

devoted to 
on
luding remarks.

2 De�nitions of pseudo-random graphs

Pseudo-random graphs are mu
h more of a general 
on
ept des
ribing some graph theoreti
 phe-

nomenon than of a rigid well de�ned notion { the fa
t re
e
ted already in the plural form of the title

2



of this se
tion! Here we des
ribe various formal approa
hes to the 
on
ept of pseudo-randomness.

We start with stating known fa
ts on the edge distribution of random graphs, that will serve later as

a ben
hmark for all other de�nitions. Then we dis
uss the notion of jumbled graphs introdu
ed by

Thomason in the mid-eighties. Then we pass on to the dis
ussion of graph properties, equivalent in

a weak (qualitative) sense to the pseudo-random edge distribution, as revealed by Chung, Graham

and Wilson in [26℄. Our next item in this se
tion is the de�nition of pseudo-randomness based on

graph eigenvalues { the approa
h most frequently used in this survey. Finally, we dis
uss the related

notion of strongly regular graphs, their eigenvalues and their relation to pseudo-randomness.

2.1 Random graphs

As we have already indi
ated in the Introdu
tion, pseudo-random graphs are modeled after truly

random graphs, and therefore mastering the edge distribution in random graphs 
an provide the

most useful insight on what 
an be expe
ted from pseudo-random graphs. The aim of this subse
tion

is to state all ne
essary de�nitions and results on random graphs. We 
ertainly do not intend to be


omprehensive here, instead referring the reader to two monographs on random graphs [20℄, [49℄,

devoted entirely to the subje
t and presenting a very detailed pi
ture of the 
urrent resear
h in this

area.

A random graph G(n; p) is a probability spa
e of all labeled graphs on n verti
es f1; : : : ; ng,

where for ea
h pair 1 � i < j � n, (i; j) is an edge of G(n; p) with probability p = p(n), indepen-

dently of any other edges. Equivalently, the probability of a graph G = (V;E) with V = f1; : : : ; ng

in G(n; p) is Pr[G℄ = p

jE(G)j

(1 � p)

(

n

2

)

�jE(G)j

. We will o

asionally mention also the probabil-

ity spa
e G

n;d

, this is the probability spa
e of all d-regular graphs on n verti
es endowed with

the uniform measure, see the survey of Wormald [83℄ for more ba
kground. We also say that a

graph property A holds almost surely, or a.s. for brevity, in G(n; p) (G

n;d

) if the probability that

G(n; p) (G

n;d

) has A tends to one as the number of verti
es n tends to in�nity.

From our point of view the most important parameter of random graph G(n; p) is its edge

distribution. This 
hara
teristi
s 
an be easily handled due to the fa
t that G(n; p) is a produ
t

probability spa
e with independent appearan
es of di�erent edges. Below we 
ite known results on

the edge distribution in G(n; p).

Theorem 2.1 Let p = p(n) � 0:99. Then almost surely G 2 G(n; p) is su
h that if U is any set of

u verti
es, then

�

�

�

�

e(U)� p

�

u

2

�

�

�

�

�

= O

�

u

3=2

p

1=2

log

1=2

(2n=u)

�

:

Theorem 2.2 Let p = p(n) � 0:99. Then almost surely G 2 G(n; p) is su
h that if U;W are

disjoint sets of verti
es satisfying u = jU j � w = jW j, then

je(U;W )� puwj = O

�

u

1=2

wp

1=2

log

1=2

(2n=w)

�

:
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The proof of the above two statements is rather straightforward. Noti
e that both quantities

e(U) and e(U;W ) are binomially distributed random variables with parameters

�

u

2

�

and p, and uw

and p, respe
tively. Applying standard Cherno�-type estimates on the tails of the binomial distri-

bution (see, e.g., Appendix A of [18℄) and then the union bound, one gets the desired inequalities.

It is very instru
tive to noti
e that we get less and less 
ontrol over the edge distribution as the

set size be
omes smaller. For example, in the probability spa
e G(n; 1=2) every subset is expe
ted

to 
ontain half of its potential edges. While this is what happens almost surely for large enough sets

due to Theorem 2.1, there will be almost surely sets of size about 2 log

2

n 
ontaining all possible

edges (i.e. 
liques), and there will be almost surely sets of about the same size, 
ontaining no edges

at all (i.e. independent sets).

For future 
omparison we formulate the above two theorems in the following uni�ed form:

Corollary 2.3 Let p = p(n) � 0:99. Then almost surely in G(n; p) for every two (not ne
essarily)

disjoint subsets of verti
es U;W � V of 
ardinalities jU j = u; jW j = w, the number e(U;W ) of

edges of G with one endpoint in U and the other one in W satis�es:

je(U;W )� puwj = O(

p

uwnp) : (1)

(A notational agreement here and later in the paper: if an edge e belongs to the interse
tion U \W ,

then e is 
ounted twi
e in e(U;W ).)

Similar bounds for edge distribution hold also in the spa
e G

n;d

of d-regular graphs, although

they are signi�
antly harder to derive there.

Inequality (1) provides us with a quantitative ben
hmark, a

ording to whi
h we will later

measure the uniformity of edge distribution in pseudo-random graphs on n verti
es with edge

density p = jE(G)j

Æ�

n

2

�

It is interesting to draw 
omparisons between resear
h in random graphs and in pseudo-random

graphs. In general, many properties of random graphs are mu
h easier to study than the 
orre-

sponding properties of pseudo-random graphs, mainly due to the fa
t that along with the almost

uniform edge distribution des
ribed in Corollary 2.3, random graphs possess as well many other

ni
e features, �rst and foremost of them being that they are in fa
t very simply de�ned produ
t

probability spa
es. Certain graph properties 
an be easily shown to hold almost surely in G(n; p)

while they are not ne
essarily valid in pseudo-random graphs of the same edge density. We will

see quite a few su
h examples in the next se
tion. A general line of resear
h appears to be not

to use pseudo-random methods to get new results for random graphs, but rather to try to adapt

te
hniques developed for random graphs to the 
ase of pseudo-random graphs, or alternatively to

develop original te
hniques and methods.

2.2 Thomason's jumbled graphs

In two fundamental papers [79℄, [80℄ published in 1987 Andrew Thomason introdu
ed the �rst

formal quantitative de�nition of pseudo-random graphs. It appears quite safe to attribute the
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laun
h of the systemati
 study of pseudo-randomness to Thomason's papers.

Thomason used the term "jumbled" graphs in his papers. A graph G = (V;E) is said to be

(p; �)-jumbled if p; � are real numbers satisfying 0 < p < 1 � � if every subset of verti
es U � V

satis�es:

�

�

�

�

e(U)� p

�

jU j

2

�

�

�

�

�

� �jU j : (2)

The parameter p 
an be thought of as the density of G, while � 
ontrols the deviation from the

ideal distribution. A

ording to Thomason, the word "jumbled" is intended to 
onvey the fa
t that

the edges are evenly spread throughout the graph.

The motivation for the above de�nition 
an be 
learly tra
ed to the attempt to 
ompare the edge

distribution in a graph G to that of a truly random graph G(n; p). Applying it indeed to G(n; p)

and re
alling (1) we 
on
lude that the random graph G(n; p) is almost surely O(

p

np)-jumbled.

Thomason's de�nition has several trivial yet very ni
e features. Observe for example that if G

is (p; �)-jumbled then the 
omplement

�

G is (1� p; �)-jumbled. Also, the de�nition is hereditary {

if G is (p; �)-jumbled, then so is every indu
ed subgraph H of G.

Note that being (p;�(np))-jumbled for a graph G on n verti
es and

�

n

2

�

p edges does not say

too mu
h about the edge distribution of G as the number of edges in linear sized sets 
an deviate

by a per
entage from their expe
ted value. However as we shall see very soon if G is known to

be (p; o(np))-jumbled, quite a lot 
an be said about its properties. Of 
ourse, the smaller is the

value of �, the more uniform or jumbled is the edge distribution of G. A natural question is then

how small 
an be the parameter � = �(n; p) for a graph G = (V;E) on jV j = n verti
es with edge

density p = jEj

Æ�

n

2

�

? Erd}os and Spen
er proved in [35℄ that � satis�es � = 
(

p

n) for a 
onstant

p; their method 
an be extended to show � = 
(

p

np) for all values of p = p(n). We thus may

think about (p;O(

p

np))-jumbled graphs on n verti
es as in a sense best possible pseudo-random

graphs.

Although the fa
t that G is (p; �)-jumbled 
arries in it a lot of diverse information on the

graph, it says almost nothing (dire
tly at least) about small subgraphs, i.e. those spanned by

subsets U of size jU j = o(�=p). Therefore in prin
iple a (p; �)-jumbled graph 
an have subsets of

size jU j = O(�=p) spanning by a 
onstant fa
tor less or more edges then predi
ted by the uniform

distribution. In many 
ases however quite a meaningful lo
al information (su
h as the presen
e of

subgraphs of �xed size) 
an still be salvaged from global 
onsiderations as we will see later.

Condition (2) has obviously a global nature as it applies to all subsets of G, and there are

exponentially many of them. Therefore the following result of Thomason, providing a suÆ
ient


ondition for pseudo-randomness based on degrees and 
o-degrees only, 
arries a 
ertain element of

surprise in it.

Theorem 2.4 [79℄ Let G be a graph on n verti
es with minimum degree np. If no pair of verti
es

of G has more than np

2

+ l 
ommon neighbors, then G is (p;

p

(p+ l)n)-jumbled.

The above theorem shows how the pseudo-randomness 
ondition of (2) 
an be ensured/
he
ked by

testing only a polynomial number of easily a

essible 
onditions. It is very useful for showing that
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spe
i�
 
onstru
tions are jumbled. Also, it 
an �nd algorithmi
 appli
ations, for example, a very

similar approa
h has been used by Alon, Duke, Lefmann, R�odl and Yuster in their Algorithmi


Regularity Lemma [9℄.

As observed by Thomason, the minimum degree 
ondition of Theorem 2.4 
an be dropped if

we require that every pair of verti
es has (1 + o(1))np

2


ommon neighbors. One 
annot however

weaken the 
onditions of the theorem so as to only require that every edge is in at most np

2

+ l

triangles.

Another suÆ
ient 
ondition for pseudo-randomness, this time of global nature, has also been

provided in [79℄, [80℄:

Theorem 2.5 [79℄ Let G be a graph of order n, let �n be an integer between 2 and n� 2, and let

! > 1 be a real number. Suppose that ea
h indu
ed subgraph H of order �n satis�es je(H)�p

�

�n

2

�

j �

�n�. Then G is (p; 7

p

n�=�=(1 � �))-jumbled. Moreover G 
ontains a subset U � V (G) of size

jU j �

�

1�

380

n(1��)

2

w

�

n su
h that the indu
ed subgraph G[U ℄ is (p; !�)-jumbled.

Thomason also des
ribes in [79℄, [80℄ several properties of jumbled graphs. We will not dis
uss

these results in details here as we will mostly adopt a di�erent approa
h to pseudo-randomness.

O

asionally however we will 
ompare some of later results to those obtained by Thomason.

2.3 Equivalent de�nitions of weak pseudo-randomness

Let us go ba
k to the jumbledness 
ondition (2) of Thomason. As we have already noted it be
omes

non-trivial only when the error term in (2) is o(n

2

p). Thus the latter 
ondition 
an be 
onsidered

as the weakest possible 
ondition for pseudo-randomness.

Guided by the above observation we now de�ne the notion of weak pseudo-randomness as

follows. Let (G

n

) be a sequen
e of graphs, where G

n

has n verti
es. Let also p = p(n) is a

parameter (p(n) is a typi
al density of graphs in the sequen
e). We say that the sequen
e (G

n

) is

weakly pseudo-random if the following 
ondition holds:

For all subsets U � V (G

n

),

�

�

�

�

e(U)� p

�

jU j

2

�

�

�

�

�

= o(n

2

p) : (3)

For notational 
onvenien
e we will frequently write G = G

n

, ta
itly assuming that (G) is in fa
t a

sequen
e of graphs.

Noti
e that the error term in the above 
ondition of weak pseudo-randomness does not depend

on the size of the subset U . Therefore it applies essentially only to subsets U of linear size, ignoring

subsets U of size o(n). Hen
e (3) is potentially mu
h weaker than Thomason's jumbledness 
ondition

(2).

Corollary 2.3 supplies us with the �rst example of weakly pseudo-random graphs { a random

graph G(n; p) is weakly pseudo-random as long as p(n) satis�es np!1. We 
an thus say that if

a graph G on n verti
es is weakly pseudo-random for a parameter p, then the edge distribution of

G is 
lose to that of G(n; p).
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In the previous subse
tion we have already seen examples of 
onditions implying pseudo-

randomness. In general one 
an expe
t that 
onditions of various kinds that hold almost surely in

G(n; p) may imply or be equivalent to weak pseudo-randomness of graphs with edge density p.

Let us �rst 
onsider the 
ase of the 
onstant edge density p. This 
ase has been treated exten-

sively in the 
elebrated paper of Chung, Graham and Wilson from 1989 [26℄, where they formulated

several equivalent 
onditions for weak pseudo-randomness. In order to state their important result

we need to introdu
e some notation.

Let G = (V;E) be a graph on n verti
es. For a graph L we denote by N

�

G

(L) the number of

labeled indu
ed 
opies of L in G, and by N

G

(L) the number of labeled not ne
essarily indu
ed


opies of L in G. For a pair of verti
es x; y 2 V (G), we set s(x; y) to be the number of verti
es of

G joined to x and y the same way: either to both or to none. Also, 
odeg(x; y) is the number of


ommon neighbors of x and y in G. Finally, we order the eigenvalues �

i

of the adja
en
y matrix

A(G) so that j�

1

j � j�

2

j � : : : � j�

n

j.

Theorem 2.6 [26℄ Let p 2 (0; 1) be �xed. For any graph sequen
e (G

n

) the following properties

are equivalent:

P

1

(l): For a �xed l � 4 for all graphs L on l verti
es,

N

�

G

(L) = (1 + o(1))n

l

p

jE(L)j

(1� p)

(

l

2

)

�jE(L)j

:

P

2

(t): Let C

t

denote the 
y
le of length t. Let t � 4 be even,

e(G

n

) =

n

2

p

2

+ o(n

2

) and N

G

(C

t

) � (np)

t

+ o(n

t

) :

P

3

: e(G

n

) �

n

2

p

2

+ o(n

2

) and �

1

= (1 + o(1))np; �

2

= o(n) :

P

4

: For ea
h subset U � V (G), e(U) =

p

2

jU j

2

+ o(n

2

) .

P

5

: For ea
h subset U � V (G) with jU j = b

n

2


, we have e(U) =

�

p

8

+ o(1)

�

n

2

:

P

6

:

P

x;y2V

js(x; y)� (p

2

+ (1� p)

2

)nj = o(n

3

) .

P

7

:

P

x;y2V

j
odeg(x; y) � p

2

nj = o(n

3

) .

Note that 
ondition P

4

of this remarkable theorem is in fa
t identi
al to our 
ondition (3) of

weak pseudo-randomness. Thus a

ording to the theorem all 
onditions P

1

{P

3

, P

5

�P

7

are in fa
t

equivalent to weak pseudo-randomness!

As noted by Chung et al. probably the most surprising fa
t (although possibly less surprising

for the reader in view of Theorem 2.4) is that apparently the weak 
ondition P

2

(4) is strong enough

to imply weak pseudo-randomness.

It is quite easy to add another 
ondition to the equivalen
e list of the above theorem: for all

U;W � V , e(U;W ) = pjU jjW j+ o(n

2

).
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A 
ondition of a very di�erent type, related to the 
elebrated Szemer�edi Regularity Lemma

has been added to the above list by Simonovits and S�os in [73℄. They showed that if a graph G

possesses a Szemer�edi partition in whi
h almost all pairs have density p, then G is weakly pseudo-

random, and 
onversely if G is weakly pseudo-random then in every Szemer�edi partition all pairs are

regular with density p. An extensive ba
kground on the Szemer�edi Regularity Lemma, 
ontaining

in parti
ular the de�nitions of the above used notions, 
an be found in a survey paper of Koml�os

and Simonovits [55℄.

The reader may have gotten the feeling that basi
ally every property of random graphs G(n; p)

ensures weak pseudo-randomness. This feeling is quite misleading, and one should be 
areful while

formulating properties equivalent to pseudo-randomness. Here is an example provided by Chung

et al. Let G be a graph with vertex set f1; : : : ; 4ng de�ned as follows: the subgraph of G spanned

by the �rst 2n verti
es is a 
omplete bipartite graph K

n;n

, the subgraph spanned by the last 2n

verti
es is the 
omplement of K

n;n

, and for every pair (i; j); 1 � i � 2n; 2n+ 1 � j � 4n, the edge

(i; j) is present in G independently with probability 0:5. Then G is almost surely a graph on 4n

verti
es with edge density 0:5. One 
an verify that G has properties P

1

(3) and P

2

(2t+ 1) for every

t � 1, but is obviously very far from being pseudo-random (
ontains a 
lique and an independent

set of one quarter of its size). Hen
e P

1

(3) and P

2

(2t+ 1) are not pseudo-random properties. This

example shows also the real di�eren
e between even and odd 
y
les in this 
ontext { re
all that

Property P

2

(2t) does imply pseudo-randomness.

