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Abstra
t

The goal of the paper is to initiate resear
h towards a general, Blow-up Lemma type embedding

statement for pseudo-random graphs with sublinear degrees. In parti
ular, we show that if the

se
ond eigenvalue � of a d-regular graphG on 3n verti
es is at most 
d

3

=n

2

logn, for some suÆ
iently

small 
onstant 
 > 0, then G 
ontains a triangle fa
tor. We also show that a fra
tional triangle

fa
tor already exists if � < 0:1d

2

=n. The latter result is seen to be best possible up to a 
onstant

fa
tor, for various values of the degree d = d(n).

1 Introdu
tion

Let H be a �xed graph on n verti
es. We say that a graph G on n verti
es has an H-fa
tor if G


ontains n=h vertex disjoint 
opies of H. For example, if H is just an edge H = K

2

, then an H-fa
tor

is a perfe
t mat
hing in G. Of 
ourse, a trivial ne
essary 
ondition for the existen
e of an H-fa
tor in

G is that h divides n.

Providing suÆ
ient 
onditions for the existen
e of an H-fa
tor is one of the most important lines

of resear
h in Extremal Graph Theory. Su
h renowned results as mat
hing theorems of Hall and Tutte


an 
ertainly be 
lassi�ed into this 
ategory. Usually we assume that H is �xed while the order n of the

underlying graph G grows. In many 
ases suÆ
ient 
onditions are formulated in terms of the minimum

degree of G. For example, a 
lassi
al result of Corr�adi and Hajnal [11℄ asserts that every graph on

n verti
es with minimum degree at least 2n=3 
ontains a triangle fa
tor (assuming again 3 divides

n). This was generalized later by Hajnal and Szemer�edi [16℄ who proved that if the minimum degree

Æ(G) satis�es Æ(G) � (1 �

1

r

)n, then G 
ontains bn=r
 vertex disjoint 
opies of K

r

. The statement of

this theorem is easily seen to be tight. Therefore for sparse graphs we need more subtle 
onditions to

�
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guarantee the existen
e of an H-fa
tor. It turns out that pseudo-randomness allows in many 
ases to

obtain results whi
h fail to hold for general graphs of the same edge density.

Pseudo-random graphs 
an be informally des
ribed as graphs whose edge distribution resembles


losely that of a truly random graph G(n; p) of the same edge density. They have been a subje
t of

intensive study during the last two de
ades and have seen numerous appli
ations both in 
ombinatori
s

and theoreti
al 
omputer s
ien
e (see, e.g. [23℄, [24℄, [10℄, [22℄, [4℄ and the re
ent survey [19℄).

Among several possible ways, we 
hoose the one through eigenvalues to formulate pre
isely the


on
ept of \pseudo-random graph". This will enable us to use the powerful and well developed

ma
hinery of spe
tral graph theory (see [9℄) to 
onne
t between the eigenvalues of a graph and its

edge distribution. For simpli
ity, we restri
t our attention to regular pseudo-random graphs (our

methods should apply also to almost regular graphs, but exa
t statements are harder to formulate).

Some de�nitions are in pla
e here. Let G = (V;E) be a graph with vertex set V = f1; : : : ; ng. The

adja
en
y matrix A = A(G) is an n-by-n 0; 1-matrix whose entry a

ij

is 1 whenever (i; j) 2 E(G),

and is 0 otherwise. As A is a real symmetri
 matrix, all its eigenvalues are real. We thus denote the

eigenvalues of A, usually also 
alled the eigenvalues of the graph G itself, by �

1

� �

2

� : : : � �

n

. In


ase G is a d-regular graph, it follows from the Perron-Frobenius Theorem that �

1

= d and j�

i

j � d

for all 2 � i � n. Let now � = �(G) = maxfj�

i

(G)j : i = 2; 3; : : : ; ng. The parameter � is usually


alled the se
ond eigenvalue of G.

It is well known that the larger the so 
alled spe
tral gap (i.e. the di�eren
e between the order of

magnitude of d and �) is, the more 
losely the edge distribution of G approximates that of a random

graph G(n; d=n). We will 
ite relevant quantitative results in the next se
tion, for now we just state

that the value of � will serve us as the measure of randomness.

