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Abstract

Semirandom models generate problem instances by blend-
ing random and adversarial decisions, thus intermediating
between the worst-case assumptions that may be overly pes-
simistic in many situations, and the easy pure random case.
In the G,p,x random graph model, the n vertices are par-
titioned into k color classes each of size n/k. Then, ev-
ery edge connecting two different color classes is included
with probability p = p(n). In the semirandom variant,
G}, p.k, an adversary may add edges as long as the planted
coloring is respected. Feige and Killian prove that unless
NP C BPP, no polynomial time algorithm works whp
when np < (1 — €)lnn, in particular when np is constant.
Therefore, it seems like Gy, ,, ;, is not an interesting bench-
mark for polynomial time algorithms designed to work whp
on sparse instances (np a constant). We suggest two new cri-
teria, using semirandom models, to serve as benchmarks for
such algorithms. We also suggest two new coloring heuristics
and compare them with the coloring heuristics suggested by
Alon and Kahale 1997 and by Béttcher 2005. We prove that
in some explicit sense both our heuristics are preferable to
the latter.

1 Introduction and Results

Introduction. A k-coloring f of a graph G = (V, E)
is a mapping from the set of vertices V' to {1,2,...,k}.
f is a legal coloring of G if for every edge (u,v) € E,
f(w) # f(v). In the graph coloring problem we are
given a graph G = (V, E) and are asked to produce a
legal k-coloring f with a minimal possible k. Such k
is called the chromatic number, commonly denoted by
X(G). For a broad view of the coloring problem the
reader is referred to [19)].

The plethora of worst-case NP-hardness results
for problems in graph theory motivates the study of
heuristics that give "useful” answers for ”typical” subset
of the problem instances, where "useful” and ”typical”
are usually not well defined. One way of evaluating
and comparing heuristics is by running them on a
collection of input graphs (”benchmarks”), and checking
which heuristic usually gives better results. Though
empirical results are sometimes informative, we seek
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more rigorous measures of evaluating heuristics. A
rigorous candidate for the analog of a ”useful” answer
is the notion of approximation, where the goal of
the heuristic is to provide with a solution which is
guaranteed to be within small distance from an optimal
one. Although approximation algorithms are known for
several NP-hard problems, the coloring problem is not
amongst them. In particular, Feige and Kilian [10] prove
that no polynomial time algorithm approximates x(G)
within a factor of n'=¢ for all input graphs G, unless
ZPP=NP.

When very little can be done in the worst case,
comparing heuristics’ behavior on ”average” instances
comes in mind. One possibility of rigourously modeling
"average” instances is to use random models. A good
candidate can be the well known random graph model
G, p introduced by Erdés and Rényi. A random graph
G in G, consists of n vertices, and each of (}) pos-
sible edges is included w.p. p = p(n) independently of
the other. Bollobds [5] and Luczak [24] calculated the
probable value of x(G,,,) to be whp ! approximately
np/(2In(np)) for p € [Co/n,log™"n] ([5] actually ex-
tends to p < 0.99 with a somewhat different expression
for the chromatic number). Observe that the chromatic
number is typically rather high (roughly comparable
with the expected degree). In order to consider graphs
with a smaller chromatic number, Kuéera [23] suggested
a model for generating random k-colorable graphs, de-
noted throughout by Gy, , . First, randomly partition
the vertex set V' = {1,...,n} into k classes V1, ..., Vi, of
size n/k each. Then, for every ¢ # j, include every pos-
sible edge connecting a vertex in V; with a vertex in V;
(abbreviated V; — V; edges) with probability p = p(n).
This model is the analog of the planted clique, planted
bisection, and planted SAT distributions, studied e.g.
n [2], [11], [13], [14].

The Semirandom Model. The main drawback of
random models is that they may simply not capture the
space of ”useful” problems. The instances generated
using random models are extremely unstructured (see
[16] for example), which probably does not reflect the
real-world examples. Further, there is the temptation

TWriting whp we mean with probability tending to 1 as n goes
to infinity.



of over-exploiting the statistical properties of the ran-
dom graph (eigenvalues structure, vertex degrees, etc)
and design algorithms that perform well on a specific
distribution but fail completely when slightly changing
the distribution to a more realistic one (as many such
graph properties no longer possess the ”clean” and man-
ageable behavior they have in the random setting).

To capture this notion of robustness desired from
an algorithm, semirandom models are introduced. In
the semirandom setting, first a random instance is gen-
erated. Next, an adversary may change the instance
further. These modifications cannot be arbitrary, or
the adversary can remake the graph into a worst-case
instance. Put differently, semirandom models generate
problem instances by blending random and adversarial
decisions, thus intermediating between the worst-case
assumptions, which may be overly pessimistic in many
situations, and the easy pure random case. As such,
they often serve as a driving force towards designing
more natural and efficient algorithms (e.g., introduc-
ing semi-definite programming not only as an impor-
tant tool in approximation algorithms but rather as part
of heuristics that solve "typical”, and adversarial, in-
stances [9], [11]. [13] present a simpler and more natural
algorithm for a semi-random planted 3SAT distribution,
compared with [14] for the random setting).

The following semirandom variant of G, was
suggested by Blum and Spencer [4], and is denoted
throughout by G ok First, a graph Go = Gppi is
generated (throughout we use Gy to denote a random
graph sampled according to G, p %, or the underlying
random part of a semirandom instance. The meaning
will be clear from the context). Next, an adversary is
allowed to add V; — V; edges for i # j.

Related Work. [22] suggests an O(,/np/logn)-
approximation algorithm for the chromatic number of
graphs on n vertices. They prove that over G, p,
p € [n‘erE 3] the algorithm runs in expected poly-
nomial time 2 [8] extends the latter to p > C/n, C
a sufficiently large constant. In this work we focus on
heuristics that find a correct solution for ”almost all”
instances. Alon and Kahale [1] suggest a polynomial
time algorithm based on spectral techniques that whp
finds a k-coloring of Gy, , x with np > Cok?, Cp a suf-
ficiently large constant. Combining techniques from [1]
and [7], [6] suggests an expected polynomial time algo-
rithm for G,, , 1 based on SDP (semi-definite program-
ming). Both [1] and [6] fail in G}, ,, as the adver-
sary may foil many statistics of the random graph which

2An algorithm A with running time ¢ 4 (I) on an input instance
I, has expected polynomial running time over a distribution D on

the inputs, if >-;t4(I) - Prp[] is polynomial.

