
Minimum degree conditions for graph rigidity

Michael Krivelevich∗ Alan Lew† Peleg Michaeli‡

December 18, 2024

Abstract

We study minimum degree conditions that guarantee that an n-vertex graph is rigid in Rd.
For small values of d, we obtain a tight bound: for d = O(

√
n), every n-vertex graph with

minimum degree at least (n + d)/2 − 1 is rigid in Rd. For larger values of d, we achieve an
approximate result: for d = O(n/log2n), every n-vertex graph with minimum degree at least
(n+ 2d)/2− 1 is rigid in Rd. This bound is tight up to a factor of two in the coefficient of d.

As a byproduct of our proof, we also obtain the following result, which may be of inde-
pendent interest: for d = O(n/log2n), every n-vertex graph with minimum degree at least d
has pseudoachromatic number at least d + 1; namely, the vertex set of such a graph can be
partitioned into d+ 1 subsets such that there is at least one edge between each pair of subsets.
This is tight.

1 Introduction

A d-dimensional framework is a pair (G,p) consisting of a graph G = (V,E) and an embedding
p : V → Rd. Given such a framework, one may ask: is there a continuous motion of the vertices,
starting from the positions prescribed by p, that preserves the distance between all pairs of adjacent
vertices of G? The answer is always trivially positive: translations and rotations of the whole graph
preserve all such distances. We say that the framework (G,p) is rigid if, aside from these trivial
motions, there is no continuous motion of the vertices that preserves the distance between all
pairs of adjacent vertices. An embedding p is generic if its d|V | coordinates are algebraically
independent over the rationals. Asimow and Roth showed in [1] that, for generic p, the rigidity
of (G,p) depends only on the graph G. We say that G is d-rigid if (G,p) is rigid for a generic
embedding p : V → Rd.

In practice, it is often easier to work with the related notion of infinitesimal rigidity, defined as
follows. Let (G,p) be a d-dimensional framework. Let C = {(v, i) : v ∈ V, i ∈ [d]}. The rigidity
matrix of (G,p), denoted by R(G,p), is an E × C matrix defined by

R(G,p)e,(u,i) =

{
p(u)i − p(v)i if e = {u, v} for some v ∈ V,
0 if u /∈ e
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for all e ∈ E and (u, i) ∈ C. In other words, the rows of R(G,p) are indexed by the edges of G, its
columns are indexed by the vertices, where each vertex is assigned d consecutive columns, and the
row vector indexed by an edge e = {u, v} ∈ E is supported on the 2d columns associated with u
and v, where it is equal to p(u) − p(v) and p(v) − p(u) respectively. For simplicity, from now on
we will always assume that the image of p is d-dimensional (that is, there is no hyperplane in Rd
containing all points in the image). In particular, we assume that G has at least d+ 1 vertices. It
is known that the rank of the rigidity matrix is always at most d|V | −

(
d+1
2

)
(see [1]). We say that

(G,p) is infinitesimally rigid if this bound is achieved, that is, if rank(R(G,p)) = d|V | −
(
d+1
2

)
.

Infinitesimal rigidity of a framework (G,p) implies its rigidity [7]. Moreover, for generic embeddings,
both notions are equivalent [1]. For more background on the theory of rigid graphs, see for example
[22,8, 15].

In this paper, we study minimum degree sufficient conditions for rigidity of graphs. For a graph
G, let δ(G) denote its minimum degree. A graph G on n > d vertices is said to be d-connected
if it remains connected whenever fewer than d vertices are removed. It is a well-known fact that
every d-rigid graph is d-connected1. Another well-known and easy to prove fact is that every graph
with minimum degree of at least (n + d)/2 − 1 is d-connected. This statement is sharp. Indeed,
for every m,n, d with 0 ≤ d ≤ min{m,n}, let OKm,n,d denote the union of an m-clique and an
n-clique that intersect in exactly d vertices. Let d ≤ n be integers with the same parity, and let
m = (n + d)/2 ≥ d. Note that δ(OKm,m,d) = (n + d)/2 − 1. On the other hand, OKm,m,d is
d-connected, but not (d+ 1)-connected. (In fact, using standard rigidity results, one can show that
OKm,n,d is d-rigid for every m,n ≥ d.)

One might wonder whether every graph G with δ(G) ≥ (n + d)/2 − 1 is also d-rigid (and
indeed, we will show that this is the case when d is small relative to n). However, note that by the
definition of the rigidity matrix, in order for an n-vertex graph G = (V,E) to be d-rigid, one must
have |E| ≥ dn −

(
d+1
2

)
. This is achieved if δ(G) ≥ 2d − d(d + 1)/n. Therefore, we conjecture the

following (see also Fig. 1):

Conjecture 1. Let n > d ≥ 1. If G is an n-vertex graph with

δ(G) ≥ max

{
n+ d

2
− 1, 2d− d(d+ 1)

n

}
,

then G is d-rigid.

Note that Conjecture 1 is a stronger version of Conjecture 1.16 in [18]. It also includes, as a
special case, a recently-proved [11] conjecture by the second author (see [3, Conjecture 3.4]) on the
rigidity of the hyperoctahedral graph. In [13, Conjecture 38], Jackson, Jordán, and Tanigawa made
an analogous conjecture (in the special case of fixed d and growing n) in the context of low rank
matrix completability (which can be seen as a generalisation of rigidity to the setting of graphs
with self-loops, see [12]).

In [18], we proved some weak versions of Conjecture 1. Specifically, we showed that if an n-
vertex graph G satisfies δ(G) ≥ n/2+k, then G is d-rigid for d = 2k/(3 log n) ([18, Theorem 1.14]).
Additionally, if k = O(

√
n/ log n), then G is (k + 1)-rigid ([18, Theorem 1.15]). Here, we make

further progress towards Conjecture 1. First, we show that the conjecture holds for small values of
d.

1Indeed, otherwise, let S be a set of size smaller than d such that G[V r S] is not connected, and let U be a
connected component of G[V r S]. Then, we can rotate the vertices of U around S independently of the rest of the
graph while preserving the lengths of all edges in G — a contradiction to the d-rigidity of G.
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Figure 1: We define the rigidity of a graph G = (V,E) to be the maximal d for which G is
d-rigid. In the above diagram, the x-axis shows the minimum degree, while the y-axis displays
the rigidity of the graph. The red solid line represents the bound δ(G) ≥ 2d − d(d + 1)/n,
determined by the necessary condition |E| ≥ dn −

(
d+1
2

)
. The blue dashed line represents the

bound δ(G) ≥ (n + d)/2 − 1, determined by the necessary condition of d-connectivity. These
lines intersect when δ(G) = (3n− 6)/4. The conjectured lower bound on the graph’s rigidity is
the minimum of these two lines.

Theorem 1.1. Let n ≥ 2 and 0 ≤ d ≤ (
√

8n− 15 − 1)/4. If G is an n-vertex graph with δ(G) ≥
(n+ d)/2− 1, then G is d-rigid.

The proof relies on a recent argument by Villányi [25] which shows that a graph G with minimum
degree at least d(d + 1) has a vertex whose neighbours form a clique in the d-closure of G (see
Section 2.1 for the definition of a d-closure).

Handling the case of larger values of d turns out to be significantly more challenging. Here, we
obtain the following result.

Theorem 1.2. There exist c > 0 and n0 ≥ 2 for which the following holds. For every n ≥ n0 and
1 ≤ d ≤ cn/log2n, every n-vertex graph G with δ(G) ≥ (n+ 2d)/2− 1 is d-rigid.