The subje
t of this paper is to obtain a sparse version of the result of Corr�adi and Hajnal. We

show that under 
ertain 
onditions pseudo-randomness ensures the existen
e of a triangle fa
tor. First

we dis
uss the 
ase of 
onstant edge density p. In this 
ase the 
elebrated Blow-up Lemma of Koml�os,

S�ark�ozy and Szemer�edi [17℄ 
an be used to show the existen
e of H-fa
tors.

In order to formulate the Blow-up Lemma we need to introdu
e the notion of a super-regular pair.

Given � > 0 and 0 < p < 1, a bipartite graph G with bipartition (V

1

; V

2

), jV

1

j = jV

2

j = n, is 
alled

super (p; �)-regular if for all verti
es v 2 V (G),

(p� �)n � d(v) � (p+ �)n ;

and for every pair of sets (U;W ), U � V

1

, W � V

2

, jU j; jW j � �n,

�

�

�

�

e(U;W )

jU jjW j

�

jE(G)j

n

2

�

�

�

�

� � :

The Blow-up Lemma roughly states that any r-partite graph H with parts of order n > n

0

(�; r; p;�),

and of maximum degree � is a subgraph of any r-partite graph G with parts V

1

; : : : ; V

r

of order also

n, for whi
h all

�

r

2

�

bipartite subgraphs G[V

i

; V

j

℄ are super (p; �)-regular. In parti
ular su
h G 
ontains

an H-fa
tor for every �xed graph with 
hromati
 number r. This version of the lemma, due to R�odl
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and Ru
i�nski [21℄, is somewhat di�erent from and yet equivalent to the original formulation of Koml�os

et al. We use it here as it is 
loser in spirit to the notion of pseudo-randomness.

The Blow-up Lemma is a very powerful embedding tool. Using it together with the properties

of pseudo-random graphs (see the next se
tion) one 
an easily prove that if the vertex degree d is

linear in the number of verti
es n, then already a very weak 
ondition on the spe
tral gap � = o(d)

guarantees a triangle fa
tor. As usual, the 
ase of a vanishing edge density p = o(1) is signi�
antly

more 
ompli
ated. Here a suÆ
ient 
ondition for the existen
e of an H-fa
tor should depend heavily

on the graph H, as there may exist quite dense pseudo-random graphs without a single 
opy of H.

We dis
uss su
h examples in Se
tion 6. The 
ase when H = K

2

is relatively simple. Indeed, already

an extremely weak pseudo-randomness 
ondition, � � d� 2, suÆ
es to guarantee a perfe
t mat
hing

(see [19℄).

In this paper we 
onsider the �rst substantial 
ase, when H = K

3

. We prove the following theorem,

that provides a suÆ
ient 
ondition for a triangle fa
tor in a pseudo-random regular graph G and does

not require its degree d to be linear in jV (G)j. This result 
an also be interpreted as a �rst attempt

to extend the Blow-up Lemma to sparse graphs.

Theorem 1.1 Let G be a d-regular graph on n verti
es, su
h that n is divisible by 3. If

�(G) = o

�

d

3

n

2

log n

�

;

then G has a triangle fa
tor.

Our proof uses properties of random mat
hings in bipartite graphs similar to that in [21℄. But applying

dire
tly the approa
h of [21℄, one 
an only infer the existen
e of a triangle fa
tor in pseudo-random

graphs, whi
h are quite dense. So to obtain the bound in Theorem 1.1, new ideas are needed.

Sin
e for graphs with sublinear degrees �(G) = 
(

p

d) (see Proposition 2.3 below), Theorem 1.1

starts working for degrees d = d(n) asymptoti
ally larger than n

4=5

log

2=5

n. The next statement,

whose proof is based on a 
onstru
tion of Alon [1℄, shows that 4=5 
annot be repla
ed by a power

smaller than 2=3.