both algorithms heavily rely on (eigenvalues structure,
vertex degrees, etc). Blum and Spencer [4] present a
heuristic that k-colors G, whp for a constant k, and
np > n% ap > 2/5. Felge and Kilian [9] improve upon
thls result giving an SDP-based algorithm that k-colors
ook for np > c(1+€)klnn. They also provide with a

hardness result, proving that unless NP C BPP, it is
hard® to k-color G}, . for np < (1 — ¢)Inn. The proof
of the hardness result is based on the existence whp
of isolated vertices when np < (1 — €)lnn, more de-
tails ahead. Coja-Oghlan [7] gives a simpler SDP-based
heuristic that k-colors G, . for np > ¢(1 + e)klnn,
and also provides a certificate for the optimality of the
coloring. [7] improves upon the hardness result of [9],
proving that unless NP C RP, it is hard to k-color
Gy, o formp < (1— €)% In(n/k).
Our Results. In this WOI"k7 we focus on the sparse case,
namely when np is constant (that may depend on k).
Semirandom distributions of sparse instances need to be
addressed with more delicacy. For example, in G Pk
np a constant, whp there will be a constant fraction of
isolated vertices in Gy on which the adversary (if not
restricted otherwise) can plant a worst-case instance,
turning the problem hard. This is the basic idea
behind the hardness proofs in [7], [9]. Consequently,
G, , % is not an interesting benchmark in our (sparse)
setting . Therefore, different criteria for evaluating the
robustness of algorithms in the sparse case are in due.

The first to consider semirandom models for sparse
settings were [13] and [25], in the context of the planted
SAT distribution. In this paper we discuss two alterna-
tives for the coloring problem, which prove quite use-
ful. One possibility is to further limit the adversary
and to require that the algorithm succeeds whp when
spending polynomial time. To this end we introduce the
semirandom model G k- Lhe only difference between
G, px and GH ) I8 that in the latter, the adversary is
allowed to add only edges whose both endpoints belong
to a certain set H C V (which will be rigorously de-
fined and analyzed in the sequel). Another possibility
is to require that the algorithm finds a solution whp
over G, . This time however it will not be realistic
to require that the algorithm spends only polynomial
time (the aforementioned hardness results), rather the
algorithm is allowed to spend as much time as needed to
guarantee a solution whp. The preferable heuristic in
this case is the one guaranteeing a solution whp while
spending as little time as possible.

Building upon [1] and [7] we present two new color-
ing heuristics, COLOR and COLOR2. Using the afore-

3By ”hard” we mean there exists no polynomial time algorithm

that solves the problem whp



mentioned criteria, we compare COLOR, COLOR2, [1],
and [6]. We prove that in some exact sense, COLOR
is the most robust heuristic of the four, and COLOR2
is preferable to [1], [6]. As a byproduct, we identify
the weakest links in all four algorithms, which yields a
deeper algorithmic understanding, thus serving as yet
another motivation for using semirandom models. For-
mally, we prove:

THEOREM 1.1. Let np > Cok? for some sufficiently
large constant Cy and a constant k, then there is an
algorithm COLOR that whp k-colors G, p 1. in polyno-
maal time.

THEOREM 1.2. In the setting of Theorem 1.1, the al-
gorithm COLOR finds whp a k-coloring in polynomial
time for the semirandom distribution Gf,p,k defined in
Section 4.

THEOREM 1.3. In the setting of Theorem 1.1, the al-
gorithm COLOR finds whp a k-coloring for G, . in
time (14 )™, where a = exp{—Q(np/k)}.

Theorem 1.1 is already proven in [1], and an even
stronger version of it is proven in [6]. However, we show
that [1] fails to meet the requirements of Theorems 1.2
and 1.3, and that at least the analysis given in [6] fails
Theorem 1.2, and in Theorem 1.3, o should be adjusted
to Q((np/k)~%5). As for COLOR2,

THEOREM 1.4. In the setting of Theorem 1.1,
COLOR2 finds whp a k-coloring of Gy pr in polyno-
maal time.

THEOREM 1.5. In the setting of Theorem 1.2, the al-
gorithm COLORZ2 finds whp a k-coloring of fo,p,k n
polynomial time.

However COLOR2 fails to meet the requirements of
Theorem 1.3. The proofs of Theorems 1.4 and 1.5 are
not given fully and only an outline is sketched.

The rest of the paper is structured as follows. In
Section 2 we present both algorithms, COLOR and
COLOR2. 1In Section 3 we analyze COLOR in the
random setting of Gy, ;. In Section 4, we describe
in details the semirandom variant Gi{ p.k» and prove
Theorems 1.2 and 1.3. We also compare all four
algorithms using Gf) px and Gy, as benchmarks. In
Section 5 we discuss some possibly interesting topics for
future research.

2 The Algorithms

In this section we present both algorithms, COLOR
and COLOR2. As the underlying ideas are common
to all four algorithms, and since we compare their per-
formances, we start by giving a short description of [1]

and [6]. In the description, we make remarks as to the
aforementioned set H, which correspond to the analy-
sis part. The reader at this stage may disregard these
notes, as we do not assume familiarity with the analysis
in [1]. The scheme in both algorithms is basically the
same, we start with [1]. First, using a spectral tech-
nique, a (1 — €)-approximation of the planted coloring
is obtained whp (e is a small constant, the probabil-
ity is taken over Gn %) . Next, a recoloring proce-
dure is applied to reach an even closer distance from
the planted coloring (and in particular, whp the set
H is now colored correctly). Then, a careful uncoloring
step guarantees that whp only correctly colored vertices
remain colored (in particular, H remains colored). Fi-
nally, using exhaustive search on the graph induced by
the uncolored vertices, the partial coloring is completed
whp to a legal one. Since this graph breaks down whp
to connected components of size O(log, n), the latter
can be carried out successfully while spending polyno-
mial time. [6] runs in expected polynomial time over
Gnp,k- To achieve this, some modifications to [1] are
done, amongst which, the spectral step is replaced with
SDP, and possible mistakes in the recoloring and un-
coloring steps are corrected using a careful exhaustive
search.

Notation. For a graph G, we let V(G) denote its set
of vertices and E(G) the set of edges. For aset U C V,
G[U] denotes the subgraph of G induced by the vertices
of U. For a vertex v, N(v) denotes its set of neighbors
in G. For A,B C V we let ¢(A, B) be the number of
edges connecting a vertex from A and a vertex from B
in G. For two vertices u,v € V(G), G + (u,v) denotes
the graph G with the additional edge (u,v). For two
graphs G, G2, G1\ G2 denotes G1 with all the edges of
G removed from it. The scalar product of two vectors
z,y € R™ is denoted (z,y).