The bound on the rigidity of G in Theorem 1.2 is optimal up to a factor of two. In order to
prove Theorem 1.2, we divide the argument into two cases, depending on whether the graph G is
close to being a bipartite graph or not. In case the graph is close to being bipartite, we apply a
result by Lew, Nevo, Peled, and Raz [19] (see also [18]), which provides a sufficient condition for
the rigidity of a graph in terms of the existence of a “d-rigid partition” (a partition of the vertex
set of the graph satisfying certain connectivity properties; see Section 2.2). When the graph is far
from bipartite, we first apply the Regularity Lemma to find a linearly large d-rigid subgraph of G
(using again the method of rigid partitions). We continue by showing how the existence of this
large d-rigid subgraph implies the rigidity of the whole graph.

As a corollary to the proof of Theorem 1.2, we obtain a related result concerning the pseu-
doachromatic number of graphs with a given minimum degree. A pseudocomplete colouring
of a graph is a colouring of its vertices — not necessarily proper — such that each pair of colours
appears together on at least one edge. Equivalently, it is a partition of the vertex set in which
every two distinct parts are connected by at least one edge. The pseudoachromatic number of
a graph G, denoted ψs(G), is the maximum number of colours in a pseudocomplete colouring of
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that graph. This concept was first introduced by Gupta [9], and was later used in the study of the
Hadwiger number of a graph; see, e.g., [2, 17,24].

Theorem 1.3. There exist c > 0 and n0 ≥ 2 for which the following holds. For every n ≥ n0 and
1 ≤ d ≤ cn/log2n, every n-vertex graph G with δ(G) ≥ d has ψs(G) ≥ d+ 1.

We remark that Theorem 1.3 is sharp in two senses. First, the lower bound on ψs(G) cannot be
improved in terms of d. Indeed, consider the complete bipartite graph Kd,n with sides of sizes d and
n ≥ d. Then, δ(Kd,n) = d, and any pseudocomplete colouring of Kd,n must have at most one colour
class without an element from the smaller side. Indeed, if two distinct colour classes do not contain
an element from the smaller side, they are not connected by an edge. Thus, ψs(Kd,n) ≤ d + 1
(and, in fact, ψs(Kd,n) = d + 1). Second, the upper bound on d cannot be significantly improved
in terms of n. Indeed, the binomial random graph G(n, 1/2) has δ(G(n, 1/2)) ≥ (1/2− o(1))n and
ψs(G(n, 1/2)) = O(n/

√
log n) with high probability2 (see [2, 10]).

The paper is organised as follows. In Section 2 we introduce some preliminary results on rigidity
of graphs, and define our main tool (rigid partitions). In Section 3 we prove Theorem 1.1, and in
Section 4 we prove Theorems 1.2 and 1.3.

Notation Let G = (V,E) be a graph. Write V (G) = V and E(G) = E. For two (not necessarily
disjoint) vertex sets A, B, we let EG(A,B) be the set of edges having one endpoint in A and the
other in B, and write EG(A) = EG(A,A). We denote by NG(A) the external neighbourhood of
A, that is, the set of all vertices in V r A that have a neighbour in A. Furthermore, in the above
notation, we often replace {v} with v for abbreviation. The degree of a vertex v ∈ V , denoted
by degG(v), is its number of incident edges. The degree of v “into” A, denoted degG(v,A), is
|EG(v,A)|. When the underlying graph is clear from the context, we drop the subscript G and
simply write E(A,B), E(A), N(A) etc. We write ∆(G) for the maximum degree of G. Throughout
the paper, all logarithms are in the natural basis.

2 Preliminaries

2.1 The d-closure of a graph

Let n ≥ d + 1, and let G = (V,E) be an n-vertex graph. For {u, v} ∈
(
V
2

)
, let G + {u, v} be the

graph obtained from G by adding the edge {u, v} (where, if {u, v} ∈ E, then G+ {u, v} = G).
Let p : V → Rd be a generic embedding. The d-rigidity closure (or, in short, d-closure) of

G is the graph Cd(G) on vertex set V and edge set

E(Cd(G)) =

{
{u, v} ∈

(
V

2

) ∣∣∣∣ rank(R(G,p)) = rank(R(G+ {u, v},p))

}
.

Note that Cd(G) does not depend on p, provided p is generic. We say that G is d-closed if it
is its own d-closure. Observe that a graph is d-rigid if and only if its d-closure is d-rigid, which is
if and only if its d-closure is complete.

We will need the following simple lemma about d-closed graphs (see e.g. [20, Observation 2.1]).

Lemma 2.1. Let G = (V,E) be a d-closed graph. Let U be a clique of size d in G, and let
v, w ∈ V r U be two distinct vertices such that both v and w are adjacent to all the vertices in U .
Then, {v, w} ∈ E.

2whp; that is, with probability tending to 1 as n→ ∞
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As an immediate consequence, we obtain the following well known property (see e.g. [23]).

Lemma 2.2 (0-extension property). Let G = (V,E) be a d-rigid graph, and let v /∈ V . Let G′ be
a graph obtained from G by adding the vertex v and adding d edges between v and V . Then, G′ is
d-rigid.

2.2 Rigid partitions

Let V be a finite set. We say that V1, . . . , Vm ⊆ V is a colouring of V if Vi ∩ Vj = ∅ for all
1 ≤ i < j ≤ m and V1 ∪ · · · ∪ Vm = V . If, in addition, Vi 6= ∅ for all 1 ≤ i ≤ m, we say that
V1, . . . , Vm is a partition of V .

Let G = (V,E) be a graph. For A,B ⊆ V , let G[A,B] be the subgraph of G on vertex set A∪B
with edges

{e ∈ E : e ⊆ A ∪B, e ∩A 6= ∅, e ∩B 6= ∅}.

In particular, for A = B we have G[A,A] = G[A], the induced subgraph of G on A.
Let V1, . . . , Vd be a partition of V . We say that (V1, . . . , Vd) is a strong d-rigid partition of

G if G[Vi, Vj ] is connected for all 1 ≤ i ≤ j ≤ d.
The following sufficient condition for rigidity was proved by Lew, Nevo, Peled, and Raz in [19]3.

Theorem 2.3 ([19, Theorem 1.3]). Let G = (V,E) be a graph with |V | ≥ d + 1. If G admits a
strong d-rigid partition, then G is d-rigid.

2.3 Concentration inequalities

To conclude the preliminaries, we state two known concentration inequalities that will be used in
this paper. The first is a standard Chernoff-type bound (see, e.g., [14, Theorem 2.1]).

Theorem 2.4 (Chernoff bound). Let n ≥ 1 be an integer and let p ∈ [0, 1], let X ∼ Bin(n, p) and
let µ = EX = np. Then, for every ν > 0,

P(X ≤ µ− ν) ≤ exp

(
− ν

2

2µ

)
.

The second concentration inequality that we will need is the following consequence of Azuma’s
inequality (see, e.g., [14, Theorem 2.1]), which can be easily proved along the lines of [14, Corol-
lary 2.27] or [5, Lemma 11].

For two sets A,B, we denote by A4B their symmetric difference.

Lemma 2.5. Let d > 0 and let t > 0 be an integer. Let V be a set with |V | ≥ t. Suppose
f :
(
V
t

)
→ R satisfies the following Lipschitz condition: if |A4B| = 2, then |f(A)− f(B)| ≤ d. Let

X = f(U) for a uniformly chosen U ∈
(
V
t

)
. Then,

P(|X − EX| ≥ ν) ≤ 2 exp

(
− ν2

2td2

)
.

3In [18], we proved an extension of Theorem 2.3 that applies to a more general notion of “rigid partitions”.
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3 Small d

In this section we prove Theorem 1.1. To this end, we begin with a few definitions. A vertex is
called simplicial if its neighbourhood induces a clique. The following lemma is implicit in [25] (see
also [21] for an explicit statement). For completeness, we prove it here.

Lemma 3.1. Let G = (V,E) be a d-closed graph with minimum degree at least d(d+ 1). Then, G
contains a simplicial vertex.

