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Abstract Let H be an edge colored hypergraph. We say that H contains a rainbow
copy of a hypergraph S if it contains an isomorphic copy of S with all edges of dis-
tinct colors. We consider the following setting. A randomly edge colored random
hypergraph H ~ 7% (n, p) is obtained by adding each k-subset of [n] with proba-
bility p, and assigning it a color from [c] uniformly, independently at random. As
a first result we show that a typical H ~ J#2(n,p) (that is, a random edge col-
ored graph) contains a rainbow Hamilton cycle, provided that ¢ = (1+0(1))n and
p= w. This is asymptotically best possible with respect to both pa-
rameters, and improves a result of Frieze and Loh. Secondly, based on an ingenious
coupling idea of McDiarmid, we provide a general tool for tackling problems re-
lated to finding “nicely edge colored” structures in random graphs/hypergraphs. We
illustrate the generality of this statement by presenting two interesting applications.
In one application we show that a typical H ~ J#*(n, p) contains a rainbow copy of
a hypergraph S, provided that ¢ = (1 +0(1))|E(S)| and p is (up to a multiplicative
constant) a threshold function for the property of containment of a copy of S. In the
second application we show that a typical G ~ 22 (n, p) contains (1 —o(1))np/2
edge disjoint Hamilton cycles, each of which is rainbow, provided that c = @(n) and

p=w(logn/n).
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1 Introduction

We consider the following model of edge-colored random k-uniform hypergraphs.
Let p € [0,1] and let ¢ be a positive integer. Then we define /% (n, p) to be the
probability space of edge-colored k-uniform hypergraphs with vertex set [n] :=

{1,...,n}, obtained by first choosing each k-tuple ¢ € ([Z]) to be an edge indepen-
dently with probability p and then by coloring each chosen edge independently and
uniformly at random with a color from the set [c]. For example, the case k =2
reduces to the standard binomial graph ¢ (n,p), whose edges are colored at ran-
dom in ¢ colors. In the special case where ¢ = 1, we write 2% (n, p) := ¥ (n, p),
and observe that this is just the standard binomial random hypergraph model. For
H~ %ik(n, p) and a hypergraph S, we say that H contains a rainbow copy of S if H
contains an isomorphic copy of § with all edges in distinct colors. A frequent theme
in recent research is to determine the conditions on p and ¢ under which a random
hypergraph H ~ J*(n, p) contains, with high probability (w.h.p.), a rainbow copy
of a given hypergraph S.

Let us first discuss the case k = 2 of binomial random graphs. Perhaps two of
the most natural properties to address are when § is a perfect matching or S is a
Hamilton cycle. Note that in these cases we need ¢ > n/2 and ¢ > n, respectively.

Moreover, it is well known (see e.g., [6]) that a perfect matching (respectively a
logn+(1)

Hamilton cycle) starts to appear in a typical G ~ ¢ (n, p) whenever p = m

(respectively, p = w), and therefore we can restrict ourselves to these

regimes. In [7], Cooper and Frieze showed that for p ~ 42logn/n and ¢ = 21n, a
graph G ~ ¥, (n, p) typically contains a rainbow Hamilton cycle. Later on, Frieze
and Loh [11] improved this to p = % and ¢ = (14 o(1))n, which is asymp-
totically optimal with respect to both of the parameters p and c. Recently, Bal and
Frieze [3] obtained the optimal ¢ by showing that for p = w(logn/n) and ¢ = n/2
(respectively ¢ = n), a graph G ~ %, (n, p) w.h.p. contains a rainbow perfect match-
ing (respectively a rainbow Hamilton cycle). For general graphs, Ferber, Nenadov
and Peter [10] showed that for every graph S on n vertices with maximum degree
A(S) and for ¢ = (14+0(1))e(S), a typical G ~ %.(n, p) contains a rainbow copy of
S, provided that p = n~'/48)polylog(n) (here, as elsewhere, e(S) denotes the num-
ber of edges in S). In this case, the number of colors ¢ is asymptotically optimal,
whereas the edge probability p is almost certainly not.

Our first main result improves the main theorem of Frieze and Loh from [11] to
p= w, which is clearly optimal. Our proof technique is completely
different, resulting in a shorter proof than the one given in [11].

logn-+loglogn+w(1)
n

Theorem 1. Let € > 0, let c = (1 + €)n and let p =
G ~ Y (n,p) w.h.p. contains a rainbow Hamilton cycle.

. Then a graph

Next, building upon an ingenious coupling idea of McDiarmid [18], we give a
general statement regarding the problem of finding “nice” structures in randomly
edge-colored random hypergraphs. Then, we exhibit its applications to derive in-
teresting corollaries. Before doing so, let us introduce some useful notation. For an
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integer ¢, suppose that € := € (c,n, k) is a collection of edge-colored k-uniform hy-
pergraphs on the same vertex set [n], whose edge set is colored with colors from [c].
We say that & is ¢-rich if for any C € € and for any e € E(C) there are at least ¢ dis-
tinct ways to color e in order to obtain an element of %. For example, consider the
case where k =2 and ¢ = n| > n, and let €(c,n, k) be the set of all possible rainbow
Hamilton cycles in K,. Note that for each C € € and for every e € E(C), there are
n; —n+ 1 ways to color e in order to obtain a rainbow Hamilton cycle. Therefore,
% is (n] —n+ 1)-rich. Now, given a collection of edge-colored hypergraphs ¢, we
define € to be the set of all hypergraphs obtained by taking C € € and deleting the
colors from its edges. With this notation in hand we can state the following theorem:

Theorem 2. Let p := p(n) € [0,1] and let {,c be positive integers for which q :=
% < 1. Let k be any positive integer and let € := € (c,n, k) be any {-rich set. Then,
we have

Pr [H ~ H*(n, p) contains some C € ‘g} <Pr {H ~ H¥(n,q) contains some C € €| .

Next we present two interesting applications for Theorem 2, combining it with
known results. First, we show that one can find a rainbow Hamilton cycles in a
random hypergraph with an optimal (up to a multiplicative constant) edge density
when working with the approximately optimal number of colors. Second, we present
an application which is somewhat different in nature. We show that one can find
“many” edge-disjoint Hamilton cycles, each of which is rainbow in a random graph.
Before stating it formally, we need the following definition. Let H be a k-uniform
hypergraph on n vertices. For 0 < ¢ < k we define a Hamilton ¢-cycle as a cyclic
ordering of V(H) for which the edges consist of k consecutive vertices, and for
each two consecutive edges e¢; and ;| we have |e; Ne;1 1| = £ (where we consider
n+1=1). Itis easy to show that a Hamilton ¢-cycle contains precisely m, := "
edges and therefore we cannot expect to have one unless n is divisible by k — /.
(Note that we can consider a perfect matching as a Hamilton O-cycle.)

