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Abstra
t

A 
ode is lo
ally testable if there is a way to indi
ate with high probability that a ve
tor is

far enough from any 
odeword by a

essing only a very small number of the ve
tor's bits. We

show that the Reed-Muller 
odes of 
onstant order are lo
ally testable. Spe
i�
ally, we des
ribe

an eÆ
ient randomized algorithm to test if a given ve
tor of length n = 2

m

is a word in the

r-th order Reed-Muller 
ode R(r;m) of length n = 2

m

. For given integer r � 1, and real � > 0,

the algorithm queries the input ve
tor v at O(

1

�

+ r2

2r

) positions. If v is at distan
e at least

�n from the 
losest 
odeword, then the algorithm dis
overs it with probability at least 2=3. On

the other hand, if v is a 
odeword, then the algorithm never falsely establishes that it is not

a 
odeword. Our result is essentially tight: any algorithm for testing R(r;m) must perform


(

1

�

+ 2

r

) queries.

�
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1 Introdu
tion

The problem of lo
ally testing 
odes, �rst expli
itly de�ned in [13, 19℄, has attra
ted a great deal of

attention in the last de
ade due to its relation to the analysis of Probabilisti
ally Che
kable Proofs

(PCP). Though the problem 
an be stated in purely 
oding terms, most of the publi
ations on the

topi
 employed de�nitions and notations non-standard for 
oding theory. In this paper we attempt

to relate the testing of 
odes to the stru
ture of the set of the minimum-weight ve
tors in the dual


ode. Using this approa
h we show how the Reed-Muller 
odes of 
onstant order 
an be lo
ally

tested. Earlier, in the binary 
ase, only testing of the �rst-order Reed-Muller 
odes was known.

Roughly speaking, the goal of lo
ally testing a 
ode is to have an eÆ
ient way to dis
over that an

arbitrary ve
tor does not belong to the 
ode. Spe
i�
ally, using a 
onstant number of (random)

a

esses to the ve
tor positions (queries), we want all non-
odewords to be reje
ted by the algorithm

with probability proportional to their distan
e from the 
ode, while never reje
ting a 
odeword.

The general strategy is as follows. We pi
k a set of words from the dual 
ode having 
onstant

(independent of the length of the 
ode) weight. Ea
h test will be a randomly 
hosen word from

this set. To show that the 
ode of length n is (lo
ally) testable we have to prove that whatever

binary ve
tor having distan
e to the 
ode more than �n, � > 0, is 
hosen, the probability that the

randomly pi
ked word from the 
hosen set in the dual 
ode is orthogonal to it is suÆ
iently small.

We want to emphasize the inherent distin
tion of the 
onsidered problem from the standard problem

of de
oding. In de
oding we always assume that the 
omplexity is at least linear in the length of


ode, sin
e we wish to use all bits of the re
eived ve
tor to make a de
ision about the transmitted


odeword. In testing we treat reading a bit as an expensive operation, thus we want to minimize the

number of bits whi
h are a

essed. This situation 
an be relevant in some appli
ations where the

information is stored, and our problem is to make a very fast assessment if the stored information

has not been substantially 
orrupted.

Our results

In this work we 
onsider the problem of (lo
al) testing of r-th order Reed-Muller 
odes R(r;m)

of length 2

m

. To be more a

urate, we in fa
t test the shortened Reed-Muller 
ode, R(r;m)

�

,

obtained from R(r;m) by 
hoosing all 
odewords with the �rst bit equal to zero, and deleting this

bit. The Reed-Muller 
ode R(r;m) has minimum distan
e 2

m�r

. The dual 
ode of R(r;m) is the

Reed-Muller 
ode R(m� r � 1;m). The dual 
ode of the shortened Reed-Muller 
ode R(r;m)

�

is

the pun
tured Reed-Muller 
ode with parameters m� r� 1 and m, obtained from R(m� r� 1;m)

by deleting the �rst bit of every 
odeword. The minimum distan
e of the pun
tured Reed-Muller


ode with parameters m�r�1 and m is 2

r+1

�1, and its minimum weight 
odewords are obtained

from the minimum weight 
odewords of R(m�r�1;m), having the �rst bit equal to 1, by deleting

this bit. The number of the minimum weight ve
tors is proportional to 2

(r+1)m

.

The testing algorithm is given a distan
e parameter �, and an arbitrary ve
tor from f0; 1g

2

m

�1

. It

is required to a

ept if the ve
tor belongs to the 
ode, and reje
t (with probability at least 2=3),

if the ve
tor is at Hamming distan
e at least � � 2

m

from the 
losest 
odeword of R(r;m)

�

. To

this end the algorithm 
an query the input ve
tor on lo
ations of its 
hoi
e, where the goal is to

minimize the query 
omplexity of the algorithm (as a fun
tion of r, 1=�, and m). The testing of the

shortened Reed Muller 
ode R(r;m)

�

instead of the Reed Muller 
ode R(r;m) is imposed mainly

by histori
al reasons, to make our de�nition and result 
onsistent with the previously treated 
ase

of testing �rst-order Reed-Muller (or Hadamard) 
odes. With minor 
hanges our algorithm 
an be

adapted to test the 
lass of Reed Muller 
odes R(r;m). Our strategy is to pi
k a random minimum

1



weight ve
tor from the pun
tured 
ode R(m � r � 1;m), and to 
he
k if it is orthogonal to the

tested ve
tor. Clearly, this will always 
on�rm orthogonality if the 
onsidered ve
tor is from the


ode. However, we prove that if the tested ve
tor is far enough from the 
ode, with high probability

the test will dete
t it, and give a lower bound on this probability.

