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Abstract

Given positive integers k < m and a graph G, a family of lists £ = {L(v) : v € V(G)} is said
to be a random (k, m)-list-assignment if for every v € V(G) the list L(v) is a subset of {1,...,m}
of size k, chosen uniformly at random and independently of the choices of all other vertices. An
n-vertex graph G is said to be a.a.s. (k, m)-colourable if lim,,_,, P(G is L-colourable) = 1, where
L is a random (k, m)-list-assignment. We prove that if m > nt /% ALk and m > 3k2A, where
A is the maximum degree of G and k > 3 is an integer, then G is a.a.s. (k,m)-colourable. This
is not far from being best possible, forms a continuation of the so-called palette sparsification
results, and proves in a strong sense a conjecture of Casselgren. Furthermore, we consider this
problem under the additional assumption that G is H-free for some graph H. For various graphs
H, we estimate the smallest mg for which any H-free n-vertex graph G is a.a.s. (k, m)-colourable

for every m > my. This extends and improves several results of Casselgren.

1 Introduction

Let G = (V, E) be a graph and let k be a positive integer. A proper k-colouring of G is a mapping
c¢:V — {1,...,k} such that ¢(u) # ¢(v) holds for every edge uv € E. If such a colouring exists,
then G is said to be k-colourable. The chromatic number of G, denoted x(G), is the smallest integer
k for which G is k-colourable. Graph colouring is one of the most central topics in Graph Theory
and, in particular, has a great many interesting variations (see, e.g., [22] and the many references
therein). One such variation, first introduced by Vizing [34], and independently by Erdds, Rubin and
Taylor [18], is that of choosability (also known as list colouring). A family of sets £ = {L(v) : v € V'}
is said to be a list-assigment for G. If, moreover, |L(v)| = k holds for every v € V, then L is said
to be a k-list-assigment for G. The graph G is said to be L-colourable if it admits an L-colouring,
that is, if there exists a proper colouring ¢ : V' — |J ¢y L(v) such that c¢(u) € L(u) for every u € V;
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it is said to be k-choosable if it is L-colourable for every k-list-assigment £. The choice number
of G, denoted ch(G), is the smallest integer k for which G is k-choosable. It is easy to see that
X(G) < ch(G) holds for any graph G, and it is well-known that this inequality may be strict.

In the present paper we study the problem of colouring graphs from random lists. Formally,
given positive integers k < m and a graph G, a family of lists £ = {L(v) : v € V(G)} is said to be
a random (k,m)-list-assignment if for every v € V(G) the list L(v) is a subset of {1,...,m} of size
k, chosen uniformly at random and independently of the choices of all other vertices. An n-vertex
graph G is said to be asymptotically almost surely (a.a.s. for brevity hereafter) (k, m)-colourable if
lim,, oo P(G is L-colourable) = 1, where £ is a random (k, m)-list-assignment.

The study of colouring graphs from random lists was initiated by Krivelevich and Nachmias [28];
their results attracted attention (see, e.g., [4, 10, 11, 12, 13, 14, 25, 29]) which was recently intensified
due to the so-called palette sparsification results of Assadi, Chen, and Khanna [5] (see also [3, 20, 23,
24] for additional related results). Motivated by a scheduling problem, originating in the chemical
industry, Krivelevich and Nachmias proved (in particular) that if m > mg := n!/**, then Cy (the
rth power of the n-cycle) is a.a.s. (k, m)-colourable and if m < my, then C}, is a.a.s. not (k,m)-
colourable, whenever k < r are fixed integers'. This result was generalized by Casselgren in [11, 12]
who proved that the same lower bound on m applies to any graph with bounded maximum degree
(it is also fairly tight in the sense that it is fairly tight for C] with & < r). Casselgren made the
following conjecture, asserting that an analogous result holds for graphs of unbounded maximum

degree.

Conjecture 1.1 ([13], Conjecture 1.3, abridged). Let k > 2 be a fized integer and let G be an
n-vertex graph with mazimum degree A := A(n). If m > nFAVE and m > A, then G is a.a.s.

(k, m)-colourable.

The assertion of Conjecture 1.1 can easily be seen to hold for & = 1 as well. The case k = 2
of Conjecture 1.1 was settled by Casselgren in [13]. Note that if A = O(1), then the assertion
of Conjecture 1.1 holds true by the aforementioned result of Casselgren. In further support of his
conjecture, he proved the following partial results, asserting that it also holds when A does grow

with n but not too quickly.

Theorem 1.2 ([13]). Let k > 3 be a fized integer and let G be an n-vertex graph with maximum degree
k—1

A:=An). If m> n/MAYF and A =0 (nk(k3+2k2k+1)>, then G is a.a.s. (k,m)-colourable.