Motivation. The algorithm COLOR consists of two
steps. First (lines 1-12), using SDP, one obtains a
partial coloring of the graph, which satisfies (a) it
coincides with the planted coloring and (b) whp the
partial coloring colors all but a small fraction of the
vertices (in particular, the set H is colored). Next (lines
13-14), as done in Alon-Kahale, the partial coloring is
completed to a legal one using exhaustive search on the
set of uncolored vertices. In the setting of Theorems
1.1 and 1.2, the subgraph induced by the uncolored
vertices breaks down whp to connected components of
size at most O(log; n), allowing the exhaustive search
to remain polynomial. COLOR2 is more similar to
[1] and [6]. Using SDP, a partial coloring is obtained.
However, using different analysis than [6], one can show
that the partial coloring is such that the recoloring step
can be skipped, and one can immediately approach the



uncoloring procedure. Finally, using exhaustive search,
a legal coloring is whp found.

As the first step in COLOR and COLOR2 is based
on the SDP of the max h-cut problem, suggested by
Frieze and Jerrum [15], we start by presenting it.

h—1
SDP,(G) =max Y —— (1= {wu, 3))
(u,v)EE

t. Y uveV >_ !

st. Vu,v eV, (xy,xy) > P
where the max is taken over all families (x,)yey of unit
vectors in RV, If h > 2 is an integer, then SDP,
is a relaxation of the MAX h-CUT problem. Since
SDP;, is a semidefinite program, its optimal value can
be computed up to an arbitrary high precision € > 0, in
time polynomial in |V, h, log % (e.g. using the Ellipsoid
algorithm [17], [20]).

If G is k-colorable, then SDP;(G) = |E(G)| (since
|E(G)| = max-k-cut(G) < SDP,(G) < |E(G)]) . More-
over, if G is a subgraph of G’, then SDP,(G) <
SDP,(G"). The following Lemma is the key to under-
standing and analyzing both algorithms.

LEMMA 2.1. Let G = Gy, , ., np = Cok?. Whyp there
exists a set Vo C V' of vertices, such that:

(@) Let V7 = Vo N Vi, then [VO||Vi] > 1 —
exp{—Q(np/k)}.

(b) For every i € {1,2,...,k}, for every u*,v* € Vo(i),
and for every h < k, SDP,(G + (u*,v*)) < |E(G)| —
Q(’ikp)(k — h). In particular, for h = k, SDP,(G +

(u”,0%)) = [E(G)].

In the sequel (Lemma 3.1), we explicitly identify such a
set Vy, proving the lemma.

Another simple observation is that for any u € V,
v € Vj st i # j, it holds that SDP(G + (u,v)) =
SDPy(G)+1. This observation, combined with Lemma
2.1, are the motivation behind steps 5-10 of COLOR.
As we shall prove in the next section, in steps 1-12, a
set meeting the requirements of V; is colored according
to the planted coloring whp. Further, G[V \ Vo] breaks
down whp to connected components of size O(log;, n).

REMARK 2.1. Instead of iteratively picking up the v;’s
(line 4), one can go over all (Z) possibilities for vy, ..., vg.
Another option is to choose all the v;’s in one step (and
possibly amplify the success probability by repeating
the execution).

REMARK 2.2. The algorithm receives k as a parameter.
However, this is done only to simplify the description. If
one could efficiently calculate a lower bound r on x(G),
then a simple way to circumvent the problem of not

Algorithm 1 : COLOR(G, k)

1: Compute the value of SDPy(G) up to precision of
0.05.

2: Let WiZQfOI‘Z':LQ,...,k’.

3: for ¢ =1to k do

4:  Let W= U;;ll W;, pick v; € V \ W w.a.r and set
Wi = {Ui}.

5. for all w € V' \ W and non-edges (v;,u) ¢ F do

6: Compute SDPy(G + (u,v;)) up to precision of

0.05.

7: if |SDP(G + (vi,u)) — SDP(G)| < 0.1 then

8: W, — W; U {u}

9: end if

10: end for

11: end for

12: Color W; with color ¢, and let U = V' \ Ule Wi

13: Find the connected components in G[U].

14: In every component separately, use exhaustive
search to complete the partial coloring of Ule Wi
to a legal k-coloring of G.

knowing k is to run the algorithm with k =r,r+1,...,n
(of course the trivial bound r = 1 suffices, but one
can do better). Such a non trivial lower bound can
be calculated via SDP (in fact for G},  ; the value x(G)
itself can be calculated whp, Lemma 2.3 ahead). To
obtain this result and as motivation for the algorithm
COLOR2, we need the following discussion.

DEFINITION 2.1. Let G = (V, E) be a graph, |V| = n.
We say that a family of n unit vectors (x,)yey in R™
is a rigid vector k-coloring of G, if for every u,v € V,
(T, xp) > —1/(k — 1) and if (u,v) € E then (Ty,Ty) =
—-1/(k-1).

J2(G) commonly denotes the minimal real £ > 1 such
that G admits a rigid vector k-coloring. Since J2(G) can
be stated as a semidefinite program, it can be computed
up to an arbitrary precision in polynomial time. The
definition of ¥J2(G) in terms of vector coloring is related
to the work of Karger, Motwani and Sudan [20].

LEMMA 2.2. For every graph G, 92(G) < x(G).

Proof. Let x(G) = ¢ < n. One can find ¢ unit vectors
{v1,...,v.} in R” st. (v;,v;) = —1/(c — 1) for every
1 <i# j <h (for a proof, see for example [21] Claim
2.2). Consider a c-coloring of G, and assign v; to all
vertices of color i. Clearly {v1,...,v.} is a rigid vector
c-coloring of GG, proving the Lemma.

LEMMA 2.3. For G =G},

whp 92(G) = x(G) = k.



Proof. Tt is enough to show that J2(G) = k (since
x(G) < k by definition, and 9J2(G) < x(G) by the pre-
vious Lemma). By contradiction, assume that J5(G) =
h < k. Let (z,)vev be a rigid vector h-coloring of G.
(xy)vev is also a feasible solution to SD Py, therefore,
SDP,(G) > |E(G)]. On the other hand, by Lemma 2.1,
whp SDP,(G) < |E(G)| for h < k.