A possible explanation to the above des
ribed somewhat disturbing phenomenon has been

suggested by Simonovits and S�os in [74℄. They noti
ed that the above dis
ussed properties are

not hereditary in the sense that the fa
t that the whole graph G possesses one of these properties

does not imply that large indu
ed subgraphs of G also have it. A property is 
alled hereditary in

this 
ontext if it is assumed to hold for all suÆ
iently large subgraphs F of our graph G with the

same error term as for G. Simonovits and S�os proved that adding this hereditary 
ondition gives

signi�
ant extra strength to many properties making them pseudo-random.

Theorem 2.7 [74℄ Let L be a �xed graph on l verti
es, and let p 2 (0; 1) be �xed. Let (G

n

) be a

sequen
e of graphs. If for every indu
ed subgraph H � G on h verti
es,

N

H

(L) = p

jE(L)j

h

l

+ o(n

l

) ;

then (G

n

) is weakly pseudo-random, i.e. property P

4

holds.

Two main distin
tive features of the last result 
ompared to Theorem 2.6 are: (a) P

1

(3) assumed

hereditarily implies pseudo-randomness; and (b) requiring the right number of 
opies of a single

graph L on l verti
es is enough, 
ompared to Condition P

1

(l) required to hold for all graphs on l

verti
es simultaneously.

Let us swit
h now to the 
ase of vanishing edge density p(n) = o(1). This 
ase has been treated

in two very re
ent papers of Chung and Graham [25℄ and of Kohayakawa, R�odl and Sissokho [50℄.

Here the pi
ture be
omes signi�
antly more 
ompli
ated 
ompared to the dense 
ase. In parti
ular,

8



there exist graphs with very balan
ed edge distribution not 
ontaining a single 
opy of some �xed

subgraphs (see the Erd}os-R�enyi graph and the Alon graph in the next se
tion (Examples 6, 9,

resp.)).

In an attempt to �nd properties equivalent to weak pseudo-randomness in the sparse 
ase,

Chung and Graham de�ne the following properties in [25℄ :

CIRCUIT(t): The number of 
losed walks w

0

; w

1

; : : : ; w

t

= w

0

of length t in G is (1 + o(1))(np)

t

;

CYCLE(t): The number of labeled t-
y
les in G is (1 + o(1))(np)

t

;

EIG: The eigenvalues �

i

, j�

1

j � j�

2

j � : : : j�

n

j, of the adja
en
y matrix of G satisfy:

�

1

= (1 + o(1))np ;

j�

i

j = o(np); i > 1 :

DISC: For all X;Y � V (G),

je(X;Y )� pjXjjY jj = o(pn

2

) :

(DISC here is in fa
t DICS(1) in [25℄).

Theorem 2.8 [25℄ Let (G = G

n

: n ! 1) be a sequen
e of graphs with e(G

n

) = (1 + o(1))p

�

n

2

�

.

Then the following impli
ations hold for all t � 1:

CIRCUIT (2t) ) EIG) DISC :

Proof. To prove the �rst impli
ation, let A be the adja
en
y matrix of G, and 
onsider the

tra
e Tr(A

2t

). The (i; i)-entry of A

2t

is equal to the number of 
losed walks of length 2t starting

and ending at i, and hen
e Tr(A

2t

) = (1 + o(1))(np)

2t

. On the other hand, sin
e A is symmetri
 it

is similar to the diagonal matrix D = diag(�

1

; �

2

; : : : ; �

n

), and therefore Tr(A

2t

) =

P

2t

i=1

�

2t

i

. We

obtain:

n

X

i=1

�

2t

i

= (1 + o(1))(np)

2t

:

Sin
e the �rst eigenvalue of G is easily shown to be as large as its average degree, it follows that

�

1

� 2jE(G)j=jV (G)j = (1 + o(1))np. Combining these two fa
ts we derive that �

1

= (1 + o(1))np

and j�

i

j = o(np) as required.

The se
ond impli
ation will be proven in the next subse
tion. 2

Both reverse impli
ations are false in general. To see why DISC 6) EIG take a graph G

0

on

n� 1 verti
es with all degrees equal to (1 + o(1))n

0:1

and having property DISC (see next se
tion

for examples of su
h graphs). Now add to G

0

a vertex v

�

and 
onne
t it to any set of size n

0:8

in

G

0

, let G be the obtained graph. Sin
e G is obtained from G

0

by adding o(jE(G

0

j) edges, G still

satis�es DISC. On the other hand, G 
ontains a star S of size n

0:8

with a 
enter at v

�

, and hen
e

�

1

(G) � �

1

(S) =

p

n

0:8

� 1 � jE(G)j=n (see, e.g. Chapter 11 of [64℄ for the relevant proofs). This

solves an open question from [25℄.

9



The Erd}os-R�enyi graph from the next se
tion is easily seen to satisfy EIG, but fails to satisfy

CIRCUIT (4). Chung and Graham provide an alternative example in [25℄ (Example 1).

The above dis
ussion indi
ates that one probably needs to impose some additional 
ondition on

the graph G to glue all these pie
es together and to make the above stated properties equivalent.

One su
h 
ondition has been suggested by Chung and Graham who de�ned:

U(t): For some absolute 
onstant 
, all degrees in G satisfy: d(v) < 
np, and for every pair of

verti
es x; y 2 G the number e

t�1

(x; y) of walks of length t� 1 from x to y satis�es: e

t�1

(x; y) �


n

t�2

p

t�1

.

Noti
e that U(t) 
an only hold for p > 


0

n

�1+1=(t�1)

, where 


0

depends on 
. Also, every dense

graph (p = �(1)) satis�es U(t).

As it turns out adding property U(t) makes all the above de�ned properties equivalent and thus

equivalent to the notion of weak pseudo-randomness (that 
an be identi�ed with property DISC):

Theorem 2.9 [25℄ Suppose for some 
onstant 
 > 0, p(n) > 
n

�1+1=(t�1)

, where t � 2. For any

family of graphs G

n

, jE(G

n

)j = (1 + o(1))p

�

n

2

�

, satisfying U(t), the following properties are all

equivalent: CIRCUIT (2t); CY CLE(2t); EIG and DISC.

Theorem 2.9 
an be viewed as a sparse analog of Theorem 2.6 as it also provides a list of


onditions equivalent to weak pseudo-randomness.

Further properties implying or equivalent to pseudo-randomness, in
luding lo
al statisti
s 
on-

ditions, are given in [50℄.

2.4 Eigenvalues and pseudo-random graphs

In this subse
tion we des
ribe an approa
h to pseudo-randomness based on graph eigenvalues {

the approa
h most frequently used in this survey. Although the eigenvalue-based 
ondition is not

as general as the jumbledness 
ondition of Thomason or some other properties des
ribed in the

previous subse
tion, its power and 
onvenien
e are so appealing that they 
ertainly 
onstitute

a good enough reason to prefer this approa
h. Below we �rst provide a ne
essary ba
kground

on graph spe
tra and then derive quantitative estimates 
onne
ting the eigenvalue gap and edge

distribution.

Re
all that the adja
en
y matrix of a graphG = (V;E) with vertex set V = f1; : : : ; ng is an n-by-

n matrix whose entry a

ij

is 1 if (i; j) 2 E(G), and is 0 otherwise. Thus A is a 0; 1 symmetri
 matrix

with zeroes along the main diagonal, and we 
an apply the standard ma
hinery of eigenvalues and

eigenve
tors of real symmetri
 matri
es. It follows that all eigenvalues of A (usually also 
alled the

eigenvalues of the graph G itself) are real, and we denote them by �

1

� �

2

� : : : � �

n

. Also, there

is an orthonormal basis B = fx

1

; : : : ; x

n

g of the eu
lidean spa
e R

n


omposed of eigenve
tors of

A: Ax

i

= �

i

x

i

, x

t

i

x

i

= 1, i = 1; : : : ; n. The matrix A 
an be de
omposed then as: A =

P

n

i=1

�

i

x

i

x

t

i

{ the so 
alled spe
tral de
omposition of A. (Noti
e that the produ
t xx

t

, x 2 R

n

, is an n-by-n

matrix of rank 1; if x; y; z 2 R

n

then y

t

(xx

t

)z = (y

t

x)(x

t

z)). Every ve
tor y 2 R

n


an be easily
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represented in basis B: y =

P

n

i=1

(y

t

x

i

)x

i

. Therefore, for y; z 2 R

n

, y

t

z =

P

n

i=1

(y

t

x

i

)(z

t

x

i

) and

kyk

2

= y

t

y =

P

n

i=1

(y

t

x

i

)

2

.

All the above applies in fa
t to all real symmetri
 matri
es. Sin
e the adja
en
y matrix A of

a graph G is a matrix with non-negative entries, one 
an derive some important extra features of

A, most notably the Perron-Frobenius Theorem, that reads in the graph 
ontext as follows: if G

is 
onne
ted then the multipli
ity of �

1

is one, all 
oordinates of the �rst eigenve
tor x

1


an be

assumed to be stri
tly positive, and j�

i

j � �

1

for all i � 2. Thus, graph spe
trum lies entirely in

the interval [��

1

; �

1

℄.

For the most important spe
ial 
ase of regular graphs Perron-Frobenius implies the following


orollary:

Proposition 2.10 Let G be a d-regular graph on n verti
es. Let �

1

� �

2

� : : : � �

n

be the

eigenvalues of G. Then �

1

= d and �d � �

i

� d for all 1 � i � n. Moreover, if G is 
onne
ted

then the �rst eigenve
tor x

1

is proportional to the all one ve
tor (1; : : : ; 1)

t

2 R

n

, and �

i

< d for

all i � 2.

To derive the above 
laim from the Perron-Frobenius Theorem observe that e = (1; : : : ; 1) is

immediately seen to be an eigenve
tor of A(G) 
orresponding to the eigenvalue d: Ae = de. The

positivity of the 
oordinates of e implies then that e is not orthogonal to the �rst eigenve
tor, and

hen
e is in fa
t proportional to x

1

of A(G). Proposition 2.10 
an be also proved dire
tly without

relying on the Perron-Frobenius Theorem.

We remark that �

n

= �d is possible, in fa
t it holds if and only if the graph G is bipartite.

All this ba
kground information, presented above in a somewhat 
ondensed form, 
an be found

in many textbooks in Linear Algebra. Readers more in
lined to 
onsult 
ombinatorial books 
an

�nd it for example in a re
ent monograph of Godsil and Royle on Algebrai
 Graph Theory [46℄.

We now prove a well known theorem (see its variant, e.g., in Chapter 9, [18℄) bridging between

graph spe
tra and edge distribution.

Theorem 2.11 Let G be a d-regular graph on n verti
es. Let d = �

1

� �

2

� : : : �

n

be the

eigenvalues of G. Denote

� = max

2�i�n

j�

i

j :

Then for every two subsets U;W � V ,

�

�

�

�

e(U;W )�

djU jjW j

n

�

�

�

�

� �

s

jU jjW j

�

1�

jU j

n

��

1�

jW j

n

�

: (4)

Proof. Let B = fx

1

; : : : ; x

n

g be an orthonormal basis of R

n


omposed from eigenve
tors of A:

Ax

i

= �

i

x

i

, 1 � i � n. We represent A =

P

n

i=1

�

i

x

i

x

t

i

. Denote

A

1

= �

1

x

1

x

t

1

;

E =

n

X

i=2

�

i

x

i

x

t

i

;

11



then A = A

1

+ E .

Let u = jU j, w = jW j be the 
ardinalities of U;W , respe
tively. We denote the 
hara
teristi


ve
tor of U by �

U

2 R

n

, i.e. �

U

(i) = 1 if i 2 U , and �

U

(i) = 0 otherwise. Similarly, let �

W

2 R

n

be the 
hara
teristi
 ve
tor of W . We represent �

U

, �

W

a

ording to B:

�

U

=

n

X

i=1

�

i

x

i

; �

i

= �

t

U

x

i

;

n

X

i=1

�

2

i

= k�

U

k

2

= u ;

�

W

=

n

X

i=1

�

i

x

i

; �

i

= �

t

W

x

i

;

n

X

i=1

�

2

i

= k�

W

k

2

= w :

It follows easily from the de�nitions of A, �

U

and �

W

that the produ
t �

t

U

A�

W


ounts exa
tly the

number of edges of G with one endpoint in U and the other one in W , i.e.

e(U;W ) = �

t

U

A�

W

= �

t

U

A

1

�

W

+ �

t

U

E�

W

:

Now we estimate the last two summands separately, the �rst of them will be the main term for

e(U;W ), the se
ond one will be the error term. Substituting the expressions for �

U

, �

W

and

re
alling the orthonormality of B, we get:

�

t

U

A

1

�

W

=

 

n

X

i=1

�

i

x

i

!

t

(�

1

x

1

x

t

1

)

0

�

n

X

j=1

�

j

x

j

1

A

=

n

X

i=1

n

X

j=1

�

i

�

1

�

j

(x

t

i

x

1

)(x

t

1

x

j

) = �

1

�

1

�

1

: (5)

Similarly,

�

t

U

E�

W

=

 

n

X

i=1

�

i

x

i

!

t

0

�

n

X

j=2

�

j

x

j

x

t

j

1

A

 

n

X

k=1

�

k

x

k

!

=

n

X

i=2

�

i

�

i

�

i

: (6)

Re
all now that G is d-regular. Then a

ording to Proposition 2.10, �

1

= d and x

1

=

1

p

n

(1; : : : ; 1)

t

. We thus get: �

1

= �

t

U

x

1

= u=

p

n and �

1

= �

t

W

x

1

= w=

p

n. Hen
e it follows

from (5) that �

t

U

A

1

�

W

= duw=n.

Now we estimate the absolute value of the error term �

t

U

E�

W

. Re
alling (6), the de�nition of

� and the obtained values of �

1

, �

1

, we derive, applying Cau
hy-S
hwartz:

j�

t

U

E�

W

j = j

n

X

i=2

�

i

�

i

�

i

j � �j

n

X

i=2

�

i

�

i

j � �

v

u

u

t

n

X

i=2

�

2

i

n

X

i=2

�

2

i

= �

q

(k�

U

k

2

� �

2

1

)(k�

W

k

2

� �

2

1

) = �

s

�

u�

u

2

n

��

w �

w

2

n

�

:

The theorem follows. 2

The above proof 
an be extended to the irregular (general) 
ase. Sin
e the obtained quantitative

bounds on edge distribution turn out to be somewhat 
umbersome, we will just indi
ate how they
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an be obtained. Let G = (V;E) be a graph on n verti
es with average degree d. Assume that the

eigenvalues of G satisfy � < d, with � as de�ned in the theorem. Denote

K =

X

v2V

(d(v) � d)

2

:

The parameter K is a measure of irregularity of G. Clearly K = 0 if and only if G is d-regular.

Let e =

1

p

n

(1; : : : ; 1)

t

. We represent e in the basis B = fx

1

; : : : ; x

n

g of the eigenve
tors of A(G):

e =

n

X

i=1




i

x

i

; 


i

= e

t

x

i

;

n

X

i=1




2

i

= kek

2

= 1 :

Denote z =

1

p

n

(d(v

1

)�d; : : : ; d(v

n

)�d)

t

, then kzk

2

= K=n. Noti
e that Ae =

1

p

n

(d(v

1

); : : : ; d(v

n

))

t

= de+ z, and therefore z = Ae� de =

P

n

i=1




i

(�

i

� d)x

i

. This implies:

K

n

= kzk

2

=

n

X

i=1




2

i

(�

i

� d)

2

�

n

X

i=2




2

i

(�

i

� d)

2

� (d� �)

2

n

X

i=2




2

i

:

Hen
e

P

n

i=2




2

i

�

K

n(d��)

2

. It follows that 


2

1

= 1�

P

n

i=2




2

i

� 1�

K

n(d��)

2

and




1

� 


2

1

� 1�

K

n(d� �)

2

:

Now we estimate the distan
e between the ve
tors e and x

1

and show that they are 
lose given that

the parameter K is small.

ke� x

1

k

2

= (e� x

1

)

t

(e� x

1

) = e

t

e+ x

t

1

x

1

� 2e

t

x

1

= 1 + 1� 2


1

= 2� 2


1

�

2K

n(d� �)

2

:

We now return to expressions (5) and (6) from the proof of Theorem 2.11. In order to estimate

the main term �

t

U

A

1

�

W

, we bound the 
oeÆ
ients �

1

, �

1

and �

1

as follows:

�

1

= �

t

U

x

1

= �

t

U

e + �

t

U

(x

1

� e) =

u

p

n

+ �

t

U

(x

1

� e) ;

and therefore

�

�

�

�

�

1

�

u

p

n

�

�

�

�

= j�

t

U

(x

1

� e)j � k�

U

jj � kx

1

� ek �

q

2Ku

n

d� �

: (7)

In a similar way one gets:

�

�

�

�

�

1

�

w

p

n

�

�

�

�

�

q

2Kw

n

d� �

: (8)
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Finally, to estimate from above the absolute value of the di�eren
e between �

1

and d we argue as

follows:

K

n

= kzk

2

=

n

X

i=1




2

i

(�

i

� d)

2

� 


2

1

(�

1

� d)

2

;

and therefore

j�

1

� dj �

1




1

r

K

n

�

n(d� �)

2

n(d� �)

2

�K

r

K

n

: (9)

Summarizing, we see from (7), (8) and (9) that the main term in the produ
t �

t

U

A

1

�

W

is equal to

duw

n

, just as in the regular 
ase, and the error term is governed by the parameter K.