More pre
isely, we des
ribe and analyze an algorithm that tests whether an arbitrary ve
tor from

f0; 1g

2

m

�1

belongs to the shortened Reed-Muller 
ode R(r;m)

�

, or is at distan
e at least � � 2

m

from the 
losest 
odeword of R(r;m)

�

. The algorithm uses O(1=� + r � 2

2r

) queries (independent

of the length of the 
odeword). As we show, an exponential dependen
y on r is unavoidable.

This is in 
ontrast to the 
ase of testing the shortened Generalized Reed-Muller 
ode R(r;m)

�

over

GF (q) when q is suÆ
iently larger than r, where the sample 
omplexity is polynomial in r. Our

testing algorithm repeats the following 
he
k �(

1

2

r

�

+ r2

r

) times: sele
t, uniformly and at random,

a minimum weight ve
tor from the pun
tured 
ode R(m� r � 1;m), and 
he
k if it is orthogonal

to the tested ve
tor. If all 
he
ks su

eed then it a

epts, otherwise it reje
ts. Our 
hoi
e of a

minimum weight ve
tor from the pun
tured R(m� r� 1;m) 
orresponds to a random sele
tion of

an (r + 1)-dimensional subspa
e in the aÆne geometry AG(m; 2) (see for example [16, Chap. 12℄

for relevant de�nitions and terminology). In the 
ase r = 1 we deal with lines of the aÆne geometry

PG(m; 2).

Relation to low degree polynomials

The shortened Reed-Muller 
ode R(r;m)

�

has interpretation in terms of low degree polynomials.

It 
an be de�ned as the set of evaluations of all polynomials f : f0; 1g

m

! f0; 1g of degree at most

r satisfying f(0; : : : ; 0) = 0.

Thus, the question of testing is equivalent to the following one: de
ide whether a binary fun
tion

f : f0; 1g

m

! f0; 1g is a polynomial of degree at most r satisfying f(0; : : : ; 0) = 0, or it should

be modi�ed on more than an �-fra
tion of its domain to be
ome a degree-r polynomial satisfying

f(0; : : : ; 0) = 0. A fun
tion f : f0; 1g

m

! f0; 1g that is a polynomial of degree at most r satisfying

f(0; : : : ; 0) = 0, is simply a sum (modulo 2) of monomials ea
h of them being a produ
t of at most

r variables, with the free term equal to zero.

Throughout this paper, we use the equivalen
e between the above two formulations. Namely, we

a
tually derive a testing algorithm and evaluation of its performan
e for the se
ond representation.

Related Prior Work

In earlier publi
ations spe
ial attention was given to (what is usually 
alled in the Property Testing

literarure) Hadamard 
odes that 
oin
ide with the shortened �rst-order Reed-Muller 
odes. This


orresponds to testing of multivariate linear polynomials. Blum, Luby and Rubinfeld [11℄ proved

that the Hadamard 
ode is lo
ally testable. Their test is also known as a linearity test. In fa
t, our

test 
an be viewed as an extension of the algorithm in [11℄. Linearity testing has also been studied

in subsequent papers [6, 4, 12, 7, 8℄.

The problem of testing multivariate low-degree polynomials has been studied quite extensively [4,

3, 14, 12, 19, 13, 2℄, and has important appli
ations in the 
ontext of PCP. However, with the

ex
eption of the 
ase r = 1, that is, of linear fun
tions, all results apply only to testing polynomials

over �elds that are of size larger than r (the degree bound). When the �eld F is suÆ
iently large,

it is possible to redu
e the problem of testing whether a fun
tion f : F

m

! F is a multivariate

degree-r polynomial to testing whether a fun
tion is a degree-r univariate polynomial, where the

2



latter task is just based on interpolation. Namely, the test for f sele
ts random lines in F

m

(more

pre
isely, in the �nite proje
tive geometry PG(m� 1; jF j)), and veri�es that the restri
tion of f to

ea
h of these lines is a (univariate) polynomial of degree at most r. This redu
tion does not hold

for small �elds, and in parti
ular for GF (2), whi
h is our fo
us.