Therefore, when the input is G = G;’p’k, we can
whp calculate k. Using the terminology of [7], we
call a rigid vector k-coloring (x,),ey of G = G;,p,k
integral w.r.t. the planted k-coloring of G, if there
are k vectors (z]);=1 x, = af for all v € V,

i
and (z},7}) =

.....

—zL for i # j. [7] proves that for
np > Q(klnn), the rigid vector k-coloring is whp
integral, therefore the planted coloring of the graph can
be easily reconstructed. This is not necessarily true in
the sparse case. However, in the sparse case, a rigid
vector k-coloring of G is integral on Vj. Formally,

PROPOSITION 2.1. Let (xy)vev be a rigid vector k-
coloring of G = Gy, , .. Whp for every i, and every

s, t € Vo(i), Ts = Xy.

Proof. Observe that (z,)yecy is also a feasible solution
to SDP,(G+(s,t)), though not necessarily the optimal
one. Thus,

Bo = Y P la e <
(u,v)EE(G)
Z %(1_@%;1%»4—%(1—<xs,xt>)
(u,v)EE(Q)
<SDR(G+(s1) < [EG)

Lemma 2.1

We conclude that -2 (1 — (z,,z¢)) = 0, or equivalently

that x5 = ;. Since whp there exist Vo(i) - Vo(j ) edges
for every i, j, the second requirement, (z},z}) = —ﬁ,

holds by the definition of a rigid vector k-coring.

REMARK 2.3. Since the SDP of the rigid vector k-
coloring is not solved exactly (rather up to some pre-
defined precision) there are some extra technical issues
to take care of. For example, two vertices that should
have received the same vector assignment x; may have
received in fact two different, though very close, vectors.
As such issues are only technical in nature, details are
omitted.

3 The Random Setting

In this section we prove Theorem 1.1, and sketch the
analysis of COLOR2. The key to proving Theorem 1.1

Algorithm 2 : COLOR2(G, k)

1: Compute a rigid vector k-coloring of G, {z}}.

2: Group the vertices in V' according to the vectors
{x}} assigned to them by the rigid vector k-coloring.

3: Let W; C V be the set of vertices assigned with the
vector .

4: Color the k largest W;’s (w.lo.gi=1,...,k) with k
different colors (one for every set).

5. while 3i,j € [1..k],v € V s.t. v € W; and v has less
than 0.98np/k neighbors colored j # i do

6:  Uncolor v.

7. end while

8: Let U be the set of uncolored vertices.
connected components in G[U].

9: In every component separately, use exhaustive
search to complete the partial coloring of G[V \ U]
to a legal k-coloring of G.

Find the

is to show that whp, in steps 1-12, a huge fraction
of the vertices is colored correctly, and the remaining
vertices break into connected components of size at most
log;.(n). To this end, we introduce a set of vertices
H C V similar to the one described in [1]. Let us briefly
define H (a similar description can also be found in
[1]). First, let Hy be the set of vertices having at most
1.01np/k neighbors in Gy in every color class (other
than their own). Consider the subgraph Gy[Hp] (the
subgraph induced by the vertices of Hy) and set i = 0.
While there exists a vertex v; € H; that has less than
0.99np/k neighbors in Go[H;] in some color class (other
than its own), define H;11 to be H;\ {v} and increment
1 by 1. Let H be the remaining set of vertices when the
iterative procedure stops.

LEMMA 3.1. Whp, the set H satisfies the requirements
to the set Vi in Lemma 2.1.

Lemma 3.1 proves Lemma 2.1. The proof of requirement
(a) in Lemma 2.1 is given in [1] Lemma 2.7 (for k = 3).
The proof of requirement (b) follows closely the one
given in [7] Lemma 10, while using results from [1]
and [12]. The proof of Lemma 3.1 is highly technical
in nature, thus it is deferred to the appendix. In the
remainder of the section, it would be convenient for the
reader to think of Vy as H.

Recall that Vo(l) is the set of vertices in V that belong
to color class V;. We start by proving that if v; happens
to fall in V}J(l), then whp most of the color class V; is
recovered. Formally,

LEMMA 3.2. If v;, chosen in line 4, belongs to Vo(i),
then whp tﬁe corresponding W; recovered in steps 5-8
satisfies Vo(l) CW; CV;.



Proof. First we prove that W; C V; w.p. 1. By
contradiction, suppose that in some step of the for
iteration in lines 5-8, some v € V},j # i was included
in W;. Then the condition in line 7 held. However,
it holds that SDP,(G + (v;,u)) = SDP,(G) + 1 for
u ¢ V;. Choosing the precision of the SDP solution to be
high enough (0.05 in our case), we get a contradiction.
VO(Z) C W; holds whp by Lemma 2.1, requirement (b)
and again choosing a sufficiently high precision for the
SDP.

It therefore remains to prove that with rather high
(we shall prove constant) probability, the vertices
v1, V2, ..., U chosen in line 4, satisfy v; € V}J(Z). This,
combined with Lemma 3.2, proves that whp most of
the vertices (and in particular the set Vj) are colored
correctly when line 13 begins to execute. Formally,

LEMMA 3.3. With probability 1 — exp{Q(np/k)}, all k
vectors vy, Vs, ..., U, chosen in line 4, satisfy w.l.o.q.
Vi € Vo(l)

Proof. For starters, consider the first iteration where
v1 is chosen. Assume that Lemma 2.1 indeed holds.
By requirement (a) of Lemma 2.1, v; belongs to some
Vo(l) w.p. 1 — exp{Q(np/k)}, assume w.lo.g. i = 1.
Now assume that v, v, ...,v;_1 were all chosen to be
in Vo(l)7 %(2), ey Vo(i_l) respectively, and ask what is the
probability that v; € V{”. When picking v;, the bad
events could be either that v; € V} for some j <i—1 (by
Lemma 3.2 and the assumption on the v;’s, v; will then
belong to V; \ Vo(j)), or that v; € V;'\ Vo(l). The number
of bad vertices is then at most n - exp{—Q(np/k)}. The
total number of remaining vertices to choose from is
at least n/k (since in every iteration at most one color
class is colored). Therefore, the probability of a bad
event happening is bounded by

n - exp{—Q(np/k)}
n/k

=Fk-exp{—Q(np/k)} =

= exp{—Q(np/k)}.