For the proof of Lemma 3.1 we will need the following two lemmas from [25]. Given a graph
G = ([n], E) and a permutation σ : [n]→ [n], define the subgraph Gσ of G as follows. For a vertex
u, let Nσ(u) = N(u) ∩ {v ∈ [n] : σ(v) < σ(u)}, and let degσ(u) = |Nσ(u)|. Now, construct Eσ ⊆ E
by considering the vertices according to the order induced by σ. For each vertex v,

• If degσ(v) ≤ d then connect v with Nσ(v).

• If degσ(v) ≥ d+ 1 and Nσ(v) is a clique, then connect v with the first d vertices in Nσ(v).

• If degσ(v) ≥ d+ 1 and Nσ(v) is not a clique, then connect v with any d+ 1 vertices in Nσ(v)
that do not form a clique in G.

Finally, define Gσ = (V,Eσ).

Lemma 3.2 ([25]). Let G = ([n], E) be a d-closed graph and let σ : [n] → [n] be a permutation.
Then, the graph Gσ has at most dn−

(
d+1
2

)
edges.

Lemma 3.3 ([25]). Let G = ([n], E) be a graph with δ(G) ≥ d(d+1) in which for every vertex v, the
neighbourhood of v does not span a clique, and every two distinct maximal cliques H1, H2 ⊆ N(v)
intersect in at most d− 2 vertices. Then, there exists a permutation σ : [n]→ [n] for which Gσ has
at least dn edges.

We are now ready to prove Lemma 3.1.

Proof of Lemma 3.1. Assume, for contradiction, that G has no simplicial vertex. Let v ∈ V , and let
H1, H2 be two distinct maximal cliques in N(v). In particular, G[H1 ∪H2 ∪ {v}] is not complete,
and hence not d-rigid. Thus, |(H1 ∪ {v}) ∩ (H2 ∪ {v})| ≤ d − 1 (since OK|H1|,|H2|,d is d-rigid).
It follows that |H1 ∩ H2| ≤ d − 2. Hence, by Lemmas 3.2 and 3.3, there exists a permutation
σ : [n]→ [n] for which dn ≤ |Eσ| ≤ dn−

(
d+1
2

)
, a contradiction.

We will also use the following simple lemma.

Lemma 3.4. Let G be a d-closed graph on n vertices, with minimum degree at least δ. Assume
that G has a clique of size at least d+ (n− 1− δ). Then, G is a complete graph.

Proof. Let S be a maximal clique in G. In particular, |S| ≥ d+(n−1−δ). Assume for contradiction
that S 6= V , and let S′ = V r S, so |S′| = n− |S| ≤ δ − d+ 1. Let v ∈ S′, and note that v has at
least δ− (|S′| − 1) ≥ d neighbours in S. By Lemma 2.1, v is adjacent to all the vertices in S. That
is, S ∪ {v} is a clique in G, in contradiction to the maximality of S.

We proceed with the proof of Theorem 1.1.
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Proof of Theorem 1.1. First note that by our bound on d,

d(d+ 1) ≤ n

2
+

1

8

(√
8n− 15− 9

)
=
n+ d

2
− 1 ≤ δ(G).

By Lemma 3.1, G′ = Cd(G) has a simplicial vertex v. Hence, S = N(v) ∪ {v} induces a clique of
size at least δ(G) + 1 ≥ (n + d)/2 ≥ d + (n − 1 − δ(G)) in G′. Therefore, by Lemma 3.4, G′ is a
complete graph. Thus, G is d-rigid.

4 Large d

In this section we prove Theorem 1.2. We do so by considering two separate cases, according to
how “close” the graph is to being bipartite. More formally, we say that an n-vertex graph G is
β-far from being bipartite if one needs to delete at least βn2 edges from G to make it bipartite.
We call it β-close to being bipartite otherwise. The statement of Theorem 1.2 follows from
Theorem 2.3 and from Propositions 4.1 and 4.2 below.

Proposition 4.1. There exist β > 0, c > 0, and n0 ≥ 2 such that the following holds. For every
n ≥ n0 and 1 ≤ d ≤ cn/log2n, every n-vertex graph G with δ(G) ≥ (n+ 2d)/2− 1 which is β-close
to being bipartite admits a strong d-rigid partition.

Proposition 4.2. For every β > 0 there exist c > 0 and n0 ≥ 2 such that the following holds. For
every n ≥ n0 and 1 ≤ d ≤ cn/ log n, every n-vertex graph G with δ(G) ≥ (n + 2d)/2 − 1 which is
β-far from being bipartite is d-rigid.

Let us highlight that Proposition 4.2 applies for a wider range of d, compared with Proposi-
tion 4.1. On the other hand, note that Proposition 4.1 has a somewhat stronger conclusion (the
existence of a strong d-rigid partition, which implies the d-rigidity of the graph, by Theorem 2.3).

4.1 Close to bipartite

In this section we prove Proposition 4.1. We will need the following key lemma.

Lemma 4.3. There exists c > 0 for which the following holds. Let G = (V,E) be an n-vertex
graph with δ(G) ≥ d for 1 ≤ d ≤ cn/log2n. Then, there exists a distribution over (d+ 1)-colourings
V1, . . . , Vd+1 of V that satisfies the following properties:

• There exists a set V ′ ⊆ V with |V ′| ≥ |V | − d such that for every v ∈ V ′ and i ∈ [d],
P(v ∈ Vi) ≥ 1/(2d), and the events v ∈ Vi are mutually independent for distinct v ∈ V ′;

• With high probability, E(Vi, Vj) 6= ∅ for every 1 ≤ i < j ≤ d + 1 (namely, the colouring is
whp pseudocomplete).

We remind the reader that, here and later, a colouring needs not be “proper”. Note that
the colouring V1, . . . , Vd+1 guaranteed by Lemma 4.3 is (with high probability) a pseudocomplete
colouring of G. Therefore, Theorem 1.3 follows directly from Lemma 4.3. For the proof of Proposi-
tion 4.1, we will make use of the fact that Lemma 4.3 allows for a substantial amount of randomness
in the creation of the pseudocomplete colouring V1, . . . , Vd+1 of G.

We proceed to prove Lemma 4.3. We will need the following result about expansion of random
sets in graphs with relatively comparable degrees.
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Lemma 4.4. Let n,K, d ≥ 1 be integers satisfying d ≤ n/(4K), and let G = (V,E) be an n-vertex
graph with d ≤ δ(G) ≤ ∆(G) ≤ n/(4K). Then, if U is a uniformly chosen random subset of V of
size K, the probability that |NG(U)| ≥ dK/3 is at least 1− 2 exp(−K/288).

Proof. Write ∆ = ∆(G). For every v ∈ V let Fv be an arbitrary set of d edges incident to v,
and consider each such edge as directed from v. Let D be the digraph on V whose edge set is
F =

⋃
v Fv. Denote by T the set of triples (u1, u2, v) for which u1 6= u2 and (u1, v), (u2, v) ∈ F .

Note that |F | = dn and that |T | ≤ ∆dn ≤ dn2/(4K). For A ⊆ V , let ND(A) be the set of out-
neighbours of A in D, namely, the set of vertices v /∈ A such that there exists u ∈ A for which
(u, v) ∈ F . Note that for every A ⊆ V , ND(A) ⊆ NG(A).

Let f :
(
V
K

)
→ R be defined by f(A) = |ND(A)|. Note that |f(A) − f(B)| ≤ d + 1 whenever

|A4B| = 2 (since adding a new vertex to a set A may increase |ND(A)| by at most d, or decrease
it by at most 1; similarly, removing a vertex from A may increase |ND(A)| by at most 1, or
decrease it by at most d). Let U be a uniformly chosen random subset of V of size K, and let
X = f(U) = |ND(U)|.