Our first main result completely resolves Conjecture 1.1. In fact, we prove a slightly stronger
result in which the condition m > A is replaced by the weaker m > cA, where ¢ = ¢(k) is an

appropriate constant.

'For functions a := a(n) and b := b(n), we write a > b (or, equivalently, b < a) to denote that lim,— .. a/b = co.



Theorem 1. Let k > 3 be a fized integer and let G be an n-vertexr graph with mazximum degree
A:=An). If m> nFAYE and m > 3k2A, then G is a.a.s. (k,m)-colourable.

Remark 1.3. Our two assumptions on m, stated in Theorem 1, are fairly tight for all values of
k>3 and A <n. Indeed, let G := G(n, A) be the graph consisting of | 57 | pairwise vertex-disjoint
copies of Ka+1 and n — (A +1)| 57 | isolated vertices; note that [V (G)| = n and A(G) = A. Since
X(Kas1) = A+ 1, requiring m > A + 1 is necessary, and thus requiring m > 3k?A is not far from
being necessary (the specific constant 3k2 is an artifact of our proof and might not be optimal).
Moreover, it was shown in [13] that if £ > 2, A = O (nl/(kz_k)>, andm=o (nl/kQAl/k>, then a.a.s.

G is not (k, m)-colourable (note that if A = Q (nl/(kz_k)>, then m = o (nl/k2A1/k> implies that the

necessary condition m > A + 1 is violated).

Remark 1.4. Let G be an n-vertex graph with maximum degree A := A(n). It was proved
by Assadi, Chen, and Khanna [5] that G is a.a.s. (clogn,A 4 1)-colourable, where ¢ > 1 is an
appropriate constant (it is implicitly assumed that A+ 1 > clogn as otherwise the result is trivial);
this was improved by Kahn and Kenney [23] to the asymptotically optimal ¢ =1+ o(1). A so-called
separation result was proved by Alon and Assadi [3]; that is, they proved that if m > (1+4¢)A colours
are available, where € > 0 is arbitrarily small yet fixed, then lists of size O.(y/logn) suffice, namely,
G is a.as. (cy/logn, (14 €)A)-colourable, where ¢ = ¢(¢) > 0 is an appropriate constant. Theorem 1
can be considered as a continuation of this research direction. It asserts that if m > nl/¥* AY* and
m > 3k?A for constant k£ > 3, then a.a.s. lists of the constant size k suffice to properly colour G.
In particular, for every ¢ > 0, there exist constants k£ and ¢ = ¢(k) such that if A > n®, then G is
a.a.s. (k,cA)-colourable. Furthermore, the results of [5] and [3] have several intriguing algorithmic
implications; Theorem 1 has analogous implications for the case of constant sized lists, sampled from

a larger palette.

Casselgren [11, 12, 13] also studied the smallest size m of the colour palette ensuring that any
given graph of large girth is a.a.s. (k, m)-colourable. Considering colouring graphs of large girth
from random lists is partly motivated by the fact that the tightness of Theorem 1 is exhibited by
the existence of a copy of Kj11 whose vertices are all assigned the same list. Casselgren’s results in
this direction are listed in Remark 1.8 below, in comparison with results we obtain in the present
paper. Alon and Assadi [3] decrease the bound on the size of the colour palette m for triangle-free
graphs. They prove that for every v € (0,1), any n-vertex triangle-free graph with maximum degree
A= A(n)isa.as. (O(AY +/logn), O4(A/log A))-colourable. Their bound on m is essentially best
possible as triangle-free graphs (in fact, graphs with arbitrarily high girth) with maximum degree
A and chromatic number Q(A/log A) are known to exist. We study the more general problem of

determining the optimal size m of the colour palette for H-free? graphs. That is, given a fixed (but

2Given a family of forbidden graphs H, a graph G is said to be H-free if no H € H is a (not necessarily induced)
subgraph of G.



typically large) integer k, a family of forbidden graphs H, and a family G of H-free graphs, we aim
to find the smallest mg such that every given G € G is a.a.s. (k,m)-colourable for every m > my
(note that a graph has girth ¢ if and only if it is H-free for H = {Cy : 3 < k < t}). Before we can

state our results in this venue, we need the following definition.

Definition 1.5. Given a positive integer k and a family of graphs H, let g :== g(H, k) be the largest
integer such that any H-free graph on at most g vertices is k-choosable. Whenever H consists of a
single graph H, we abbreviate g({H}, k) to g(H, k).

Remark 1.6. There are pairs (H, k) such that g(H,k) = oo; for our purpose in this paper, this
does not pose a problem. For example, if K12 € H, then any H-free graph is a matching and is thus
k-choosable for every k > 2. On the other hand, if every H € H has a cycle, then g(H, k) is finite.
Indeed, it follows by a classical result of Erdds [16] that there exists a finite non-k-colourable (and

thus also non-k-choosable) graph whose girth is larger than max{|V(H)|: H € H}.