The last equality is due to np > Cok?. Let A; be the
event v; € VOZ). Then,

Pr[/\ Ai] = Pr[Ay] - Pr[As|A] - - Pr(Ay] /_\ Ay

> (1 — exp{-Qmnp/R)})F = 1 — k- exp{—Qnp/k)}
1 exp{—Qnp/R)}.

Since Lemma 2.1 holds w.p. 1—o0(1), the lemma follows.

REMARK 3.1. One can ensure that Lemma 3.3 occurs
with probability 1 by going over all possible (}) choices
for vq,...,vr and run COLOR for each such choice
(skipping line 4).

PROPOSITION 3.1. H is colored when the exhaustive
search begins with probability 1 — exp{—Q(np/k)}. Fur-
ther, (with probability 1) the partial coloring induced by
the W;’s (line 12) coincides with the planted coloring
(up to renaming of color classes).

Proposition 3.1 follows readily from Lemmas 3.1, 3.2
and 3.3.

ProprosITION 3.2. Whp, the largest connected compo-
nent in G[V '\ H] is of size at most logy(n).

The proof of this Lemma is given in [1] Proposition
2.11, for k = 3. It generalizes easily for any constant k.
The intuition behind the proof comes from a well known
result concerning G, . If np < 1, then whp the largest
connected component in G, , is of size at most O(logn)
(see e.g. [3] for a complete discussion). Now consider
a random subgraph of size an of G, ,, this subgraph
is exactly G ap, where n = an. If anp < 1, whp the
largest connected component in G o is of size O(log 7).
In our case, whp |V \ H|-p < 1 but unfortunately V'\ H
is not a truly random subset of vertices. Therefore, the
proof is burdened with more technicalities.

Combining Propositions 3.1 and 3.2, whp the ex-
haustive search consumes polynomial time, and suc-
ceeds in completing the partial coloring (line 12), to
a legal coloring of G (since at least the partial color-
ing can be completed to the planted one). Theorem 1.1
then follows.

Let us now sketch the proof of Theorem 1.4. Propo-
sition 2.1 and requirement (@) in Lemma 2.1 imply that
the set H is set correctly before the uncoloring proce-
dure begins. By the definition of H, and the fact that
the coloring of H coincides with the planted coloring, it
follows that H survives the uncoloring procedure. By
expansion properties of G, p 1., it holds that whp every
vertex that survived the uncoloring is colored according
to the planted coloring (Lemma 2.9 in [1]). This com-
bined with Proposition 3.2, allow the exhaustive search
to succeed whp in completing the partial coloring to a
legal one in polynomial time.

4 The Semirandom Setting

Let us recall the definition of the semirandom model
G, pi- First a random graph Go = Gy i is generated
in the aforementioned way. Let Vi, Vs, ...,Vi be the
planted color classes. Next an adversary may add edges

connecting a vertex in V; with a vertex in Vj for i # j.



Improving upon [9], [7] proves that unless NP C RP,
there is no polynomial time algorithm that whp k-
colors G, when np < (1 — €)% In(n/k) . In our
case np is constant, therefore it is not realistic to expect
COLOR to work whp in polynomial time over G}, ;.
Let A C V be an arbitrary set of vertices, denote by
GAP ;. the following semirandom model. As in G, ;.
first Gy is generated. Next, an adversary may add
Vi — V; edges, only this time both endpomts belong to
A Observe that ank =G}, and G ok = Gnpk

Therefore, the choice of A in GA npik allows us to regulate
the hardness of the resulting distribution. In this work
we consider A = H. Note that H is in some sense a
random set which depends on Gy. Arguably, GZ ok 18
not the most natural semirandom model to COIlbldeI‘
In particular, the fact that H depends on Gg is not
a desirable property. However, as we show shortly, it
already suffices to separate COLOR and COLOR2 from
[1] and [6], identifying two weakest links in the latter.

4.1 Proof of Theorem 1.2

Proof. Note that Lemmas 3.1, 3.2 and 3.3 are valid in
G, . to begin with, therefore remain valid in the more
restricted G p.k- Hence, Proposition 3.1 is also valid in
G}, - Regarding Proposition 3.2, its proof for G,k
relies on the random properties of Go[V \ H]. As the
adversary is not allowed to add edges to Go[V \ H],
it remains valid in GZ p.k- Lo summarize, the analysis
given in Section 3 remains valid for G
Theorem 1.2 follows.

. as well. Thus,

As for Theorem 1.5, Lemmas 2.1, 3.1, and Proposi-
tion 2.1 assume G = G}, ;. Proposition 3.2 is also valid
in GH p.k- The only issue to address is the correctness
of the uncoloring procedure. As the expansion proper-
ties of Go[V'\ H] remain valid in GIf ,, the assertions
regarding the uncoloring procedure carry through.

Let us now compare the four algorithms, [1], [6],
COLOR and COLOR2, using G)f , as a benchmark.
[1] fails already in the spectral step since whp H con-
tains almost all vertices allowing the adversary to jum-
ble with the spectra of the graph (emptying the eigen-
vectors, in particular the last two used in [1], from
meaningful information regarding the planted coloring).
One can prove that the SDP approximation (replacing
the spectral one), used in [6], still provides a (1 — €)-
approximation in G . (though the issue of semiran-
domness is not addressed in [6]). However, the analy-
sis of the recoloring step employed in [6] relies on ran-
dom properties of Gy, p 1 which need not hold in G
Therefore, the analysis in [6] doesn’t show that the algo—
rithm finds a legal coloring whp in polynomial time. On
the other hand, both COLOR and COLOR2 find whp

a legal coloring in polynomial time when the graph G
is sampled according to GZ p.k- The two weakest links
- the spectral technique, and the recoloring procedure -
are not used in the latter. However, this model doesn’t
suffice to separate COLOR from COLOR2. This will be
done promptly.

4.2 Proof of Theorem 1.3

Proof. Lemmas 3.1, 3.2 and 3.3 are valid in G}, .
hence Proposition 3.1 is also valid in G}, , . However,
Proposition 3.2 need not necessarily hold. Therefore,
based on the above analysis, it need not hold that
the exhaustive search can end up successfully while
spending polynomial time. However, requirement (a)
in Lemma 2.1 and Lemma 3.1 imply that whp |U| <
exp{—Q(np/k)}n (where U is the set of uncolored
vertices). Thus, the exhaustive search consumes at most

PSR < (14 exp{—Q(np/k)})"

LIUI —
steps. Theorem 1.3 then follows.