The problem of finding the threshold for the existence of Hamilton /-cycles in
random hypergraphs has drawn a lot of attention in the last decade. Among the many
known results, it is worth mentioning the one of Johansson, Kahn and Vu [13], who
showed that p = @(logn/n*~1) is a threshold for the appearance of a Hamilton 0-
cycle (that is, a perfect matching) in a typical H ~ J#*(n, p), provided that n is
divisible by k. In general, for every ¢ < k, the threshold for the appearance of a
Hamilton ¢-cycle in a typical H ~ 7% (n, p) (assuming that n is divisible by k — £)
is around p ~ nk%é (in some cases an extra log factor appears). For more details we
refer the reader to [8] and its references.

Now we are ready to state our next result:

Theorem 3. Let 0 < ¢ < k be two integers, and let p € [0, 1] be such that
Pr [H ~ *(n, p) contains a Hamilton E—cycle} =1-o0(1).

Then, for every € > 0, letting c = (1+€)my and g = 8’;'[‘11 we have
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Pr|H ~ ¢*(n,q) contains a rainbow Hamilton (-cycle| =1 —o(1).

Remark: Note that we allow to take € to be a function of n (or even 0) in the
statement above. Moreover, if we take € to be a constant, then in particular we see
that by losing a multiplicative constant in the threshold, a rainbow Hamilton /-cycle
w.h.p. exists. This for example reproves and extends the first result obtained by
Cooper and Frieze [7] in a very concise way.

The second application is regarding the problem of finding many rainbow edge-
disjoint Hamilton cycles in a typical G ~ ¥ (n, p). The analogous problem without
the rainbow requirements is well studied and quite recently, completing a long se-
quence of papers, Knox, Kiihn and Osthus [14], Krivelevich and Samotij [16] and
Kiihn and Osthus [17] solved this question for the entire range of p. Combining
these results with Theorem 2 we can in particular obtain the following:

Theorem 4. For every 0 < € < 1 there exists C := C(€) > 0 such that for every
p > o(logn/n) and ¢ = Cn the following holds:

Pr[G ~ %, (n, p)contains (1 — €)np/2 edge disjoint rainbow Hamilton cycles| =1—o(1).

Notation. Our graph theoretic notation is quite standard and mainly follows that
of [20]. For p € [0,1] we let 7#%(n,p) denote the probability space of k-uniform
hypergraphs on vertex set [n], obtained by adding each possible k-subset of [n] as
an edge with probability p, independently at random. In the special case k = 2, we
denote ¢ (n, p) := #*(n, p), the well studied binomial random graph model. For
an integer ¢, we let j‘f;"(n, p) be the probability space of edge-colored k-uniform
hypergraphs on vertex set [n] obtained as follows. First, take H ~ % (n, p), and
then, to each edge, assign a color from % := [c] uniformly, independently at random.
As before, in the case k = 2 we write %, (n, p) := #£>(n, p). Given a subhypergraph
H' of an edge-colored hypergraph H, we say that H is rainbow if all its edges receive
distinct colors. For a vertex v € V(H) we denote by d§;(v) its color degree, that is,
the number of distinct colors appearing on edges incident to v. For an edge e € E(H),
we let ¢(e) denote its color. Given a subset of vertices W C V(H) and a subset of
colors 6y C €, we let H[W ;%] denote the subhypergraph of H on a vertex set W
for which e € (/) NE(H) is an edge of H[W;%p] if and only if c(e) € . In case
that G is a graph, given two disjoint subsets of vertices S,W C V(G) and a subset
of colors 6y C €, we let G[S,W; %] denote the bipartite subgraph of G with parts S
and W, and edges sw € E(G), where s € S, w € W and c(sw) € €). Moreover, for two
disjoint subsets S,W C V(G) and an integer D, we say that G contains a D-matching
from S to W if there exists a rainbow subgraph M of G such that dy(s,W) = D for
every s € S and dy(w) < 1 for every w € W.

We will frequently omit rounding signs for the sake of clarity of presentation.
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2 Tools

In this section we introduce some tools and auxiliary results to be used in our proofs.

2.1 Probabilistic tools

We will routinely employ bounds on large deviations of random variables. We will
mostly use the following well-known bound on the lower and the upper tails of the
binomial distribution due to Chernoff (see [2], [12]).

Lemma 1 (Chernoff’s inequality). Let X ~ Bin(n, p) and let u = E(X). Then

o PriX <(l—a)u]< e~ 112 for every a > 0;
o PriX > (1+a)u]< e 13 for every 0 < a < 3/2.

We also make use of the following approximation for the lower tail of a binomi-
ally distributed random variable.

I
2
Lemma 2. Let 10% <p< %, and let 0 < & < 1 be such that (%) e 110 <

e %7, Then
Pr[Bin(n, p) < 8np] <n %3,

Proof. Note that

onp

. n i n—i e\ omp —(1-0)n
PilBin(r,p) < dnpl = Y, (7)1 p 7 < dp () e -
i=0
5 np
< 5np |:(§) e—1+5:| < 6np€_0'7np

< 67(2/3)10gn — n72/3.

Before introducing the next tool to be used, we need the following definition.

Definition 1. Let (A;)7_, be a collection of events in some probability space. A
graph D on a vertex set [n] is called a dependency graph for (A;); if A; is mutu-
ally independent of all the events {A; :ij ¢ E(D)}.

We make use of the following asymmetric version of the Lovasz Local Lemma
(see, e.g. [2]).

Lemma 3. (Asymmetric Local Lemma) Let (A;)}_, be a sequence of events in some
probability space. Suppose that D is a dependency graph for (A;);, and suppose that
there are real numbers (x;)!_, such that for every i the following holds:

PI‘[A,’]S)C[ H (]—Xj>.
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Then, Pr|_, A;] > 0.

2.2 Properties of 9.(n,p)

Here we gather fairly standard typical properties of sparse binomial random graphs.
Given a graph G = (V,E) with vertex set V = [n] vertices, define the set of vertices
SMALL CV by

SMALL :={v € [n] : dg(v) < §logn},

where 6 > 0 is a small enough absolute constant.

Lemma 4. Let 0 < fB,& < 1 be absolute constants, let ¢ = (1 + €)n, and let log” <
p< M. Then, w.h.p. a graph G ~ 9.(n, p) satisfies the following propertles.

(P1) A(G) < 10logn.

(P2) |SMALL| < n%4.

(P3) Forevery v € [n], dg,(v) > dg(v) — 2.