In order to estimate the error term �

t

U

E�

W

we use (6) to get:

j�

t

U

E�

W

j =

�

�

�

�

�

n

X

i=2

�

i

�

i

�

i

�

�

�

�

�

� �

�

�

�

�

�

n

X

i=2

�

i

�

i

�

�

�

�

�

� �

v

u

u

t

n

X

i=2

�

2

i

n

X

i=2

�

2

i

� �

v

u

u

t

n

X

i=1

�

2

i

n

X

i=1

�

2

i

= �k�

U

k k�

W

k = �

p

uw: 2

Applying the above developed te
hniques we 
an prove now the se
ond impli
ation of Theorem

2.8. Let us prove �rst that EIG implies K = o(nd

2

), where d = (1 + o(1))np is as before the

average degree of G. Indeed, for every ve
tor v 2 R

n

we have kAvk � �

1

kvk, and therefore

�

2

1

n = �

2

1

e

t

e � (Ae)

t

(Ae) =

X

v2V

d

2

(v) :

Hen
e from EIG we get:

P

v2V

d

2

(v) � (1 + o(1))nd

2

. As

P

v

d(v) = nd, it follows that:

K =

X

v2V

(d(v) � d)

2

=

X

v2V

d

2

(v)� 2d

X

v2V

d(v) + nd

2

= (1 + o(1))nd

2

� 2nd

2

+ nd

2

= o(nd

2

) ;

as promised. Substituting this into estimates (7), (8), (9) and using � = o(d) of EIG we get:

�

1

=

u

p

n

+ o(

p

u) ;

�

1

=

w

p

n

+ o(

p

w) ;

�

1

= (1 + o(1))d ;

and therefore

�

t

U

A

1

�

W

=

duw

n

+ o(dn) :

Also, a

ording to EIG, � = o(d), whi
h implies:

�

t

U

E�

w

= o(d

p

uw) = o(dn) ;

and the 
laim follows. 2
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Theorem 2.11 is a truly remarkable result. Not only it 
onne
ts between two seemingly unrelated

graph 
hara
teristi
s { edge distribution and spe
trum, it also provides a very good quantitative

handle for the uniformity of edge distribution, based on easily 
omputable, both theoreti
ally and

pra
ti
ally, graph parameters { graph eigenvalues. A

ording to the bound (4), a polynomial

number of parameters 
an 
ontrol quite well the number of edges in exponentially many subsets of

verti
es.

The parameter � in the formulation of Theorem 2.11 is usually 
alled the se
ond eigenvalue of

the d-regular graph G (the �rst and the trivial one being �

1

= d). There is 
ertain ina

ura
y

though in this term, as in fa
t � = maxf�

2

;��

n

g. Later we will 
all, following Alon, a d-regular

graph G on n verti
es in whi
h all eigenvalues, but the �rst one, are at most � in their absolute

values, an (n; d; �)-graph.

Comparing (4) with the de�nition of jumbled graphs by Thomason we see that an (n; d; �)-

graph G is (d=n; �)-jumbled. Hen
e the parameter � (or in other words, the so 
alled spe
tral gap

{ the di�eren
e between d and �) is responsible for pseudo-random properties of su
h a graph.

The smaller the value of � 
ompared to d, the more 
lose is the edge distribution of G to the ideal

uniform distribution. A natural question is then: how small 
an be �? It is easy to see that as long

as d � (1� �)n, � = 
(

p

d). Indeed, the tra
e of A

2

satis�es:

nd = 2jE(G)j = Tr(A

2

) =

n

X

i=1

�

2

i

� d

2

+ (n� 1)�

2

� (1� �)nd+ (n� 1)�

2

;

and � = 
(

p

d) as 
laimed. More a

urate bounds are known for smaller values of d (see, e.g. [69℄).

Based on these estimates we 
an say that an (n; d; �)-graph G, for whi
h � = �(

p

d), is a very

good pseudo-random graph. We will see several examples of su
h graphs in the next se
tion.

2.5 Strongly regular graphs

A strongly regular graph srg(n; d; �; �) is a d-regular graph on n verti
es in whi
h every pair of

adja
ent verti
es has exa
tly � 
ommon neighbors and every pair of non-adja
ent verti
es has

exa
tly � 
ommon neighbors. (We 
hanged the very standard notation in the above de�nition so

as to avoid interferen
e with other notational 
onventions throughout this paper and to make it

more 
oherent, usually the parameters are denoted (v; k; �; �)). Two simple examples of strongly

regular graph are the pentagon C

5

that has parameters (5; 2; 0; 1), and the Petersen graph whose

parameters are (10; 3; 0; 1). Strongly regular graphs were introdu
ed by Bose in 1963 [21℄ who also

pointed out their tight 
onne
tions with �nite geometries. As follows from the de�nition, strongly

regular graphs are highly regular stru
tures, and one 
an safely predi
t that algebrai
 methods

are extremely useful in their study. We do not intend to provide any systemati
 
overage of this

fas
inating 
on
ept here, addressing the reader to the vast literature on the subje
t instead (see,

e.g., [24℄). Our aim here is to 
al
ulate the eigenvalues of strongly regular graphs and then to


onne
t them with pseudo-randomness, relying on results from the previous subse
tion.
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Proposition 2.12 Let G be a 
onne
ted strongly regular graph with parameters (n; d; �; �). Then

the eigenvalues of G are: �

1

= d with multipli
ity s

1

= 1,

�

2

=

1

2

�

� � �+

p

(� � �)

2

+ 4(d � �)

�

and

�

3

=

1

2

�

� � ��

p

(� � �)

2

+ 4(d� �)

�

;

with multipli
ities

s

2

=

1

2

 

n� 1 +

(n� 1)(�� �)� 2d

p

(�� �)

2

+ 4(d� �)

!

and

s

3

=

1

2

 

n� 1�

(n� 1)(�� �)� 2d

p

(�� �)

2

+ 4(d� �)

!

;

respe
tively.

Proof. Let A be the adja
en
y matrix of A. By the de�nition of A and the fa
t that A is

symmetri
 with zeroes on the main diagonal, the (i; j)-entry of the square A

2


ounts the number

of 
ommon neighbors of v

i

and v

j

in G if i 6= j, and is equal to the degree d(v

i

) in 
ase i = j. The

statement that G is srg(n; d; �; �) is equivalent then to:

AJ = dJ; A

2

= (d� �)I + �J + (� � �)A ; (10)

where J is the n-by-n all-one matrix and I is the n-by-n identity matrix.

Sin
e G is d-regular and 
onne
ted, we obtain from the Perron-Frobenius Theorem that �

1

= d

is an eigenvalue of G with multipli
ity 1 and with e = (1; : : : ; 1)

t

as the 
orresponding eigenve
tor.

Let � 6= d be another eigenvalue of G, and let x 2 R

n

be a 
orresponding eigenve
tor. Then x is

orthogonal to e, and therefore Jx = 0. Applying both sides of the se
ond identity in (10) to x we

get the equation: �

2

x = (d��)x+ (���)�x, whi
h results in the following quadrati
 equation for

�:

�

2

+ (�� �)� + (�� d) = 0 :

This equation has two solutions �

2

and �

3

as de�ned in the proposition formulation. If we denote

by s

2

and s

3

the respe
tive multipli
ities of �

2

and �

3

as eigenvalues of A, we get:

1 + s

2

+ s

3

= n; Tr(A) = d + s

2

�

2

+ s

3

�

3

= 0 :

Solving the above system of linear equations for s

2

and s

3

we obtain the assertion of the proposition.

2

Using the bound (4) we 
an derive from the above proposition that if the parameters of a

strongly regular graph G satisfy � � � then G has a large eigenvalue gap and is therefore a good

pseudo-random graph. We will exhibit several examples of su
h graphs in the next se
tion.
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3 Examples

Here we present some examples of pseudo-random graphs. Many of them are well known and

already appeared, e.g., in [79℄ and [80℄, but there also some whi
h have been dis
overed only

re
ently. Sin
e in the rest of the paper we will mostly dis
uss properties of (n; d; �)-graphs, in our

examples we emphasize the spe
tral properties of the 
onstru
ted graphs. We will also use most of

these 
onstru
tions later to illustrate parti
ular points and to test the strength of the theorems.

Random graphs

1. Let G = G(n; p) be a random graph with edge probability p. If p satis�es pn= log n ! 1

and (1 � p)n logn ! 1, then almost surely all the degrees of G are equal to (1 + o(1))np.

Moreover it was proved by F�uredi and Koml�os [44℄ that the largest eigenvalue of G is a.s.

(1 +o(1))np and that �(G) � (2 +o(1))

p

p(1� p)n. They stated this result only for 
onstant

p but their proof shows that �(G) � O(

p

np) also when p � poly logn=n.

2. For a positive integer-valued fun
tion d = d(n) we de�ne the model G

n;d

of random regular

graphs 
onsisting of all regular graphs on n verti
es of degree d with the uniform probability

distribution. This de�nition of a random regular graph is 
on
eptually simple, but it is not

easy to use. Fortunately, for small d there is an eÆ
ient way to generate G

n;d

whi
h is useful

for theoreti
al studies. This is the so 
alled 
on�guration model. For more details about this

model, and random regular graphs in general we refer the interested reader to two ex
ellent

monographs [20℄ and [49℄, or to a survey [83℄. As it turns out, sparse random regular graphs

have quite di�erent properties from those of the binomial random graph G(n; p); p = d=n. For

example, they are almost surely 
onne
ted. The spe
trum of G

n;d

for a �xed d was studied in

[38℄ by Friedman, Kahn and Szemer�edi. Friedman [39℄ proved that for 
onstant d the se
ond

largest eigenvalue of a random d-regular graph is � = (1 + o(1))2

p

d� 1. The approa
h of

Kahn and Szemer�edi gives only O(

p

d) bound on � but 
ontinues to work also when d is

small power of n. The 
ase d � n

1=2

was re
ently studied by Krivelevi
h, Sudakov, Vu and

Wormald [61℄. They proved that in this 
ase for any two verti
es u; v 2 G

n;d

almost surely

�

�


odeg(u; v) � d

2

=n

�

�

< Cd

3

=n

2

+ 6d

p

logn=

p

n;

where C is some 
onstant and 
odeg(u; v) is the number of 
ommon neighbors of u; v. More-

over if d � n= logn, then C 
an be de�ned to be zero. Using this it is easy to show that for

d� n

1=2

, the se
ond largest eigenvalue of a random d-regular graph is o(d). The true bound

for the se
ond largest eigenvalue of G

n;d

should be probably (1 + o(1))2

p

d� 1 for all values

of d, but we are still far from proving it.

Strongly regular graphs

3. Let q = p

�

be a prime power whi
h is 
ongruent to 1 modulo 4 so that �1 is a square in

the �nite �eld GF (q). Let P

q

be the graph whose verti
es are all elements of GF (q) and two
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verti
es are adja
ent if and only if their di�eren
e is a quadrati
 residue in GF (q). This graph

is usually 
alled the Paley graph. It is easy to see that P

q

is (q � 1)=2-regular. In addition

one 
an easily 
ompute the number of 
ommon neighbors of two verti
es in P

q

. Let � be the

quadrati
 residue 
hara
ter on GF (q), i.e., �(0) = 0, �(x) = 1 if x 6= 0 and is a square in

GF (q) and �(x) = �1 otherwise. By de�nition,

P

x

�(x) = 0 and the number of 
ommon

neighbors of two verti
es a and b equals

X

x6=a;b

�

1 + �(a� x)

2

��

1 + �(b� x)

2

�

=

q � 2

4

�

�(a� b)

2

+

1

4

X

x6=a;b

�(a� x)�(b� x):

Using that for x 6= b, �(b� x) = �

�

(b� x)

�1

�

, the last term 
an be rewritten as

X

x6=a;b

�(a� x)�

�

(b� x)

�1

�

=

X

x6=a;b

�

�

a� x

b� x

�

=

X

x6=a;b

�

�

1 +

a� b

b� x

�

=

X

x6=0;1

�(x) = �1:

Thus the number of 
ommon neighbors of a and b is (q � 3)=4 � �(a � b)=2. This equals

(q � 5)=4 if a and b are adja
ent and (q � 1)=4 otherwise. This implies that the Paley graph

is a strongly regular graph with parameters

�

q; (q � 1)=2; (q � 5)=4; (q � 1)=4

�

and therefore

its se
ond largest eigenvalue equals (

p

q + 1)=2.

4. For any odd integer k let H

k

denote the graph whose n

k

= 2

k�1

� 1 verti
es are all binary

ve
tors of length k with an odd number of ones ex
ept the all one ve
tor, in whi
h two

distin
t verti
es are adja
ent i� the inner produ
t of the 
orresponding ve
tors is 1 modulo 2.

Using elementary linear algebra it is easy to 
he
k that this graph is (2

k�2

� 2)-regular. Also

every two nonadja
ent verti
es verti
es in it have 2

k�3

� 1 
ommon neighbors and every two

adja
ent verti
es verti
es have 2

k�3

� 3 
ommon neighbors. Thus H

k

is a strongly regular

graph with parameters

�

2

k�1

� 1; 2

k�2

� 2; 2

k�3

� 3; 2

k�3

� 1

�

and with the se
ond largest

eigenvalue �(H

k

) = 1 + 2

k�3

2

.

5. Let q be a prime power an let V (G) be the elements of the two dimensional ve
tor spa
e over

GF (q), so G has q

2

verti
es. Partition the q + 1 lines through the origin of the spa
e into

two sets P and N , where jP j = k. Two verti
es x and y of the graph G are adja
ent if x� y

is parallel to a line in P . This example is due to Delsarte and Goethals and to Turyn (see

[72℄). It is easy to 
he
k that G is strongly regular with parameters

�

k(q � 1); (k � 1)(k �

2) + q� 2; k(k� 1)

�

. Therefore its eigenvalues, besides the trivial one are �k and q�k. Thus

if k is suÆ
iently large we obtain that G is d = k(q � 1)-regular graph whose se
ond largest

eigenvalue is mu
h smaller than d.

Graphs arising from �nite geometries

6. For any integer t � 2 and for any power q = p

�

of prime p let PG(q; t) denote the proje
tive

geometry of dimension t over the �nite �eld GF (q). The interesting 
ase for our purposes here

is that of large q and �xed t. The verti
es of PG(q; t) 
orrespond to the equivalen
e 
lasses of
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the set of all non-zero ve
tors x = (x

0

; : : : ; x

t

) of length t+1 over GF (q), where two ve
tors are

equivalent if one is a multiple of the other by an element of the �eld. Let G denote the graph

whose verti
es are the points of PG(q; t) and two (not ne
essarily distin
t) verti
es x and y are

adja
ent if and only if x

0

y

0

+ : : :+x

t

y

t

= 0. This 
onstru
tion is well known. In parti
ular, in


ase t = 2 this graph is often 
alled the Erd}os-R�enyi graph and it 
ontains no 
y
les of length

4. It is easy to see that the number of verti
es of G is n

q;t

=

�

q

t+1

�1

�

=

�

q�1

�

=

�

1 +o(1)

�

q

t

and that it is d

q;t

-regular for d

q;t

=

�

q

t

� 1

�

=

�

q � 1

�

=

�

1 + o(1)

�

q

t�1

, where o(1) tends to

zero as q tends to in�nity. It is easy to see that the number of verti
es of G with loops is

bounded by 2

�

q

t

� 1

�

=

�

q � 1

�

=

�

2 + o(1)

�

q

t�1

, sin
e for every possible value of x

0

; : : : ; x

t�1

we have at most two possible 
hoi
es of x

t

. A
tually using more 
ompli
ated 
omputation,

whi
h we omit, one 
an determine the exa
t number of verti
es with loops. The eigenvalues

of G are easy to 
ompute (see [11℄). Indeed, let A be the adja
en
y matrix of G. Then, by

the properties of PG(q; t), A

2

= AA

T

= �J + (d

q;t

� �)I, where � =

�

q

t�1

� 1

�

=

�

q � 1

�

, J is

the all one matrix and I is the identity matrix, both of size n

q;t

� n

q;t

. Therefore the largest

eigenvalue of A is d

q;t

and the absolute value of all other eigenvalues is

p

d

q;t

� � = q

(t�1)=2

.