For every forbidden family of graphs H and every integer k£ > 3, our second main result establishes
a lower bound, in terms of the function g(H, k), on the smallest size mg of the colour palette ensuring

that any given H-free graph is a.a.s. (k, m)-colourable for every m > my.

Theorem 2. Let k > 3 be a fized integer, let H be a family of graphs, and let g := g(H,k) be
as in Definition 1.5. Let G be an H-free n-vertexr graph with maximum degree A := A(n). If
m > n? ket A20/ (D) gnd m > 3k2A, then G is a.a.s. (k,m)-colourable.

Remark 1.7. Our assumption that m > n2/ (k(g+1) A20/(k(+1) ' stated in Theorem 2, is fairly tight
for every fixed k > 3, every A := A(n), and some natural choices of H in the following sense: there
exists an H-free n-vertex graph G with maximum degree at most A which is a.a.s. not (k,m)-
colourable, provided that m < n!/(kle+1)) A9/(kg+1) - For example, let H = {K.} for some t > 3.
Let g = g(Ky, k) and let Gy := Go(k) be a K;-free graph on g + 1 vertices which is not k-choosable;
such a graph exists by Definition 1.5 and Remark 1.6. Let £y = {Lo(v) : v € V(Go)} be a k-list
assignment such that Gy is not Ly-colourable. Let d = |[A/(g+ 1)] and let G’ be the d-blow-up of
Go3; note that |V (G")| < A and that G’ is K;-free. For every v € V(Gy) let A, denote the set of d
vertices of G’ that correspond to v. Let G be the graph consisting of [n/A | pairwise vertex-disjoint
copies of G’ and n — |n/A||V(G')| isolated vertices; note that |V(G)| = n, A(G) < A, and G is
Ky-free. Let L ={L(v) : v € V(G)} be a random (k, m)-list-assignment. If there exists a copy K of
G’ in G such that for every v € V(Gy) there exists a vertex v’ € A, C V(K) for which L(v") = Lo(v)
holds, then G is not L-colourable; we refer to such a copy K as being bad. Given a copy K of G’
in G and a vertex v € V(Gy), the probability that L(v') # Lo(v) for every v € A, C V(K) is

3Given a graph H and a positive integer d, the d-blow-up of H is obtained by replacing every vertex v € V/(H) by
its own d copies v1,...,vq, and every edge uwv € E(H) by the complete bipartite graph whose parts are {u1,...,uq}
and {v1,...,v4}.
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<1 — (ZL) 1) . Therefore, the probability that K is bad is (1 — (1 — (T,?) 1) > . Since there are
|n/A| pairwise disjoint copies of G’ in G, we conclude that the probability that G is L-colourable is

at most

)

where the first equality holds since m > 3k%A implies that mF is significantly larger than d, and the
last equality holds assuming m < nt/(kg+1)) Ag/(k(g+1))

By estimating g(H, k) whenever H is a clique or a cycle, we obtain the following results as direct

corollaries of Theorem 2.

Theorem 3. Let r > 3 and £ > 2 be integers, and let k be a sufficiently large integer. Let G be an

n-vertex graph with mazimum degree A := A(n) and let m be an integer satisfying m > 3k>A.

(a) If G is K,-free and m > ok~ G D og VD A2/ for an appropriate constant ¢ > 0, then

G is a.a.s. (k,m)-colourable.

(b) If G is Copy1-free and m > nek” P log k)" A2/k for an appropriate constant ¢ > 0, then G is

a.a.s. (k,m)-colourable.

(¢) If G is Cyp-free and m > nok™ Y A2/k for an appropriate constant ¢ > 0, then G is a.a.s.

(k,m)-colourable.

Remark 1.8. For sufficiently large yet fixed k, the results stated in Theorem 3 significantly improve

previous results by Casselgren [13]. Indeed, let G be an n-vertex graph with maximum degree A :=
1

A(n). It is proved in [13] that if G has girth at least 4 (i.e., it is triangle-free), A = O <n4k3+8k2+4k>,

1
and m > n2?-1A® where s > 1 + ﬁ is some constant, then G is a.a.s. (k,m)-colourable. In
comparison, our result, stated in Theorem 3(a) for = 3, applies to any value of 1 < A < n, and for

¢k~*logk) provides the better result m > nck *logk A2/

sufficiently large yet fixed kK and A = O (n
In fact, by Theorems 2 and 3.12 (stated below in Section 3) and by Remark 1.7, in the case of triangle-
free graphs, the power of n in our lower bound on m is optimal up to factors which are polylogarithmic

1
in k. For graphs G with girth at least 5, it is proved in [13] that if A = O (nk5+4k4+8k3+sk2+4k>

1
and m > nk+2-1 A% where s > 1 + ﬁ is some constant, then G is a.a.s. (k,m)-colourable.