(P4) Let Ey = {e € E(G) :eNSMALL # 0}. Then all the elements of Ey are of
distinct colors.

(P5) No two vertices x,y € SMALL (x and y might be the same) have a path of
length at most 4 with x,y as its endpoints in G.

(P6) For every two disjoint subsets X and Y of size |X| = Y| = ® (W) the
number of colors appearing on the edges between X and Y is at least (1 +¢€ —
o(1))n.

(P7) For every subset € C [c] of size Bn and for every subset X C [n] for which
IX|>p = @(n) we have that g\X|2p <e(G[X:¥)) < BIX|?p.

(P8) For every subset € C [c] of size Bn and for every two disjoint subsets X,Y C [n]
such that |X||Y|p = w(n), we have that §|X\|Y|p <e(GX,Y;€)) <B|X||Y|p.

(P9) For every s € [c], the number of edges in G which are colored in s is at most
10logn.

(P10) For every subset X C [n], if |X| < l()g“#%n’ then eg(X) < 8|X]|.

1/2
(P11) For every X C [n] of size |X| > 10g4¢/3n’ we have eg(X) < |X|*p (IX\) .

Proof. For (P1), just note that given a vertex v € [n], since dg(v) ~ Bin(n—1, p), it
follows that

n
P > 1 1 < 1010gn
rldg(v) > 10logn] < <1010gn)p

S( enp )101ogn:0(1/n).

10logn

Therefore, by applying the union bound we obtain that w.h.p. A(G) < 10logn.
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For (P2) note that by Lemma 2, the expected number of such vertices is at most
n'/3. Therefore, by applying Markov’s inequality, (P2) immediately follows.

For (P3), aasume that d(;(v) < dg(v) — 3. In particular, this means that there are
2 disjoint pairs {xj,y; } and {x2,y>} of neighbors of v such that for i = 1,2 both vx;
and vy; have the same color. The probability of this to happen is upper bounded by
(d6(v))* ¢ = o(n™"). Therefore, by applying the union bound we obtain (P3).

For (P4), note that by (P2) we have that [SMALL| = o(n®#°). Now, since A(D) <
101ogn, it follows that |Ey| = o(n'/?). Therefore,

E
Pr[Je,¢’ € Ey with the same color| < <| 20|)c1 =o(1).

For (P5), note that, given two vertices x, y, the probability that there exists a path
of length at most 4 between them is upper bounded by p + np? +n’>p’ + n’p* <

%. Now, since by (P2) we have |SMALL| = o(n~%4°), and since the events
“v € SMALL” are “almost independent”, by applying the union bound we can easily
obtain that the probability for having two such vertices x,y in SMALL is o(1).
For (P6), let X and Y be two disjoint subsets. Note that for a set €' C % of size
t, the probability that none of the colors of ¢” appears on E(X,Y) is upper bounded
by:
Y (1=p+p(1 —t/c)) XNl < g=pIXIXI/e

Therefore, if ¢t = yn for some fixed constant y > 0, then by applying the union bound
we obtain that the probability for having a subset ¢ of colors of size yn, and two

disjoint subsets X and Y of sizes |X|= Y| =x= W for which none of the
edges in E(X,Y) uses colors of ¢” is at most

712
() () (0 <o o)
X/ \x Yn

For (P7) just note that the expectation of the number of such edges is (‘)2( ‘) -p-

@ = o(n), and therefore, by Chernoff’s inequality and the union bound over all
choices of X and of ¥, we easily obtain the desired claim.
For (P8), let X,Y C [n] be such subsets. Note that since ¢ is of size Bn, the

expected number of edges between X and Y which are assigned colors from % is

1% |X||Y |p = o(n). Therefore, the property follows easily from Chernoff’s inequal-

ity and the union bound.
For (P9), s € [c] be some color and let Y denote the random variable which

counts the number of edges colored s in G. Clearly, Y ~ Bin (e(G)7 m) Now,

it is easy to show that w.h.p. e(G) = (1+0(1)) () p < (1 +0o(1))nlogn < 2nlogn,
and therefore,
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2nlogn 1 10logn
Pr|Y > 101 < —_—
rlY' 2 10logn] < (lOlogn) ((1 +€)n)

< 2enlogn 101°g"_ (1/n)
— \10(1 + €)nlogn = o\

Next, by applying the union bound we obtain the desired claim.
We leave (P10) and (P11) as an exercise for the reader.

2.3 Finding rainbow star matchings between appropriate sets

In this subsection we describe the main technical lemma which will be used in
the proof of Theorem 1. Informally speaking, this lemma ensures the existence of
rainbow star matchings between sets of appropriate sizes.

Lemma 5. Let oo, € > 0 be constants, let D be a fixed integer, let ¢ = (1 + €)n and
let 10% <p< %. Then, a graph G ~ 9,.(n, p) is w.h.p. such that the following
holds. Suppose that

(i) W C [n] of size (1+0(1)) f55iogn-
(ii) S C [n] of size logﬁ <18 < logz()"l4n’ and
(iii) €1 C € = [c] of size |61| = an, and

)

logn
(iv) for every s € S there are at least {Toglogn)?
6.

and

edges e = swwithw € W and c(e) €

Then, there exists a rainbow D-matching from S to W, with all colors from 6.

The main ingredient in the proof of Lemma 5 is the following powerful tool due
to Aharoni and Haxell [1], generalizing Hall’s theorem to hypergraphs.

Theorem 5. Let g and D be positive integers and let 76 = {FA, ..., 7} be a family
of g-uniform hypergraphs on the same vertex set. If, for every I C [t], the hypergraph
Uier 7€ contains a matching of size greater than Dg(|I| — 1), then there exists a
function f: [t] x [D] = Ui_, E(J%) such that f(i, j) € E(€) for every i and j, and

faNNS,j) =0 for (i, J)?é( LJ)-

When applying Theorem 5, we will distinguish between few cases according to
the size of I C [f]. The following lemmas will make our life a bit easier with it.

Lemma 6. Let € > 0, let ¢ = (1 +&)n, let D € N and let 2" < p < 22" Thep g
graph G 4.(n,p) is w.h.p. such that the followmg holds. For every collectlon of
Jj< o gO — vertex disjoint stars, each of size log"> n, the number of colors appearing

on their edges is at least 2Dyj.