7. The generalized polygons are in
iden
e stru
tures 
onsisting of points P and lines L. For

our purposes we restri
t our attention to those in whi
h every point is in
ident to q + 1 lines

and every line is in
ident to q + 1 points. A generalized m-gon de�nes a bipartite graph G

with bipartition (P;L) that satis�es the following 
onditions. The diameter of G is m and

for every vertex v 2 G there is a vertex u 2 G su
h that the shortest path from u to v has

length m. Also for every r < m and for every two verti
es u; v at distan
e r there exists a

unique path of length r 
onne
ting them. This immediately implies that every 
y
le in G has

length at least 2m. For q � 2, it was proved by Feit and Higman [36℄ that (q + 1)-regular

generalized m-gons exist only for m = 3; 4; 6. A polarity of G is a bije
tion � : P [L ! P [L

su
h that �(P) = L, �(L) = P and �

2

is the identity map. Also for every p 2 P; l 2 L, �(p)

is adja
ent to �(l) if and only if p and l are adja
ent. Given � we de�ne a polarity graph G

�

to be the graph whose verti
es are point in P and two (not ne
essarily distin
t) points p

1

; p

2

are adja
ent i� p

1

was adja
ent to �(p

2

) in G. Some properties of G

�


an be easily dedu
ed

from the 
orresponding properties of G. In parti
ular, G

�

is (q+ 1)-regular and also 
ontains

no even 
y
les of length less than 2m.

For every q whi
h is an odd power of 2, the in
iden
e graph of the generalized 4-gon has a

polarity. The 
orresponding polarity graph is a (q + 1)-regular graph with q

3

+ q

2

+ q + 1

verti
es. See [23℄, [62℄ for more details. This graph 
ontains no 
y
le of length 6 and it is not

diÆ
ult to 
ompute its eigenvalues (they 
an be derived, for example, from the eigenvalues

of the 
orresponding bipartite in
iden
e graph, given in [78℄). Indeed, all the eigenvalues,

besides the trivial one (whi
h is q + 1) are either 0 or

p

2q or �

p

2q. Similarly, for every q

whi
h is an odd power of 3, the in
iden
e graph of the generalized 6-gon has a polarity. The


orresponding polarity graph is a (q+ 1)-regular graph with q

5

+ q

4

+ � � �+ q+ 1 verti
es ( see
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again [23℄, [62℄). This graph 
ontains no 
y
le of length 10 and its eigenvalues 
an be derived

using the same te
hnique as in 
ase of the 4-gon. All these eigenvalues, besides the trivial

one are either

p

3q or �

p

3q or

p

q or �

p

q.

Cayley graphs

8. Let G be a �nite group and let S be a set of non-identity elements of G su
h that S = S

�1

,

i.e., for every s 2 S, s

�1

also belongs to S. The Cayley graph �(G;S) of this group with

respe
t to the generating set S is the graph whose set of verti
es is G and where two verti
es g

and g

0

are adja
ent if and only if g

0

g

�1

2 S. Clearly, �(G;S) is jSj-regular and it is 
onne
ted

i� S is a set of generators of the group. If G is abelian then the eigenvalues of the Cayley

graph 
an be 
omputed in terms of the 
hara
ters of G. Indeed, let � : G! C be a 
hara
ter

of G and let A be the adja
en
y matrix of �(G;S) whose rows and 
olumns are indexed by

the elements of G. Consider the ve
tor v de�ned by v(g) = �(g). Then it is easy to 
he
k

that Av = �v with � =

P

s2S

�(s). In addition all eigenvalues 
an be obtained in this way,

sin
e every abelian group has exa
tly jGj di�erent 
hara
ter whi
h are orthogonal to ea
h

other. Using this fa
t, one 
an often give estimates on the eigenvalues of �(G;S) for abelian

groups.

One example of a Cayley graph that has already been des
ribed earlier is P

q

. In that 
ase

the group is the additive group of the �nite �eld GF (q) and S is the set of all quadrati


residues modulo q. Next we present a slightly more general 
onstru
tion. Let q = 2kr+ 1 be

a prime power and let � be a Cayley graph whose group is the additive group of GF (q) and

whose generating set is S =

�

x = y

k

j for some y 2 GF (q)

	

. By de�nition, � is (q � 1)=k-

regular. On the other hand, this graph is not strongly regular unless k = 2, when it is the

Paley graph. Let � be a nontrivial additive 
hara
ter of GF (q) and 
onsider the Gauss sum

P

y2GF (q)

�(y

k

). Using the 
lassi
al bound j

P

y2GF (q)

�(y

k

)j � (k� 1)q

1=2

(see e.g. [63℄) and

the above 
onne
tion between 
hara
ters and eigenvalues we 
an 
on
lude that the se
ond

largest eigenvalue of our graph � is bounded by O(q

1=2

).

9. Next we present a surprising 
onstru
tion obtained by Alon [3℄ of a very dense pseudo-random

graph that on the other hand is triangle-free. For a positive integer k, 
onsider the �nite �eld

GF (2

k

), whose elements are represented by binary ve
tors of length k. If a; b; 
 are three

su
h ve
tors, denote by (a; b; 
) the binary ve
tor of length 3k whose 
oordinates are those

of a, followed by 
oordinates of b and then 
. Suppose that k is not divisible by 3. Let

W

0

be the set of all nonzero elements � 2 GF (2

k

) so that the leftmost bit in the binary

representation of �

7

is 0, and let W

1

be the set of all nonzero elements � 2 GF (2

k

) for whi
h

the leftmost bit of �

7

is 1. Sin
e 3 does not divide k, 7 does not divide 2

k

� 1 and hen
e

jW

0

j = 2

k�1

� 1 and jW

1

j = 2

k�1

, as when � ranges over all nonzero elements of the �eld so

does �

7

. Let G

n

be the graph whose verti
es are all n = 2

3k

binary ve
tors of length 3k, where

two ve
tors v and v

0

are adja
ent if and only if there exist w

0

2 W

0

and w

1

2 W

1

so that
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v�v

0

= (w

0

; w

3

0

; w

5

0

)+(w

1

; w

3

1

; w

5

1

), where here powers are 
omputed in the �eld GF (2

k

) and

the addition is addition modulo 2. Note that G

n

is the Cayley graph of the additive group

Z

3k

2

with respe
t to the generating set S = U

0

+ U

1

, where U

0

=

�

(w

0

; w

3

0

; w

5

0

) j w

0

2 W

0

	

and U

1

is de�ned similarly. A well known fa
t from Coding Theory (see e.g., [66℄), whi
h


an be proved using the Vandermonde determinant, is that every set of six distin
t ve
tors

in U

0

[ U

1

is linearly independent over GF (2). In parti
ular all the ve
tors in U

0

+ U

1

are

distin
t, S = jU

0

jjU

1

j and hen
e G

n

is jSj = 2

k�1

(2

k�1

� 1)-regular. The statement that

G

n

is triangle free is 
learly equivalent to the fa
t that the sum modulo 2 of any set of 3

nonzero elements of S is not a zero-ve
tor. Let u

0

+ u

1

; u

0

0

+ u

0

1

and u

00

0

+ u

00

1

be three distin
t

element of S, where u

0

; u

0

0

; u

00

0

2 U

0

and u

1

; u

0

1

; u

00

1

2 U

1

. By the above dis
ussion, if the

sum of these six ve
tors is zero, then every ve
tor must appear an even number of times

in the sequen
e (u

0

; u

0

0

; u

00

0

; u

1

; u

0

1

; u

00

1

). However, sin
e U

0

and U

1

are disjoint, this is 
learly

impossible. Finally, as we already mentioned, the eigenvalues of G

n


an be 
omputed in

terms of 
hara
ters of Z

3k

2

. Using this fa
t together with the Carlitz-U
hiyama bound on

the 
hara
ters of Z

3k

2

it was proved in [3℄ that the se
ond eigenvalue of G

n

is bounded by

� � 9 � 2

k

+ 3 � 2

k=2

+ 1=4.

10. The 
onstru
tion above 
an be extended in the obvious way as mentioned in [10℄. Let h � 1

and suppose that k is an integer su
h that 2

k

� 1 is not divisible by 4h+ 3. Let W

0

be the set

of all nonzero elements � 2 GF (2

k

) so that the leftmost bit in the binary representation of

�

4h+3

is 0, and let W

1

be the set of all nonzero elements � 2 GF (2

k

) for whi
h the leftmost

bit of �

4h+3

is 1. Sin
e 4h + 3 does not divide 2

k

� 1 we have that jW

0

j = 2

k�1

� 1 and

jW

1

j = 2

k�1

, as when � ranges over all nonzero elements of the �eld so does �

4h+3

. De�ne

G to be the Cayley graph of the additive group Z

(2h+1)k

2

with respe
t to the generating set

S = U

0

+ U

1

, where U

0

=

�

(w

0

; w

3

0

; : : : ; w

4h+1

0

) j w

0

2 W

0

	

and U

1

is de�ned similarly.

Clearly, G is a 2

k�1

(2

k�1

�1)-regular graph on 2

(2h+1)k

verti
es. Using methods from [3℄, one


an show that G 
ontains no odd 
y
le of length � 2h + 1 and that the se
ond eigenvalue of

G is bounded by O(2

k

).

11. Now we des
ribe the 
elebrated expander graphs 
onstru
ted by Lubotzky, Phillips and Sar-

nak [65℄ and independently by Margulis [68℄. Let p and q be unequal primes, both 
ongruent

to 1 modulo 4 and su
h that p is a quadrati
 residue modulo q. As usual denote by PSL(2; q)

the fa
tor group of the group of two by two matri
es over GF (q) with determinant 1 modulo

its normal subgroup 
onsisting of the two s
alar matri
es

�

1 0

0 1

�

and

�

�1 0

0 �1

�

. The

graphs we des
ribe are Cayley graphs of PSL(2; q). A well known theorem of Ja
obi asserts

that the number of ways to represent a positive integer n as a sum of 4 squares is 8

P

46 j d;djn

d.

This easily implies that there are pre
isely p + 1 ve
tors a = (a

0

; a

1

; a

2

; a

3

), where a

0

is an

odd positive integer, a

1

; a

2

; a

3

are even integers and a

2

0

+ a

2

1

+ a

2

2

+ a

2

3

= p. From ea
h su
h
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ve
tor 
onstru
t the matrix M

a

in PSL(2; q) where M

a

=

1

p

p

�

a

0

+ ia

1

a

2

+ ia

3

�a

2

+ ia

3

a

0

� ia

1

�

and

i is an integer satisfying i

2

= �1(mod q). Note that, indeed, the determinant of M

a

is 1

and that the square root of p modulo q does exist. Let G

p;q

denote the Cayley graph of

PSL(2; q) with respe
t to these p + 1 matri
es. In [65℄ it was proved that if q > 2

p

p then

G

p;q

is a 
onne
ted (p + 1)-regular graph on n = q(q

2

� 1)=2 verti
es. Its girth is at least

2 log

p

q and all the eigenvalues of its adja
en
y matrix, besides the trivial one �

1

= p+ 1, are

at most 2

p

p in absolute value. The bound on the eigenvalues was obtained by applying deep

results of Ei
hler and Igusa 
on
erning the Ramanujan 
onje
ture. The graphs G

p;q

have very

good expansion properties and have numerous appli
ations in Combinatori
s and Theoreti
al

Computer S
ien
e.

12. The proje
tive norm graphs NG

p;t

have been 
onstru
ted in [17℄, modifying an earlier 
on-

stru
tion given in [52℄. These graphs are not Cayley graphs, but as one will immediately

see, their 
onstru
tion has a similar 
avor. The 
onstru
tion is the following. Let t > 2

be an integer, let p be a prime, let GF (p)

�

be the multipli
ative group of the �eld with p

elements and let GF (p

t�1

) be the �eld with p

t�1

elements. The set of verti
es of the graph

NG

p;t

is the set V = GF (p

t�1

) � GF (p)

�

. Two distin
t verti
es (X; a) and (Y; b) 2 V are

adja
ent if and only if N(X + Y ) = ab, where the norm N is understood over GF (p), that

is, N(X) = X

1+p+���+p

t�2

: Note that jV j = p

t

� p

t�1

. If (X; a) and (Y; b) are adja
ent, then

(X; a) and Y 6= �X determine b. Thus NG

p;t

is a regular graph of degree p

t�1

� 1. In

addition, it was proved in [17℄, that NG

p;t


ontains no 
omplete bipartite graphs K

t;(t�1)!+1

.

These graphs 
an be also de�ned in the same manner starting with a prime power instead

of the prime p. It is also not diÆ
ult to 
ompute the eigenvalues of this graph. Indeed,

put q = p

t�1

and let A be the adja
en
y matrix of NG

p;t

. The rows and 
olumns of this

matrix are indexed by the ordered pairs of the set GF (q)�GF (p)

�

. Let  be a 
hara
ter of

the additive group of GF (q), and let � be a 
hara
ter of the multipli
ative group of GF (p).

Consider the ve
tor v : GF (q) � GF (p)

�

7! C de�ned by v(X; a) =  (X)�(a). Now one


an 
he
k (see [14℄, [76℄ for more details) that the ve
tor v is an eigenve
tor of A

2

with

eigenvalue

�

�

P

Z2GF (q);Z 6=0

 (Z)�(N(Z))

�

�

2

and that all eigenvalues of A

2

have this form. Set

�

0

(Z) = �(N(Z)) for all nonzero Z in GF (q). Note that as the norm is multipli
ative, �

0

is

a multipli
ative 
hara
ter of the large �eld. Hen
e the above expression is a square of the

absolute value of the Gauss sum and it is well known (see e.g. [31℄, [20℄) that the value of

ea
h su
h square, besides the trivial one (that is, when either  or �

0

are trivial), is q. This

implies that the se
ond largest eigenvalue of NG

p;t

is

p

q = p

(t�1)=2

.
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4 Properties of pseudo-random graphs

We now examine 
losely properties of pseudo-random graphs, with a spe
ial emphasis on (n; d; �)-

graphs. The majority of them are obtained using the estimate (4) of Theorem 2.11, showing again

the extreme importan
e and appli
ability of the latter result. It is instru
tive to 
ompare the

properties of pseudo-random graphs, 
onsidered below, with the analogous properties of random

graphs, usually shown to hold by 
ompletely di�erent methods. The set of properties we 
hose to

treat here is not meant to be 
omprehensive or systemati
, but quite a few rather diverse graph

parameters will be 
overed.

4.1 Conne
tivity and perfe
t mat
hings

The vertex-
onne
tivity of a graph G is the minimum number of verti
es that we need to delete to

make G dis
onne
ted. We denote this parameter by �(G). For random graphs it is well known (see,

e.g., [20℄) that the vertex-
onne
tivity is almost surely the same as the minimum degree. Re
ently

it was also proved (see [61℄ and [30℄) that random d-regular graphs are d-vertex-
onne
ted. For

(n; d; �)-graphs it is easy to show the following.

Theorem 4.1 Let G be an (n; d; �)-graph with d � n=2. Then the vertex-
onne
tivity of G satis�es:

�(G) � d� 36�

2

=d:

Proof. We 
an assume that � � d=6, sin
e otherwise there is nothing to prove. Suppose that

there is a subset S � V of size less than d � 36�

2

=d su
h that the indu
ed graph G[V � S℄ is

dis
onne
ted. Denote by U the set of verti
es of the smallest 
onne
ted 
omponent of G[V � S℄

and set W = V � (S [ U). Then jW j � (n � d)=2 � n=4 and there is no edge between U

and W . Also jU j + jSj > d, sin
e all the neighbors of a vertex from U are 
ontained in S [ U .

Therefore jU j � 36�

2

=d. Sin
e there are no edges between U and W , by Theorem 2.11, we have

that djU jjW j=n < �

p

jU jjW j. This implies that

jU j <

�

2

n

2

d

2

jW j

=

�

d

n

jW j

�n

d

�

1

6

� 4 �

�n

d

<

�n

d

:

Next note that, by Theorem 2.11, the number of edges spanned by U is at most

e(U) �

djU j

2

2n

+

�jU j

2

<

�n

d

djU j

2n

+

�jU j

2

=

�jU j

2

+

�jU j

2

= �jU j:

As the degree of every vertex in U is d, it follows that

e(U; S) � djU j � 2e(U) > (d� 2�)jU j � 2djU j=3:
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On the other hand using again Theorem 2.11 together with the fa
ts that jU j � 36�

2

=d, jSj < d

and d � n=2 we 
on
lude that

e(U; S) �

djU jjSj

n

+ �

p

jU jjSj <

d

n

djU j+ �

p

djU j �

djU j

2

+

�

p

djU j

p

jU j

�

djU j

2

+

�

p

djU j

6�=

p

d

=

djU j

2

+

djU j

6

=

2djU j

3

:

This 
ontradi
tion 
ompletes the proof. 2

The 
onstants in this theorem 
an be easily improved and we make no attempt to optimize them.

Note that, in parti
ular, for an (n; d; �)-graph G with � = O(

p

d) we have that �(G) = d��(1).