Note that the events u ∈ U are negatively correlated for distinct u ∈ V . Note also that
K/n ≤ 1/4. Thus,

EX = E[|ND(U)|] =
∑
v

P(v ∈ ND(U))

≥
∑
v

 ∑
u∈V :

(u,v)∈F

P(u ∈ U, v /∈ U)−
∑

u1,u2∈V :
(u1,u2,v)∈T

P(u1, u2 ∈ U, v /∈ U)


≥

∑
(u,v)∈F

P(u ∈ U, v /∈ U)−
∑

(u1,u2,v)∈T

P(u1, u2 ∈ U)

≥ |F | · K
n

(
1− K

n

)
− |T | · K

2

n2
≥ dK(1− 1/4)− dK/4 = dK/2.

Thus, by Lemma 2.5,

P(|NG(U)| ≤ dK/3) ≤ P(|ND(U)| ≤ dK/3) = P(X ≤ dK/3) ≤ P(X ≤ EX − dK/6)

≤ 2 exp

(
−d2K2

72K(d+ 1)2

)
≤ 2 exp(−K/288),

as required.

Proof of Lemma 4.3. Throughout the proof we may (and will) assume that n is sufficiently large.
Let c > 0 to be sufficiently small constant (to be chosen later), and let 1 ≤ d ≤ cn/log2n. Let

L = {v ∈ V : deg(v) ≥ 5d log n}, ` = min{|L|, d}, d′ = d− `,

and let L′ = {v1, . . . , v`} be a set of ` arbitrary elements from L. Define a probability vector
q = (q1, . . . , qd+1) ∈ Rd+1 as follows: if ` = 0 or ` = d, then qi = 1/(d + 1) for all 1 ≤ i ≤ d + 1;
otherwise, qi = 1/(2`) for 1 ≤ i ≤ ` and qi = 1/(2(d+ 1− `)) for ` < i ≤ d+ 1. Note that qi ≥ 0 for
all 1 ≤ i ≤ d+ 1, and

∑d+1
i=1 qi = 1, so q is indeed a probability vector. We will need the following

simple facts about q.

Claim 4.5. The vector q satisfies the following properties.
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1. For all 1 ≤ i ≤ d+ 1, qi ≥ 1/(2d).

2. If ` < d, then for all ` < i ≤ d+ 1, qi ≥ 1/(4d′).

Proof. If ` = 0 or ` = d, then qi = 1/(d + 1) ≥ 1/(2d). Assume 1 ≤ ` < d. Then, if 1 ≤ i ≤ `,
qi = 1/(2`) > 1/(2d), and if ` < i ≤ d+ 1, qi = 1/(2(d+ 1− `)) ≥ 1/(2d).

Now, assume ` < d and let ` < i ≤ d+1. If ` = 0, then qi = 1/(d+1) = 1/(d′+1). If 0 < ` < d,
then qi = 1/(2(d′ + 1)). In both cases, qi ≥ 1/(4d′).

Let V ′ = V rL′. Assign colours to the vertices of V ′ independently, according to q (that is, we
have P(v ∈ Vi) = qi for all v ∈ V ′ and 1 ≤ i ≤ d+ 1). In addition, assign vi ∈ Vi (deterministically)
for all 1 ≤ i ≤ `. Observe that in view of Claim 4.5, we have settled the first item of the lemma.

For 1 ≤ i ≤ d, let Bi be the event that E(Vi, Vj) = ∅ for some j > i. We want to show that

P(
⋃d
i=1 Bi) = o(1). We begin by handling Bi for 1 ≤ i ≤ `. Let 1 ≤ i ≤ `. Denote by Ni the set

of neighbours of vi in V ′. Note that |Ni| ≥ 5d log n − ` ≥ 4d log n. For every j > i, by Claim 4.5,
qj ≥ 1/(2d), and hence qj |Ni| ≥ 2 log n. Therefore, by the union bound over j > i,

P(Bi) ≤
∑
j>i

P(Ni ∩ Vj = ∅) ≤
∑
j>i

(1− qj)|Ni| ≤
∑
j>i

exp(−qj |Ni|) ≤ d · n−2 � n−1.

By the union bound, we obtain that the probability that Bi occurs for some 1 ≤ i ≤ ` is o(1). If
` = d, we are done. Otherwise, d′ ≥ 1.

Write n′ = |V ′| = n − ` ∼ n. Set C = 600, K = C log n and c = 1/(40C). Fix i < j ≤ d + 1
and let x = |Vi| and y = |Vj |. Notice that by Claim 4.5, by Chernoff bounds (Theorem 2.4), and
by the union bound, P(min{x, y} < n/(5d′)) ≤ 2 exp(−n/(200d′)) = o(n−2). Note for later that
n/(5d′) > K for sufficiently large n. Observe that, conditioning on x, y, we may sample Vi, Vj from
V ′ as follows: first we sample a uniform subset U of V ′ of size K ′ = min{K,x}; then we sample a
uniform subset Vj of V ′rU of size y; and finally we sample a uniform subset V ′i of V ′r (U ∪Vj) of
size x−K ′, and set Vi = U ∪V ′i . Note also that d′ ≤ δ(G′) ≤ ∆(G′) ≤ 5cn/ log n ≤ n′/(4K), hence,
by Lemma 4.4, for every x0 ≥ K, P(|NG′(U)| < d′K/3 | x = x0) ≤ 2 exp(−K/288) = o(n−2). On
the other hand, for every set S ⊆ V ′ \ U , every x0 ≥ K and every y0,

P(S ∩ Vj = ∅ | x = x0, y = y0) =

(
n′−K−|S|

y0

)(
n′−K
y0

) ≤
(

1− |S|
n

)y0
≤ exp

(
−|S|y0

n

)
.

Thus, for x0 ≥ K and y0 ≥ n/(5d′),

P(NG′(U) ∩ Vj = ∅ | x = x0, y = y0) ≤ P
(
|NG′(U)| ≤ d′K/3 | x = x0

)
+ exp(−K/15) = o

(
n−2

)
.

Hence,

P(NG′(U) ∩ Vj = ∅) =
∑
x0,y0

P(NG′(U) ∩ Vj = ∅ | x = x0, y = y0) · P(x = x0, y = y0)

≤ P(min{x, y} < n/(5d′)) +
∑
x0≥K

y0≥n/(5d′)

P(NG′(U) ∩ Vj = ∅ | x = x0, y = y0) · P(x = x0, y = y0)

= o
(
n−2

)
.

Therefore, by the union bound over j > i,

P(Bi) ≤
∑
j>i

P(NG′(U) ∩ Vj = ∅) = o
(
n−1

)
.
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Finally, by another application of the union bound, we obtain that the probability that Bi occurs
for some ` < i ≤ d is o(1).

Proof of Proposition 4.1. For d = 1 the claim follows from the known fact that an n-vertex graph
with minimum degree at least n/2−1/2 is connected. Assume that 2 ≤ d ≤ c′n/log2n for sufficiently
small constant c′ > 0 to be determined later, and that n is sufficiently large. By our assumption
that G = (V,E) is β-close to being bipartite, we deduce that there exists a partition V = A∪B for
which |E(A)| + |E(B)| ≤ βn2. Let β′ = 4β. Assume for contradiction that |A| < (1/2 − β′)n. In
this case, |B| > (1/2 + β′)n. Since δ(G) ≥ (n+ 2d)/2− 1 ≥ n/2, it follows that every v ∈ B has at
least deg(v)−|A| ≥ β′n neighbours in B. In particular, |E(B)| ≥ 1

2 |B| ·β
′n > βn2, a contradiction.