Some related works deal with existen
e of general lo
ally testable linear 
odes. In parti
ular,

in [15℄ a question is raised whether there exist good lo
ally testable 
odes (that is, 
odes having

non-vanishing rate and relative minimum distan
e). In [15℄ it is shown (by probabilisti
 arguments)

that there exists a lo
ally testable (linear) [n; k℄ 
ode that has almost 
onstant rate (i.e. n = k

1+o(1)

)

and linear minimum distan
e (i.e., the minimum distan
e is 
(n)). This result holds even for the

binary alphabet. In [10℄ the 
onstru
tion of [15℄ is derandomized. In [9℄ it is shown that lo
al

testing of random linear LDPC 
odes, whi
h have linear minimum distan
e and 
onstant rate,

requires 
(n) queries. In [5℄ it is proved that there are no lo
ally testable 
y
li
 
odes that have


onstant rate and linear minimum distan
e.

2 Preliminaries

For any integer `, we denote by [`℄ the set f1; : : : ; `g. For any r 2 [m℄, let P

r

denote the family of

all Boolean fun
tions over f0; 1g

m

whi
h are polynomials of degree at most r without a free term.

That is, f 2 P

r

if and only if there exist 
oeÆ
ients a

S

2 f0; 1g, for every S � [m℄; 1 � jSj � r,

su
h that

f =

X

S�[m℄;jSj2[r℄

a

S

�

Y

i2S

x

i

; (1)

where the addition is in GF (2). In parti
ular, P

1

is the family of all linear fun
tions over f0; 1g

m

,

that is, all fun
tions of the form

P

i2S

x

i

, where S � [m℄.

For any two fun
tions f; g : f0; 1g

m

! f0; 1g, the symmetri
 di�eren
e between f and g

is �(f; g)

def

= fy 2 f0; 1g

m

: f(y) 6= g(y)g. The relative distan
e dist(f; g) 2 [0; 1℄ between f

and g is: dist(f; g)

def

= j�(f; g)j=2

m

. For a fun
tion g and a family of fun
tions F , we say that g is

�-far from F , for some 0 < � < 1, if, for every f 2 F , dist(g; f) > �. Otherwise it is �-
lose to F .

A testing algorithm (tester) for P

r

is a probabilisti
 algorithm, that is given query a

ess to a

fun
tion f , and a distan
e parameter �, 0 < � < 1. If f belongs to P

r

then with probability at least

2

3

, the tester should a

ept f , and if f is �-far from P

r

, then with probability at least

2

3

the tester

should reje
t it. If the tester a

epts every f in P

r

with probability 1, then it is a one-sided tester.

The following notation will be used extensively in this paper. Given a fun
tion f : f0; 1g

m

! f0; 1g,

for y

1

; :::; y

`

2 f0; 1g

m

let

T

f

(y

1

; : : : ; y

`

)

def

=

X

;6=S�[`℄

f

 

X

i2S

y

i

!

; (2)

where the �rst sum is over GF (2) and the se
ond one is over (GF (2))

m

, and let

T

y

1

f

(y

2

; : : : ; y

`

)

def

= T

f

(y

1

; : : : ; y

`

) + f(y

1

) : (3)

3



3 Chara
terization of Low Degree Polynomials over f0; 1g

n

Claim 1 A fun
tion f belongs to P

r

(i.e., it is a polynomial of total degree at most r satisfying

f(0; 0; : : : ; 0) = 0), if and only if for every y

1

; : : : ; y

r+1

2 f0; 1g

m

we have

T

f

(y

1

; : : : ; y

r+1

) = 0 : (4)

Proof: Sin
e a polynomial from P

r


an be viewed as a 
ode word in the appropriate Reed-Muller


ode, the above 
hara
terization 
an be proved using known fa
ts about its dual. For 
ompleteness

we provide a dire
t, simple proof.

We �rst prove that if a fun
tion f belongs to P

r

then T

f

(y

1

; : : : ; y

r+1

) = 0 for every y

1

; : : : ; y

r+1

2

f0; 1g

m

.

As f is a sum of monomials of total degree at most r it suÆ
es to show that for every monomial

M =

Q

i2I

x

i

, where 1 � jIj � r, T

M

(y

1

; : : : ; y

r+1

) = 0 for every y

1

; : : : ; y

r+1

2 f0; 1g

m

. The number

of linear 
ombinations

P

r+1

j=1

b

j

y

j

, where b

j

2 f0; 1g, for whi
h M(

P

r+1

j=1

b

j

y

j

) = 1 is 
learly the

number of solutions of a linear system of jIj equations in the r + 1 variables b

j

, and the trivial


ombination b

j

= 0 for all j is not one of the solutions. Therefore, this number of solutions (whi
h

is possibly zero) is divisible by 2

r+1�jIj

, showing that there is an even number of sets S satisfying

; 6= S � [r + 1℄ su
h that M(

P

i2S

y

i

) = 1. This implies that T

M

(y

1

; : : : ; y

r+1

) = 0, as needed.