Rainbow Hamilton cycles in random graphs and hypergraphs 9

Proof. Let s :=1og”? n. We show that the probability of having a collection of j <
bg%,n stars, each of which of size s whose union contains at most 2D colors is

o(1). The following expression is an upper bound for this probability:

n

F OO () ()

j=1

- l°g§” (en)J (e(l—i—e)n)wj ( 2eDjnp )js 1)
— —_ ———] =o(l).
] j 2Dj s(l+¢€)n

Indeed, fix j < lmg%n and first choose j vertices to be the “centers” of the stars.
For each of these vertices choose s neighbors and multiply by the probability of
all these edge to appear. Next, choose a set of 2D colors from ¢ = (14 €)n and
multiply by the probability that all the edges of the stars are colored with these

colors. This completes the proof of the lemma.

The following lemma may look at the first glance a bit complicated to understand,
but its role will become clear during the proof of Lemma 5.

Lemma7. Let0 < o <& <1, letc=(1+€)n, let D€ N and let 10% <p< 210%.
Then a graph G ~ 9.(n, p) is w.h.p. such that for every

(l) logg'gn S J S logzor,lz;”;

(ii) W C [n] of size [W| = (1 +0(1))
(iii) €1 C € :=[c] of size |61| = an,
the following holds. The probability of having subsets X C [n] of size j, W CW
and 6, C 61 of sizes at most 2D j such that for every edge xw € Eg(X,W) we have
c(xw) € €2 orw e W' or c(xw) ¢ € is o(1).

n
loglogn’ and

Proof. In order to prove the lemma, note that we can upper bound the probability
by

n

(I‘:’|) (||¥YVV’|> (|<;1|> (:ZLD . .m%: (1 —ptp (l%—l—lcg\‘fﬂ))jw\w/

j:log-9n
T Dj Jw\w'|
<160 B (1-prp ol s pli- a1 e) o)
j:logg-gn
10g3'4n n
<16" ) exp(—ij(loglogn—D])):o(l).
j:logg-gn

(C is some constant which depends on ¢t). This completes the proof.
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The following lemma shows that in a typical random graph G ~ ¥(n, p), any
bipartite subgraph B = (SUW,E’) C G with all the vertices in S of “large” degree
contains an s-matching from S to W, for an appropriate choice of parameters.

Lemma 8. Let k’% <p< 21(:#. Then, a graph G ~ ¥ (n, p) is w.h.p. such that the
following holds. Suppose that B= (SUW, E’) is a bipartite (not necessarily induced)
subgraph of G, with

(i) |W| = (1 +0(1))m,
(iii) dg(v) > (l()g%n)zfor every v € S.

and

Then there exists a 10g°% n-matching from S to W.

Proof. Let B= (SUW,E’) be the subgraph of G as described above. In order to
prove the lemma, we use the following version of Hall’s Theorem (see, e.g., [20]).
A bipartite graph B = (SUW, E’) contains an s-matching from S to W, if and only if
the following holds:

For every X C S we have |[Ng(X)| > s|X]. (1)

Suppose that (1) fails for B with s = log®2n. Then, there exists a subset X C S
for which |[Ng(X)UX]| < (s+1)|X|. In particular, letting ¥ = Np(X)UX, by (iii),

logn log?8n .
we conclude thateg(Y) > |Y| (s+l)(?(;gglogn)2 > Y] 2(1§gglogn)2 .Since [V < (s+1)[X| <
2n

a0 and since |¥|log®” n > |Y|*p (n/|Y|)1/2 for every |Y| < n/log®®n, we obtain
a contradiction to (P10) and (P11).

Now we are ready to prove Lemma 5.

Proof (Proof of Lemma 5). Let o < &, let D € N and let W,S C [n] and €} C €
as described in the assumptions of the lemma. For every s € S, we define a graph
H; with vertex set W U %) in the following way. For every w € W and x € %7,
wx € E(J%) if and only if sw € E(G) and ¢(sw) = x. Consider the family .7 :=
{4 : s € S}, and note that in order to prove the lemma, we need to show that there
exists a function f : S X [D] = U,es E(7) such that f(s,i) € E(.7;) for every s and
i, and f(s,i)Nf(s',i") =0 for (s,i) # (s',i). To this end, we make use of Theorem
5. All we need to show is that for every T C S, the graph |J,c7 E(5%) contains a
matching of size greater than 2D(|T| — 1). We distinguish between two cases:

Case 1: |T| < log+9n' Consider the bipartite graph B = (T UW,E’), where E' :=
{tw:r € T,w € W and c(tw) € ¢, }. By applying Lemma 8 to B, we conclude that
there exists an s-matching from 7' to W in B, where s = log®?n. Let M be such a
matching, and note that by applying Lemma 6 to M, it follows that the number of
colors appearing in M is at least 2D|T |. Now, one can easily deduce that | J,c E (.74)
contains a matching of size at least 2D|T| > 2D(|T| —1).

Case 2: 55— < |T'| <|S]. Let M be a matching in U7 E(%) of maximum size,

log

let ¢ :={xe® :IweWstwxeM}andlet W :={weW:3Ixc G stwxeM}.
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Suppose that [M| <2D(|T|— 1) < 2D|T|. In particular, it means that for every v e T
and w € W we have vw ¢ E(G), or c(vw) € 65, or w € W, or c(vw) ¢ ), which
contradicts Lemma 7. This completes the proof.

2.4 Expansion properties of subgraphs of random graphs

In the following lemma we show, that given an edge colored graph G, one can find
two subsets of colors %},%> and a vertex subset W which inherits some desired
properties from G. The statement of the lemma is adjusted so as to facilitate its
application in the proof of Theorem 1.

Lemma 9. Ler 0 < o, 8,€ < 1/2 be constants and let n be an integer. Let G be an
edge colored graph on m > (1 —o(1))n vertices, and let €* be its set of colors, of
size |€*| > (14 €/2)n. Suppose that §logn < 6(G) < A(G) < 10logn, that each
color appears at most 10logn times in G, and that for each v € V(G), dg(v) >
dg(v) — 2. Then one can find subsets 6,6\ C €, and W C V(G) satisfying the
following properties:

(i) W|=(1+o0(1)) and

n
loglogn’
(i) 6o and € are two disjoint subsets of sizes (1+o0(1))an, and

)

(iti) for every w € W, deg, (w,W) € ( adg () zadc(w)), and
)
)

2loglogn’ loglogn
iv) for every v € V(G), dg, (v,W) € (246l 20d60)) " g
(iv) for every (G), dg, (v,