Therefore, |A| ≥ (1/2− β′)n. By the same argument, we also have |B| ≥ (1/2− β′)n.
Let β◦ =

√
2β. Let A◦ = {u ∈ A | deg(u,B) < (1/2 − β◦)n}. Suppose to the contrary that

|A◦| > β◦n. Thus, |E(A)| > 1
2β
◦n · (δ(G) − (1/2 − β◦)n) ≥ 1

2(β◦)2n2 = βn2, a contradiction.
Therefore, |A◦| ≤ β◦n. Similarly, letting B◦ = {v ∈ B | deg(v,A) < (1/2− β◦)n}, we deduce that
|B◦| ≤ β◦n.

We will now make some adjudgements to the partition (A,B). Let A† = {u ∈ A | deg(u,B) <
n/4}, B† = {v ∈ B | deg(v,A) < n/4}, and C = A† ∪ B†. As long as C 6= ∅ we take x ∈ C and
move it to the other side (namely, if x ∈ A we put it in B, and if x ∈ B we put it in A). We note
that once we move x to the other side, it is not in C any longer. However, this might introduce a
new vertex to C. Nonetheless, we argue that the total number of vertices we move is at most 2β◦n.
We prove this by showing that every vertex we moved was in A◦ ∪B◦. Indeed, at first every vertex
of C is there (by definition, assuming sufficiently small β). Suppose to the contrary that at some
point we have a vertex in C r (A◦ ∪B◦), and let x be the first such vertex. Since x is first, by this
time we have moved at most 2β◦n vertices. But then, the degree of x to the other side is at least
(1/2 − 3β◦)n > n/4 (for sufficiently small β), a contradiction. Let (A′, B′) denote the resulting
partition, let β0 = β + 2β◦, and let β1 = β′ + 2β◦. Since we moved at most 2β◦ vertices, we have
|A′|, |B′| ≥ (1/2− β1)n. Since each moved vertex adds to |E(A) ∪E(B)| at most n edges, we have
|E(A′)|+ |E(B′)| ≤ β0n2. Also, by definition, deg(v,B′) ≥ n/4 for all v ∈ A′ and deg(v,A′) ≥ n/4
for all v ∈ B′.

Let β∗ =
√

2β0, and let A∗ = {u ∈ A′ | deg(u,B′) < (1/2 − β∗)n}. Suppose to the contrary
that |A∗| > β∗n. Then, |E(A′)| > 1

2β
∗n · (δ(G)− (1/2− β∗)n) ≥ 1

2(β∗)2n2 = β0n
2, a contradiction.

Therefore, |A∗| ≤ β∗n. Similarly, letting B∗ = {v ∈ B′ | deg(v,A′) < (1/2− β∗)n}, we deduce that
|B∗| ≤ β∗n.

Assume without loss of generality that |A′| ≥ |B′|, and hence |B′| ≤ n/2 and n′ := |A′| ≥ n/2.
Then, for all v ∈ A′, deg(v,A′) ≥ δ(G)− |B′| ≥ n/2− 1 + d− n/2 = d− 1. Thus, δ(G[A′]) ≥ d− 1.
Let c > 0 be the constant guaranteed by Lemma 4.3, and set c′ = c/2. Then, d− 1 ≤ c′n/log2n ≤
cn′/log2n′. Let A′ = A1 ∪ · · · ∪ Ad be the random colouring guaranteed in Lemma 4.3, and let
B′ = B1 ∪ · · · ∪Bd be a uniform random colouring.

Claim 4.6. With high probability, for all 1 ≤ i ≤ d and b1, b2 ∈ B′rB∗, b1 and b2 have a common
neighbour in Ai.

Proof. Let 1 ≤ i ≤ d and b1, b2 ∈ B′ rB∗. Note that |N(b1) ∩N(b2) ∩A′| ≥ (1/2− β∗)n+ (1/2−
β∗)n− (1/2 + β1)n ≥ n/3 (for sufficiently small β). Hence, using the first item of Lemma 4.3,

P(N(b1) ∩N(b2) ∩Ai = ∅) ≤
(

1− 1

2d

)n/3−(d−1)
≤
(

1− 1

2d

)n/4
≤ exp

(
− n

8d

)
= o(n−3).

By the union bound, with probability at least 1 − n2d · o(n−3) = 1 − o(1), for all 1 ≤ i ≤ d and
b1, b2 ∈ B′ rB∗, b1 and b2 have a common neighbour in Ai.
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Claim 4.7. With high probability, every a ∈ A′ has a neighbour in Bj rB∗ for all 1 ≤ j ≤ d, and
every b ∈ B′ has a neighbour in Ai for all 1 ≤ i ≤ d.

Proof. Let 1 ≤ j ≤ d and a ∈ A′. Then, deg(a,B′ rB∗) ≥ n/4− β∗n ≥ n/5 (for sufficiently small
β). Therefore,

P(N(a) ∩Bj rB∗ = ∅) ≤
(

1− 1

d

)n/5
≤ exp

(
− n

5d

)
= o
(
n−2

)
.

By the union bound, with probability at least 1 − nd · o(n−2) = 1 − o(1), every a ∈ A′ has a
neighbour in Bj rB∗ for all 1 ≤ j ≤ d.

Similarly, let 1 ≤ i ≤ d and b ∈ B′. Then deg(b, A′) ≥ n/4, so by the first item of Lemma 4.3,
we have

P(N(b) ∩Ai = ∅) ≤
(

1− 1

2d

)n/4−(d−1)
≤
(

1− 1

2d

)n/5
≤ exp

(
− n

10d

)
= o(n−2).

By the union bound, with probability at least 1 − nd · o(n−2) = 1 − o(1), every b ∈ B′ has a
neighbour in Ai for all 1 ≤ i ≤ d.

Condition on the events from Lemma 4.3 and Claims 4.6 and 4.7. Let 1 ≤ i, j ≤ d. Then, by
Claim 4.7, every vertex in Ai ∪ Bj has a path of length at most two in G[Ai, Bj ] to a vertex in
Bj r B∗. By Claim 4.6, every two vertices in Bj r B∗ are connected by a path of length two in
G[Ai, Bj ]. Therefore, G[Ai, Bj ] is connected.

Define, for all 1 ≤ i ≤ d, Vi = Ai∪Bi. We note that G[Vi] ⊇ G[Ai, Bi], hence G[Vi] is connected.
Moreover, for 1 ≤ i < j ≤ d, the sets Ai, Bj are in the same component in G[Vi, Vj ]. Similarly,
the sets Aj , Bi are in the same component there. But, by Lemma 4.3, E(Ai, Aj) 6= ∅; thus, there
exists a unique connected component in G[Vi, Vj ], namely, it is connected. Thus, (V1, . . . , Vd) is a
strong d-rigid partition of G.

4.2 Far from bipartite

In this section we prove Proposition 4.2. As our main tool, we will use the regularity lemma. Let us
begin by recalling relevant definitions (see [16]). For a disjoint pair of vertex sets X,Y in a graph
G, its density is d(X,Y ) = |E(X,Y )|/(|X||Y |). A pair (A,B) is called:

• ε-regular if for all X ⊆ A and Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B| we have |d(X,Y ) −
d(A,B)| ≤ ε;

• (ε, δ)-regular if it is ε-regular with d(A,B) ≥ δ;

• (ε, δ)-dense if d(X,Y ) ≥ δ for every X ⊆ A and Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B|;

• (ε, δ)-super-regular if it is ε-regular and, in addition, each x ∈ A has at least δ|B| neighbours
in B and each y ∈ B has at least δ|A| neighbours in A.

Note that:

• If (A,B) is (ε, δ)-regular then for every X ⊆ A and Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B|
we have d(X,Y ) ≥ δ − ε, that is, (A,B) is (ε, δ − ε)-dense.

• If (A,B) is (ε, δ)-super-regular then d(A,B) ≥ δ, that is, (A,B) is (ε, δ)-regular (and hence
(ε, δ − ε)-dense).
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We will need the following standard and simple lemma that asserts that every regular “triple”
contains an almost-spanning super-regular “sub-triple”.