Now let us compare [1], [6], COLOR and COLOR2 in
this setting. [1] fails for at least the aforementioned
reason. The analysis of the uncoloring procedure em-
ployed by COLOR2 (as well as by [1] and [6]) breaks
in Gy, , ;. failing to show that all vertices surviving the
uncoloring are colored according to the planted color-
ing. Therefore, it might be the case that COLOR2 will
not be able to produce a legal coloring regardless of the
amount of time it is given (since the graph G[U] may
no longer be k-colorable when taking into account the
constraints imposed by the coloring of V\U). As part of
the augmentations of [1] towards becoming an expected
polynomial time algorithm, [6] employs a recovery step
(which is basically a careful exhaustive search), which
eventually sets correctly the en vertices possibly missed
by the SDP approximation. At that stage a legal color-
ing is found, but not necessarily beforehand (at least the
analysis fails to show that). The analysis in [6] requires
€ = Q((np/k)=%%). Therefore, the time guaranteed by
the current analysis in [6] to find a legal coloring is at
least (1+Q((np/k)~7))™. This is of course much larger
than the time COLOR spends.

5 Discussion

Semirandom models serve in many cases as useful
benchmarks for evaluating the robustness of algorithms
designed to work whp for random structures. How-
ever, when considering sparse random distributions, it
might be the case that the interesting and natural ad-
versaries render the problem hard (see for example [7],
[9]). Therefore, one cannot expect them to serve as



useful benchmarks when inspecting polynomial time al-
gorithms. In this work, we suggest two alternatives to
address the issue, and as a case study apply them to
[1], [6], COLOR, and COLOR2. The first alternative
is to further restrict the adversary, which translates to
Gf,p,k in our setting. Using Gf’p)k, np > Cok?, as a
benchmark, we were able to claim that in some explicit
sense COLOR and COLOR2 are more robust than [1]
and [6]. However, G[_, doesn’t separate COLOR from
COLOR2.

The second alternative is to consider the natural semi-
random distribution G}, , ,, allow the algorithms to use
as much time as needed to find a solution whp in
the semirandom setting, and then compare the running
times (which now may be superpolynomial). In our set-
ting, for G, ;. np > Cok?, [1] and COLOR2 fail to
produce a solution (at least their analysis fails to show
it), regardless of the amount of time spent trying to
find one. In contrast, COLOR and [6] find a legal col-
oring whp in time (1 + )", where b > 0 is a constant
depending on np/k. The exponent base guaranteed by
COLOR is much smaller than the one guaranteed by [6]
(b decreases exponentially in np/k rather than polyno-
mially).

As we already mentioned, though useful, Gﬁ{ ok 18
not the most natural model to consider. An interesting
question for further research is to come up with a more
natural semirandom model for np > C(k), C(k) a
constant, while keeping the model interesting, in the
sense that one can expect a polynomial time algorithm
to solve it whp. Then, one naturally asks for a
polynomial time algorithm that works whp in that
model. Another interesting question is to characterize
the maximal set A of vertices s.t. G;;‘,p,  can be solved
in polynomial time whp.

References

[1] N. Alon and N. Kahale. A spectral technique for color-
ing random 3-colorable graphs. STAM J. Comput., 26
(1997), pp. 1733-1748.

[2] N. Alon, M. Krivelevich, and B. Sudakov. Finding
a large hidden clique in a random graph. Random
Structures and Algorithms, 13 (1998), pp. 457-466.

[3] N. Alon and J. H. Spencer. The probabilistic method.
Wiley-Interscience Series in Discrete Mathematics and
Optimization. Wiley-Interscience [John Wiley & Sons],
New York, second edition, 2000.

[4] A. Blum and J. Spencer. Coloring random and semi-
random k-colorable graphs. J. of Algorithms, 19 (1995),
pp. 204-234.

[5] B. Bollobds. The chromatic number of random graphs.
Combinatorica, 1 (1988), pp. 49-55.

[6] J. Bottcher. Coloring sparse random k-colorable graphs
in polynomial expected time. In Proc. 30th Interna-
tional Symp. on Mathematical Foundations of Com-
puter Science. Lecture Notes in Comput. Sci. 3618
(2005), pp. 156-167.

[7] A. Coja-Oghlan. Coloring semirandom graphs opti-
mally. In Proc. 31st International Colloquium on Au-
tomata, Languages, and Programming, pp. 383-395,
2004.

[8] A. Coja-Oghlan. The Lovdsz number of random graphs.
Combin. Probab. Comput. 14 (2005) pp. 439-465.

[9] U. Feige and J. Kilian. Heuristics for semirandom
graph problems. J. Comput. and Syst. Sci., 63 (2001),
pp- 639-671.

[10] U. Feige and J. Kilian. Zero knowledge and the chro-
matic number. J. Comput. and Syst. Sci., 57 (1998),
pp. 187-199.

[11] U. Feige and R. Krauthgamer. Finding and certifying
a large hidden clique in a semirandom graph. Random
Structures and Algorithms, 16 (2000), pp. 195-208.

[12] U. Feige and E. Ofek. Spectral techniques applied to
sparse random graphs. Random Structures and Algo-
rithms, 27 (2000), pp 251-275.

[13] U. Feige and D. Vilenchik. A local search algorithm for
8SAT. Technical report, The Weizmann Institute of
Science, 2004.

[14] A.Flaxman. A spectral technique for random satisfiable
8CNF formulas. In Proc. 14th ACM-STAM Symp. on
Discrete Algorithms, pp. 357-363, 2003.

[15] A. Frieze, M. Jerrum. Improved approzimation algo-
rithms for MAX k-CUT and MAX BISECTION. Al-
gorithmica, 18 (1997), pp. 67-81.

[16] A. Frieze and C. McDiarmid. Algorithmic theory of
random graphs. Random Structures and Algorithms,
10 (1997), pp. 5-42.

[17] M. Grotschel, L. Lovész, and A. Schrijver. Geometric
algorithms and combinatorial optimization. Algorithms
and Combinatorics (2). Springer-Verlag, Berlin, second
edition, 1993.

[18] C. Helmberg. Semidefinite programming. European
Journal of Operational Research, 137 (2002), pp. 461—
482.

[19] T. R. Jensen and B. Toft. Graph coloring problems.
Wiley-Interscience Series in Discrete Mathematics and
Optimization. Wiley-Interscience [John Wiley & Sons],
New York, 1995.

[20] D. Karger, R. Motwani, and M. Sudan. Approzimate
graph coloring by semidefinite programming. J. of the
ACM, 45 (1998), pp. 246-265.