2loglogn’ loglogn

(v) for every x € €y, x appears on at most (lt(;(ig;gn';z edges in G[W].
Proof. Let 6),¢1 C € be two disjoint random subsets, obtained in the following
way: for each element of ¢ toss a coin with probability 2¢c to decide whether
it belongs to %y U %), then, with probability 1/2 decide to which of these sets it
belongs. All these choices are independent. Let W C V(G) be a random subset of
vertices, obtained by picking each v € V(G) with probability m, independently
at random. We wish to show that the obtained sets satisfy (i)-(v) with positive prob-
ability. In order to do so, we consider several types of events. First, let Ay denote
the event “|W| ¢ (1 +0(1)) 5" Second, for each i € {0, 1}, let C; denote the

loglogn
event “|%;| ¢ (1 £o(1))an”. Third, for each vertex v € V(G), let I;(v) (i € {0,1})

denote the event “dg, (v,W) ¢ (2%';‘715);)”, %ggdlggn) )”. Lastly, for each x € €*, let By
100logn

(loglogn)?
at hand, we wish to show that

be the event “more than

edges in G[W] are colored x”. With this notation

Pr |Ay NCiNCyN N Lo m(ﬂ Bx> > 0.
ie{0,1},veV(G) XeE*
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First, define & := {Aw,C1,C2,I;(v),By : v € V(G),i € {0,1},x € €*}, and let us
estimate the probabilities of each of the events X € &. By using Chernoff’s bounds
we trivially get

(a) Pr[Aw] =exp(—0O(n/loglogn)),

(b) Pr[Cj] =exp(—0O(an)), and

(¢) PrL;(v)] = exp(—Cadg(v)/loglogn), where C is an absolute constant which
does not depend on «.

For estimating Pr [By], note that since dg;(v) > dg(v) —2 for every v € V(G), it
follows that each color class can be partitioned into at most four matchings, each of
size at most 10logn (the maximum number of edges with the same color in G). Fix
such a partition (into matchings) for each color class x. It follows that if B, fails,

then in at least one of the four matchings, at least (102:0§n)2 edges have been chosen.

Since in each matching these choices are independent, and since for a fixed edge e,

the probability that e € W is —L— it follows by Chernoff’s bounds that
(loglogn)

_ logn
(d) Pr[B,] <e 2oglogn?

Next, let us define a dependency graph D for &, where the edges of D are as
follows:

e All pairs Ay X, where X € &, and

e all pairs C;X, where i € {0,1} and X € &, and

e all pairs I;(v)I(u), where i # j and v = u, or v # u and Ng(v) "\ Ng(u) # 0, or if
the same color ¢ € €* appears on edges incident to both « and v, and

e all pairs I;(v) B, for which there exists an edge uw such that {u, w}N({v} UNg(v)) #
0 and c(uw) = x, and

e all pairs B,B,, for which there exist two edges e and f, of colors x and y, respec-
tively, such that e N f £ 0.

Now, for some fixed constant ¢ > 1, define xy = \/Pr[Aw], y; = /Pr[C;] (where
i€40,1}), x;, = coPr[[;(v)] (where i € {0,1} and v € V(G)), and z, = Pr[ .| for
x € ¢*. Note that

Pr[Aw] = exp(—0(n/loglogn)) <xWH —Xiy),

lV

and
Pr[C]] = exp(—0@(an)) <y [T(1-xi),
and
Pr(I;(v)] =exp (—Cadg(v)/loglogn) < coxi, (I—xju) ] (-2,

JwI;(u)I;(v)€E(D) XENG(v)

and
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Pr(B] <z [] (1—xn) JI (1-3z).

XENG(v),i y:BxBy€E (D)

(The last two inequalities hold because the corresponding “degrees of dependen-
cies” are some polylog(n)). All in all, one can apply the Asymmetric Local Lemma
(Lemma 3) and obtain the desired claim.

Now, let 12" < p < 298" ‘et ¢ = (14 €)n, and let G ~ %, (n, p). We show that
w.h.p. G is such that every (not necessarily induced) subgraph G; € G on (1 +
o(1))n/loglogn vertices with some degree constraints is also a very good expander.
Lemma 10. Let @, 8,€ > 0, let lo% <p< %, and let ¢ = (1+ €)n. Then a graph
G ~ Y (n,p) is w.h.p. such that the following properties hold. Suppose that

(i) W C [n] is of size (1+0(1))n/loglogn, and
(ii) 6o C € is of size (1+o0(1))on.

Then H := G[W;%y)| satisfies:

(a) For every subset X C W, if |X| < —2+, then ey(X) < 8|X

) , and
10g4/ 3n

1/2
, we have ey (X) < |X|*p (&T) )

(D) for every X C W of size ]0#3” <|X|<|wW
and

(c) for every X CW, if |X| > n/log"*n, then ey (X) < a|X|*p, and

(d) for every two subsets X,Y C W satisfying |X||Y |p = o(n), we have ey (X,Y) >

SIX[Y[p.

Proof. All these properties follow from the properties in Lemma 4 and similar ar-
guments, hence are left as an exercise for the reader.

Let us define the following useful notion of a (k,d)-expander.

Definition 2. A graph G is called a (k,d)-expander if for every subset X C V(G) of
size at most k we have
ING(X)\ X| = d|X].

The following lemma is almost identical to Lemma 2.4 in [15] (although with
few minor modifications). For the convenience of the reader, we briefly sketch the
proof.

Lemma 11. Ler 0 < €,6 < 1 and let o < 8¢7190 pe constants. Let lo% <p< 210%,
and let ¢ = (1 + €)n. Then there exists dy € N such that for every d > dy, a graph
G ~ 9.(n,p) is w.h.p. such that the following holds. Suppose that W C [n] is of size
(1+0(1))n/loglogn, 6y C € of size (14+0(1))an and H := G|W ;6] is a subgraph

L 51 2001 :
of G satisfying 57, gffg”n <O(H)<A(H) <7 Oglggg: and properties (a)—(d) of Lemma
100logn

(loglogn)?

10. Moreover, assume that no color from 6y appears in H more than times.

Then, there exists a subgraph R C H satisfying the following:

(a) R is rainbow, and



14 Asaf Ferber and Michael Krivelevich

(b) R is a (k,100)-expander (where k = 0.6|W|/100), and
(c) [E(R)| <d|W

Proof. (Lemma 2.4 in [15].) Let d be a large enough integer. Condition on G satis-
fying all the properties of Lemma 4. Now, for every w € W, let w choose d random
edges of H incident with w (with repetitions), and let I"(w) be the set of the edges
chosen by w. Let R be the graph whose edge set is |,y I (w). We wish to show
that R satisfies (a) — (¢) with positive probability.

We consider few types of events. First, the events regarding the rainbow part. For
every two edges e}, e, of the same color, let us denote by A(ey,e;) the event “both
e1 and ey are in R” (in case e] # e;), and “e; is chosen in more than one trial” (in
case e| = ej). Define

of :={A(e1,e2) : €1 and e; have the same color}.