Lemma 4.8. Let 0 < ε < 1/4 and δ > 4ε. Let A1, A2, A3 be three pairwise disjoint sets with
|A1| = |A2| = |A3| = M such that each of the pairs (Ai, Aj), 1 ≤ i < j ≤ 3, is a (ε, δ)-regular pair.
Then, there exist M ′ ≥ (1− 2ε)M and A′i ⊆ Ai with |A′i| = M ′, for every i ∈ [3], such that each of
the pairs (A′i, A

′
j), 1 ≤ i < j ≤ 3, is (2ε, δ − 4ε)-super-regular.

Proof. For i ∈ [3] and j ∈ [3] r {i}, let Aji = {x ∈ Ai | deg(x,Aj) < (δ − 2ε)|Aj |}. Note that

|Aji | < ε|Ai|. Indeed, if |Aji | ≥ ε|A| then, since (Ai, Aj) is (ε, δ)-regular,

|Aji | · (δ − 2ε)|Aj | > |E(Aji , Aj)| = |A
j
i ||Aj | · d(Aji , Aj) ≥ |A

j
i ||Aj |(δ − ε),

a contradiction. For i ∈ [3] and {j, k} = [3] r {i}, Let A∗i = Ai r (Aji ∪ Aki ). Note that |A∗i | ≥
(1− 2ε)|Ai|. Set M ′ = min{|A∗i | : i ∈ [3]}, so M ′ ≥ (1− 2ε)M . For each i ∈ [3], remove, if needed,
arbitrary elements from A∗i , to make it of size M ′, and call the resulting set A′i. In particular,
|A′i| ≥ (1− 2ε)|Ai| ≥ |Ai|/2 ≥ ε|Ai|. Thus, for j ∈ [3] r {i}, |d(A′i, A

′
j)− d(Ai, Aj)| ≤ ε. Moreover,

for every Xi ⊆ A′i and Xj ⊆ A′j with |Xi| ≥ 2ε|A′i| ≥ ε|Ai| and |Xj | ≥ 2ε|A′j | ≥ ε|Aj |, we have
|d(Xi, Xj)−d(A′i, A

′
j)| ≤ |d(Xi, Xj)−d(Ai, Aj)|+|d(Ai, Aj)−d(A′i, A

′
j)| ≤ 2ε. Hence, (A′i, A

′
j) is 2ε-

regular. In addition, if x ∈ A′i, then deg(x,A′j) ≥ deg(x,Aj)− 2ε|Aj | ≥ (δ− 4ε)|Aj | ≥ (δ− 4ε)|A′j |.
Thus, (A′i, A

′
j) is (2ε, δ − 4ε)-super-regular.

We will use the following degree version of the regularity lemma (see [16]).

Lemma 4.9 (Regularity lemma, degree version). For every ε > 0 and `0 > 0 there exists an integer
L = L(ε, `0) such that for every n-vertex graph G = (V,E) with n ≥ L and every δ ∈ [0, 1] there
exists a partition of V into `+ 1 sets V0, V1, . . . , V` with `0 ≤ ` ≤ L, and a spanning subgraph G′ of
G with the following properties:

1. |V0| ≤ εn and |Vi| = M for all i ∈ [`] and some M > 0;

2. degG′(v) ≥ degG(v)− (δ + ε)n for all v ∈ V ;

3. Vi is independent in G′ for all i ∈ [`];

4. For every 1 ≤ i < j ≤ `, either EG′(Vi, Vj) = ∅ or (Vi, Vj) is (ε, δ)-regular in G′.

Given a graph G = (V,E), a partition V = V1 ∪ · · · ∪ V`, and parameters ε, δ > 0, let
R(G, (V1, . . . , V`), ε, δ) be the graph on the vertex set {V1, . . . , V`} where Vi ∼ Vj if and only if
(Vi, Vj) is (ε, δ)-regular in G. We think of the regularity lemma as an algorithm: its input is
ε, `0, n, δ with ε > 0, `0 ≥ 1, n ≥ L(ε, `0), δ ∈ [0, 1], and an n-vertex graph G; and its output is
a partition V0, V1, . . . , V` with the desired properties, the so-called pure graph G′′ = G′[V r V0],
and the reduced graph R = R(G′′, (V1, . . . , V`), ε, δ).

Lemma 4.10. Let ε, `0, n, δ with ε > 0, `0 ≥ 1, n ≥ L(ε, `0), and δ ∈ [0, 1], and let G = (V,E)
be an n-vertex graph. Let G′′ be the pure graph obtained by Lemma 4.9 with the above parameters.
Then: |E(G′′)| ≥ |E(G)| − (δ + 3ε)n2/2.

Proof. We recall that for every v ∈ V , degG′′(v) ≥ degG′(v)− |V0| ≥ degG(v)− (δ + 2ε)n. Thus,

2|E(G′′)| =
∑

v∈V rV0

degG′′(v) ≥
∑
v∈V

degG(v)−
∑

v∈V rV0

(δ + 2ε)n−
∑
v∈V0

degG(v)

≥ 2|E(G)| − (δ + 2ε)n2 − εn2 = 2|E(G)| − (δ + 3ε)n2,

as required.
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We deduce that the reduced graph has, approximately, the “correct” number of edges.

Corollary 4.11. Let ε, `0, n, δ with ε > 0, `0 ≥ 1, n ≥ L(ε, `0), and δ ∈ [0, 1], and let G = (V,E)
be an n-vertex graph. Let V0, V1, . . . , V` be the partition obtained by Lemma 4.9 with the above
parameters, and let R be the corresponding reduced graph. Then: |E(R)| ≥ `2

n2 ·|E(G)|−(δ+3ε)`2/2.

Proof. Let G′′ be the pure graph. Recall that by Lemma 4.9, |Vi| = M for all 1 ≤ i ≤ `. Therefore,
M = |V1| ≤ n/`. By Lemma 4.10, |E(G′′)| ≥ |E(G)| − (δ+ 3ε)n2/2. On the other hand, |E(G′′)| ≤
M2|E(R)|, hence |E(R)| ≥ `2

n2 · |E(G)| − (δ + 3ε)`2/2.

We now show that if G is far from being bipartite and dense enough, then its reduced graph
contains a triangle. The following lemma makes this statement precise:

Lemma 4.12. Let β > 0. Then, there exist sufficiently small ε > 0 and sufficiently large `0 such
that the following holds. Let n ≥ L(ε, `0), let δ = 8ε, and let G = (V,E) be an n-vertex graph
with |E(G)| ≥ n2/4, which is β-far from being bipartite. Let R be the reduced graph obtained by
Lemma 4.9 with the above parameters. Then, R contains a triangle.

For the proof of Lemma 4.12 we will use the following special case of a structural stability result
of Erdős and Simonovitz ([4]; see also e.g. [6, Theorem 1]).

Theorem 4.13. For every β > 0 there exists η > 0 and n0 ≥ 1 such that if n ≥ n0 and G = (V,E)
is an n-vertex triangle-free graph with |E| ≥

(
1
4 − η

)
n2 then G is β-close to being bipartite.

We will also need the following simple lemma, according to which if R is close to being bipartite,
then so is G.

Lemma 4.14. Let ε, `0, n, δ with ε > 0, `0 ≥ 1, n ≥ L(ε, `0), and δ ∈ [0, 1], and let G = (V,E) be
an n-vertex graph. Let R be the reduced graph obtained by Lemma 4.9 with the above parameters.
Let β ≥ (δ + 3ε)/2, and assume that R is (β − (δ + 3ε)/2)-close to being bipartite. Then, G is
β-close to being bipartite.