Theorem 1.2 For every fun
tion d(n) su
h that 
(n

2=3

) � d � n there exists a triangle-free graph G

that satis�es:

1. jV (G)j = n

1

= �(n);

2. G is d

1

-regular with d

1

= �(d);

3. �(G) = O(d

1

2

=n

1

).

We tend to think that the 
ondition of Theorem 1.1 
an be further improved, maybe even down

to the bound of Theorem 1.2. To substantiate this 
onje
ture we dis
uss the fra
tional variant of

the problem. Let us introdu
e the relevant terminology. Let G = (V;E) be a graph. Denote by

T = T (G) the set of all triangles of G. A fun
tion f : T ! R

+

is 
alled a fra
tional triangle fa
tor if

3



for every v 2 V (G) one has

P

t2T;v2t

f(t) = 1. If G 
ontains a triangle fa
tor T

0

, then assigning values

f(t) = 1 for all t 2 T

0

, and f(t) = 0 for all other t 2 T produ
es a fra
tional triangle fa
tor. This

simple argument shows that the existen
e of a triangle fa
tor in G implies the existen
e of a fra
tional

triangle fa
tor. The 
onverse statement is easily seen to be invalid in general.

It turns out that this fra
tional relaxation of the integer problem is mu
h more tra
table, and quite

pre
ise result 
an be obtained about it.

Theorem 1.3 Let G = (V;E) be a d-regular graph on n verti
es. If

�(G) �

0:1d

2

n

;

then G has a fra
tional triangle fa
tor.

The la
k of triangles of 
ourse prevents the existen
e of a fra
tional triangle fa
tor. So Theorem 1.2

shows that for any sensible degree d the assertion of Theorem 1.3 is best possible up to a 
onstant

fa
tor.

The rest of the paper is organized as follows. The next se
tion 
olle
ts useful properties of pseudo-

random graphs together with some simple fa
ts about eigenvalues. In Se
tion 3 we provide estimates

for the number of perfe
t mat
hings in bipartite graphs, to be used as te
hni
al tools in the proof of

our main result. Se
tion 4 is devoted to the proof of Theorem 1.1, the suÆ
ient 
ondition for a triangle

fa
tor. We prove Theorem 1.3 in Se
tion 5. In Se
tion 6 we present a 
onstru
tion of pseudo-random

triangle-free graphs of various vertex degrees whi
h will show the optimality of the fra
tional result of

Se
tion 5. Se
tion 7, the last se
tion of the paper, is devoted to 
on
luding remarks and dis
ussion of

relevant open problems.

For a vertex v, N(v) denotes the neighborhood of v, and d(v) denotes its degree. For a subset X

of the vertex set, N

X

(v) = N(v)\X, d

X

(v) = jN

X

(v)j. The number of 
ommon neighbors of verti
es

u and v is denoted by d(u; v). Given subsets of verti
es B;C � V (G), e(B;C) denotes the number

of ordered pairs (u; v), where u 2 B; v 2 C and (u; v) 2 E(G); of 
ourse when B and C are disjoint,

e(B;C) is just the number of edges of G 
onne
ting B and C. Finally a graph G = (V;E) is 
alled

an (n; d; �)-graph if it is d-regular, has n verti
es and the se
ond eigenvalue of G is at most �. All

logarithms in this paper are natural. We will also routinely omit 
oor and 
eiling signs in order to

simplify the presentation.

2 Properties of (n; d; �)-graphs

This se
tion 
ontains des
ription of basi
 fa
ts about (n; d; �)-graphs. For a more detailed information

about pseudo-random graphs we refer the interested reader to the re
ent survey of the �rst two authors

[19℄.

The following two results, quite well known by now, provide a quantitative support to the thesis

that spe
tral gap in regular graphs implies pseudo-randomness. This is espe
ially visible in Theorem

2.2, where it is stated expli
itly that the number of edges between any pair of suÆ
iently large sets

4



B;C in an (n; d; �)-graph is 
lose to its expe
ted value jBjjCjd=n in the random graph G(n; d=n) if

the se
ond eigenvalue �, governing the error term, is relatively small.