Second, we consider the events ensuring the expansion of sets. For a set X C W,

let B(X) denote the event that eg(X) > 14:|X|, and for every logf/3n <x <k, let

B, = {B(X): |X| = 101x}.

Clearly, if none of the events in 27 happens, then (a) and (c) hold. Now, assume
in addition that none of the events %, happens, and we wish to show that (b) holds.
Let X C V(H) be a subset of size at most k, and we wish to show that |Ny (X)\ X| >
100|X|. Assume otherwise, we obtain a subset X for which |X UNy(X)| < 101]X|.
Since none of the events in &7 holds, it follows that |Ey (X UNg(X))| > d|X| > d|X U
Ny (X)|/101. Now, if |[X UNg (X)| < log“%, then for a large enough d it contradicts

(a) of Lemma 10. If —+— < |[X UNy(X)| < 101k, then it contradicts the event

10g4/ 3n
B(XUNg(X)).

It thus suffices to show that with positive probability none of these events occurs.
To this end we make use of the Local Lemma. We estimate the probabilities of each
event above, define a dependency graph D and estimate its degrees.

The family .<7': For a fixed pair e1,e; € E(G) of the same color we have

4dloglogn 2
Pr[A <|— .
rl (el,ez)]_< adlogn >

4dloglogn
adlogn

dency” within <7, note that A(e,e;) depends on A(f7, f>) if and only if e; Ue; in-

tersects f1 U f>. Now, recall that A(H) < 2122’]1(:’;: , and that each color class contains
100logn

(loglogn)

Define x = ¢

2
) for some constant co > 1. For the “degree of depen-

at most

> edges. Therefore, the number of events in .2/ which are neighbors
100logn_ - 80000 log? n
(loglogn)? = (loglogn)3 *
The family %;: For a fixed set X of size 101¢, similarly to [15], one can show
that

of A(ey,ey) in the dependency graph is at most 4A (H)
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where for 7 < n/(10110g%*n), by assumption (b) of Lemma 10 we have ez (X) <
101%%p (85 )1/ and therefore,

dt

Pr[B(X)] < (109 (%) v loglogn/(x6>

12
Fort <n/(10110g**n), define y, = (109 (L) 1/2 loglogn/oc6> and note that
for an appropriately large d we have

n/log%n
Y  %l-y=o0(1).

t=n/(log*/ n)
Now, for /(10110g%%n) < ¢ < k, we use (c) of Lemma 10 and obtain

10°tloglogn a
< (="
priB(n)] < (1" )

d
Define y, = ¢! (%) for some constant C; > 0 and note that for appro-

priate choices of d,d and C; we obtain

k adn/loglogn n/lo 1 4 dt
glogn etloglogn
R i e i e = IRTU)
)

t=n/(10110g"* n) t=n/(10110g"*n

To compute the “degree of dependency” with members of .« in D, note that B(X)
is correlated with an event A(ey,e;) if (e; Uez) NX # 0. Therefore, since the maxi-
20alogn 100logn
loglogn (loglogn)?
times, the number of events A(ej,e;) correlated with B(X) is upper bounded by

mum degree of H is at most

and since each color appears at most

20000 log® n
X =|X| 3
(loglogn)

In order to apply the Asymmetric Local Lemma (Lemma 3) we need to show that
the following inequalities hold.

20alogn 100logn
loglogn (loglogn)?

8000c¢ log n

Pr[A(er,e)] < x- (1 —x) Uozlogn)® <H )i )

| | 20000 log2 n

(log logn (H %)t ) X
t

Pr(B(X)] <y - (1-
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2
For the first inequality, note that since x = ¢y (%lglgolgin) , it follows that

8000 log? n 4dloglosn 2 o (4d10g10gn)280000tlog2n )
(11— (loglogn)3 1— |2 > glog 0\ "adlogn (loglogn)3 —2% By
x-(1—x) (H( ) >0\ “ostogn ) © e
4dloglogn 2

=(1 1 _

(1o ))CO< adlogn )

Z Pr [A(el,ez)] .

(we used the facts that ¥ |%;| - y» = o(1) and that for small values of x we have
l—x>e ).

The second inequality is even easier to verify and is left as an exercise for the
reader.

2.5 Finding a long rainbow path

In this section we state the following lemma, which follows almost identically from
the proof of Lemma 4.4 in [4]. Before doing so, we introduce the following defini-
tion:

Definition 3. A graph G on n vertices whose set of edges is colored is called k-
rainbow-pseudorandom, if for every two disjoint subsets of vertices A,B C V(G) of
size |A| = |B| = k, the number of colors appearing on the edges of G between A and
Bis at least n.

In the following lemma we show that a graph G ~ ¥.(n,p) is k-rainbow-
pseudorandom in a “robust” way.

Lemma 12. Ler 0 < o < € < 1 be two constants, let ¢ = (1 + €)n and let 10% <

p < 212&. Then a graph G ~ 9.(n,p) is w.h.p. such that the following holds. For
every subset €* C [c] of size |€*| > (1 + a)n, the graph G[[n];€*] is k-rainbow-
pseudorandom for k = logo%gn.

Proof. Follows immediately from Property (P6) of Lemma 4.
Now we state a modification of Lemma 4.4 from [4].

Lemma 13. Let G be an edge-colored graph on n vertices which is k-pseudorandom.
Then G contains a rainbow path of length at least n — 2k + 1.

Proof. The proof is more or less identical to the proof of Lemma 4.4 in [4] with
some minor changes which are left to the reader.
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2.6 Expander graphs

Here we show that the union of few expander graphs yields an expander graph as
well.

First, we show that given an expander graph, by adding vertex disjoint stars to it
one cannot harm the expansion properties too much.

Lemma 14. Let G be a graph, let m > 1, and let k be a positive integer. Let S CV(G)
be a subset of vertices for which there exists an m-matching from S to V(G)\ S. If
G[V(G)\ S] is a (k,m)-expander, then G is a (k,(m— 1) /2)-expander.

Proof. Let X C V(G) of size |X| <k, and we wish to show that |[Ng(X)\ X| >
2-11X|. Let us distinguish between the following two cases:

Case I: X N S| < |X|/2. In this case, since G[V(G) \ §] is a (k,m), it follows that
X\ S expands by a factor of ¢ and therefore |Ng(X) \ X| > M

Case II: [X NS| > |X|/2. In this case, since there exists an m-matching from S to
Y(G)M\\& hence [NG(X)\X| > [NG(XNS) N (V(G)\$)| - X\ 8] > m|x ns| - 5! >

m—1)|X
5.

The following simple lemma is from [5] (Claim 2.8).