Proof. We show that by removing βn2 edges from G we can make it bipartite. Indeed, write
γ = (δ + 3ε)/2 and βR = β − γ. Let F be a set of edges of R such that |F | ≤ βR`

2 and R − F
is bipartite. Let F ′ = {{u, v} ∈ E | u ∈ Vi, v ∈ Vj , {Vi, Vj} ∈ F}, and note that |F ′| ≤ M2|F |
for M = |V1| ≤ n/`, so |F ′| ≤ βRn

2. Let G′′ be the corresponding pure graph, and denote
F ′′ = E(G) r E(G′′). By Lemma 4.10, we have that |F ′′| ≤ γn2. Set F ◦ = F ′ ∪ F ′′. Thus,
|F ◦| ≤ (βR + γ)n2 = βn2. Finally, we observe that G − F ◦ is bipartite, since any odd cycle in
G− F ◦ gives rise naturally to an odd cycle in R− F .

Proof of Lemma 4.12. Apply Theorem 4.13 with the parameter β′ = β/2 to obtain η, `0. Set
ε = min{η/6, β/11}, and let γ = (δ + 3ε)/2 = 11ε/2 ≤ β′. Suppose to the contrary that R is
triangle-free. By Corollary 4.11, R has at least(

1

4
− (δ + 3ε)/2

)
`2 ≥

(
1

4
− 6ε

)
`2 ≥

(
1

4
− η
)
`2

edges, where `0 ≤ ` ≤ L(ε, `0) is the number of vertices of R. By Theorem 4.13, R is β′-close
to being bipartite. Noting that β′ = β/2 ≤ β − γ, we conclude that R is (β − γ)-close to being
bipartite. By Lemma 4.14, G is β-close to being bipartite, a contradiction.

Putting it all together, we conclude that G contains a triple of super-regular pairs.
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Corollary 4.15. Let β > 0. Then, there exist sufficiently small δ, α > 0 and sufficiently large n0
such that the following holds. If G = (V,E) is an n-vertex graph with n ≥ n0 and |E(G)| ≥ n2/4
which is β-far from being bipartite, then there exist pairwise disjoint A1, A2, A3 ⊆ V with |A1| =
|A2| = |A3| ≥ αn and a subgraph G′′ ⊆ G, such that the pairs (Ai, Aj), 1 ≤ i < j ≤ 3, are all
(δ, 2δ)-super-regular in G′′.

Proof. Let ε = ε(β) > 0 be sufficiently small and `0 = `0(β) be sufficiently large so that the
statement of Lemma 4.12 holds. Apply the regularity lemma with the parameters ε, `0, n, δ

′ with
n ≥ L = L(ε, `0) and δ′ = 8ε. Let G′′ and R be the pure graph and the reduced graph, respectively.
According to Lemma 4.12, R contains a triangle. Assume that the vertices of this triangle are
V1, V2, V3, and let M = |V1| ≥ n/(L+ 1). Note that each of the pairs (V1, V2), (V1, V3) and (V2, V3)
is (ε, δ′)-regular in G′′. We apply Lemma 4.8 to the triple (V1, V2, V3) to obtain subsets A1 ⊆ V1,
A2 ⊆ V2 and A3 ⊆ V3 with |A1| = |A2| = |A3| = M ′ ≥ (1 − 2ε)M , such that the pairs (A1, A2),
(A1, A3) and (A2, A3) are all (2ε, δ′ − 4ε)-super-regular in G′′. We finish by choosing δ = 2ε and
α = (1− 2ε)/(L+ 1).

4.2.1 Super-regular tripartite graphs

Next, we show that a triple of disjoint n-vertex sets, such that each pair of sets forms a super-regular
pair, admits a strong d-rigid partition for all d = O(n/ log n).

Proposition 4.16. For every δ > 0 there exists c > 0 such that the following holds. Let n, d ≥ 1 be
such that d ≤ cn/ log n. Let G = (V,E) be a tripartite graph with sides A1, A2, A3, each of size n.
Assume that for all 1 ≤ i < j ≤ 3, the pair (Ai, Aj) is (δ, 2δ)-super-regular in G. Then, G admits
a strong d-rigid partition.

Proof. Let c > 0 be a constant to be chosen later, and take 1 ≤ d ≤ cn/ log n. Let V1, . . . , Vd be
a uniform random d-colouring of V ; namely, for every v ∈ V independently, P(v ∈ Vi) = 1/d for
every i ∈ [d].

Claim 4.17. With probability at least 1 − 6n2−2δ/c, for all i ∈ [3], v ∈ Ai, j ∈ [3] r {i} and
1 ≤ k ≤ d, v has neighbour in Vk ∩Aj.

Proof. For every i ∈ [3], v ∈ Ai, j ∈ [3] r {i} and k ∈ [d], let Ev,j,k be the event that v does
not have a neighbour in Aj ∩ Vk. Note that by the (δ, 2δ)-super-regularity of (Ai, Aj), we have
deg(v,Aj) ≥ 2δn. Thus,

P(Ev,j,k) ≤ (1− 1/d)2δn ≤ e−2δn/d ≤ n−2δ/c.

By the union bound over all i ∈ [3], v ∈ Ai, j = [3] r {i}, and k ∈ [d], the probability that Ev,j,k
occurs for some v, j, k is at most

3 · n · 2 · d · n−2δ/c ≤ 6n2−2δ/c.

Therefore, with probability at least 1− 6n2−2δ/c, for all i ∈ [3], v ∈ Ai, j ∈ [3] r {i} and k ∈ [d], v
has neighbour in Aj ∩ Vk.

Claim 4.18. With probability at least 1 − 6n4−2δ
3/c, for all i ∈ [3], x 6= y in Ai, and r, s ∈ [d],

E(N(x) ∩ Vr, N(y) ∩ Vs) 6= ∅.
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Proof. For i ∈ [3], x 6= y in Ai, and r, s ∈ [d], let Ex,y,r,s be the event that E(N(x) ∩ Vr, N(y) ∩
Vs) = ∅. Fix such i, x, y, r, s and let {j, k} = [3] r {i}. By the super-regularity of (Ai, Aj) in G,
|N(x)∩Aj | ≥ 2δn > δn. By the super-regularity of (Ai, Ak), |N(y)∩Ak| ≥ 2δn > δn. Hence, by the
(δ,δ)-density of (Aj , Ak) (which follows from its (δ, 2δ)-regularity; see notes after the corresponding
definitions), |E(N(x) ∩Aj , N(y) ∩Ak)| ≥ δ · (2δn)2 = 4δ3n2. Let

L =
{
v ∈ N(x) ∩Aj : deg(v,N(y) ∩Ak) ≥ 2δ3n

}
.

Then, |L| ≥ 2δ3n (otherwise, |E(N(x) ∩ Aj , N(y) ∩ Ak)| ≤ 2δ3n · n+ (n− 2δ3n) · 2δ3n < 4δ3n2, a
contradiction). Therefore,

P(L ∩ Vr = ∅) ≤ (1− 1/d)2δ
3n ≤ e−2δ3n/d ≤ n−2δ3/c.

Conditioning on L ∩ Vr 6= ∅, there are at least 2δ3n vertices in N(y) ∩ Ak that are adjacent to at
least one vertex in N(x) ∩Aj ∩ Vr, and therefore,

P(E(N(x) ∩Aj ∩ Vr, N(y) ∩Ak ∩ Vs) = ∅ |L ∩ Vr 6= ∅)

≤ (1− 1/d)2δ
3n ≤ n−2δ3/c.

Hence,

P(Ex,y,r,s) ≤ P(E(N(x) ∩Aj ∩ Vr, N(y) ∩Ak ∩ Vs) = ∅) ≤ 2n−2δ
3/c.