Next we present an example whi
h shows that the assertion of Theorem 4.1 is tight up to a


onstant fa
tor. Let G be any (n; d; �)-graph with � = �(

p

d). We already 
onstru
ted several

su
h graphs in the previous se
tion. For an integer k, 
onsider a new graph G

k

, whi
h is obtained

by repla
ing ea
h vertex of G by the 
omplete graph of order k and by 
onne
ting two verti
es of

G

k

by an edge if and only if the 
orresponding verti
es of G are 
onne
ted by an edge. Then it

follows immediately from the de�nition that G

k

has n

0

= nk verti
es and is d

0

-regular graph with

d

0

= dk + k � 1. Let �

0

be the se
ond eigenvalue of G

k

. To estimate �

0

note that the adja
en
y

matrix of G

k

equals to A

G


 J

k

+ I

n


 A

K

k

. Here A

G

is the adja
en
y matrix of G, J

k

is the all

one matrix of size k� k, I

n

is the identity matrix of size n� n and A

K

k

is the adja
en
y matrix of

the 
omplete graph of order k. Also the tensor produ
t of the m� n dimensional matrix A = (a

ij

)

and the s� t-dimensional matrix B = (b

kl

) is the ms� nt-dimensional matrix A
B, whose entry

labeled ((i; k)(j; l)) is a

ij

b

kl

. In 
ase A and B are symmetri
 matri
es with spe
trums f�

1

; : : : ; �

n

g,

f�

1

; : : : ; �

t

g respe
tively, it is a simple 
onsequen
e of the de�nition that the spe
trum of A
B is

f�

i

�

k

: i = 1; : : : ; n; k = 1; : : : ; tg (see, e.g. [64℄). Therefore the se
ond eigenvalue of A

G


J

k

is k�.

On the other hand I

n


A

K

k

is the adja
en
y matrix of the disjoint union of k-
liques and therefore

the absolute value of all its eigenvalues is at most k � 1. Using these two fa
ts we 
on
lude that

�

0

� �k + k � 1 and that G

k

is (n

0

= nk; d

0

= dk + k � 1; �

0

= �k + k � 1)-graph. Also it is easy

to see that the set of verti
es of G

k

that 
orresponds to a vertex in G has exa
tly dk neighbors

outside this set. By deleting these neighbors we 
an dis
onne
t the graph G

k

and thus

�(G

k

) � dk = d

0

� (k � 1) = d

0

� 


�

(�

0

)

2

=d

0

�

:

Sometimes we 
an improve the result of Theorem 4.1 using the information about 
o-degrees

of verti
es in our graph. Su
h result was used in [61℄ to determine the vertex-
onne
tivity of dense

random d-regular graphs.

Proposition 4.2 [61℄ Let G = (V;E) be a d-regular graph on n verti
es su
h that

p

n log n < d �

3n=4 and the number of 
ommon neighbors for every two distin
t verti
es in G is (1 + o(1))d

2

=n.

Then the graph G is d-vertex-
onne
ted.
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Similarly to vertex-
onne
tivity, de�ne the edge-
onne
tivity of a graph G to be the minimum

number of edges that we need to delete to make G dis
onne
ted. We denote this parameter by

�

0

(G). Clearly the edge-
onne
tivity is always at most the minimum degree of a graph. We also

say that G has a perfe
t mat
hing if there is a set of disjoint edges that 
overs all the verti
es of G.

Next we show that (n; d; �)-graphs even with a very weak spe
tral gap are d-edge-
onne
ted and

have a perfe
t mat
hing (if the number of verti
es is even).

Theorem 4.3 Let G be an (n; d; �)-graph with d � � � 2. Then G is d-edge-
onne
ted. When n

is even, it has a perfe
t mat
hing.

Proof. Let U be a subset of verti
es of G of size at most n=2. To prove that G is d-edge-


onne
ted we need to show that there are always at least d edges between U and V (G) � U . If

1 � jU j � d, then every vertex in U has at least d � (jU j � 1) neighbors outside U and therefore

e(U; V (G) � U) � jU j

�

d � jU j + 1

�

� d. On the other hand if d � jU j � n=2, then using that

d� � � 2 together with Theorem 2.11 we obtain that

e

�

U; V (G)� U

�

�

djU j(n� jU j)

n

� �

s

jU j(n� jU j)

�

1�

jU j

n

��

1�

n� jU j

n

�

= (d� �)

(n� jU j)

n

jU j � 2 �

1

2

� jU j = jU j � d;

and therefore �

0

(G) = d.

To show that G 
ontains a perfe
t mat
hing we apply the 
elebrated Tutte's 
ondition. Sin
e

n is even, we need to prove that for every nonempty set of verti
es S, the indu
ed graph G[V � S℄

has at most jSj 
onne
ted 
omponents of odd size. Sin
e G is d-edge-
onne
ted we have that there

are at least d edges from every 
onne
ted 
omponent of G[V � S℄ to S. On the other hand there

are at most djSj edges in
ident with verti
es in S. Therefore G[V � S℄ has at most jSj 
onne
ted


omponents and hen
e G 
ontains a perfe
t mat
hing. 2

4.2 Maximum 
ut

Let G = (V;E) be a graph and let S be a nonempty proper subset of V . Denote by (S; V � S) the


ut of G 
onsisting of all edges with one end in S and another one in V � S. The size of the 
ut

is the number of edges in it. The MAX CUT problem is the problem of �nding a 
ut of maximum

size in G. Let f(G) be the size of the maximum 
ut in G. MAX CUT is one of the most natural


ombinatorial optimization problems. It is well known that this problem is NP-hard [45℄. Therefore

it is useful to have bounds on f(G) based on other parameters of the graph, that 
an be 
omputed

eÆ
iently.

Here we des
ribe two su
h folklore results. First, 
onsider a random partition V = V

1

[ V

2

,

obtained by assigning ea
h vertex v 2 V to V

1

or V

2

with probability 1=2 independently. It is easy

to see that ea
h edge of G has probability 1=2 to 
ross between V

1

and V

2

. Therefore the expe
ted

number of edges in the 
ut (V

1

; V

2

) is m=2, where m is the number of edges in G. This implies that
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for every graph f(G) � m=2. The example of a 
omplete graph shows that this lower bound is

asymptoti
ally optimal. The se
ond result provides an upper bound for f(G), for a regular graph

G, in terms of the smallest eigenvalue of its adja
en
y matrix.

Proposition 4.4 Let G be a d-regular graph (whi
h may have loops) of order n with m = dn=2

edges and let �

1

� �

2

� : : : � �

n

be the eigenvalues of the adja
en
y matrix of G. Then

f(G) �

m

2

�

�

n

n

4

:

In parti
ular if G is an (n; d; �)-graph then f(G) � (d + �)n=4.

Proof. Let A = (a

ij

) be the adja
en
y matrix of G = (V;E) and let V = f1; : : : ; ng. Let

x = (x

1

; : : : ; x

n

) be any ve
tor with 
oordinates �1. Sin
e the graph G is d-regular we have

X

(i;j)2E

(x

i

� x

j

)

2

= d

n

X

i=1

x

2

i

�

X

i;j

a

ij

x

i

x

j

= dn� x

t

Ax:

By the variational de�nition of the eigenvalues of A, for any ve
tor z 2 R

n

, z

t

Az � �

n

kzk

2

.

Therefore

X

(i;j)2E

(x

i

� x

j

)

2

= dn� x

t

Ax � dn� �

n

kxk

2

= dn� �

n

n: (11)

Let V = V

1

[V

2

be an arbitrary partition of V into two disjoint subsets and let e(V

1

; V

2

) be the

number of edges in the bipartite subgraph of G with bipartition (V

1

; V

2

). For every vertex v 2 V (G)

de�ne x

v

= 1 if v 2 V

1

and x

v

= �1 if v 2 V

2

. Note that for every edge (i; j) of G, (x

i

� x

j

)

2

= 4 if

this edge has its ends in the distin
t parts of the above partition and is zero otherwise. Now using

(11), we 
on
lude that

e(V

1

; V

2

) =

1

4

X

(i;j)2E

(x

i

� x

j

)

2

�

1

4

(dn� �

n

n) =

m

2

�

�

n

n

4

: 2

This upper bound is often used to show that some parti
ular results about maximum 
uts are

tight. For example this approa
h was used in [5℄ and [8℄. In these papers the authors proved that

for every graph G with m edges and girth at least r � 4, f(G) � m=2 + 


�

m

r

r+1

�

. They also show,

using Proposition 4.4 and Examples 9, 6 from Se
tion 3, that this bound is tight for r = 4; 5.

4.3 Independent sets and the 
hromati
 number

The independen
e number �(G) of a graph G is the maximum 
ardinality of a set of verti
es of G

no two of whi
h are adja
ent. Using Theorem 2.11 we 
an immediately establish an upper bound

on the size of a maximum independent set of pseudo-random graphs.

Proposition 4.5 Let G be an (n; d; �)-graph, then

�(G) �

�n

d+ �

:
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Proof. Let U be an independent set in G, then e(U) = 0 and by Theorem 2.11 we have that

djU j

2

=n � �jU j(1 � jU j=n). This implies that jU j � �n=(d + �). 2

Note that even when � = O(

p

d) this bound only has order of magnitude O(n=

p

d). This 
ontrasts

sharply with the behavior of random graphs where it is known (see [20℄ and [49℄) that the indepen-

den
e number of random graph G(n; p) is only �

�

n

d

log d

�

where d = (1 + o(1))np. More strikingly

there are graphs for whi
h the bound in Proposition 4.5 
annot be improved. One su
h graph is

the Paley graph P

q

with q = p

2

(Example 3 in the previous se
tion). Indeed it is easy to see that

in this 
ase all elements of the sub�eld GF (p) � GF (p

2

) are quadrati
 residues in GF (p

2

). This

implies that for every quadrati
 non-residue � 2 GF (p

2

) all elements of any multipli
ative 
oset

�GF (p) form an independent set of size p. As we already mentioned, P

q

is an (n; d; �)-graph with

n = p

2

; d = (p

2

� 1)=2 and � = (p+ 1)=2. Hen
e for this graph we get �(P

q

) = �n=(d + �).

Next we obtain a lower bound on the independen
e number of pseudo-random graphs. We

present a slightly more general result by Alon et al. [12℄ whi
h we will need later.

Proposition 4.6 [12℄ Let G be an (n; d; �)-graph su
h that � < d � 0:9n. Then the indu
ed

subgraph G[U ℄ of G on any subset U; jU j = m, 
ontains an independent set of size at least

�(G[U ℄) �

n

2(d� �)

ln

�

m(d� �)

n(�+ 1)

+ 1

�

:

In parti
ular,

�(G) �

n

2(d� �)

ln

�

(d� �)

(� + 1)

+ 1

�

:

Sket
h of proof. First using Theorem 2.11 it is easy to show that if U is a set of bn verti
es of

G, then the minimum degree in the indu
ed subgraph G[U ℄ is at most db+ �(1 � b) = (d� �)b+

�. Constru
t an independent set I in the indu
ed subgraph G[U ℄ of G by the following greedy

pro
edure. Repeatedly 
hoose a vertex of minimum degree in G[U ℄ , add it to the independent set

I and delete it and its neighbors from U , stopping when the remaining set of verti
es is empty. Let

a

i

; i � 0 be the sequen
e of numbers de�ned by the following re
urren
e formula:

a

0

= m; a

i+1

= a

i

�

�

d

a

i

n

+ �(1�

a

i

n

) + 1

�

=

�

1�

d� �

n

�

a

i

� (�+ 1); 8i � 0:

By the above dis
ussion, it is easy to see that the size of the remaining set of verti
es after i

iterations is at least a

i

. Therefore the size of the resulting independent set I is at least the smallest

index i su
h that a

i

� 0. By solving the re
urren
e equation we obtain that this index satis�es:

i �

n

2(d� �)

ln

�

m(d� �)

n(�+ 1)

+ 1

�

: 2

For an (n; d; �)-graph G with � � d

1�Æ

; Æ > 0, this proposition implies that �(G) � 


�

n

d

log d

�

. This

shows that the independen
e number of a pseudo-random graph with a suÆ
iently small se
ond

eigenvalue is up to a 
onstant fa
tor at least as large as �(G(n; p)) with p = d=n. On the other hand
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the graph H

k

(Example 4, Se
tion 3) shows that even when � � O(

p

d) the independen
e number of

(n; d; �)-graph 
an be smaller than �(G(n; p)) with p = d=n. This graph has n = 2

k�1

� 1 verti
es,

degree d = (1 + o(1))n=2 and � = �(

p

d). Also it is easy to see that every independent set in H

k


orresponds to a family of orthogonal ve
tors in Z

k

2

and thus has size at most k = (1 + o(1)) log

2

n.

This is only half of the size of a maximum independent set in the 
orresponding random graph

G(n; 1=2).

A vertex-
oloring of a graph G is an assignment of a 
olor to ea
h of its verti
es. The 
oloring

is proper if no two adja
ent verti
es get the same 
olor. The 
hromati
 number �(G) of G is the

minimum number of 
olors used in a proper 
oloring of it. Sin
e every 
olor 
lass in the proper


oloring of G forms an independent set we 
an immediately obtain that �(G) � jV (G)j=�(G). This

together with Proposition 4.5 implies the following result of Ho�man [48℄.

Corollary 4.7 Let G be an (n; d; �)-graph. Then the 
hromati
 number of G is at least 1 + d=�.

On the other hand, using Proposition 4.6, one 
an obtain the following upper bound on the


hromati
 number of pseudo-random graphs.

Theorem 4.8 [12℄ Let G be an (n; d; �)-graph su
h that � < d � 0:9n. Then the 
hromati
 number

of G satis�es

�(G) �

6(d� �)

ln

�

d��

�+1

+ 1

�

:

Sket
h of proof. Color the graph G as follows. As long as the remaining set of verti
es U 
ontains

at least n= ln(

d��

�+1

+ 1) verti
es, by Proposition 4.6 we 
an �nd an independent set of verti
es in

the indu
ed subgraph G[U ℄ of size at least

n

2(d� �)

ln

�

jU j(d� �)

n(�+ 1)

+ 1

�

�

n

4(d� �)

ln

�

d� �

� + 1

+ 1

�

:

Color all the members of su
h a set by a new 
olor, delete them from the graph and 
ontinue. When

this pro
ess terminates, the remaining set of verti
es U is of size at most n= ln(

d��

�+1

+ 1) and we

used at most 4(d� �)= ln(

d��

�+1

+ 1) 
olors so far. As we already mentioned above, for every subset

U

0

� U the indu
ed subgraph G[U

0

℄ 
ontains a vertex of degree at most

(d� �)

jU

0

j

n

+ � � (d� �)

jU j

n

+ � �

d� �

ln(

d��

�+1

+ 1)

+ � �

2(d� �)

ln(

d��

�+1

+ 1)

� 1:

Thus we 
an 
omplete the 
oloring of G by 
oloring G[U ℄ using at most 2(d � �)= ln(

d��

�+1

+ 1)

additional 
olors. The total number of 
olors used is at most 6(d� �)= ln(

d��

�+1

+ 1). 2

For an (n; d; �)-graph G with � � d

1�Æ

; Æ > 0 this proposition implies that �(G) � O

�

d

log d

�

.

This shows that the 
hromati
 number of a pseudo-random graph with a suÆ
iently small se
ond

eigenvalue is up to a 
onstant fa
tor at least as small as �(G(n; p)) with p = d=n. On the other hand,

the Paley graph P

q

; q = p

2

, shows that sometimes the 
hromati
 number of a pseudo-random graph
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an be mu
h smaller than the above bound, even in the 
ase � = �(

p

d). Indeed, as we already

mentioned above, all elements of the sub�eld GF (p) � GF (p

2

) are quadrati
 residues in GF (p

2

).

This implies that for every quadrati
 non-residue � 2 GF (p

2

) all elements of a multipli
ative 
oset

�GF (p) form an independent set of size p. Also all additive 
osets of �GF (p) are independent sets

in P

q

. This implies that �(P

q

) �

p

q = p. In fa
t P

q


ontains a 
lique of size p (all elements of a

sub�eld GF (p)), showing that �(P

q

) =

p

q � q= log q. Therefore the bound in Corollary 4.7 is best

possible.

A more 
ompli
ated quantity related to the 
hromati
 number is the list-
hromati
 number �

l

(G)

of G, introdu
ed in [34℄ and [82℄. This is the minimum integer k su
h that for every assignment of a

set S(v) of k 
olors to every vertex v of G, there is a proper 
oloring of G that assigns to ea
h vertex

v a 
olor from S(v). The study of this parameter re
eived a 
onsiderable amount of attention in

re
ent years, see, e.g., [2℄, [57℄ for two surveys. Note that from the de�nition it follows immediately

that �

l

(G) � �(G) and it is known that the gap between these two parameters 
an be arbitrarily

large. The list-
hromati
 number of pseudo-random graphs was studied by Alon, Krivelevi
h and

Sudakov [12℄ and independently by Vu [84℄. In [12℄ and [84℄ the authors mainly 
onsidered graphs

with all degrees (1 + o(1))np and all 
o-degrees (1 + o(1))np

2

. Here we use ideas from these two

papers to obtain an upper bound on the list-
hromati
 number of an (n; d; �)-graphs. This bound

has the same order of magnitude as the list 
hromati
 number of the truly random graph G(n; p)

with p = d=n (for more details see [12℄, [84℄).