In comparison, since a graph with girth at least 5 is in particular Cy-free, our result, stated in
Theorem 3(c) for £ = 2, applies to any value of 1 < A < n, and for sufficiently large yet fixed k£ and
A=0 <nc/k73) provides the result m > n* > A%* which is better for sufficiently large A. Finally,
for every fixed girth ¢ > 5, it is proved in [13] that if G is a graph with girth ¢, A = O (nl/R(k)), and
m > n'/PEAS where s > 1 + = is some constant, P(k) is some (explicit) polynomial of degree
[t/2], and R(k) is some (explicit) polynomial of degree 2[t/2] —1, then G is a.a.s. (k, m)-colourable.
In comparison, our result, stated in parts (b) and (c) of Theorem 3, has no restrictions on A, and for

ck=(HD/2(log k)(t=2)/2 A 2/k

sufficiently large yet fixed k provides the better bounds m > n if ¢ is even

and m > nk” TV A/K §f ¢ s odd (the second bound is only better if A is sufficiently large).

The rest of this paper is organized as follows: in Section 2 we prove Theorems 1 and 2 and in
Section 3 we estimate g(H, k) whenever H is a clique or a cycle, allowing us to deduce Theorem 3
from Theorem 2. For the sake of simplicity and clarity of presentation, we do not make a particular
effort to optimize the constants obtained in our proofs. We also omit floor and ceiling signs whenever
these are not crucial. Most of our results are asymptotic in nature and whenever necessary we assume
that the number of vertices n is sufficiently large; in particular, when using the abbreviation a.a.s.,
we assume that n tends to infinity. Throughout the paper, log stands for the natural logarithm,
unless explicitly stated otherwise. Our graph-theoretic notation is standard and may be found e.g.
in [35].

2 Proofs of our main results

In this section we prove Theorems 1 and 2. Before we can do so, we need to introduce some
terminology, and then state and prove several auxiliary results. Let G be a graph and let £ =
{L(v) : v € V(G)}. For every subset U C V, let L(U) = |,y L(v) denote the set of colours
appearing on the list of some vertex of U, and let L|y := {L(v) : v € U} denote the restriction of
L to U. Given an edge uv € E(G), if L(u) N L(v) = 0, then any L-colouring of G assigns distinct
colours to u and v. This simple observation leads us to the following useful definitions. An edge
wv € E(G) is said to be dangerous (with respect to £) if L(u) N L(v) # 0. Let B := B(G, L) be
the spanning subgraph of G, consisting of its dangerous edges. By the above observation, if every
connected component of B is L-colourable, then G is L-colourable. Our first lemma states that a.a.s.

B is comprised of small connected components.

Lemma 2.1. Let G be an n-vertex graph with mazimum degree A := A(n), let L = {L(v) : v €
V(GQ)} be a random (k,m)-list assignment, where m > 3k?A, and let B := B(G, L) be the graph
of dangerous edges. Then, a.a.s. every connected component of B is of order at most a := a(n) =

201logn.

Proof. For an edge uv € E(G), conditioning on the list L(u) reveals that the probability that uv is



k(R 7))

k
probability that all edges of T' are dangerous as follows: explore T according to the BFS algorithm,

dangerous is at most = ’fn—z For a subtree T' of G with t edges, we can bound from above the
starting from an arbitrary root and according to an arbitrary ordering of the vertices of T'. Each
time we traverse an edge uv € E(T') from u to v, conditioning on the list L(u), the probability that
uv becomes dangerous is at most k2/m; this is repeated ¢ times. Therefore, the probability that all
edges of T are dangerous is at most (k?/m)’. The number of subtrees of G with ¢ edges is at most
n(eA)! (see, e.g., Lemma 2 in [6]; see also [1], where this is shown to hold via a known formula for the
number of rooted subtrees in a d-regular tree, appearing in [26]). Hence, altogether, the probability

that B admits a connected component of order at least a + 1 is at most

) 621 logn
n(eA) (k /m)" < (320) = o(1), 1)
where the above inequality holds since m > 3k2A by the premise of the lemma. O

A graph G is said to be minimal non-L-colourable with respect to a list assignment £ = {L(v) :
v e V(G)}, if G\ vis L]y {v)-colourable for every v € V(G).

Claim 2.2. Let G be a minimal non-L-colourable graph with respect to some k-list-assignment £ =
{L(v) : v € V(G)}. Then the following properties must hold.