By the union bound over all i ∈ [3], x 6= y in Ai, and r, s ∈ [d], the probability that Ex,y,r,s occurs
for some x, y, r, s is at most

3n2d2 · 2n−2δ3/c ≤ 6n4−2δ
3/c.

Thus, with probability at least 1 − 6n4−2δ
3/c, for all i ∈ [3], x 6= y in Ai, and r, s ∈ [d], we have

that E(N(x) ∩ Vr, N(y) ∩ Vs) 6= ∅.

Let c = 2δ3/(5 + log2(12)). Let E1 be the event that there exist i ∈ [3], v ∈ Ai, j ∈ [3] r {i},
and k ∈ [d] such that v does not have a neighbour in Vk ∩ Aj . By Claim 4.17, P(E1) ≤ 6n2−2δ/c.
Let E2 be the event that there exist i ∈ [3], x, y ∈ Ai such that x 6= y, and r, s ∈ [d] such that
E(N(x)∩Vr, N(y)∩Vs) = ∅. By Claim 4.18, P(E2) ≤ 6n4−2δ

3/c. Thus, by the union bound, noting
that 4− 2δ3/c > 2− 2δ/c,

P(E1 ∪ E2) ≤ 6n2−2δ/c + 6n4−2δ
3/c ≤ 6

(
22−2δ/c + 24−2δ

3/c
)
≤ 12 · 24−2δ3/c < 1.

Hence, there exists a partition (V1, . . . , Vd) for which both E1 and E2 do not occur. We will show
that (V1, . . . , Vd) is a strong d-rigid partition of G.

First, let r ∈ [d]. We will show that G[Vr] is connected. Let x, y ∈ Vr with x 6= y. We divide
into two cases:

Case 1. If x, y ∈ Ai for some i ∈ [3], then (since E2 does not occur) there is some u ∈ N(x) ∩ Vr
and v ∈ N(y)∩Vr such that {u, v} ∈ E. Therefore, x and y are connected in G[Vr] by a path
of length three.

Case 2. If x ∈ Ai and y ∈ Aj for i 6= j, then (since E1 does not occur) there exists z ∈ N(y)∩Vr∩Ai.
By the previous case, there is a path in G[Vr] between x and z, and therefore there is a path
in G[Vr] between x and y.
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We conclude that G[Vr] is connected. Now, let r, s ∈ [d] with r 6= s. We will show that G[Vr, Vs] is
connected. Let x, y ∈ Vr ∪ Vs with x 6= y. We divide into four cases:

Case 1. Assume x ∈ Vr ∩Ai and y ∈ Vs∩Ai for some i ∈ [3]. Then (since E2 does not occur) there
is some u ∈ N(x) ∩ Vs and v ∈ N(y) ∩ Vr such that {u, v} ∈ E. Thus, x and y are connected
in G[Vr, Vs] by a path of length three.

Case 2. Assume x ∈ Vr ∩Ai and y ∈ Vr ∩Aj for some i 6= j. Then (since E1 does not occur) there
is some z ∈ N(y) ∩ Vs ∩ Ai. By Case 1, there is a path in G[Vr, Vs] between x and z. Thus,
there is a path in G[Vr, Vs] between x and y.

Case 3. Assume x ∈ Vr ∩ Ai and y ∈ Vs ∩ Aj for some i 6= j. Let k be the unique element in
[3]r{i, j}. Then (since E1 does not occur) there is some z ∈ N(y)∩Vr∩Ak. By Case 2, there
is a path in G[Vr, Vs] between x and z. Thus, there is a path in G[Vr, Vs] between x and y.

Case 4. Assume x, y ∈ Vr∩Ai for some 1 ≤ i ≤ 3. Let j 6= i. Then (since E1 does not occur) there
is some z ∈ N(y) ∩ Vs ∩ Aj . By Case 3, there is a path in G[Vr, Vs] from x to z. Therefore,
there is a path in G[Vr, Vs] from x to y.

We conclude that G[Vr, Vs] is connected. Hence, (V1, . . . , Vd) is a strong d-rigid partition for G.

4.2.2 Putting it all together

To conclude, we use the following simple lemma.

Lemma 4.19. Let 0 ≤ 2d ≤ n, and let G = (V,E) be an n-vertex graph with δ(G) ≥ (n+2d)/2−1.
Then, for every A with 2d ≤ |A| < n there exists x ∈ V rA such that deg(x,A) ≥ d.

Proof. Set a = |A|. If a ≥ n/2 then for every x /∈ A, deg(x,A) ≥ δ(G) − (n − a − 1) ≥ d. Hence,
assume 2d ≤ a < n/2. In this case,

|E(A, V rA)| ≥ a(δ(G)− (a− 1)) ≥ a(n/2 + d− a)

= an/2 + ad− a2 = a(n− 2a)/2 + ad ≥ d(n− 2a) + ad = d(n− a).

Thus, by the pigeonhole principle, there exists x ∈ V rA with at least d neighbours in A.

Let us mention that an argument equivalent to Lemma 4.19 was used in the proof of Theorem 36
in [13]. We are ready to prove Proposition 4.2.

Proof of Proposition 4.2. Let δ, α, n0 be the constants (depending on β) guaranteed by Corol-
lary 4.15, and let n ≥ max{n0, 2/α}. Let c′ = c′(δ) be the constant guaranteed by Proposi-
tion 4.16. Set c = αc′/2, and let 1 ≤ d ≤ cn/ log n. Let G = (V,E) be an n-vertex graph with
δ(G) ≥ (n+ 2d)/2− 1 which is β-far from being bipartite. We want to show that G is d-rigid. By
Corollary 4.15, since |E(G)| ≥ n2/4 and since G is β-far from being bipartite, there exist pairwise
disjoint vertex sets A1, A2, A3 ⊆ V with |A1| = |A2| = |A3| = N ≥ αn ≥ 2 and a subgraph
G′′ ⊆ G such that the pairs (Ai, Aj), 1 ≤ i < j ≤ 3 are all (δ, 2δ)-super-regular in G′′. Let
H = G′′[A1 ∪ A2 ∪ A3] be the induced tripartite graph. By Proposition 4.16, H admits a strong
D-rigid partition for D = bc′N/ logNc ≥ cn/ log n ≥ d. In particular, by Theorem 2.3, H is a
d-rigid subgraph of G with 3N ≥ 2d vertices. Let A be a largest vertex set of G for which G[A]
is d-rigid. Assume to the contrary that A 6= V . Then, since |A| ≥ 2d, by Lemma 4.19, there
exists x ∈ V r A such that deg(x,A) ≥ d. Thus, by Lemma 2.2, G[A ∪ {x}] is also d-rigid, a
contradiction.
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5 Concluding remarks

In this work, we studied the minimum degree conditions that guarantee the generic rigidity of
a graph in Rd. For small values of d (d = O(

√
n)), we established that every n-vertex graph

with minimum degree at least (n + d)/2 − 1 is d-rigid (Theorem 1.1), matching the known d-
connectivity threshold and therefore confirming Conjecture 1 in that range. For larger values of d
(d = O(n/ log2 n)), we showed that the minimum degree condition (n+ 2d)/2−1 ensures d-rigidity
(Theorem 1.2), which is tight up to a factor of two in the coefficient of d.

Furthermore, as a corollary of our proof, we obtained a new lower bound on the pseudoachro-
matic number of a graph, depending on its minimum degree (Theorem 1.3), which may be of
independent interest.

Despite this progress, Conjecture 1, which states that the minimum degree threshold for d-
rigidity is max{(n + d)/2 − 1, 2d − d(d + 1)/n}, remains open. Proving it in full generality may
require new techniques, particularly in the challenging regime where d is linear in n. We hope that
the methods and ideas presented here will stimulate further research on these and related questions.
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and computer science. III, Birkhäuser, Basel, 2004, pp. 95–132. MR2090500 ↑5
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