Theorem 2.1 ([6, page122, Theorem 2.4℄) Let G be an (n; d; �)-graph. For any B � V = V (G),

X

v2V

(N

B

(v) � jBjd=n)

2

� �

2

jBj(n� jBj)=n:

Theorem 2.2 ([6, page 122, Corollary 2.5℄) Let G be an (n; d; �)-graph. For any B � V (G); C �

V (G),

je(B;C)� jBjjCjd=nj � �

p

jBjjCj:

Theorems 2.1, 2.2 indi
ate that the smaller the se
ond eigenvalue � of a d-regular graph G on n

verti
es is, the 
loser its edge distribution approximates that of the truly random graph G(n; d=n). A

legitimate question is thus how small 
an � be for given n and d? As the following easy proposition

shows, � = 
(

p

d) unless the degree d is very 
lose to n.

Proposition 2.3 Let G be an (n; d; �)-graph. Then � �

p

(nd� d

2

)=(n� 1). In parti
ular for d �

n=2, � �

p

d=

p

2.

Proof. Let A be the adja
en
y matrix of G. The tra
e of A

2

is easily seen to be equal to the number

of ones in A, whi
h is exa
tly 2jE(G)j = nd. We thus obtain:

nd = Tr(A

2

) =

n

X

i=1

�

2

i

� d

2

+ (n� 1)�

2

:

Solving the above inequality for � establishes the 
laim of the proposition. �

Theorem 2.4 Let G be an (n; d; �)-graph. For an integer r � 2, de�ne:

s

r

=

�n

d

�

1 +

n

d

+ : : : +

�

n

d

�

r�2

�

:

Then every set of more than s

r

verti
es of G spans a 
opy of K

r

.

This theorem 
an be proved by indu
tion on r using repeatedly Theorem 2.2. A proof 
an be

found in [3℄.

Given a graph G = (V;E), a k-blow-up of G, denoted by G(k), is obtained be repla
ing ea
h vertex

of G by an independent set of size k and 
onne
ting two verti
es of G(k) by an edge if and only if the


orresponding verti
es of G are 
onne
ted by an edge.

Proposition 2.5 Let G be an (n; d; �)-graph. Then the blow-up G(k) is a (kn; kd; k�)-graph.

Proof. It is obvious that G(k) has kn verti
es and is kd-regular. In order to estimate the eigenvalues

of G(k), re
all that the Krone
ker produ
t of an m � n dimensional matrix A = (a

ij

) and an s � t-

dimensional matrix B = (b

kl

) is an ms�nt-dimensional matrix A
B, whose entry labeled ((i; k)(j; l))

5



is a

ij

b

kl

. In 
ase A andB are symmetri
 matri
es with spe
tra f�

1

; : : : ; �

n

g, f�

1

; : : : ; �

t

g respe
tively, it

is a simple 
onsequen
e of the de�nition that the spe
trum of A
B is f�

i

�

k

: i = 1; : : : ; n; k = 1; : : : ; tg

(see, e.g. [12℄). Observe that the adja
en
y matrix of G(k) is formed by taking the Krone
ker produ
t

of the adja
en
y matrix of G with the all-1 matrix J

k

of order k-by-k. Therefore the eigenvalues

of G(k) are obtained by taking all possible produ
ts of an eigenvalue of G and that of J

k

. Sin
e

the distin
t eigenvalues of J

k

are k and 0, the eigenvalues of G(k) are obtained by multiplying the

eigenvalues of G by k, and adding 0 to this list, in 
ase it is not there already. This immediately

implies that �(G(k)) = k�(G). �

3 Perfe
t mat
hings in pseudo-random bipartite graphs

In this, mostly te
hni
al, se
tion we obtain estimates on the number of perfe
t mat
hings in bipartite

graphs with some pseudo-random properties, to be used later in the proof of Theorem 1.1. Our

approa
h is based on known estimates for permanents of matri
es and is similar to the one used in

[5℄. First we need a lemma about the existen
e of fa
tors of large degree in pseudo-random bipartite

graphs.