[21] M. Krivelevich. Deciding k-colorability in expected poly-
nomial time. Info. Process. Letters, 81 (2002), pp. 1-6.

[22] M. Krivelevich and V. H. Vu. Approzimating the inde-
pendence number and the chromatic number in expected
polynomial time. J. Comb. Optim., 6 (2002), pp. 143—
155.

[23] L. Kucera. Ezpected behavior of graph coloring algo-
rithms. Proc. Fundamentals of Computation Theory,
56 (1977), pp. 447-451.



[24] T. Luczak. The chromatic number of random graphs.
Combinatorica, 11 (1991), pp. 45-54.

[25] D. Vilenchik. Finding a satisfying assignment for semi-
random satisfiable 3CNF formulas. Master’s thesis,
The Weizmann Institute of Science, Rehovot, Israel,
January 2004.

A Proof of Lemma 3.1

To prove Lemma 3.1, one has to prove that both
requirements of Lemma 2.1 are met by H. The proof
of requirement (a) is given in [1] Lemma 2.7, for k = 3,
and readily generalizes to any constant k. The proof
of requirement (b) follows closely the one given in [7]
Lemma 10, while combining results from [1] and [12].
In this work we only prove requirement (b).
Notation. For a vector z € R™, let ||z|| be the ¢2-norm
of x. We let 1,, € R™ be the vector whose all entries
equal 1, I,, € R"*" be the unit matrix, and J, € R"*"
the matrix whose all entries are 1 (the subscript n is
omitted when it is clear from context). By diag(x)
we denote the n x n diagonal matrix whose entries
are . For two matrices A, B € R™ " the notation
A < B means (B — A) is a positive semidefinite matrix.
For a graph G, let A(G) denote the adjacency matrix
associated with the graph. Let L(G) be the Laplacian
of G , namely, L(G) = diag(Al1) — A(G).

Recall that given G = G, ;. Go[H] stands for the
random part of G induced by the vertices of H. The
key to proving Lemma 3.1 is the following claim:

ProproSITION A.1. Whp, Ifu* € V;NH,v* € V;NH,
i # j. then SDPy(GolH) + (u*,v%)) < |B(Go[H])| -

QL) (k — h).

COROLLARY A.1. For G =G}, ., u*,v* as in Propo-

sztzon A.1, whp SDP,(G + (u v )) < |B(G)| -
Q%2 (k — h).
Proof.

SDPy (G + (u*,v")) < SDPy(Go[H] + (u*,v"))

2
+ SDPW(G\ Go[H]) < |E(Go[H])| - (hk)(k h)

(G GolH))| = [E(G)] — 22)(k — b).

In the first inequality, we used the fact that for every
G1, Go st. Gy is a subgraph of G, it holds that
SDP,(Ga) < SDP,(G1) + SDP,(G2 \ G1). In the
second inequality, we used Proposition A.1 and the fact
that for every graph G, SDP,(G) < |E(G)|.

Corollary A.1 proves that H meets requirement (b) of
Lemma 2.1, and finishes the proof of Lemma 3.1.

It remains to prove Proposition A.1, namely to
bound SDP,(Go[H] + (u*,v*)) accordingly. As noted
in [7], SDP duality is often a convenient tool to bound
the value of a maximization problem. Given a graph
G, one can bound the value of SDP,(G) using its dual
problem DSDP,(G):

DSDP,(G) = rrgn Zy“ ~ 5 — S
i#]
st. Y = (yij)ij=1.n € R™*",

L(G) <Y, yi; <0 fori#j.

SDP,(G) < DSDP,(G) by weak SDP duality (see for
example [18]). In particular, we present a solution Y to
DSDPy(Go[H] + (u*,v*)), which is whp feasible and
whose value is |E(Go[H])| — Q(%)(k — h). Since the
dual is a minimization problem, Proposition A.1 follows.

Our last task is to provide with the aforementioned
solution Y. Recall that Vi,...,Vi are the planted
coloring classes of Go. Let W; = V; N H, and m = |H|.
Recall that u*,v* € W; for some i. Assume some order
on V, and let i(W,) denote the i’th vertex in color class
W,, let d, be the degree of v in Gy[H] + (u*,v*), and
d) be |N(v) N W;|. Moreover, we let

d(b) . d(a)
p(ab) i(Wa)  75(Ws) Do = p(ab)
(%] e(Wa7 Wb) Y min J a;éb 1] Y
dmin = Pmin * min |Wa|-
Observe that p(flb) has " probability units”, and therefore

i
can be viewed as an estimate for the probability of

an edge between i(W,) and j(W},) given their degrees
and e(W,,W;). Following the same logic, dy, is the
lowest expected degree of a vertex v € W, in color class
Wb, b 75 a.

We are ready to define the solution Y. For 1 <
a,b < k define |W,| x |Wp| matrices Y, as follows:

Y/, =0fora=1,.. k.

dmin (ab)
FOI'Cl?éb, ) ab |: _pz

W T i Wl =1 W
Let Y’ be the m x m matrix whose blocks are the
Y!’s. Let ¥ = (dv + dmin)ver € R™. Finally, we
let Y =Y’ + diag(y').

PrOPOSITION A. 2 The value of the solution Y is whp
|B(Go[H])| — Q5R)(k — h).

Proof. First observe that Z‘Wb‘d((wb) = e(W,, Wp).



Therefore, for a # b,

[Wy| 4(0) ()
Ei%M)%M” _
. e(Wa7 Wb)

3=t 1<i<|W, |

/
abl - dmin -

{dmm - d%m} 1<i<|Wa |

Further, observe that

Zyij = Z< u,/b151> :Z|Wa| 'dmin_e(Wa;Wb)
i£] a#b a#b

Zyn‘ = (¢, 1) = 2|E(Go[H])| + mdyin-
i=1
Therefore,

h—1< 1
DWM@MHWW»_GFQM %;%3

mdmin

2h

By the definition of H, pmin = Q(p). Further, whp
[Wal = Q(n/k) for every a = 1,...,k, (requirement
(a) in Lemma 2.1) and hence m = |H| > (1 —
exp{—np/k})n = Q(n). It therefore follows that d,,, >
Q(np/k). Plugging the values of dy;, and m in the
above expression, the claim follows.

= |E(Go[H])| - (k= h).

PrOPOSITION A.3. The matriz Y defined above is

whp a feasible solution to the semidefinite programm
DSDP,(Go[H] 4 (u*,v*)).