Lemma 15. Let G be a graph, let m > 0, and let k be a positive integer. Let U C
V(G) be a subset for which dg(u) > m— 1 for every u € U, and, moreover, there
is no path of length at most 4 in G whose (possibly identical) endpoints lie in U. If
G[V(G)\U] is a (k,m)-expander, then G is a (k,m — 1)-expander.

2.7 Boosters

In the proof of Theorem 1 we need to find a Hamilton path between two designated
vertices x’ and y’ in a sparse expander subgraph G of a typical G ~ ¥.(n, p). More-
over, we need such a Hamilton path to be rainbow within a prescribed subset of
colors. In this section we show how to achieve such a goal.

A routine way to turn a non-Hamiltonian expander graph G into a Hamiltonian
graph is by using boosters. A booster is a non-edge e of G| such that the addition
of e to G decreases the number of connected components of Gy, or creates a path
which is longer than a longest path of Gy, or turns G into a Hamiltonian graph. In
order to turn G| into a Hamiltonian graph, we start by adding a booster e of G|. If the
new graph G U {e} is not Hamiltonian then one can continue by adding a booster
of the new graph. Note that after at most 2|V (G )| successive steps the process
must terminate and we end up with a Hamiltonian graph. The main point using this
method is that it is well-known (for example, see [19]) that a non-Hamiltonian graph
G with “good” expansion properties has many boosters. However, our goal is a bit
different. We wish to turn G into a graph that contains a rainbow Hamilton path
with x’ and y’ as its endpoints. In order to do so, we add one (possibly) fake edge
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x'y' to Gy, color it with a new color (which does not belong to %) and try to find
a rainbow Hamilton cycle that contains the edge x'y’. Then, the path obtained by
deleting this edge from the Hamilton cycle will be the desired path. For that we
need to define the notion of e-boosters.

Given a graph G; and a pair e € (V(gl)), consider a path P of G| U{e} of maximal
length which contains e as an edge. A non-edge ¢’ of G is called an e-booster if
G1 U{e, €'} has fewer connected components than G| U {e} has, or contains a path
P’ which passes through e and which is longer than P, or that G; U{e, ¢’} contains
a Hamilton cycle that uses e. The following lemma is from [9] and shows that every
connected and non-Hamiltonian graph G; with “good” expansion properties has
many e-boosters for every possible e.

Lemma 16. Let G| be a connected graph for which |Ng, (X)\ X| > 2|X| +2 holds
for every subset X C V(Gy) of size |X| < k. Then, for every pair e € ( <G1)) such
that Gy U{e} does not contain a Hamilton cycle which uses the edge e, the number
of e-boosters for G is at least (k+1)? /2.

Remark 1. The proof of Lemma 16 can be easily modified (in fact, the same proof
holds) for the following case. G is a graph obtained by adding not too many (say, at
most polylogn) vertices of degree 2, any two of them are far apart (say, of distance
at least 3), to a (k, 3) expander, and e is not incident with any of these vertices.

As another remark, note that for a (k,2)-expander, we trivially have that each
connected component is of size larger than k, and therefore, if the graph is not con-
nected, then there are at least (k -+ 1)? boosters which decrease the number of con-
nected components.

Note that in order to turn a rainbow graph Gy into a graph that contains a rainbow
Hamiltonian cycle passing through e, one should repeatedly add e-boosters, one by
one, every time adding a booster with an unused color, at most 2|V (Gy)| times.
Therefore, we wish to show that a graph G ~ G, (n, p) typically contains “many”
e-boosters of “many” colors for every sparse expander subgraph G| and every pair

ec (‘“gl)) .

Lemma 17. Let0 < £ < 1,B > 0, let ¢ = (1 +€)n and let *&" < p < 2" Then g
graph G ~ 9.(n,p) is w.h.p. such that the following holds. Suppose that
(i) Gi € G is any subgraph with o0 < V(G))| < loglogn and |E(Gy)| =
O (n/loglogn) which is an (B|V(G1)|,2)-expander, and
(ii) e € ( (Gl)) is any pair which is not incident with vertices of degree 2 in Gy,

and
(iii) 62 C [c] is a subset of size at least €n /100,

then, G contains e-boosters for G| assigned with colors from 6.

Proof. Note first that by Remark 1 after Lemma 16, there are at least 82|V (G)|?/2 >

(10[; Zlogn)Z e-boosters for every such Gj. Fix a subset %3 C [c] of size at least en/100,
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and observe that the probability of E(G) not to contain any e-booster which is as-
signed with a color from %, is at most

2,2

1+0.99¢en 2(1ﬁ1 72 en? eB*nlogn
. oglogn e —
1— - < (11— 300(loglogn)? < - ° ).
( ptr (I+¢&)n ) s(1-»p) =P ( 300(10g10gn)2>
Now, taking the union bound over all subsets V(G;) C [n] of size foglogn =
V(G))| < ]nglﬁ and over all subgraph G; of G on vertex set V(G) with at most
k)gc;igyz many edges (where C is some fixed constant), and over all subsets of colors

%, C [c] of size at least en/5 we obtain that the probability of having a counterex-
ample is upper bounded by

2n/1§10gn . n (;) pCt oxp Sﬁznlogn
imn/ioatogn \E/ \Ct 300(loglogn)?

2 e (_enp O (_eBPnlogn
~ loglogn Cloglogn 300(loglogn)?

2n enp eB*nlogn
< g" C 1 ————— | =o0(1).
=0 exp ( loglogn o8 Cloglogn) xp < 300(loglogn)? o(1)

This completes the proof.

3 Proof of Theorem 1

In this section we prove Theorem 1.

Proof. Let G ~%.(n,p), and let § > 0 be a sufficiently small constant (to be speci-
fied later). Throughout the proof we assume that G satisfies all the properties of the
lemmas from the previous section.

Our proof strategy goes as follows. For each vertex v € SMALL let us arbi-
trarily choose a set A(v) = {x,y} of exactly two distinct neighbors of v and set
Vo = SMALLU (U,esparrA(v)), and Eg = {vz:v € SMALL and z € A(v)}. By (P4)
and (P5) of Lemma 4 we have that all the A(v)’s are disjoint and that Ej is rain-
bow. Let Gynan := {c(e) : e € Ep} denote the set of colors used in Ep, and let
€* := € \ Cymau be its complement. Observe that by (P2) of Lemma 4 for a small
enough 6 we have || > (1+¢€/2)n.