Lemma 3.1 Let H

0

be a bipartite graph with bipartition V (H

0

) = U [ V , jU j = jV j = n, su
h that

jd(v)� dj < r for every vertex v 2 V (H

0

). Suppose furthermore that there exists a � su
h that for any

A � U;B � V

�

�

�

e(A;B) �

jAjjBjd

n

�

�

�

< �

p

jAjjBj:

Let t � 0 be an integer and let k = d � 2r � 2t � �. Let H be a subgraph of H

0

obtained by deleting

some edges of H

0

so that at any vertex not more than t in
ident edges are deleted.

If � <

d

2

20n

, and t+ r �

d

2

40n

, then H has a k-fa
tor.

Proof. The existen
e of a k-fa
tor [20, page 70, Theorem 2.4.2℄, is equivalent to the property

that for every two subsets X � U , Y � V

e

H

(U �X;V � Y ) � k(n� jXj � jY j):

This 
ondition 
an be reformulated in the following more 
onvenient form: For every subsets

X � U , Y � V of 
ardinalities jXj = x, jY j = y, respe
tively,

e

H

(X;Y ) � k(x+ y � n) : (1)

Che
king the above 
ondition appears to be a matter of routine, yet tedious 
al
ulations and 
ase

analysis. Following the referee's advi
e, we defer the te
hni
al details to the appendix. �

From this lemma one 
an easily dedu
e the following estimate on the number of perfe
t mat
hings

in H.

Corollary 3.2 Let H be a bipartite graph as de�ned in Lemma 3.1. Then H has at least (k=n)

n

n!

perfe
t mat
hings.

6



Proof. To obtain this bound, observe that the van der Waerden 
onje
ture on the permanent of

doubly sto
hasti
 matri
es, proved by Egory
hev [13℄ and Falikman [14℄, implies that the number of

mat
hings in a k-regular bipartite graph is at least (k=n)

n

n!. �

We �nish this se
tion with an upper bound on the number of perfe
t mat
hings in bipartite graphs

with a given degree sequen
e.

Lemma 3.3 Let H be a bipartite graph with bipartition V (H) = U [ V , jU j = jV j = n, su
h that

the maximum degree of a vertex from U is at most d

2

> 6. Suppose that there are x verti
es from U

having degree at most d

1

> 6. Then the number of perfe
t mat
hings in H is at most

e

�n

d

x+

x

d

1

1

d

n�x+

n�x

d

2

2

:

Proof. Let us denote by d

v

the degree of vertex v 2 U . By Br�egman's Theorem [8℄ (see also [6℄)

the number of perfe
t mat
hings between U and V is at most

Y

v2U

(d

v

!)

1

d

v

:

As the fun
tion f(t) = t!

1=t

is in
reasing and t! < t(t=e)

t

for t > 6, the above estimate is at most

(d

1

!)

x

d

1

(d

2

!)

n�x

d

2

<

 

d

1

�

d

1

e

�

d

1

!

x

d

1

 

d

2

�

d

2

e

�

d

2

!

n�x

d

2

= e

�n

d

x+

x

d

1

1

d

n�x+

n�x

d

2

2

: �

4 Triangle fa
tors

In this se
tion we prove our main result, Theorem 1.1. Sin
e it is known that �(G) �

p

d=

p

2 for d �

n=2 (see Proposition 2.3), the assumptions of the theorem imply that d > n

4=5

and �(G) = O(d= log n).

We will assume whenever it is needed that n is suÆ
iently large. For the sake of simpli
ity we will

also write � instead of �(G). Our proof borrows some ideas from the argument of [21℄.

Let d

1

= d=3, n

1

= n=3 and r = 2

p

d log n. Clearly d

1

=n

1

= d=n. Consider a random partition of

V (G) into three equal parts V

1

; V

2

; V

3

. A standard appli
ation of the Cherno�-type bounds gives that

with positive probability,

jd

V

i

(v) � d

1

j � r for every v 2 V and i = 1; 2; 3. (2)

Let us �x a parti
ular partition V

1

[V

2

[V

3

= V , jV

1

j = jV

2

j = V

3

j = n=3 = n

1

, whi
h has property (2)

and denote by H

0

the bipartite subgraph of G, whi
h 
ontains all the edges between V

1

and V

2

. By

de�nition and by Theorem 2.2, H

0

satis�es the 
onditions of Lemma 3.1.