Proof. Indeed, Y is a real symmetric matrix. Further,
the definition of d,,;, ensures that every off diagonal
yi; obeys y;; < 0. It remains to verify that L(Go[H] +
(u*,v*)) < Y, or equivalently, that Y — L(Go[H] +
(u*,v*)) is a positive semidefinite matrix (abbreviated
psd). Let A = A(Gyl[H|), L = L(Go[H]), LT =
L(Go[H] + (u*,v*)), and B = LT — L. It is easy to see
that Y — LT = dpinI—(B—A—Y"). Therefore, it suffices
to prove that the largest eigenvalue of (B — A —Y") is
at most dp, (since then, all eigenvalues of Y — LT
are non-negative, and this is equivalent to being psd).
The following lemma completes the proof of Proposition
A.3. Proposition A.1 then follows from Propositions
A.2, A.3, and SDP weak duality.

LEMMA A.1. The largest eigenvalue of B — A —Y" is
whp at most dpip, -

Proof. (Lemma A.1) Our proof strategy is as follows.
We identify a subspace K C R™ spanned by a subset
of the eigenvectors of (B — A — Y’). K has two
useful properties: (a) it contains no eigenvector whose
corresponding eigenvalue is greater than d,,;, and (b)
whp, |[((B—A—Y")x,z)| < dpn for every unit vector
x LK. Let A be an eigenvalue of (B—A—Y"), and v, its
corresponding eigenvector (assume all eigenvectors are
mutually perpendicular, and normalized to unit vectors,
e.g. via the Graham-Schmidt procedure). If vy € K,
then by property (a), A < dpin. Otherwise, vy LK, and
by property (b), [{((B — A —=Y")vy,vx)| = |\ < dmin-
Let us start by presenting the subspace K. For
a=1,..,k, welet 1y, € R™ denote the vector whose
entries are 1 if the entry corresponds to a vertex in
W, and 0 otherwise. Let d,w, be 1 if v € W, and
0 otherwise. Similar to to the proof of Proposition A.2,

Y/].Wa - [(]— - 5U7Wa)(dmin - 6(’0, Wa))]

veEH

Further,
Alw, = [e(v,W,)], e and Bly, = 0.
Therefore,

(B —-A- YI)IWa = [_(1 - 5U7Wa)dmin]

Finally, let £(*% = 1y, — 1y, € R™. By the above,
(B—A—-Y")E@) = d,,,6@Y for a # b,

(B—A-Y")1 = —(k—1)dmnl.

Let K be the vector space spanned by the £(@?)’s and

1. Property (a) stated above follows from the latter. It
remains to prove that property (b) holds.

PROPOSITION A.4. [((B—A-=Y")x,z)| < dmin, for all
unit vectors x LK.

Before proving the Proposition we make the following
observations regarding some spectral properties of A
and Y’. Similar to Y],, A4 denotes the minor of A
corresponding to W, (rows) and W, (columns).

LEMMA A.2. Let Gy = Gupr, Let A = A(Go[H]) be
the adjacency matrix of the subgraph of Gy induced by
the vertices of H. Then the following holds whp:

(1) For all unit vectors x LK, |(Az,x)| < O(y/np).

(2) For all a,b € {1,..,k} and all 11z € RIWal
[(Aap1, 2)| < (1w, |O(y/np/k)

The proof of Lemma A.2 is given in parts in [1] and [12].
We only point out the differences. Observe that 1y, €
K for every a = 1, ..., k (using linear combinations of the



£(@s and 1). Therefore, the proof of (1) is essentially
the one given in [1], Lemma 3.2. The only difference
is that we consider the set H and [1] consider the set
of vertices, call it W, whose degree in every color class
doesn’t exceed 5np/k. The two properties of W used
in [1] are |W| > (1 — exp{—np/k})n and the bound on
the degree of vertices in W. Both properties hold for
H as well whp. The proof of (2) is essentially the one
given in [12], Lemma 3.2. Again, the only properties of
W used in the proof are its size, and the bound on the
degree of its vertices ([12] prove that property 2 holds
with probability 1 —O(exp{—np/k}), however, it can be
shown that it holds with probability 1 — o(1) by using
stronger methods than Markov’s inequality).

LEmMMA A.3. For
|(Y'z, )| < O(y/np)

every unit wvector xlK, whp

Proof. Consider the following |W,| x |Wj| matrix Zg:
Zoa = 0, Zap = myd = Yy Let Z be the m x m
matrix whose blocks are the Zg;’s. Since x 11y, for
every a, (Y'z,z) = —(Zx,x). Therefore it suffices to
estimate [(Zz,z)|. Let ¢ € RWel n € RIWal be two
vectors perpendicular to 1.

e(Wa, Wo) (Zan§,m)| =

[Wh| »
< > it diin &

Jj=1

) -

1<i<|Wa |
<|:dz(W <Aba1 §>:| 1<i<|W,| an> =
[Wal ®
(Apal,€) D di i = (Apal, €)(Aap1,m)
=1

Putting everything together,

[(Zav&;m)| < [(Abal,&)] - [(Aan, )| /e(Wa, Wh)

= O(np/k)V|Wal\/|Ws|/Qp(n/k)?) = O(1) (*)

The last equality is due to Lemma A.2 (2), the proper-
ties of H (in particular, e(W,, W3,) = Q(p(n/k)?)), and
|[Wa| = O(n/k) for every a.

We are ready to bound |(Zz,z)|. For z LK € R™, we
let 2, € RIWal denote the entries of 2 corresponding to

W

(Za,2)| = |Y_(Zab@a, m0)| <

a,b

> beal- sl \< e \
a o] Tl

< oll - o] - O(1
= ;le |-l - O(1)

<Z|xall> < O(k) < O(ynp)

The last equality is by the choice of p.

We are finally ready to prove property (b) of the vector
space K (which was introduced at the beginning of this
section), concluding the proof of Lemma A.1. Tt is
readily seen that for every unit vector z, |(Bx,x)| < 2.
For a unit vector x L K,

(B —A—=Y")z,x)| < (Bx,2)| + [(Az, z)| + (Y3, z)|
= OWnp)

Lemmas A.2, A.3

On the other hand, d;.;, = ©(np/k) by the properties
of H. Demanding O(y/np) < ©(np/k) (or equivalently,
Cok? < np for a suitable choice of a constant Cj),
Lemma A.1 then follows.