Theorem 4.9 Suppose that 0 < Æ < 1 and let G be an (n; d; �)-graph satisfying � � d

1�Æ

, d � 0:9n.

Then the list-
hromati
 number of G is bounded by

�

l

(G) � O

�

d

Æ log d

�

:

Proof. Suppose that d is suÆ
iently large and 
onsider �rst the 
ase when d � n

1�Æ=4

. Then by

Theorem 2.11 the neighbors of every vertex in G span at most d

3

=n+ �d � O(d

2�Æ=4

) edges. Now

we 
an apply the result of Vu [84℄ whi
h says that if the neighbors of every vertex in a graph G

with maximum degree d span at most O(d

2�Æ=4

) edges then �

l

(G) � O

�

d=(Æ log d)

�

:

Now 
onsider the 
ase when d � n

1�Æ=4

. For every vertex v 2 V , let S(v) be a list of at least

7d

Æ log n


olors. Our obje
tive is to prove that there is a proper 
oloring of G assigning to ea
h vertex

a 
olor from its list. As long as there is a set C of at least n

1�Æ=2

verti
es 
ontaining the same 
olor


 in their lists we 
an, by Proposition 4.6, �nd an independent set of at least

Æn

6d

log n verti
es in C,


olor them all by 
, omit them from the graph and omit the 
olor 
 from all lists. The total number

of 
olors that 
an be deleted in this pro
ess 
annot ex
eed

6d

Æ log n

(sin
e in ea
h su
h deletion at

least

Æn

6d

log n verti
es are deleted from the graph). When this pro
ess terminates, no 
olor appears

in more than n

1�Æ=2

lists, and ea
h list still 
ontains at least

d

Æ log n

> n

1�Æ=2


olors. Therefore, by

Hall's theorem, we 
an assign to ea
h of the remaining verti
es a 
olor from its list so that no 
olor

is being assigned to more than one vertex, thus 
ompleting the 
oloring and the proof. 2
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4.4 Small subgraphs

We now examine small subgraphs of pseudo-random graphs. Let H be a �xed graph of order s

with r edges and with automorphism group Aut(H). Using the se
ond moment method it is not

diÆ
ult to show that for every 
onstant p the random graph G(n; p) 
ontains

(1 + o(1))p

r

(1� p)

(

s

2

)

�r

n

s

jAut(H)j

indu
ed 
opies of H. Thomason extended this result to jumbled graphs. He showed in [79℄ that if

a graph G is (p; �)-jumbled and p

s

n � 42�s

2

then the number of indu
ed subgraphs of G whi
h

are isomorphi
 to H is (1 + o(1))p

s

(1� p)

(

s

2

)

�r

n

s

=jAut(H)j.

Here we present a result of Noga Alon [6℄ that proves that every large subset of the set of

verti
es of (n; d; �)-graph 
ontains the "
orre
t" number of 
opies of any �xed sparse graph. An

additional advantage of this result is that its assertion depends not on the number of verti
es s in

H but only on its maximum degree � whi
h 
an be smaller than s. Spe
ial 
ases of this result have

appeared in various papers in
luding [11℄, [13℄ and probably other papers as well. The approa
h

here is similar to the one in [13℄.

Theorem 4.10 [6℄ Let H be a �xed graph with r edges, s verti
es and maximum degree �, and let

G = (V;E) be an (n; d; �)-graph, where, say, d � 0:9n. Let m < n satisfy m � �(

n

d

)

�

. Then, for

every subset V

0

� V of 
ardinality m, the number of (not ne
essarily indu
ed) 
opies of H in V

0

is

�

1 + o(1)

�

m

s

jAut(H)j

�

d

n

�

r

:

Note that this implies that a similar result holds for the number of indu
ed 
opies of H. Indeed, if

n� d and m� �(

n

d

)

�+1

then the number of 
opies of ea
h graph obtained from H by adding to

it at least one edge is, by the above Theorem, negligible 
ompared to the number of 
opies of H,

and hen
e almost all 
opies of H in V

0

are indu
ed. If d = �(n) then, by in
lusion-ex
lusion, the

number of indu
ed 
opies of H in V

0

as above is also roughly the "
orre
t" number. A spe
ial 
ase

of the above theorem implies that if � = O(

p

d) and d � n

2=3

, then any (n; d; �)-graph 
ontains

many triangles. As shown in Example 9, Se
tion 3, this is not true when d = (

1

4

+ o(1))n

2=3

,

showing that the assertion of the theorem is not far from being best possible.

Proof of Theorem 4.10. To prove the theorem, 
onsider a random one-to-one mapping of the

set of verti
es of H into the set of verti
es V

0

. Denote by A(H) the event that every edge of H is

mapped on an edge of G. In su
h a 
ase we say that the mapping is an embedding of H. Note that

it suÆ
es to prove that

Pr(A(H)) = (1 + o(1))

�

d

n

�

r

: (12)

We prove (12) by indu
tion on the number of edges r. The base 
ase (r = 0) is trivial. Suppose

that (12) holds for all graphs with less than r edges, and let uv be an edge of H. Let H

uv

be the

graph obtained from H by removing the edge uv (and keeping all verti
es). Let H

u

and H

v

be the
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indu
ed subgraphs of H on the sets of verti
es V (H)nfvg and V (H)nfug, respe
tively, and letH

0

be

the indu
ed subgraph of H on the set of verti
es V (H)nfu; vg. Let r

0

be the number of edges of H

0

and note that r�r

0

� 2(��1)+1 = 2��1: Clearly Pr(A(H

uv

)) = Pr(A(H

uv

)jA(H

0

))�Pr(A(H

0

)).

Thus, by the indu
tion hypothesis applied to H

uv

and to H

0

:

Pr(A(H

uv

)jA(H

0

)) = (1 + o(1))

�

d

n

�

r�1�r

0

:

For an embedding f

0

of H

0

, let �(u; f

0

) be the number of extensions of f

0

to an embedding of H

u

in V

0

; �(v; f

0

) denotes the same for v. Clearly, the number of extensions of f

0

to an embedding of

H

uv

in V

0

is at least �(u; f

0

)�(v; f

0

)�min(�(u; f

0

); �(v; f

0

)) and at most �(u; f

0

)�(v; f

0

). Thus we

have

�(u; f

0

)�(v; f

0

)�min(�(u; f

0

); �(v; f

0

))

(m� s+ 2)(m� s+ 1)

� Pr

�

A(H

uv

)jf

0

�

�

�(u; f

0

)�(v; f

0

)

(m� s+ 2)(m� s+ 1)

:

Taking expe
tation over all embeddings f

0

the middle term be
omes Pr(A(H

uv

)jA(H

0

)), whi
h

is (1 + o(1))(

d

n

)

r�1�r

0

. Note that by our 
hoi
e of the parameters and the well known fa
t that

� = 
(

p

d), the expe
tation of the term min(�(u; f

0

); �(v; f

0

)) ( � m) is negligible and we get

E

f

0

�

�(u; f

0

)�(v; f

0

)j A(H

0

)

�

= (1 + o(1))m

2

�

d

n

�

r�1�r

0

:

Now let f be a random one-to-one mapping of V (H) into V

0

. Let f

0

be a �xed embedding of H

0

.

Then

Pr

f

�

A(H)j f j

V (H)nfu;vg

= f

0

�

=

�

d

n

�

�(u; f

0

)�(v; f

0

)

(m� s+ 2)(m� s+ 1)

+ Æ;

where jÆj � �

p

�(u;f

0

)�(v;f

0

)

(m�s+2)(m�s+1)

. This follows from Theorem 2.11, where we take the possible images

of u as the set U and the possible images of v as the set W . Averaging over embeddings f

0

we get

Pr(A(H)jA(H

0

)) on the left hand side. On the right hand side we get (1 + o(1))(

d

n

)

r�r

0

from the

�rst term plus the expe
tation of the error term Æ. By Jensen's inequality, the absolute value of

this expe
tation is bounded by

�

p

E(�(u; f

0

)�(v; f

0

))

(m� s+ 2)(m� s+ 1)

= (1 + o(1))

�

m

�

d

n

�

(r�r

0

�1)=2

:

Our assumptions on the parameters imply that this is negligible with respe
t to the main term.

Therefore Pr(A(H)) = Pr(A(H)jA(H

0

)) � Pr(A(H

0

)) = (1 + o(1))

�

d

n

�

r

, 
ompleting the proof of

Theorem 4.10. 2

If we are only interested in the existen
e of one 
opy of H then one 
an sometimes improve the


onditions on d and � in Theorem 4.10. For example if H is a 
omplete graph of order r then the

following result was proved in [11℄.

31



Proposition 4.11 [11℄ Let G be an (n; d; �)-graph. Then for every integer r � 2 every set of

verti
es of G of size more than

(�+ 1)n

d

�

1 +

n

d

+ : : :+

�

n

d

�

r�2

�


ontains a 
opy of a 
omplete graph K

r

.

In parti
ular, when d � 
(n

2=3

) and � � O(

p

d) then any (n; d; �)-graph 
ontains a triangle and as

shows Example 9 in Se
tion 3 this is tight. Unfortunately we do not know if this bound is also tight

for r � 4. It would be interesting to 
onstru
t examples of (n; d; �)-graphs with d = �

�

n

1�1=(2r�3)

�

and � � O(

p

d) whi
h 
ontain no 
opy of K

r

.

Finally we present one additional result about the existen
e of odd 
y
les in pseudo-random

graphs.

Proposition 4.12 Let k � 1 be an integer and let G be an (n; d; �)-graph su
h that d

2k

=n� �

2k�1

.

Then G 
ontains a 
y
le of length 2k + 1.

Proof. Suppose that G 
ontains no 
y
le of length 2k+ 1. For every two verti
es u; v of G denote

by d(u; v) the length of a shortest path from u to v. For every i � 1 let N

i

(v) = fu j d(u; v) = ig be

the set of all verti
es in G whi
h are at distan
e exa
tly i from v. In [32℄ Erd}os et al. proved that

if G 
ontains no 
y
le of length 2k + 1 then for any 1 � i � k the indu
ed graph G[N

i

(v)℄ 
ontains

an independent set of size jN

i

(v)j=(2k � 1). This result together with Proposition 4.5 implies that

for every vertex v and for every 1 � i � k, jN

i

(v)j � (2k � 1)�n=d. Sin
e d

2k

=n� �

2k�1

we have

that � = o(d). Therefore by Theorem 2.11

e

�

N

i

(v)

�

�

d

2n

jN

i

(v)j

2

+ �jN

i

(v)j �

d

n

(2k � 1)�n

2d

jN

i

(v)j+ �jN

i

(v)j < 2k�jN

i

(v)j = o

�

djN

i

(v)j

�

:

Next we prove by indu
tion that for every 1 � i � k,

jN

i+1

(v)j

jN

i

(v)j

� (1 � o(1))d

2

=�

2

. By the

above dis
ussion the number of edges spanned by N

1

(v) is o(d

2

) and therefore e

�

N

1

(v); N

2

(v)

�

=

d

2

� o(d

2

) = (1� o(1))d

2

. On the other hand, by Theorem 2.11

e

�

N

1

(v); N

2

(v)

�

�

d

n

jN

1

(v)jjN

2

(v)j+ �

p

jN

1

(v)jjN

2

(v)j �

d

n

d

(2k � 1)�n

d

+ �

p

djN

2

(v)j

= �d

r

jN

2

(v)j

d

+O(�d) = �d

s

jN

2

(v)j

jN

1

(v)j

+ o(d

2

):

Therefore

jN

2

(v)j

jN

1

(v)j

� (1�o(1))d

2

=�

2

. Now assume that

jN

i

(v)j

jN

i�1

(v)j

� (1�o(1))d

2

=�

2

. Sin
e the number

of edges spanned by N

i

(v) is o

�

djN

i

(v)j

�

we obtain

e

�

N

i

(v); N

i+1

(v)

�

= djN

i

(v)j � 2e

�

N

i

(v)

�

� e

�

N

i�1

(v); N

i

(v)

�

� djN

i

(v)j � o

�

djN

i

(v)j

�

� djN

i�1

(v)j

� (1� o(1))djN

i

(v)j � (1 + o(1))d(�

2

=d

2

)jN

i

(v)j

= (1� o(1))djN

i

(v)j � o

�

djN

i

(v)j

�

= (1� o(1))djN

i

(v)j:
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On the other hand, by Theorem 2.11

e

�

N

i

(v); N

i+1

(v)

�

�

d

n

jN

i

(v)jjN

i+1

(v)j+ �

p

jN

i

(v)jjN

i+1

(v)j

�

d

n

(2k � 1)�n

d

jN

i

(v)j+ �

p

jN

i

(v)jjN

i+1

(v)j

= O(�jN

i

(v)j) + �jN

i

(v)j

s

jN

i+1

(v)j

jN

i

(v)j

= �jN

i

(v)j

s

jN

i+1

(v)j

jN

i

(v)j

+ o

�

djN

i

(v)j

�

:

Therefore

jN

i+1

(v)j

jN

i

(v)j

� (1� o(1))d

2

=�

2

and we proved the indu
tion step.

Finally note that

jN

k

(v)j = d

k�1

Y

i=1

jN

i+1

(v)j

jN

i

(v)j

� (1 + o(1))d

�

d

2

�

2

�

k�1

= (1 + o(1))

d

2k�1

�

2k�2

� (2k � 1)

�n

d

:

This 
ontradi
tion 
ompletes the proof. 2

This result implies that when d� n

2

2k+1

and � � O(

p

d) then any (n; d; �)-graph 
ontains a 
y
le

of length 2k + 1. As shown by Example 10 of the previous se
tion this result is tight. It is worth

mentioning here that it follows from the result of Bondy and Simonovits [22℄ that any d-regular

graph with d� n

1=k


ontains a 
y
le of length 2k. Here we do not need to make any assumption

about the se
ond eigenvalue �. This bound is known to be tight for k = 2; 3; 5 (see Examples 6,7,

Se
tion 3).

4.5 Extremal properties

Tur�an's theorem [81℄ is one of the fundamental results in Extremal Graph Theory. It states that

among n-vertex graphs not 
ontaining a 
lique of size t the 
omplete (t � 1)-partite graph with

(almost) equal parts has the maximum number of edges. For two graphs G and H we de�ne the

Tur�an number ex(G;H) of H in G, as the largest integer e, su
h that there is an H-free subgraph

of G with e edges. Obviously ex(G;H) � jE(G)j, where E(G) denotes the edge set of G. Tur�an's

theorem, in an asymptoti
 form, 
an be restated as

ex(K

n

;K

t

) =

�

t� 2

t� 1

+ o(1)

��

n

2

�

;

that is the largest K

t

-free subgraph of K

n


ontains approximately

t�2

t�1

-fra
tion of its edges. Here

we would like to des
ribe an extension of this result to (n; d; �)-graphs.

For an arbitrary graph G on n verti
es it is easy to give a lower bound on ex(G;K

t

) following

Tur�an's 
onstru
tion. One 
an partition the vertex set of G into t� 1 parts su
h that the degree

of ea
h vertex within its own part is at most

1

t�1

-times its degree in G. Thus the subgraph


onsisting of the edges of G 
onne
ting two di�erent parts has at least a

t�2

t�1

-fra
tion of the edges

of G and is 
learly K

t

-free. We say that a graph (or rather a family of graphs) is t-Tur�an if

this trivial lower bound is essentially an upper bound as well. More pre
isely, G is t-Tur�an if

ex(G;K

t

) =

�

t�2

t�1

+ o(1)

�

jE(G)j.
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It has been shown that for any �xed t, there is a number m(t; n) su
h that almost all graphs

on n verti
es with m � m(t; n) edges are t-Tur�an (see [77℄, [51℄ for the most re
ent estimate for

m(t; n)). However, these results are about random graphs and do not provide a deterministi


suÆ
ient 
ondition for a graph to be t-Tur�an. It appears that su
h a 
ondition 
an be obtained by

a simple assumption about the spe
trum of the graph. This was proved by Sudakov, Szab�o and Vu

in [75℄. They obtained the following result.

Theorem 4.13 [75℄ Let t � 3 be an integer and let G = (V;E) be an (n; d; �)-graph. If � =

o(d

t�1

=n

t�2

) then

ex(G;K

t

) =

�

t� 2

t� 1

+ o(1)

�

jE(G)j:

Note that this theorem generalizes Tur�an's theorem, as the se
ond eigenvalue of the 
omplete graph

K

n

is 1.

Let us brie
y dis
uss the sharpness of Theorem 4.13. For t = 3, one 
an show that its 
ondition

involving n; d and � is asymptoti
ally tight. Indeed, in this 
ase the above theorem states that

if d

2

=n � �, then one needs to delete about half of the edges of G to destroy all the triangles.