We 
all a pair of verti
es u; v 2 V bad if for some i = 1; 2 or 3,

�

�

�

d

V

i

(u; v)�

d

2

1

n

1

�

�

�

>

d

2

1

3n

1

:

Otherwise the pair is 
alled good. First we need to estimate from above the number of bad pairs


ontaining a parti
ular vertex of G.
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Lemma 4.1 The number of verti
es forming a bad pair with a �xed vertex u 2 V (G) is at most �+r.

Proof. Let us �rst estimate the number s of verti
es, whi
h form a bad pair with u be
ause of the

size of their 
ommon neighborhood in V

1

. Let B = N

V

1

(u). By (2),

�

�

jBj�d

1

�

�

� r. A vertex v 2 V (G)

forms a bad pair with u if and only if

�

�

�

jN

B

(v)j � d

2

1

=n

1

�

�

�

> d

2

1

=(3n

1

). Then by applying Theorem 2.1

we obtain

s �

d

4

1

9n

2

1

�

X

v2V (H)

�

jN

B

(v)j �

d

2

1

n

1

�

2

� 2

X

v2V (H)

�

�

jN

B

(v)j �

jBj

n

d

�

2

+

�

jBj

n

d�

d

2

1

n

1

�

2

�

= 2

X

v2V (H)

�

jN

B

(v)j �

jBj

n

d

�

2

+ 2

X

v2V (H)

�

d

1

n

1

�

jBj � d

1

�

�

2

� 2�

2

jBj

�

1�

jBj

n

�

+ 2n

r

2

d

2

1

n

2

1

� 2�

2

(d

1

+ r) + 6

r

2

d

2

1

n

1

� 3�

2

d

1

+ 6

r

2

d

2

1

n

1

:

Therefore

s �

27�

2

n

2

1

d

3

1

+

54r

2

n

1

d

2

1

= �

27�n

2

1

d

3

1

+ r

54rn

1

d

2

1

�

1

3

(�+ r):

The last inequality follows from the fa
ts that 27�n

2

1

=d

3

1

� O(log

�1

n

1

), d

1

> n

4=5

1

and n

1

is large

enough.

To obtain the assertion of the lemma, note that the number of verti
es whi
h form a bad pair with

u be
ause of the size of their 
ommon neighborhood in V

2

; V

3


an be bound similarly. The sum of

these three bounds is �+ r. This 
ompletes the proof. �

An edge e = (u; v), u 2 V

1

; v 2 V

2

, is 
alled bad if its endpoints form a bad pair. Let H be the

bipartite subgraph of G 
ontaining all edges between V

1

and V

2

, ex
ept the bad ones. By Lemma

4.1, H is a subgraph of H

0

obtained by deleting some edges of H

0

so that at any vertex not more

than � + r in
ident edges are deleted. Thus H satis�es the 
ondition of Lemma 3.1 with parameter

t = �+ r and therefore, by Corollary 3.2, has a lot of perfe
t mat
hings. Given a perfe
t mat
hing M

in H, de�ne an auxiliary bipartite graph H(M) on the vertex set V (H(M)) = V

3

[M by 
onne
ting

a vertex v 2 V

3

to an edge e = fx

1

; x

2

g 2M , if v; x

1

and x

2

form a triangle in G.

Note that by de�nition, a perfe
t mat
hing in H(M) 
orresponds to a triangle fa
tor in G. Hen
e

our ultimate goal is to prove that there exists a perfe
t mat
hing M of H, for whi
h H(M) satis�es

Hall's Condition. First we bound from below the degree of a vertex from M in H(M). Sin
e by our


onstru
tion every e 2 M is a good edge, we get that the degree of e in H(M) is at least 2d

2

1

=(3n

1

)

for any perfe
t mat
hing M . Using this fa
t we 
an easily dedu
e the following statement.

Lemma 4.2 Let M be an arbitrary perfe
t mat
hing of H and let X be a subset of V

3

, su
h that its

neighborhood in H(M) has size less than jXj. Then the size of X is less than n

1

� d

1

=2.