We next show that if f = f(x

1

; x

2

; : : : ; x

m

) : f0; 1g

m

7! f0; 1g satis�es Equation (4) for every

y

1

; y

2

; : : : ; y

r+1

2 f0; 1g

m

, then f 2 P

r

: Every fun
tion from f0; 1g

m

to f0; 1g 
an be written

uniquely as a polynomial over GF (2):

f =

X

I�[m℄

a

I

Y

i2I

x

i

:

Our obje
tive is to show that a

;

= 0 and that a

I

= 0 for all jIj > r. Taking y

j

= (0; 0; : : : ; 0) for

every j we 
on
lude, by (4), that a

;

= 0: Suppose, now, that there is a nonzero a

I

with jIj > r.

Take su
h an I of minimum 
ardinality, and assume, without loss of generality, that I = [s℄ with

s � r + 1.

Let e

i

denote the i-th unit ve
tor in f0; 1g

m

, and de�ne y

1

= e

1

; y

2

= e

2

; : : : ; y

r

= e

r

and

y

r+1

= e

r+1

+ : : : + e

s

. Then the monomial M = a

I

Q

i2I

x

i

does not vanish on

P

r+1

i=1

y

i

and

does vanish on

P

i2S

y

i

for every ; 6= S 6= [r + 1℄. Thus T

M

(y

1

; : : : ; y

r+1

) 6= 0. On the other

hand, for any other monomial, say, M

0

=

Q

i2I

0

x

i

with a nonzero 
oeÆ
ient in the representation

of f , T

M

0

(y

1

; : : : ; y

r+1

) = 0. Indeed, if jI

0

j � r this holds by the �rst part of the proof. Other-

wise, by the minimality of I, M

0

(

P

i2S

y

i

) = 0 for all S � [r + 1℄. Altogether this implies that

T

f

(y

1

; y

2

; : : : ; y

r+1

) = 1, 
ontradi
ting the assumption.

This 
ompletes the proof of Claim 1.

4 A Tester for Low Degree Polynomials over f0; 1g

m

In this se
tion we present and analyze a one-sided tester for P

r

.

Algorithm Test-P

r

1. Uniformly and independently sele
t �(

1

2

r

�

+r2

r

) groups of ve
tors. Ea
h group 
ontains r+1

uniformly sele
ted random ve
tors y

1

; : : : ; y

r+1

2 f0; 1g

m

.

4



2. If for some group of ve
tors y

1

; : : : ; y

r+1

it holds that T

f

(y

1

; : : : ; y

r+1

) 6= 0, then reje
t, other-

wise, a

ept.

We note that for the spe
ial 
ase of k = 1, we obtain the linearity test of [11℄ whi
h uniformly

sele
ts O(1=�) pairs y

1

; y

2

2 f0; 1g

n

, and veri�es for ea
h pair that f(y

1

) + f(y

2

) = f(y

1

+ y

2

).

Theorem 1 The algorithm Test-P

r

is a one-sided tester for P

r

with query 
omplexity �(

1

�

+r2

2r

).

From the test de�nition and from Claim 1 it is obvious that if f 2 P

r

, then the tester a

epts. Thus,

the 
rux of the proof is to show that if f is �-far from P

r

, then the tester reje
ts with probability

at least 2=3. Our proof is similar in stru
ture to known derivations of the linearity test in [11℄, but

requires some additional ideas. In parti
ular, if f is the fun
tion tested, we 
an de�ne a fun
tion g

as follows. For any y 2 f0; 1g

m

:

g(y) = 1 if Pr

y

2

;:::;y

r+1

2f0;1g

m

[T

y

f

(y

2

; : : : ; y

r+1

) = 1℄ � 1=2 and g(y) = 0 otherwise. (5)

Thus g is a kind of majority fun
tion. That is, for every ve
tor y 2 f0; 1g

m

, g(y) is 
hosen to satisfy

most of the equations T

y

f

(y

2

; : : : ; y

r+1

) = g(y). We also de�ne

�

def

= Pr

y

1

;:::;y

r+1

2f0;1g

m

[T

f

(y

1

; : : : ; y

r+1

) 6= 0℄

= Pr

y

1

;:::;y

r+1

2f0;1g

m

[T

y

1

f

(y

2

; : : : ; y

r+1

) 6= f(y

1

)℄ : (6)

Note that � is simply the probability that a single group of ve
tors y

1

; : : : ; y

r+1

sele
ted by the

algorithm provides eviden
e that f =2 P

r

. We shall prove two 
laims. The �rst, and simpler 
laim

(in Lemma 2), is that if � is small, then g is 
lose to f . The se
ond and more involved 
laim

(in Lemma 5) is that if � is small, then g must belong to P

r

. This would suÆ
e for proving the


orre
tness of a slight variation on our algorithm that uses a larger sample size. In order to attain

the sample 
omplexity 
laimed in Theorem 1, we shall need to prove one more 
laim that deals

with the 
ase in whi
h � is very small (see Lemma 6).

Lemma 2 For a �xed fun
tion f , let g and � be as de�ned in Equations (5) and (6), respe
tively.

Then, dist(f; g) � 2�.