(a) G is connected;

(b) For every colour a € L(V(Q)) there are two distinct vertices x,y € V(G) such that o €
L(z) N L(y);

(¢) There exists some j > k and sets Y C L(V(QG)) of size j and X C V(G) of size j +1 such that
L(X)CY.

Proof. If G has at least two connected components, then one of them is a non-£-colourable proper
subgraph of G, contrary to the assumed minimality; this proves (a). Next, we prove (b). Fix an
arbitrary colour a € L(V(G)) and suppose for a contradiction that there exists a unique vertex
r € V(G) for which a € L(x). Let ¢ be a proper L|y () {z}-colouring of G'\ z; such a colouring
exists by the assumed minimality of G. Then, ¢: V(G) — L(V(G)) defined by

Q, v =z,

c(v) =
d), veV(G)\{z}

is a proper L-colouring of GG, contrary to our assumption that no such colouring exists.

Finally, we prove (c). Let F' = F(G, L) be the bipartite graph with bipartition V(G)U L(V (G)),
where for every z € V(G) and « € L(V(G)), there is an edge of F' connecting = and « if and only if
a € L(z). Suppose for a contradiction that |L(X)| > |X| holds for every subset X C V(G) of size



|X| > k. Since, moreover, |L(u)| = k for every u € V(G), it follows that |[Np(X)| = |L(X)| > | X]
holds for every X C V(G). Hence, by Hall’s Theorem, F admits a matching {ua,, : u € V(G)}.
Assigning every vertex u € V(G) the colour «, yields an L-colouring of G' in which any two vertices

receive distinct colours. Hence, G is L-colourable contrary to the premise of the claim. 0
We also require the following technical claim.

Claim 2.3. Let k > 3 be a fized integer. Let m := m(n), A := A(n), and a := a(n) be integers
satisfying 1 < a < /mA~YE, For every integer 1 < i < a, let f(i) = n(eA)" Y (ki)*m~*/2. Then,
fli+1) < f(i) holds for every integer 1 <i < a.

Proof. Note that

JGi+1) _ nleA)[k( + DI+ Dm— (k2

1) n(eA)i=1(ki)kim—ik/2
CeARF(i 1R i1\ P _ FTREAG+ 1)F
T k2 i = k2 =o(1),

where the last equality holds since k is a constant and i + 1 < a < /mA~/* by the premise of the

claim. 0

Proof of Theorem 1. Let L = {L(v) : v € V(G)} be a random (k, m)-list-assignment. If G is not
L-colourable, then by the definition of the graph of dangerous edges B, there exists a set U C V(G)
such that B[U] is minimal non-L|y-colourable. Fix such a set U and let ¢ denote its size. Clearly
i > k+ 1, as any graph on at most k vertices is k-choosable. On the other hand, it follows by
Claim 2.2(a) that B[U] is connected; it then follows by Lemma 2.1 that a.a.s. i < a := 20logn.
Assume then that k+1 < i < a. Let F' = F(U, £) be the bipartite graph with bipartition U U L(U),
where for every x € U and o € L(U), there is an edge of F' connecting x and « if and only if

a € L(x). Counting the edges of F' from both sides, for some j > k we obtain
ik =|E(F)| = k(j +1) +2(IL(U)| - 7), (2)

where the equality holds since £ is a k-list-assignment and the inequality holds by parts (b) and (c)
of Claim 2.2. Denoting ¢ = |L(U)| and solving (2) for ¢ yields

C<(itk—k(j+1)+25)/2 < (ik—k(k+1)+2k)/2 = (ik — k(k—1))/2, (3)
where the second inequality holds since j > k > 2. Given a set of colours C C {1,... ?m} of size

()

m\i*

1 < ¢ < (ik — k(k —1))/2, the probability that L(z) C C holds for every = € U is A union

k
bound over all possible values of ¢ and all colour sets of size ¢ implies that the probability of B[U]



being minimal non-£L|y-colourable with respect to the random list assignment £ is at most

ik—k(k—1))/2 /my 170 bl (f— ik
(ik—k(k—1))/ (e)(li) o <m(k k(k 1)')/2(;:) )
= (%) (%)’

-0 <(ki)kim(fik7k(k71))/2> 7 (4)

where the first equality holds since the above sum is dominated by the summand corresponding to
0= (ik — k(k—1))/2.