On the other hand, by taking the example of Alon (Se
tion 3, Example 9) whose parameters are:

d = �(n

2=3

), � = �(n

1=3

), and blowing it up (whi
h means repla
ing ea
h vertex by an independent

set of size k and 
onne
ting two verti
es in the new graph if and only if the 
orresponding verti
es

of G are 
onne
ted by an edge) we get a graph G(k) with the following properties:

jV (G(k))j = n

k

= nk; G(k) is d

k

= dk-regular; G(k) is triangle-free; �(G(k)) = k� and

�(G(k)) = 


�

d

2

k

=n

k

�

.

The above bound for the se
ond eigenvalue of G(k) 
an be obtained by using well known results on

the eigenvalues of the tensor produ
t of two matri
es, see [59℄ for more details. This 
onstru
tion

implies that for t = 3 and any sensible degree d the 
ondition in Theorem 4.13 is not far from being

best possible.

4.6 Fa
tors and fra
tional fa
tors

Let H be a �xed graph on n verti
es. We say that a graph G on n verti
es has an H-fa
tor if G


ontains n=h vertex disjoint 
opies of H. Of 
ourse, a trivial ne
essary 
ondition for the existen
e

of an H-fa
tor in G is that h divides n. For example, if H is just an edge H = K

2

, then an H-fa
tor

is a perfe
t mat
hing in G.

One of the most important 
lasses of graph embedding problems is to �nd suÆ
ient 
onditions

for the existen
e of an H-fa
tor in a graph G, usually assuming that H is �xed while the order n

of G grows. In many 
ases su
h 
onditions are formulated in terms of the minimum degree of G.

For example, the 
lassi
al result of Hajnal and Szemer�edi [47℄ asserts that if the minimum degree

Æ(G) satis�es Æ(G) � (1�

1

r

)n, then G 
ontains bn=r
 vertex disjoint 
opies of K

r

. The statement

of this theorem is easily seen to be tight.
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It turns our that pseudo-randomness allows in many 
ases to signi�
antly weaken suÆ
ient


onditions for H-fa
tors and to obtain results whi
h fail to hold for general graphs of the same edge

density.

Consider �rst the 
ase of a 
onstant edge density p. In this 
ase the 
elebrated Blow-up Lemma

of Koml�os, S�ark�ozy and Szemer�edi [54℄ 
an be used to show the existen
e of H-fa
tors. In order

to formulate the Blow-up Lemma we need to introdu
e the notion of a super-regular pair. Given

� > 0 and 0 < p < 1, a bipartite graph G with bipartition (V

1

; V

2

), jV

1

j = jV

2

j = n, is 
alled super

(p; �)-regular if

1. For all verti
es v 2 V (G),

(p� �)n � d(v) � (p+ �)n ;

2. For every pair of sets (U;W ), U � V

1

, W � V

2

, jU j; jW j � �n,

�

�

�

�

e(U;W )

jU jjW j

�

jE(G)j

n

2

�

�

�

�

� � :

Theorem 4.14 [54℄ For every 
hoi
e of integers r and � and a real 0 < p < 1 there exist an � > 0

and an integer n

0

(�) su
h that the following is true. Consider an r-partite graph G with all partition

sets V

1

; : : : ; V

r

of order n > n

0

and all

�

r

2

�

bipartite subgraphs G[V

i

; V

j

℄ super (p; �)-regular. Then

for every r-partite graph H with maximum degree �(H) � � and all partition sets X

1

; : : : ;X

r

of

order n, there exists an embedding f of H into G with ea
h set X

i

mapped onto V

i

, i = 1; : : : ; r.

(The above version of the Blow-up Lemma, due to R�odl and Ru
i�nski [71℄, is somewhat di�erent

from and yet equivalent to the original formulation of Koml�os et al. We use it here as it is somewhat


loser in spirit to the notion of pseudo-randomness).

The Blow-up Lemma is a very powerful embedding tool. Combined with another "big 
annon",

the Szemer�edi Regularity Lemma, it 
an be used to obtain approximate versions of many of the

most famous embedding 
onje
tures. We suggest the reader to 
onsult a survey of Koml�os [53℄ for

more details and dis
ussions.

It is easy to show that if G is an (n; d; �)-graph with d = �(n) and � = o(n), and h divides

n, then a random partition of V (G) into h equal parts V

1

; : : : ; V

h

produ
es almost surely

�

h

2

�

super

(d=n; �)-regular pairs. Thus the Blow-up Lemma 
an be applied to the obtained h-partite subgraph

of G and we get:

Corollary 4.15 Let G be an (n; d; �)-graph with d = �(n), � = o(n). If h divides n, then G


ontains an H-fa
tor, for every �xed graph H on h verti
es.

The 
ase of a vanishing edge density p = o(1) is as usual signi�
antly more 
ompli
ated. Here

a suÆ
ient 
ondition for the existen
e of an H-fa
tor should depend heavily on the graph H, as

there may exist quite dense pseudo-random graphs without a single 
opy of H, see, for example,

the Alon graph (Example 9 of Se
tion 3). When H = K

2

, already a very weak pseudo-randomness
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ondition suÆ
es to guarantee an H-fa
tor, or a perfe
t mat
hing, as provided by Theorem 4.3.

We thus 
onsider the 
ase H = K

3

, the task here is to guarantee a triangle fa
tor, i.e. a 
olle
tion

of n=3 vertex disjoint triangles. This problem has been treated by Krivelevi
h, Sudakov and Szab�o

[59℄ who obtained the following result:

Theorem 4.16 [59℄ Let G be an (n; d; �)-graph. If n is divisible by 3 and

� = o

�

d

3

n

2

log n

�

;

then G has a triangle fa
tor.

For best pseudo-random graphs with � = �(

p

d) the 
ondition of the above theorem is ful�lled

when d� n

4=5

log

2=5

n.

To prove Theorem 4.16 Krivelevi
h et al. �rst partition the vertex set V (G) into three parts

V

1

; V

2

; V

3

of equal 
ardinality at random. Then they 
hoose a perfe
t mat
hing M between V

1

an

V

2

at random and form an auxiliary bipartite graph � whose parts are M and V

3

, and whose edges

are formed by 
onne
ting e 2 M and v 2 V

3

if both endpoints of e are 
onne
ted by edges to v in

G. The existen
e of a perfe
t mat
hing in � is equivalent to the existen
e of a triangle fa
tor in G.

The authors of [59℄ then pro
eed to show that if M is 
hosen at random then the Hall 
ondition is

satis�ed for � with positive probability.

The result of Theorem 4.16 is probably not tight. In fa
t, the following 
onje
ture is stated in

[59℄:

Conje
ture 4.17 [59℄ There exists an absolute 
onstant 
 > 0 so that every d-regular graph G on

3n verti
es, satisfying �(G) � 
d

2

=n, has a triangle fa
tor.

If true the above 
onje
ture would be best possible, up to a 
onstant multipli
ative fa
tor. This is

shown by taking the example of Alon (Se
tion 3, Example 9) and blowing ea
h of its verti
es by

an independent set of size k. As we already dis
ussed in the previous se
tion (see also [59℄), this

gives a triangle-free d

k

-regular graph G(k) on n

k

verti
es whi
h satis�es �(G(k)) = 


�

d

2

k

=n

k

�

.

Krivelevi
h, Sudakov and Szab�o 
onsidered in [59℄ also the fra
tional version of the triangle

fa
tor problem. Given a graph G = (V;E), denote by T = T (G) the set of all triangles of G.

A fun
tion f : T ! R

+

is 
alled a fra
tional triangle fa
tor if for every v 2 V (G) one has

P

v2t

f(t) = 1. If G 
ontains a triangle fa
tor T

0

, then assigning values f(t) = 1 for all t 2 T

0

,

and f(t) = 0 for all other t 2 T produ
es a fra
tional triangle fa
tor. This simple argument shows

that the existen
e of a triangle fa
tor in G implies the existen
e of a fra
tional triangle fa
tor. The


onverse statement is easily seen to be invalid in general.

The fa
t that a fra
tional triangle fa
tor f 
an take non-integer values, as opposed to the


hara
teristi
 ve
tor of a "usual" (i.e. integer) triangle fa
tor, enables to invoke the powerful

ma
hinery of Linear Programming to prove a mu
h better result than Theorem 4.16.

Theorem 4.18 [59℄ Let G = (V;E) be a (n; d; �)-graph If � � 0:1d

2

=n then G has a fra
tional

triangle fa
tor.
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This statement is optimal up to a 
onstant fa
tor { see the dis
ussion following Conje
ture 4.17.

Already for the next 
ase H = K

4

analogs of Theorem 4.16 and 4.18 are not known. In fa
t,

even an analog of Conje
ture 4.17 is not available either, mainly due to the fa
t that we do not

know the weakest possible spe
tral 
ondition guaranteeing a single 
opy of K

4

, or K

r

in general,

for r � 4.

Finally it would be interesting to show that for every integer � there exist a real M and an

integer n

0

so that the following is true. If n � n

0

and G is an (n; d; �)-graph for whi
h � � d

�

d=n

�

M

;

then G 
ontains a 
opy of any graph H on at most n verti
es with maximum degree �(H) � �.

This 
an be 
onsidered as a sparse analog of the Blow-up Lemma.

4.7 Hamiltoni
ity

A Hamilton 
y
le in a graph is a 
y
le passing through all the verti
es of this graph. A graph is


alled Hamiltonian if it has at least one Hamilton 
y
le. For ba
kground information on Hamiltonian


y
les the reader 
an 
onsult a survey of Chv�atal [28℄.

The notion of Hamilton 
y
les is one of the most 
entral in modern Graph Theory, and many

e�orts have been devoted to obtain suÆ
ient 
onditions for Hamiltoni
ity. The absolute majority

of su
h known 
onditions (for example, the famous theorem of Dira
 asserting that a graph on n

verti
es with minimal degree at least n=2 is Hamiltonian) deal with graphs whi
h are fairly dense.

Apparently there are very few suÆ
ient 
onditions for the existen
e of a Hamilton 
y
le in sparse

graphs.

As it turns out spe
tral properties of graphs 
an supply rather powerful suÆ
ient 
onditions

for Hamiltoni
ity. Here is one su
h result, quite general and yet very simple to prove, given our

knowledge of properties of pseudo-random graphs.

Proposition 4.19 Let G be an (n; d; �)-graph. If

d� 36

�

2

d

�

�n

d+ �

;

then G is Hamiltonian.

Proof. A

ording to Theorem 4.1 G is (d� 36�

2

=d)-vertex-
onne
ted. Also, �(G) � �n=(d+ �),

as stated in Proposition 4.5. Finally, a theorem of Chv�atal and Erd}os [29℄ asserts that if the vertex-


onne
tivity of a graph G is at least as large as its independen
e number, then G is Hamiltonian.

2

The Chv�atal-Erd}os Theorem has also been used by Thomason in [79℄, who proved that a (p; �)-

jumbled graph G with minimal degree Æ(G) = 
(�=p) is Hamiltonian. His proof is quite similar in

spirit to that of the above proposition.

Assuming that � = o(d) and d ! 1, the 
ondition of Proposition 4.19 reads then as: � �

(1 � o(1))d

2

=n. For best possible pseudo-random graphs, where � = �(

p

d), this 
ondition starts

working when d = 
(n

2=3

).
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One 
an however prove a mu
h stronger asymptoti
al result, using more sophisti
ated tools for

assuring Hamiltoni
ity. The authors prove su
h a result in [58℄:

Theorem 4.20 [58℄ Let G be an (n; d; �)-graph. If n is large enough and

� �

(log logn)

2

1000 log n(log log logn)

d ;

then G is Hamiltonian.

The proof of Theorem 4.20 is quite involved te
hni
ally. Its main instrument is the famous

rotation-extension te
hnique of Posa [70℄, or rather a version of it developed by Koml�os and Sze-

mer�edi in [56℄ to obtain the exa
t threshold for the appearan
e of a Hamilton 
y
le in the random

graph G(n; p). We omit the proof details here, referring the reader to [58℄.

For reasonably good pseudo-random graphs, in whi
h � � d

1��

for some � > 0, Theorem 4.20

starts working already when the degree d is only polylogarithmi
 in n { quite a progress 
ompared

to the easy Proposition 4.19! It is possible though that an even stronger result is true as given by

the following 
onje
ture:

Conje
ture 4.21 [58℄ There exists a positive 
onstant C su
h that for large enough n, any (n; d; �)-

graph that satis�es d=� > C 
ontains a Hamilton 
y
le.

This 
onje
ture is 
losely related to another well known problem on Hamiltoni
ity. The tough-

ness t(G) of a graph G is the largest real t so that for every positive integer x � 2 one should delete

at least tx verti
es from G in order to get an indu
ed subgraph of it with at least x 
onne
ted


omponents. G is t-tough if t(G) � t. This parameter was introdu
ed by Chv�atal in [27℄, where

he observed that Hamiltonian graphs are 1-tough and 
onje
tured that t-tough graphs are Hamil-

tonian for large enough t. Alon showed in [4℄ that if G is an (n; d; �)-graph, then the toughness of

G satis�es t(G) > 
(d=�). Therefore the 
onje
ture of Chv�atal implies the above 
onje
ture.

Krivelevi
h and Sudakov used Theorem 4.20 in [58℄ to derive Hamiltoni
ity of sparse random

Cayley graphs. Given a group G of order n, 
hoose a set S of s non-identity elements uniformly at

random and form a Cayley graph �(G;S [ S

�1

) (see Example 8 in Se
tion 3 for the de�nition of

a Cayley graph). The question is how large should be the value of t = t(n) so as to guarantee the

almost sure Hamiltoni
ity of the random Cayley graph no matter whi
h group G we started with.

Theorem 4.22 [58℄ Let G be a group of order n. Then for every 
 > 0 and large enough n a

Cayley graph X(G;S [ S

�1

), formed by 
hoosing a set S of 
 log

5

n random generators in G, is

almost surely Hamiltonian.

Sket
h of proof. Let � be the se
ond largest by absolute value eigenvalue of X(G;S). Note

that the Cayley graph X(G;S) is d-regular for d � 
 log

5

n. Therefore to prove Hamiltoni
ity of

X(G;S), by Theorem 4.20 it is enough to show that almost surely �=d � O(log n). This 
an be
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done by applying an approa
h of Alon and Roi
hman [16℄ for bounding the se
ond eigenvalue of a

random Cayley graph. 2

We note that a well known 
onje
ture 
laims that every 
onne
ted Cayley graph is Hamiltonian.

If true the 
onje
ture would easily imply that as few as O(log n) random generators are enough to

give almost sure 
onne
tivity and thus Hamiltoni
ity.

4.8 Random subgraphs of pseudo-random graphs

There is a 
lear tenden
y in re
ent years to study random graphs di�erent from the 
lassi
al by

now model G(n; p) of binomial random graphs. One of the most natural models for random graphs,

dire
tly generalizing G(n; p), is de�ned as follows. Let G = (V;E) be a graph and let 0 < p < 1.

The random subgraph G

p

if formed by 
hoosing every edge of G independently and with probability

p. Thus, when G is the 
omplete graph K

n

we get ba
k the probability spa
e G(n; p). In many 
ases

the obtained random graph G

p

has many interesting and pe
uliar features, sometimes reminis
ent

of those of G(n; p), and sometimes inherited from those of the host graph G.

In this subse
tion we report on various results obtained on random subgraphs of pseudo-random

graphs. While studying this subje
t, we study in fa
t not a single probability spa
e, but rather a

family of probability spa
es, having many 
ommon features, guaranteed by those of pseudo-random

graphs. Although several results have already been a
hieved in this dire
tion, overall it is mu
h less

developed than the study of binomial random graphs G(n; p), and one 
an 
ertainly expe
t many

new results on this topi
 to appear in the future.

We start with Hamiltoni
ity of random subgraphs of pseudo-random graphs. As we learned

in the previous se
tion spe
tral 
ondition are in many 
ases suÆ
ient to guarantee Hamiltoni
ity.

Suppose then that a host graph G is a Hamiltonian (n; d; �)-graph. How small 
an the edge

probability p = p(n) be 
hosen so as to guarantee almost sure Hamiltoni
ity of the random subgraph

G

p

? This question has been studied by Frieze and the �rst author in [42℄. They obtained the

following result.

Theorem 4.23 [42℄ Let G be an (n; d; �)-graph. Assume that � = o

�

d

5=2

n

3=2

(log n)

3=2

�

. Form a

random subgraph G

p

of G by 
hoosing ea
h edge of G independently with probability p. Then for

any fun
tion !(n) tending to in�nity arbitrarily slowly:

1. if p(n) =

1

d

(log n+ log log n� !(n)), then G

p

is almost surely not Hamiltonian;

2. if p(n) =

1

d

(log n+ log log n+ !(n)), then G

p

is almost surely Hamiltonian.