Proof: Re
all that for every y 2 f0; 1g

m

, Pr

y

2

;:::;y

r+1

2f0;1g

n

[T

y

f

(y

2

; : : : ; y

r+1

) = g(y)℄ � 1=2. Hen
e

� = Pr

y; y

2

;:::;y

r+1

2f0;1g

m

[T

y

f

(y

2

; : : : ; y

r+1

) 6= f(y)℄

=

1

2

m

X

y2f0;1g

n

Pr

y

2

;:::;y

r+1

2f0;1g

m

[T

y

f

(y

2

; : : : ; y

r+1

) 6= f(y)℄

�

1

2

m

X

y2�(f;g)

Pr

y

2

;:::;y

r+1

2f0;1g

m

[T

y

f

(y

2

; : : : ; y

r+1

) = g(y)℄

�

1

2

m

� j�(f; g)j �

1

2

Thus, dist(f; g) =

j�(f;g)j

2

m

� 2�.

Re
all that by the de�nition of g as a majority fun
tion, for every y, we have that for at least

one half of the r-tuples of ve
tors y

2

; : : : ; y

r+1

, T

y

f

(y

2

; : : : ; y

r+1

) = g(y). In the next lemma we

show that this equality a
tually holds for a vast majority of the r-tuples y

2

; : : : ; y

r+1

(assuming �

is suÆ
iently small).

5



Lemma 3 For every y 2 f0; 1g

n

: Pr

y

2

;:::;y

r+1

2f0;1g

m

[g(y) = T

y

f

(y

2

; : : : ; y

r+1

)℄ � 1� 2r�.

In order to prove Lemma 3 we shall �rst establish the following 
laim.

Claim 4 For every y; z; w; y

2

; : : : ; y

r

2 f0; 1g

m

,

T

f

(y; y

2

; : : : ; y

r

; w) + T

f

(y; y

2

; : : : ; y

r

; z)

= T

f

(y + w; y

2

; : : : ; y

r

; y + w + z) + T

f

(y + z; y

2

; : : : ; y

r

; y + w + z) (7)

Proof: Let Y = fy

2

; : : : ; y

r

g, and 
onsider any set I � f2; : : : ; rg, whi
h may be the empty set.

For a ve
tor x 2 f0; 1g

m

denote f

Y;I

(x)

def

= f(

P

i2I

y

i

+ x).

For every set I � f2; : : : ; rg, ea
h element of type f(

P

i2I

y

i

) appears twi
e in both sides of

Equation (7) and thus 
an
els out. Now for every set I � f2; : : : ; rg (in
luding the empty set), we

get in the left hand side of Equation (7):

f

Y;I

(y) + f

Y;I

(w) + f

Y;I

(y + w) + f

Y;I

(y) + f

Y

I

(z) + f

Y;I

(y + z) :

In the right hand side of Equation (7) we get:

f

Y;I

(y + w) + f

Y;I

(y + z + w) + f

Y;I

(z) + f

Y;I

(y + z) + f

Y;I

(y + w + z) + f

Y;I

(w) :

This implies equality over GF (2).

We now turn to prove Lemma 3.

Proof of Lemma 3: We �x y 2 f0; 1g

m

and let 


def

= Pr

y

2

;:::;y

r+1

2f0;1g

m

[g(y) = T

y

f

(y

2

; : : : ; y

r+1

)℄.

Re
all that we are interested in proving that 
 � 1 � 2r�. To this end, we shall bound a slightly

di�erent, but related probability. Let

Æ

def

= Pr

y

2

;:::;y

r+1

;z

2

;:::;z

r+1

2f0;1g

m

[T

y

f

(y

2

; : : : ; y

r+1

) = T

y

f

(z

2

; : : : ; z

r+1

)℄ : (8)

Then, by the de�nitions of 
 and Æ,

Æ = Pr[T

y

f

(y

2

; : : : ; y

r+1

) = g(y) and T

y

f

(z

2

; : : : ; z

r+1

) = g(y)℄

+ Pr[T

y

f

(y

2

; : : : ; y

r+1

) 6= g(y) and T

y

f

(z

2

; : : : ; z

r+1

) 6= g(y)℄

= 


2

+ (1� 
)

2

(9)

where the probabilities are over the 
hoi
e of y

2

; : : : ; y

r+1

; z

2

; : : : ; z

r+1

2 f0; 1g

m

. Sin
e we are

working over GF (2),

Æ = Pr

y

2

;:::;y

r+1

;z

2

;:::;z

r+1

2f0;1g

m

[T

f

(y; y

2

; : : : ; y

r+1

) + T

f

(y; z

2

; : : : ; z

r+1

) = 0℄ :

Now, for any 
hoi
e of y

2

; : : : ; y

r+1

and z

2

; : : : ; z

r+1

:

T

f

(y; y

2

; : : : ; y

r+1

) + T

f

(y; z

2

; : : : ; z

r+1

) =

T

f

(y; y

2

; : : : ; y

r+1

) + T

f

(y; y

2

; : : : ; y

r

; z

r+1

) +

T

f

(y; y

2

; : : : ; y

r

; z

r+1

) + T

f

(y; y

2

; : : : ; y

r�1

; z

r

; z

r+1

) +

T

f

(y; y

2

; : : : ; y

r�1

; z

r

; z

r+1

) + T

f

(y; y

2

; : : : ; y

r�2

; z

r�1

; z

r

; z

r+1

) +

:

:

: +

T

f

(y; y

2

; z

3

; : : : ; z

r+1

) + T

f

(y; z

2

; : : : ; z

r+1

):

6



Consider any pair T

f

(y; y

2

; : : : ; y

`

; z

`+1

; : : : ; z

r+1

) + T

f

(y; y

2

; : : : ; y

`�1

; z

`

; : : : ; z

r+1

) that appears in

the above sum. Note that T

f

(y; y

2

; : : : ; y

`

; z

`+1

; : : : ; z

r+1

) and T

f

(y; y

2

; : : : ; y

`�1

; z

`

; : : : ; z

r+1

) di�er

only in a single parameter. Sin
e T

f

(�) is a symmetri
 fun
tion we 
an apply Claim 4 and obtain

that

T

f

(y; y

2

; : : : ; y

`

; z

`+1

; : : : ; z

r+1

) + T

f

(y; y

2

; : : : ; y

`�1

; z

`

; : : : ; z

r+1

)

= T

f

(y + y

`

; y

2

; : : : ; y

`�1

; z

`+1

; : : : ; z

r+1

; y + y

`

+ z

`

)

+ T

f

(y + z

`

; y

2

; : : : ; y

`�1

; z

`+1

; : : : ; z

r+1

; y + y

`

+ z

`

) (10)

Re
all that y is �xed and y

2

; : : : ; y

r+1

; z

2

; : : : ; z

r+1

2 f0; 1g

m

are uniformly sele
ted, and so all

parameters on the right hand side in the above equation are uniformly distributed. Also re-


all that by the de�nition of �, for T

f

(p

1

; : : : ; p

r+1

), where p

i

are uniformly sele
ted at random,

Pr

p

1

;:::;p

r+1

2f0;1g

n

[T

f

(p

1

; : : : ; p

r+1

) 6= 0℄ = �. Hen
e, by the union bound:

Æ = Pr

y

2

;:::;y

r+1

;z

2

;:::;z

r+1

2f0;1g

m

[T

f

(y; y

2

; : : : ; y

r+1

) + T

f

(y; z

2

; : : : ; z

r+1

) = 0℄

� 1� 2r�: (11)

By 
ombining Equations (9) and (11) we get that 


2

+ (1� 
)

2

� 1� 2r�. Sin
e 
 � 1=2 it follows

that 
 = 


2

+ 
(1� 
) � 


2

+ (1� 
)

2

� 1� 2r�.

Lemma 5 If � <

1

(4r+2)2

r

, then the fun
tion g belongs to P

r

.

Proof: By Claim 1 it suÆ
es to prove that if � <

1

(4r+2)2

r

, then T

g

(y

1

; : : : ; y

r+1

) = 0, for every

y

1

; : : : ; y

r+1

2 f0; 1g

m

. Let us �x the 
hoi
e of y

1

; : : : ; y

r+1

, and re
all that as de�ned in Equa-

tion (2), T

g

(y

1

; : : : ; y

r+1

) =

P

;6=I�[r+1℄

g(

P

i2I

y

i

). Suppose we uniformly sele
t r � (r + 1) random

ve
tors z

i;j

2 f0; 1g

m

, 1 � i � r + 1, 1 � j � r. Then by Lemma 3, for every I, ; 6= I � [r + 1℄,

with probability at least 1� 2r� over the 
hoi
e of the z

i;j

's,

g

 

X

i2I

y

i

!

= T

f

 

X

i2I

y

i

;

X

i2I

z

i;1

;

X

i2I

z

i;2

; : : : ;

X

i2I

z

i;r

!

+ f

 

X

i2I

y

i

!

: (12)

Let E

1

be the event that Equation (12) holds for all ; 6= I � [r + 1℄. By the union bound:

Pr[E

1

℄ � 1� (2

r+1

� 1) � 2r� (13)

Assume that E

1

holds. Then

T

g

(y

1

; : : : ; y

r+1

)

=

X

;6=I�[r+1℄

"

T

f

 

X

i2I

y

i

;

X

i2I

z

i;1

;

X

i2I

z

i;2

; : : : ;

X

i2I

z

i;r

!