Proof. Let (v

i

; u

i

); v

i

2 V

1

; u

i

2 V

2

; i = 1; : : : ; s, be the set of edges of the mat
hing M whi
h are not

adja
ent in the graph H(M) to any vertex in X, and let Y = V

3

�X. If the neighborhood of X has

size less than jXj, then jY j < s. By the de�nition of H(M), all (v

i

; u

i

) are good edges and therefore

8



in graph G the verti
es v

i

; u

i

have at least 2d

2

1

=(3n

1

) 
ommon neighbors, all of them belonging to the

set Y . This implies that the number of edges of G between the sets Y and fv

1

; : : : ; v

s

g is at least

(2d

2

1

=(3n

1

))s. On the other hand, by Theorem 2.2, this number is at most jY jsd

1

=n

1

+�

p

jY js. Using

that jY j < s and � = o(d

2

1

=n

1

) we obtain that

2d

2

1

3n

1

s � jY js

d

1

n

1

+ �

p

jY js < jY js

d

1

n

1

+ �s < jY js

d

1

n

1

+

d

2

1

6n

1

s:

Therefore jY j > d

1

=2 and thus jXj = n

1

� jY j < n

1

� d

1

=2. This 
ompletes the proof. �

In order to verify Hall's 
ondition in H(M) to subsets X � V

3

of size jXj � n

1

� d

1

=2, just an

arbitrary perfe
t mat
hing of H will not do. Thus, we 
hoose a perfe
t mat
hing M in H uniformly

at random and prove that Hall's 
ondition fails with probability o(1).

We �rst estimate degrees of verti
es from V

3

in the graph H(M). This gives us a lower bound on

the size of a set X � V

3

, that 
an violate Hall's 
ondition.

Lemma 4.3 The probability that there exists a vertex v 2 V

3

, whose degree in the bipartite graph

H(M) is less than d

2

1

=(n

1

log n

1

), is o(1).

Proof. We interpret a perfe
t mat
hing M of H as a bije
tion �

M

from V

1

to V

2

. Let v be a

vertex of V

3

and let X and Y be the sets of its neighbors in V

1

, V

2

respe
tively. Thus the degree

of v in H(M) is j�

M

(X) \ Y j. To prove the lemma it is enough to show, that for every vertex v,

j�

M

(X) \ Y j < d

2

1

=(n

1

logn

1

) happens with probability less than o(1=n

1

).

Let X

1

� X be the set of those verti
es, whi
h (in graph H) have at least d

2

1

=2n

1

neighbors in Y .

If u 62 X

1

, then u forms a bad pair with v, as in graph G it has at most d

2

1

=2n

1

+ � + r < 2d

2

1

=3n

1

neighbors in Y . Lemma 4.1 then implies that jX � X

1

j � � + r. By (2), d

1

+ r > jXj � jX

1

j �

jXj � (�+ r) > d

1

� �� 2r, so we have jX

1

j = (1� o(1))d

1

.

As X

1

� X, it is suÆ
ient to prove Pr(j�

M

(X

1

) \ Y j < d

2

1

=(n

1

log n

1

)) = o(1=n

1

) for every

vertex v 2 V

3

. If j�

M

(X

1

) \ Y j < d

2

1

=(n

1

log n

1

), then there is a subset S � X

1

of size jSj =

jX

1

j � d

2

1

=(n

1

log n

1

), su
h that j�

M

(S) \ Y j = 0.

Denote by z

1

the number of perfe
t mat
hings in the bipartite graph H. Let S � X

1

be a set of

size jSj = jX

1

j � d

2

1

=n

1

logn

1

and denote by z

2

(S) the number of perfe
t mat
hings M of H whi
h

have the property j�

M

(S)\ Y j = 0. The maximum of the z

2

(S), taken over all subsets S � X

1

of size

9



jSj = jX

1

j � d

2

1

=n

1

log n

1

, is denoted by z

max

2

. Then it is easy to see that

Pr

�

j�

M

(X

1

) \ Y j <

d

2

1

n

1

log n

1

�

�

X

S�X

1

jSj=jX

1

j�d

2

1

=n

1

log n

1

Pr (j�

M

(S) \ Y j = 0)