Since B[U] is connected by Claim 2.2(a), a union bound over the choices of U of a relevant size
and such that B[U] is connected implies that the probability that there exists a set U C V(G) such

that B[U] is minimal non-L£|y-colourable is at most

Z n(eA)10 ((ki)kimf(ilwr(kfl)k)ﬂ) — pk(k=1)/2 Z n(eA)L0 ((ki)’“"m*ikm)
i=k+1 Py

— k=172 o (nAkm—(k+1)k/2)
=0 (nAkm*kz) =o(1),

where the second equality holds by Claim 2.3 (note that its conditions are met since k > 3) and since

k is a constant, and the last equality holds since m > n'/ k2 ALk by the premise of the theorem. [J

Remark 2.4. As briefly indicated in Remark 1.4, our proof of Theorem 1 may be turned into an
efficient algorithm. Such an algorithm would first compute the graph B of dangerous edges (as in [5])
and then colour the vertices of every connected component of B sequentially. In order to do the
latter, given some component C, we first colour every vertex whose list admits a unique colour (that
is, a colour that does not appear on the list of any other vertex of C') with such a colour, and then

colour the remaining vertices via a matching of the auxiliary bipartite graph F'.

Proof of Theorem 2. Let L = {L(v) : v € V(G)} be a random (k, m)-list-assignment. If G is not
L-colourable, then by the definition of the graph of dangerous edges B, there exists a set U C V(QG)
such that B[U] is minimal non-L|-colourable. Fix such a set U and let ¢ denote its size. It follows by
Claim 2.2(a) that B[U] is connected. It then follows by Lemma 2.1 that a.a.s. ¢ < a := 20logn. Since
B[U] is not L|y-colourable, L is a k-list-assignment, and B[U] is H-free, it follows by Definition 1.5
that ¢ > g+ 1. Assume then that ¢ + 1 < ¢ < a. It follows by Claim 2.2(b) that |L(U)| < ik/2.
Therefore, the probability that B[U] is minimal non-L|y-colourable is at most

N

(“272) (Zkk/Z) -0 ((ki)kimfikh) _
(%)’

Since B[U] is connected by Claim 2.2(a), a union bound over the choices of U of a relevant size and
such that B[U] is connected implies that the probability that there exists a set U C V(G) such that



B[U] is minimal non-£L|y-colourable is at most

Z n(eA) 10 ((ki)’“’m*ikﬂ) =0 (nAgm*k(QH)/Q) = o(1),
i=g+1
where the first equality holds by Claim 2.3 and the second equality holds by our assumption that
m > n2/(F(g+1)) A29/(k(g+1)) n

3 Estimating g(H, k)

In light of Theorem 2, given a positive integer k, a family of graphs H, and an H-free graph G, in
order to estimate the smallest m for which G is a.a.s. (k, m)-colourable, we would like to estimate
g(H, k) as accurately as possible (we are mainly interested in the lower bound, but provide also an
upper bound for completeness); here we focus on the case H = {H}. To this end, given a positive
integer k and a graph H, let f := f(H,k) denote the largest integer such that any H-free graph
on at most f vertices is k-colourable. The study of this function (using different notation) for the
case H = (3 was initiated by Erdds [17] (some details can be found in [22], Problem 7.3). Since
X(G) < ch(G) holds for any graph G, it is evident that g(H, k) < f(H,k) holds for every graph H

and every positive integer k. Another simple general bound is the following.

Proposition 3.1. Let k be a positive integer and let H be a graph whose chromatic number is
t+1> 3. Then, there exists a constant ¢ such that g(H, k) < te*/t,

The following known bound (see also [21] for related results) facilitates our proof of Proposi-
tion 3.1; recall that K., denotes the complete r-partite graph with each of its parts having m

vertices.

Theorem 3.2 ([2]). There exist positive constants c1 and ca such that cirlogm < ch(Kp) <

caorlogm holds for all integers m,r > 2.

Proof of Proposition 3.1. It follows by Theorem 3.2 that there exists a constant ¢ such that ch(K ck/e,,) >
k. Since X(K cr/e,y) = t, it is H-free and thus g(H, k) < te*/t as claimed. O

In order to bound g(H, k) from below via f(H,k) it is useful to have the following immediate

corollary of Theorem 3.2.
Theorem 3.3. Let G be an n-vertex graph. Then, ch(G) = O(x(G)logn).

Next, we aim to bound f(H, k). Doing so consists of two steps, namely using Ramsey numbers
to bound the independence number of H-free graphs and then using the obtained bounds to bound
the chromatic number of H-free graphs. Starting with the former, we list several known bounds on

Ramsey numbers of various graphs. First, we consider cliques.
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Theorem 3.4. Let r > 3 and t be integers, where t is assumed to be sufficiently large. Then, there
exists a positive constant c, such that
t(T+1)/2 1
¢ Gog 13 = Bt < L+ o)) g s

Remark 3.5. The upper bounds stated in Theorem 3.4 are due to Li, Rousseau, and Zang [30] and

the lower bounds are due to Bohman and Keevash [7]. Better lower bounds are known for r = 3
(see [8, 19]) and for r = 4 (see [31]). However, since we use lower bounds on Ramsey numbers to
obtain upper bounds on g(H, k) and, as previously noted, such upper bounds are of lesser importance,

we do not consider the case r € {3,4} separately.