Just as in the 
ase of G(n; p) (see, e.g. [20℄) it is quite easy to predi
t the 
riti
al probability

for the appearan
e of a Hamilton 
y
le in G

p

. An obvious obsta
le for its existen
e is a vertex

of degree at most one. If su
h a vertex almost surely exists in G

p

, then G

p

is almost surely non-

Hamiltonian. It is a straightforward exer
ise to show that the smaller probability in the statement

of Theorem 4.23 gives the almost sure existen
e of su
h a vertex. The larger probability 
an be
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shown to be suÆ
ient to eliminate almost surely all verti
es of degree at most one in G

p

. Proving

that this is suÆ
ient for almost sure Hamiltoni
ity is mu
h harder. Again as in the 
ase of G(n; p)

the rotation-extension te
hnique of Posa [70℄ 
omes to our res
ue. We omit te
hni
al details of the

proof of Theorem 4.23, referring the reader to [42℄.

One of the most important events in the study of random graphs was the dis
overy of the sudden

appearan
e of the giant 
omponent by Erd}os and R�enyi [33℄. They proved that all 
onne
ted


omponents of G(n; 
=n) with 0 < 
 < 1 are almost surely trees or uni
y
li
 and have size O(log n).

On the other hand, if 
 > 1, then G(n; 
=n) 
ontains almost surely a unique 
omponent of size

linear in n (the so 
alled giant 
omponent), while all other 
omponents are at most logarithmi
 in

size. Thus, the random graph G(n; p) experien
es the so 
alled phase transition at p = 1=n.

Very re
ently Frieze, Krivelevi
h and Martin showed [43℄ that a very similar behavior holds for

random subgraphs of many pseudo-random graphs. To formulate their result, for � > 1 we de�ne

�� < 1 to be the unique solution (other than �) of the equation xe

�x

= �e

��

.

Theorem 4.24 [43℄ Let G be an (n; d; �)-graph. Assume that � = o(d): Consider the random

subgraph G

�=d

, formed by 
hoosing ea
h edge of G independently and with probability p = �=d.

Then:

(a) If � < 1 then almost surely the maximum 
omponent size is O(log n).

(b) If � > 1 then almost surely there is a unique giant 
omponent of asymptoti
 size

�

1�

��

�

�

n

and the remaining 
omponents are of size O(logn).

Let us outline brie
y the proof of Theorem 4.24. First, bound (4) and known estimates on the

number of k-vertex trees in d-regular graphs are used to get estimates on the expe
tation of the

number of 
onne
ted 
omponents of size k in G

p

, for various values of k. Using these estimates

it is proved then that almost surely G

p

has no 
onne
ted 
omponents of size between (1=�
) log n

and 
n for a properly 
hosen 
 = 
(�). De�ne f(�) to be 1 for all � � 1, and to be ��=� for

� > 1. One 
an show then that almost surely in G

�=d

the number of verti
es in 
omponents of size

between 1 and d

1=3

is equal to nf(�) up to the error term whi
h is O(n

5=6

log n). This is done by

�rst 
al
ulating the expe
tation of the last quantity, whi
h is asymptoti
ally equal to nf(�), and

then by applying the Azuma-Hoe�ding martingale inequality.

Given the above, the proof of Theorem 4.24 is straightforward. For the 
ase � < 1 we have

nf(�) = n and therefore all but at most n

5=6

log n verti
es lie in 
omponents of size at most

(1=�
) log n. The remaining verti
es should be in 
omponents of size at least 
n, but there is no

room for su
h 
omponents. If � > 1, then (��=�)n+O(n

5=6

log n) verti
es belong to 
omponents of

size at most (1=�
) log n, and all remaining verti
es are in 
omponents of size at least 
n. These


omponents are easily shown to merge qui
kly into one giant 
omponent of a linear size. The detail


an be found in [43℄ (see also [7℄ for some related results).

One of the re
ent most popular subje
ts in the study of random graphs is proving sharpness of

thresholds for various 
ombinatorial properties. This dire
tion of resear
h was spurred by a powerful
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theorem of Friedgut-Bourgain [37℄, providing a suÆ
ient 
ondition for the sharpness of a threshold.

The authors together with Vu apply this theorem in [60℄ to show sharpness of graph 
onne
tivity,

sometimes also 
alled network reliability, in random subgraphs of a wide 
lass of graphs. Here are

the relevant de�nitions. For a 
onne
ted graph G and edge probability p denote by f(p) = f(G; p)

the probability that a random subgraph G

p

is 
onne
ted. The fun
tion f(p) 
an be easily shown to

be stri
tly monotone. For a �xed positive 
onstant x � 1 and a graph G, let p

x

denote the (unique)

value of p where f(G; p

x

) = x. We say that a family (G

i

)

1

i=1

of graphs satis�es the sharp threshold

property if for any �xed positive � � 1=2

lim

i!1

p

�

(G

i

)

p

1��

(G

i

)

! 1:

Thus the threshold for 
onne
tivity is sharp if the width of the transition interval is negligible


ompared to the 
riti
al probability. Krivelevi
h, Sudakov and Vu proved in [60℄ the following

theorem.

Theorem 4.25 [60℄ Let (G

i

)

1

i=1

be a family of distin
t graphs, where G

i

has n

i

verti
es, maximum

degree d

i

and it is k

i

-edge-
onne
ted. If

lim

i!1

k

i

lnn

i

d

i

= 1;

then the family (G

i

)

1

i=1

has a sharp 
onne
tivity threshold.

The above theorem extends a 
elebrated result of Margulis [67℄ on network reliability (Margulis'

result applies to the 
ase where the 
riti
al probability is a 
onstant).

Sin
e (n; d; �) graphs are d(1� o(1))-
onne
ted as long as � = o(d) by Theorem 4.1, we imme-

diately get the following result on the sharpness of the 
onne
tivity threshold for pseudo-random

graphs.

Corollary 4.26 Let G be an (n; d; �)-graph. If � = o(d), then the threshold for 
onne
tivity in the

random subgraph G

p

is sharp.

Thus already weak 
onne
tivity is suÆ
ient to guarantee sharpness of the threshold. This result

has potential pra
ti
al appli
ations as dis
ussed in [60℄.

Finally we 
onsider a di�erent probability spa
e 
reated from a graph G = (V;E). This spa
e

is obtained by putting random weights on the edges of G independently. One 
an then ask about

the behavior of optimal solutions for various 
ombinatorial optimization problems.

Beveridge, Frieze and M
Diarmid treated in [19℄ the problem of estimating the weight of a

random minimum length spanning tree in regular graphs. For ea
h edge e of a 
onne
ted graph

G = (V;E) de�ne the length X

e

of e to be a random variable uniformly distributed in the interval

(0; 1), where all X

e

are independent. Let mst(G;X) denote the minimum length of a spanning

tree in su
h a graph, and let mst(G) be the expe
ted value of mst(G;X). Of 
ourse, the value of
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mst(G) depends on the 
onne
tivity stru
ture of the graph G. Beveridge et al. were able to prove

however that if the graph G is assumed to be almost regular and has a modest edge expansion,

then mst(G) 
an be 
al
ulated asymptoti
ally:

Theorem 4.27 [19℄ Let � = �(d) = O(d

�1=3

) and let �(d) and !(d) tend to in�nity with d.

Suppose that the graph G = (V;E) satis�es

d � d(v) � (1 + �)d for all v 2 V (G) ;

and

e(S; V n S)

jSj

� !d

2=3

log d for all S � V with d=2 < jSj � minf�d; jV j=2g :

Then

mst(G) = (1 + o(1))

jV j

d

�(3) ;

where the o(1) term tends to 0 as d!1, and �(3) =

P

1

i=1

i

�3

= 1:202:::.

The above theorem extends a 
elebrated result of Frieze [40℄, who proved it in the 
ase of the


omplete graph G = K

n

.

Pseudo-random graphs supply easily the degree of edge expansion required by Theorem 4.27.

We thus get:

Corollary 4.28 Let G be an (n; d; �)-graph. If � = o(d) then

mst(G) = (1 + o(1))

n

d

�(3) :

Beveridge, Frieze and M
Diarmid also proved that the random variable mst(G;X) is sharply


on
entrated around its mean given by Theorem 4.27.

Comparing between the very well developed resear
h of binomial random graphs G(n; p) and few


urrently available results on random subgraphs of pseudo-random graphs, we 
an say that many

interesting problems in the latter subje
t are yet to be addressed, su
h as the asymptoti
 behavior

of the independen
e number and the 
hromati
 number, 
onne
tivity, existen
e of mat
hings and

fa
tors, spe
tral properties, to mention just a few.

4.9 Enumerative aspe
ts

Pseudo-random graphs on n verti
es with edge density p are quite similar in many aspe
ts to the

random graph G(n; p). One 
an thus expe
t that 
ounting statisti
s in pseudo-random graphs will

be 
lose to those in truly random graphs of the same density. As the random graph G(n; p) is

a produ
t probability spa
e in whi
h ea
h edge behaves independently, 
omputing the expe
ted

number of most subgraphs in G(n; p) is straightforward. Here are just a few examples:

� The expe
ted number of perfe
t mat
hings in G(n; p) is

n!

(n=2)!2

n=2

p

n=2

(assuming of 
ourse

that n is even);
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� The expe
ted number of spanning trees in G(n; p) is n

n�2

p

n�1

;

� The expe
ted number of Hamilton 
y
les in G(n; p) is

(n�1)!

2

p

n

.

In 
ertain 
ases it is possible to prove that the a
tual number of subgraphs in a pseudo-random

graph on n verti
es with edge density p = p(n) is 
lose to the 
orresponding expe
ted value in the

binomial random graph G(n; p).

Frieze in [41℄ gave estimates on the number of perfe
t mat
hings and Hamilton 
y
les in what

he 
alls super �-regular graphs. Let G = (V;E) be a graph on n verti
es with

�

n

2

�

p edges, where

0 < p < 1 is a 
onstant. Then G is 
alled super (p; �)-regular, for a 
onstant � > 0, if

1. For all verti
es v 2 V (G),

(p� �)n � d(v) � (p+ �)n ;

2. For all U;W � V , U \W = ;, jU j; jW j � �n,

�

�

�

�

e(U;W )

jU jjW j

� p

�

�

�

�

� � :

Thus, a super (p; �)-regular graph G 
an be 
onsidered a non-bipartite analog of the notion of

a super-regular pair de�ned above. In our terminology, G is a weakly pseudo-random graph of


onstant density p, in whi
h all degrees are asymptoti
ally equal to pn. Assume that n = 2� is

even. Let m(G) denote the number of perfe
t mat
hings in G and let h(G) denote the number of

Hamilton 
y
les in G, and let t(G) denote the number of spanning trees in G.

Theorem 4.29 [41℄ If � is suÆ
iently small and n is suÆ
iently large then

(a)

(p� 2�)

�

n!

�!2

�

� m(G) � (p+ 2�)

�

n!

�!2

�

;

(b)

(p� 2�)

n

n! � h(G) � (p+ 2�)

n

n! ;

Theorem 4.29 thus implies that the numbers of perfe
t mat
hings and of Hamilton 
y
les in

super �-regular graphs are quite 
lose asymptoti
ally to the expe
ted values of the 
orresponding

quantities in the random graph G(n; p). Part (b) of Theorem 4.29 improves signi�
antly Corollary

2.9 of Thomason [79℄ whi
h estimates from below the number of Hamilton 
y
les in jumbled graphs.

Here is a very brief sket
h of the proof of Theorem 4.29. To estimate the number of perfe
t

mat
hings in G, Frieze takes a random partition of the verti
es of G into two equal parts A and

B and estimates the number of perfe
t mat
hings in the bipartite subgraph of G between A and

B. This bipartite graph is almost surely super 2�-regular, whi
h allows to apply bounds previously

obtained by Alon, R�odl and Ru
i�nski [15℄ for su
h graphs.

Sin
e ea
h Hamilton 
y
le is a union of two perfe
t mat
hings, it follows immediately that

h(G) � m

2

(G)=2, establishing the desired upper bound on h(G). In order to prove a lower bound,
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let f

k

be the number of 2-fa
tors in G 
ontaining exa
tly k 
y
les, so that f

1

= h(G). Let also A

be the number of ordered pairs of edge disjoint perfe
t mat
hings in G. Then

A =

bn=3


X

i=1

2

k

f

k

: (13)

For a perfe
t mat
hing M in G let a

M

be the number of perfe
t mat
hings of G disjoint from M .

Sin
e deleting M disturbs �-regularity of G only marginally, one 
an use part (a) of the theorem to

get a

M

� (p� 2�)

�

n!

�!2

�

. Thus

A =

X

M2G

a

M

�

�

(p� 2�)

�

n!

�!2

�

�

2

� (p� 2�)

n

n! �

1

3n

1=2

: (14)

Next Frieze shows that the ratio f

k+1

=f

k


an be bounded by a polynomial in n for all 1 � k � k

1

=

O(p

�2

), f

k

� 5

�(k�k

0

)=2

maxff

k

0

+1

; f

k

0

g for all k � k

0

+ 2; k

0

= �(p

�3

logn) and that the ratio

(f

k

1

+1

+: : :+f

bn=3


)=f

k

1

is also bounded by a polynomial in n. Then from (13), A � O

p

(1)

P

k

0

+1

k=1

f

k

and thus A � n

O(1)

f

1

. Plugging (14) we get the desired lower bound.

One 
an also show (see [1℄) that the number of spanning trees t(G) in super (p; �)-regular graphs

satis�es:

(p� 2�)

n�1

n

n�2

� t(G) � (p+ 2�)

n�1

n

n�2

;

for small enough � > 0 and large enough n. In order to estimate from below the number of spanning

trees in G, 
onsider a random mapping f : V (G) ! V (G), de�ned by 
hoosing for ea
h v 2 V its

neighbor f(v) at random. Ea
h su
h f de�nes a digraph D

f

= (V;A

f

), A

f

= f(v; f(v)) : v 2 V g.

Ea
h 
omponent of D

f


onsists of 
y
le C with a rooted forest whose roots are all inC. Suppose that

D

f

has k

f


omponents. Then a spanning tree of G 
an be obtained by deleting the lexi
ographi
ally

�rst edge of ea
h 
y
le in D

f

, and then extending the k

f


omponents to a spanning tree. Showing

that D

f

has typi
ally O(

p

n) 
omponents implies that most of the mappings f 
reate a digraph


lose to a spanning tree of G, and therefore:

t(G) � n

�O(

p

n)

jf : V ! V j � n

�O(

p

n)

(p� �)n

n

:

For the upper bound on t(G) let 


�

= ff : V ! V : (v; f(v)) 2 E(G) for v 6= 1 and f(1) = 1g.

Then

t(G) � j


�

j �

�

(p+ �)n

�

n�1

� (p+ 2�)

n�1

n

n�2

:

To see this 
onsider the following inje
tion from the spanning trees of G into 


�

: orient ea
h edge

of a tree T towards vertex 1 and set f(1) = 1. Note that this proof does not use the fa
t that the

graph is pseudo-random. Surprisingly it shows that all nearly regular 
onne
ted graphs with the

same density have approximately the same number of spanning trees.

For sparse pseudo-random graphs one 
an use Theorem 4.23 to estimate the number of Hamilton


y
les. Let G be an (n; d; �)-graph satisfying the 
onditions of Theorem 4.23. Consider the random

subgraph G

p

of G, where p = (log n + 2 log log n)=d. Let X be the random variable 
ounting the
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number of Hamilton 
y
les in G

p

. A

ording to Theorem 4.23, G

p

has almost surely a Hamilton


y
le, and therefore E[X℄ � 1�o(1). On the other hand, the probability that a given Hamilton 
y
le

of G appears in G

p

is exa
tly p

n

. Therefore the linearity of expe
tation implies E[X℄ = h(G)p

n

.

Combining the above two estimates we derive:

h(G) �

1� o(1)

p

n

=

�

d

(1 + o(1)) log n

�

n

:

We thus get the following 
orollary:

Corollary 4.30 [42℄ Let G be an (n; d; �)-graph with � = o(d

5=2

=(n

3=2

(log n)

3=2

)). Then G 
on-

tains at least

�

d

(1+o(1)) log n

�

n

Hamilton 
y
les.

Note that the number of Hamilton 
y
les in any d-regular graph on n verti
es obviously does not

ex
eed d

n

. Thus for graphs satisfying the 
onditions of Theorem 4.23 the above 
orollary provides

an asymptoti
ally tight estimate on the exponent of the number of Hamilton 
y
les.

5 Con
lusion

Although we have made an e�ort to provide a systemati
 
overage of the 
urrent resear
h in pseudo-

random graphs, there are 
ertainly quite a few subje
ts that were left outside this survey, due to

the limitations of spa
e and time (and of the authors' energy). Probably the most notable omission

is a dis
ussion of diverse appli
ations of pseudo-random graphs to questions from other �elds,

mostly Extremal Graph Theory, where pseudo-random graphs provide the best known bounds for

an amazing array of problems. We hope to 
over this dire
tion in one of our future papers. Still,

we would like to believe that this survey 
an be helpful in mastering various results and te
hniques

pertaining to this �eld. Undoubtedly many more of them are bound to appear in the future and

will make this fas
inating subje
t even more deep, diverse and appealing.

A
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