Now, note that by (P5) of Lemma 4 it easily follows that 6 (G[V \ Vy]) > dlogn.
Therefore, letting @ = min{e/5,5e1°}, by applying Lemma 9 to G[V \ Vy] we find
subsets W C [n] \ Vp and 65,6 C €* for which

(i) [W]=(1+0(1)) and

(ii) oN% =0, and

_n__
loglogn’
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(iii) |ol,|€1| = (14+0(1))otn, and
(iv) forevery v € [n]\ SMALL we have dg, (v,W) € (ﬁfglffg"n, 212?1?5: ), and
(v) the subgraph H := G[W;%y)] satisfies all the properties of Lemma 10.

In order to find the desired rainbow Hamilton cycle we proceed as follows.
First, find a rainbow path P of length n —n/log®*n in [n] \ (Vo UW) whose
edges receive colors from €™* \ (%o U %1). The existence of such a path is en-
sured by Lemmas 12 and 13. Second, let x,y denote P’s endpoints, define S =
([7)\ (SMALLUV (P)UW)) U {x,y} be the set of “unused” vertices, and consider
the bipartite graph B := G[S,W;%]]. Lemma 5 ensures that B contains (say) a rain-
bow 9-matching M from S to W. Let ¥’ and y' be two neighbors (in M) of x and y,
respectively, and define M’ := M\ {e e M : eN {x,y} # 0}.

Next, by applying Lemma 11 to G[W;%)], we find a subgraph R C G[W;%p]
which satisfies the following:

(a) R is rainbow, and
(b) Risan (ad|W|/100,100)-expander, and
(¢) [E(R)| = ©(n/loglogn).

Now, let us define G; to be the subgraph of G on vertex set V; := [n] \ V(P),
with edge set M’ U Ey UE(R). Note that since R is an (a§|W|/100,100)-expander,
and since for 8" := S\ {x,y}, there exists a 9-matching from S’ to W, it follows by
Lemma 14 that adding S’ and M’ to R yields an (a8|W|/100,4)-expander. Now,
since by (P5) we have that vertices in SMALL are far apart, by Lemma 15 it follows
that Gy is an (ad|V;]/200,2)-expander with @(n/loglogn) edges, and is clearly
rainbow. Finally, we wish to turn G; (in G) into a graph which contains a rainbow
Hamilton path with x’ and y’ as its endpoints. Note that both x’ and y" are not neigh-
bors of vertices of degree 2 in G|. Now, one can repeatedly apply Lemma 17 to G
with respect to the set of available colors to obtain a rainbow Hamilton path of G,
connecting x’ to y’ which uses only colors not appearing on P.(Each time we add
a booster e whose color c(e) € €* \ (65U %)) has not been used before we update
the set of available colors by excluding c(e). Since |W| = o(n), along the process
we still have a linear number of colors available, and thus Lemma 17 applies..) A
moment’s thought now reveals that such a path, together with P and the edges xx’
and yy', yields a rainbow Hamilton cycle in G. This completes the proof.

4 Proof of Theorem 2

In this section we prove Theorem 2.

Proof. Let us define the following sequence I,I7,...,Iy of random edge-colored
k-uniform hypergraphs, where N = (Z), in the following way: Let ej,...,ey be an
arbitrary enumeration of all the elements of ([Z]). Now, in I}, for every j > i we add
the corresponding edge with probability p, independently at random and assign it
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all the colors in [c] (these edges can be seen as multiple edges with multiplicity ¢).
For every j <i, we add e; to I; with probability ¢, independently at random and
then assign it a unique color from [c] uniformly, independently at random. Note that
Iy ~ #%(n, p) while Iy ~ #*(n,q). Therefore, in order to complete the proof it is
enough to show that

Pr[I; contains some C € €] > Pr[I;_; contains some C € .

To this end, expose all edges but ¢; and its color(s) in both spaces. There are three
possible scenarios:

(a) Ii_; contains some C € % not using e¢;, or

(b) I;_; does not contain any member C € ¢ even if we add e; with all the possible
colors, or

(¢) I;—; contains a member of ¢ if we add e; with all the possible colors.

Note that in (a) and () there is nothing to prove. Therefore, it is enough to
consider case (c¢). The crucial observation here is that if ¢; is needed for finding
a copy of some C € ¥, then since % is {-rich, it follows that at least £ colors are
valid for ¢; in order to obtain such a copy. Now, the probability for I;_; to contain a
member of ¥ is precisely p (recall that ¢; is crucial for this aim and that we add e;
with all possible colors), where the probability for I; to have such a copy is at least
ql/c = p. This completes the proof.

S Applications of Theorem 2

In this section we show how to use Theorem 2 in order to derive Theorems 3 and
4. For Theorem 3 we prove a stronger statement from which the proof immediately
follows.

Theorem 6. Let S be any k-uniform hypergraph on n vertices with m edges, and let
p be such that

Pr {H ~ *(n, p) contains a copy ofS} =1-o(1).

Then, for every € > 0, letting ¢ = (14-&)m and q = g,E+, if ¢ < 1 then we have

Pr {H ~ #*(n,q) contains a rainbow S} =1-o(1).

Proof. Let € be the set of all possible rainbow copies of S on n vertices with colors
from [c], where ¢ = (1 + &€)m. Note that for any e € E(C), C — e has exactly m — 1
edges and since there are (1 + €)m colors, it follows that there are em + 1 ways to
color e to obtain a rainbow copy of S. All in all, € is (em + 1)-rich, and therefore
by applying Theorem 2 to & we obtain the desired claim.
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Now we prove Theorem 4 which informally speaking states that for ¢ = @ (n) and
p = o(logn/n),in atypical G ~ %,.(n, p) one can find (1 —o(1))np/2 edge-disjoint
Hamilton cycles, each of which is rainbow.

Proof. First, observe that for example by the main results of [14],[16], it follows in
particular that for p = w(logn/n) we have

Pr[G ~ ¥ (n,p) contains (1 —o(1))np/2 edge-disjoint Hamilton cycles] =1—o(1).

Now, let C be such that (C_Clﬁ < 1+¢&/2 and let ¢ = Cn. Let us define % to be the

family of all collections C of (1 — &/2)np/2 edge-disjoint Hamilton cycles, each of
which is rainbow. Note that for every C € ¥ and every e € E(C), since e belongs to
a given rainbow Hamilton cycle, there are at most n — 1 colors which are forbidden
for it. Therefore, there are Cn — (n — 1) = (C — 1)n+ 1 ways to color e in order to
obtain an element of € and we conclude that % is ((C — 1)n+ 1)-rich. Now, by

applying Theorem 2 for g = (Ci% we obtain

Pr[G ~ 9,(n,q) contains (1 —o(1))np/2 edge-disjoint rainbow Hamilton cycles] =

Allin all, since ¢ < (1+€/2)p we obtain that (1 —o(1))np > % > (1—¢)ng

as desired.
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