Next, we consider cycles of length at least 4 versus large cliques (triangles are covered by Theo-
rem 3.4).

Theorem 3.6. Let £ > 2 and t be integers, where t is assumed to be sufficiently large. Then

a there exist positive constants Cy cmd Cg SUCh that
p
£20/(20-1) ((e+1)/e

CZW < R(C2£+17Kt) < Céw?

(b) there exist positive constants ¢, and C} such that

| 1(20-1)/(26-2)

¢ £/(¢—1)
Cyp S R(Cg(,Kt) S Cé < ) .

logt logt

Remark 3.7. The upper bounds stated in Theorem 3.6(a) are due to Sudakov [33], the upper
bounds stated in Theorem 3.6(b) are due to Caro, Li, Rousseau and Zhang [9], the lower bounds
stated in Theorem 3.6(a) are due to Mubayi and Verstraéte [32], and the lower bounds stated in
Theorem 3.6(b) are due to Bohman and Keevash [7]. Better lower bounds are known for cycles of
length r for r € {5,7} (see [15]) and for r € {6,10} (see [32]). However, since we use lower bounds
on Ramsey numbers to obtain upper bounds on g(H, k) and, as previously noted, such upper bounds

are of lesser importance, we do not consider these cases separately.

The aforementioned lower bounds on Ramsey numbers can be easily used to lower bound chro-
matic numbers via the simple inequality x(G) > |V(G)|/a(G). In order to use the stated up-
per bounds on Ramsey numbers to upper bound chromatic numbers, we need the following result

from [27]; it is an extension of a result from [22] (see Problem 7.3).

Lemma 3.8. Let s > 1 and let ¢ : [s,00) — (0,00) be a non-decreasing continuous function. Let
G be a class of graphs that is closed under taking induced subgraphs. If a(G) > ¥ (|V(G)|) holds for

every G € G on at least s vertices, then

X(G)Ss—l—/nw(lx)dx

holds for every G € G on n > s vertices.

11



For cliques and cycles, the function (z) we will work with is of the form 2®(logz)®, where
0 <a<1and g > 0 are real numbers. Hence, we first show how to estimate the relevant integral;

our approach here and in some of the subsequent results is similar to the one seen in [27].

Lemma 3.9. Letn > s > 2 be integers and let 0 < o < 1 and B > 0 be real numbers satisfying
1—a—p3/logs>0. Then

/n 2 %(logz)Pdzr < (1 — a— B/ log s)"tnt~%(logn)~".
Proof. Observe that
(q:l_o‘(log x)—ﬂ)' = (1—a)z*(logz)~? + 21~*(=B(log z) 1z 1)
=2 %(logz)?(1—a—p/logx). (5)

Let v : [s,00) — R be defined as v(z) =1 — a — 3/ logx. Then

/Sn z%(logz)Pdx = fy(ls) /Sn 2 %(log z) Py (s)dx < 7(13) /sn = %(log x) P (x)dx
= ry(ls)a;la(log:r)ﬁlz <(1—a—-p/logs) 'n'=%(logn)~?,

where the first equality holds since v(s) # 0 by the premise of the lemma, the inequality holds since

~ is an increasing function, and the second equality holds by (5). O
We use Lemmas 3.8 and 3.9 (jointly with Theorems 3.4 and 3.6) to obtain the following results.

Proposition 3.10. Letr > 3 be an integer and let G be a K,.-free n-vertex graph, where n is assumed

w-o(() ")

r—1

Proof. 1t follows by Theorem 3.4 that R(r,t) < (1 + 0(1))W'
and a constant ¢ = ¢(r) such that a(G) > en'/ "= (logn)"=2)/("=1) holds for every K,-free graph G
on n > s vertices. It then follows by Lemmas 3.8 and 3.9 that

to be sufficiently large. Then

Hence, there exist an integer s

X(G) < s+e / 2~V (g )~ =D/ =D gy — O <n1—1/<r—1>(10g n)—<r—2>/<r—1>>

s

0 << n >(T2)/(r1)> |
logn

Proposition 3.11. Let £ > 2 be an integer and let G be an n-vertex graph, where n is assumed to

O]

be sufficiently large.
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1/(4+1)
(a) If G is Cogsr-free, then x(G) = O <(1o’§n) >

(b) If G is Cog-free, then x(G) = O ("” ‘ )

logn

Proof. Starting with (a), note that R(Cqpy1, K;) < Cg% holds by Theorem 3.6(a). Hence, there
exist an integer s and a constant ¢ = ¢(¢) such that a(G) > en/(“+1)(logn)Y/(“+1) holds for every