+ f

 

X

i2I

y

i

!#

=

X

;6=I�[r+1℄

X

;6=J�[r℄

2

4

f

0

�

X

i2I

X

j2J

z

i;j

1

A

+ f

0

�

X

i2I

y

i

+

X

i2I

X

j2J

z

i;j

1

A

3

5

=

X

;6=J�[r℄

X

;6=I�[r+1℄

f

0

�

X

i2I

X

j2J

z

i;j

1

A

7



+

X

;6=J�[r℄

X

;6=I�[r+1℄

f

0

�

X

i2I

y

i

+

X

i2I

X

j2J

z

i;j

1

A

=

X

;6=J�[r℄

T

f

0

�

X

j2J

z

1;j

; : : : ;

X

j2J

z

r+1;j

1

A

+

X

;6=J�[r℄

T

f

0

�

y

1

+

X

j2J

z

1;j

; : : : ; y

r+1

+

X

j2J

z

r+1;j

1

A

: (14)

Let E

2

be the event that for every ; 6= J � [r℄, T

f

�

P

j2J

z

1;j

; : : : ;

P

j2J

z

r+1;j

�

= 0 and

T

f

�

y

1

+

P

j2J

z

1;j

; : : : ; y

r+1

+

P

j2J

z

r+1;j

�

= 0. By the de�nition of �:

Pr[E

2

℄ � 1� 2(2

r

� 1)� (15)

Suppose that � <

1

(4r+2)2

r

. Then, by Equations (13) and (15), the probability that both E

1

and E

2

hold, is stri
tly positive. In other words, there exists a 
hoi
e of the z

i;j

's for whi
h all summands in

Equation (14) are 0. But this implies that T

g

(y

1

; : : : ; y

r+1

) = 0. We 
on
lude that if � <

1

(4r+2)2

r

,

then g belongs to P

r

, and this 
ompletes the lemma's proof.

By 
ombining Lemmas 2 and 5 we obtain that if f is 
(1=(r2

r

))-far from P

r

, then � = 
(1=(r2

r

)),

and so the algorithm reje
ts f with suÆ
iently high 
onstant probability (sin
e it sele
ts 
(r2

r

)

groups of ve
tors y

1

; : : : ; y

r+1

). We next deal with the 
ase in whi
h � is small. By Lemma 2, in

this 
ase the distan
e d = dist(f; g) between f and g is small, and we show that the test reje
ts

f with probability that is 
lose to (2

r+1

� 1)d. This follows from the fa
t that in this 
ase, the

probability over the sele
tion of y

1

; : : : ; y

r+1

, that among the (2

r+1

� 1) points

P

;6=I�[r+1℄

y

i

, the

fun
tions f and g di�er in pre
isely one point, is 
lose to (2

r+1

� 1)d. This is formally proved in

the following lemma.

Lemma 6 Suppose 0 < � <

1

(4r+2)2

r

. Let d = dist(f; g) denote the distan
e between f and g, and

let

p

def

=

1� (2

r+1

� 1)d

1 + (2

r+1

� 1)d

� (2

r+1

� 1)d:

Then, when y

1

; y

2

; : : : ; y

r+1

are 
hosen randomly, the probability that for exa
tly one point v among

the (2

r+1

� 1) points

P

i2S

y

i

, (; 6= S � [r + 1℄), f(v) 6= g(v), is at least p.

By de�nition of � and the above lemma, � � p (under the premise of the lemma). In parti
ular,

sin
e (by Lemma 2) d � 2� �

1

(2r+1)2

r

and r � 1, � �

1

3

(2

r+1

� 1)d, and, for �xed r, as d tends to

zero, � � (2

r+1

� 1)d�O(d

2

):

Proof: For ea
h subset S, ; 6= S � [r + 1℄, let X

S

be the indi
ator random variable whose value

is 1 if and only if f(

P

i2S

y

i

) 6= g(

P

i2S

y

i

): Obviously, Pr[X

S

= 1℄ = d for every S. It is not

diÆ
ult to 
he
k that the random variables X

S

are pairwise independent, sin
e for any two distin
t

nonempty S

1

; S

2

, the sums

P

i2S

1

y

i

and

P

i2S

2

y

i

attain ea
h pair of distin
t values in f0; 1g

n

with

equal probability when the ve
tors y

i

are 
hosen randomly and independently. It follows that the

random variable X =

P

S

X

S

whi
h 
ounts the number of points v of the required form in whi
h

f(v) 6= g(v) has expe
tation E[X℄ = (2

r+1

� 1)d and varian
e Var[X℄ = (2

r+1

� 1)d(1� d) � E[X℄:

8



Our obje
tive is to lower bound the probability that X = 1. We need the well known, simple fa
t

that for a random variable X that attains nonnegative, integer values,

Pr[X > 0℄ �

(E[X℄)

2

E[X

2

℄

:

Indeed, if X attains the value i with probability p

i

for i > 0, then, by Cau
hy-S
hwartz,

(E[X℄)

2

= (

X

i>0

ip

i

)

2

= (

X

i>0

i

p

p

i

p

p

i

)

2

� (

X

i>0

i

2

p

i

)(

X

i>0

p

i

) = E[X

2

℄Pr[X > 0℄:

In our 
ase, this implies

Pr[X > 0℄ �

(E[X℄)

2

E[X

2

℄

�

(E[X℄)

2

E[X℄ + (E[X℄)

2

=

E[X℄

1 + E[X℄

:

Therefore

E[X℄ � Pr[X = 1℄ +

�

E[X℄

1 + E[X℄

� Pr[X = 1℄

�

� 2 =

2E[X℄

1 + E[X℄

� Pr[X = 1℄;

implying that

Pr[X = 1℄ �

E[X℄� (E[X℄)

2

1 + E[X℄

:

Substituting the value of E[X℄, the desired result follows.