Copy1-free graph G on n > s vertices. It then follows by Lemmas 3.8 and 3.9 that

X(G) < s+ c/n 2~ (log )V EH D gy = O (nl_g/(gﬂ)(log n)_l/(“l))

s

0 (( n )l/(£+l)> .
logn

£/(6—1)
Similarly, for Part (b), note that R(Cy, K;) < C} <lotgt> holds by Theorem 3.6(b). Hence,
(e-1)

there exist an integer s and a constant ¢ = ¢(£) such that o(G) > enlé~/¢logn holds for every

Cy-free graph G on n > s vertices. It then follows by Lemmas 3.8 and 3.9 that

X(G) < s+ c/ 2D log ) Vde = O (nlf(f*l)/é(log n)*1>

S

=0 (nl/e(logn)_1> .
O

Finally, we use Theorems 3.4 and 3.6 and Propositions 3.10 and 3.11 to derive estimates for

g(H, k) whenever H is a clique or a cycle.

Theorem 3.12. Let k and r > 3 be integers, where k is assumed to be sufficiently large. Then, there

exist positive constants c; and co such that

r+l 2 0
r—=1 (r—1)(r-2)

etk (log k)72 < g(Ky, k) < cah 1 (log )

Proof. Starting with the (more important for our purpose) lower bound, let G be a K, -free graph
on n < ckr—1/(=2) log k vertices, where ¢ > 0 is an appropriately chosen constant. It follows by
Proposition 3.10 that x(G) < k, implying that f(K,,k) > ck"=1/("=2) Jog k. Applying Theorem 3.3,

we conclude that
g(EK, k) > f(K,, k[ logk) > k=D =2 (log k) =1/ (=),

where ¢’ and ¢ are positive constants.

Next, we prove the upper bound. Since R(r,t) > c(logt)é(;f)j;/fl/(H) holds by Theorem 3.4
for some constant ¢ = ¢(r), there exists a K,-free graph G on n := ¢ oz t)(fﬁ;;/_i 7oy vertices
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(r=1)/
such that a(G) < t. Then, x(G) > |V(G)|/a(G) > c(logt)(§+1)}2_21/(T_2).

quantity by k, we deduce that, for some constant ¢’ > 0, there exists a K,-free graph G on

r T+l
n= c’k:%(log k)1

Denoting the latter

2
(r=D(r=2) vertices which is not k-colourable, implying that
r+1

(K k) < F(Kp k) < ¢kt (log k) 71 0003

Theorem 3.13. Let k and ¢ > 2 be integers, where k is assumed to be sufficiently large. Then
(a) there exist positive constants ¢1 and ca such that

1k log k)™ < g(Corpr, k) < cak*(log k)%,

(b) there exist positive constants ¢} and ¢, such that
k" < g(Cor, ) < ch(klog k)™~

Proof. Starting with (a), let G' be a Copyq-free graph on n < ck’*!logk vertices, where ¢ > 0 is
an appropriately chosen constant. It follows by Proposition 3.11(a) that x(G) < k, implying that
f(Copp1, k) > ck*1log k. Applying Theorem 3.3, we conclude that

9(Cary1,k) > f(Corpr, dk/logk) > "k (log k)™,

where ¢ and ¢’ are positive constants (depending on ¢ but not on k).
Since R(Capt1, Kt) > c(kf;i/);% holds by Theorem 3.6(a) for some constant ¢ = ¢(¢), there

exists a Cqpyi-free graph G on n := ¢ 2Y2 0 vertices such that a(G) < t. Then, x(G) >

(log £)2/2-1)
V(G)|/a(G) > c(lo’;:)f%. Denoting the latter quantity by k, we deduce that, for some constant
c > 0, there exists a Cyy-free graph G on n = /k*(logk)? vertices which is not k-colourable,
implying that
9(Cary1,k) < f(Carsr, k) < k> (logk)*.

Next, we prove (b). Let G be a Cy-free graph on n < c(klogk)’ vertices, where ¢ > 0 is
an appropriately chosen constant. It follows by Proposition 3.11(b) that x(G) < k, implying that
f(Cop, k) > c(klogk)’. Applying Theorem 3.3, we conclude that

g<02@7 k) > f<02£7 C,k/ IOg k) > C”key

where ¢ and ¢’ are positive constants (depending on ¢ but not on k).
Since R(Coqr, Ky) > c% holds by Theorem 3.6(b) for some constant ¢ = ¢(¥), there exists

a Cy-free graph G on n := c% vertices such that a(G) < t. Then, x(G) > |V(G)|/a(G) >
tl/lfgef). Denoting the latter quantity by k, we deduce that, for some constant ¢’ > 0, there exists

a Cy-free graph G on n = ¢/ (klog k)*~2
9(Cae k) < f(Cop k) < ¢ (Klog k)* 2.

vertices which is not k-colourable, implying that
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