We are now ready to wrap up the proof of Theorem 1.

Proof of Theorem 1: As we have noted previously, if f is in P

r

, then by Claim 1 the tester

a

epts (with probability 1). We next show that if f is �-far from P

r

, then the tester reje
ts with

probability at least

2

3

.

Suppose that dist(f;P

r

) > �. Denote d = dist(f; g): If � <

1

(4r+2)2

r

then by Lemma 5 g 2 P

r

and,

by Lemma 6, � � 
(2

r

d) � 
(2

r

�): Hen
e, � � min

�


(2

r

�);

1

(4r+2)2

r

�

. Clearly it is enough to

perform O(

1

�

) rounds of the algorithm in order to dete
t a violation with probability at least

2

3

.

This 
ompletes the proof of the theorem.

4.1 A Lower Bound

The following is a general lower bound on testing linear 
odes.

Theorem 2 Let C be a a linear 
ode of length n. Let d denote the minimum distan
e of the 
ode

C and let

�

d denote the minimum distan
e of the dual 
ode of C.

If a random binary word of length n is �-far from C, then every testing algorithm for C must perform


(

�

d) queries. In addition, if the distan
e parameter � is at most d=(2n), then 
(1=�) is also a lower

bound for the ne
essary number of queries.

The �rst assumption is a trivial one in most 
ases and is satis�ed, for example, by any linear 
ode

C of rate at most 1 � Æ, for a 
onstant Æ > 0, whenever the distan
e parameter � is suÆ
iently

small 
ompared to Æ. As noted in the introdu
tion, the family P

r


orresponds to the shortened

Reed-Muller 
ode R(r;m)

�

. It is well known (see [18, Chap. 13℄) that the distan
e of R(r;m)

�

is

2

m�r

and the distan
e of the dual 
ode (whi
h is a pun
tured Reed-Muller 
ode) is 2

r+1

�1. Hen
e

we obtain the following 
orollary.

9



Corollary 7 Every algorithm for testing P

r

with distan
e parameter � must perform




�

max(

1

�

; 2

r+1

)

�

queries.

Proof of Theorem 2: We start with showing that 
(

�

d) queries are ne
essary. A well known

fa
t from 
oding theory (see [18, Chap. 5℄) states the following: for every linear 
ode C whose dual


ode has distan
e

�

d, if we examine any sub-word having length d

0

, d

0

<

�

d, of a uniformly sele
ted


odeword in C, then the resulting sub-word is uniformly distributed in f0; 1g

d

0

. Hen
e it is not

possible to distinguish between a random 
odeword in C and a random binary word of length n

using less than

�

d queries.

We now turn to the 
ase � < d=2

m+1

. To prove the lower bound here, we apply, as usual, the Yao

duality prin
iple ([20℄) by de�ning two distributions, one on positive instan
es, and the other on

negative ones, and then by showing that in order to distinguish between those distributions any

algorithm must perform 
(1=�) queries. The positive distribution has all its mass at the zero ve
tor

�

0 = (0; : : : ; 0). To de�ne the negative distribution, partition the set of all 
oordinates randomly

into t = 1=� nearly equal parts I

1

; : : : ; I

t

and give weight 1=t to ea
h of the 
hara
teristi
 ve
tors w

i

of I

i

, i = 1; : : : ; t. (Observe that indeed

�

0 2 C by linearity, and dist(w

i

; C) = � by the assumption

on the minimum distan
e of C). Finally, a random instan
e is generated by �rst 
hoosing one

of the distributions with probability 1=2, and then generating a ve
tor a

ording to the 
hosen

distribution. It is easy to 
he
k (see, e.g., [1℄ for details) that in order to give a 
orre
t answer with

probability at least 2=3, the algorithm has to query 
(1=�) bits of the input.

5 Con
luding remarks

We �rst note that in view of the above lower bound, our upper bound is almost tight.

It will be interesting to study analogous questions for other linear binary 
odes. As noted in the

introdu
tion, several re
ent papers, in
luding [15℄, [9℄, [10℄, deal with related questions. As shown

above, a 
ode is not testable with a 
onstant number of queries if its dual distan
e is not a 
onstant,

and it seems plausible to 
onje
ture that if the dual distan
e is a 
onstant, and there is a doubly

transitive permutation group a
ting on the 
oordinates that maps the dual 
ode to itself, then the


ode 
an be testable with a 
onstant number of queries. The automorphism group of pun
tured

Reed-Muller 
odes 
ontains the general linear group GL(n; 2), and thus those 
odes supply an

example with these properties. Another interesting example is the set of duals of BCH 
odes (this


lass also 
ontains linear fun
tions as a parti
ular 
ase).
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