=

X

S�X

1

jSj=jX

1

j�d

2

1

=n

1

log n

1

z

2

(S)

z

1

�

�

jX

1

j

d

2

1

n

1

log n

1

�

z

max

2

z

1

�

�

ejX

1

jn

1

logn

1

d

2

1

�

d

2

1

n

1

logn

1

z

max

2

z

1

�

�

3n

1

logn

1

d

1

�

d

2

1

n

1

logn

1

z

max

2

z

1

� e

d

2

1

4n

1

z

max

2

z

1

:

In the last inequality we use that 3n

1

logn

1

=d

1

< n

1=4

1

.

As we already mentioned, the bipartite graph H satis�es the 
ondition of Lemma 3.1 with t = r+�.

Therefore by Corollary 3.2 the number of perfe
t mat
hings z

1

in H is at least (k=n

1

)

n

1

n

1

! > (k=e)

n

1

,

where k = d

1

� 2r� �� 2t = d

1

� 4r� 3� > d

1

� � log n

1

: On the other hand, z

2

(S) is the number of

perfe
t mat
hings in the bipartite graph H

S

obtained from H by deleting all the edges between S and

Y . We proved that this graph has jSj = s = jX

1

j � d

2

1

=(n

1

log n

1

) = (1� o(1))d

1

verti
es of degree at

most d

1

+ r� d

2

1

=(2n

1

) while the rest of the verti
es have degree at most d

1

+ r. Thus by Lemma 3.3

z

2

(S) < e

�n

1

�

d

1

+ r �

d

2

1

2n

1

�

s+

s

d

1

+r�d

2

1

=(2n

1

)

(d

1

+ r)

n

1

�s+

n

1

�s

d

1

+r

� d

3n

1

d

1

1

e

�n

1

�

d

1

+ r �

d

2

1

2n

1

�

s

(d

1

+ r)

n

1

�s

:

Finally, we obtain that

Pr

�

j�

M

(X

1

) \ Y j <

d

2

1

n

1

logn

1

�

� e

d

2

1

4n

1

z

max

2

z

1

� e

d

2

1

4n

1

d

3n

1

d

1

1

e

�n

1

�

d

1

+ r �

d

2

1

2n

1

�

s

�

d

1

+ r

�

n

1

�s

�

(d

1

� � log n

1

)=e

�

n

1

� e

d

2

1

4n

1

d

3n

1

d

1

1

0

�

d

1

+ r �

d

2

1

2n

1

d

1

� � log n

1

1

A

(1�o(1))d

1

�

d

1

+ r

d

1

� � logn

1

�

n

1

� e

d

2

1

4n

1

d

3n

1

d

1

1

�

1�

d

1

3n

1

�

(1�o(1))d

1

�

1 +

3� log n

1

d

1

�

n

1

� e

d

2

1

4n

1

+

3n

1

log n

1

d

1

+

3n

1

� log n

1

d

1

�

(1�o(1))d

2

1

3n

1

� e

�(1�o(1))

d

2

1

12n

1

= o(n

�1

1

):

Here we use the fa
ts that �n

1

logn

1

=d

1

= o(d

2

1

=n

1

) and r < � log n

1

< 3n

1

� log n

1

=d

1

. This 
ompletes

the proof of the lemma. �

Finally, it remains to verify Hall's 
ondition for the subsets of V

3

of size between d

2

1

=(n

1

log n

1

)

and n

1

� d

1

=2. This is done in the following lemma.
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Lemma 4.4 With probability 1� o(1), every subset X � V

3

of size d

2

1

=(n

1

logn

1

) � jXj � n

1

� d

1

=2

has at least jXj neighbors in the bipartite graph H(M).

Proof. Let Y = Y (X) be the subset of V

1


omposed of all verti
es with at most jXjd

1

=(2n

1

) neighbors

in X and let x; y be the sizes of X;Y , respe
tively. Obviously, e(X;Y ) � d

1

xy=(2n

1

). On the other

hand, by Theorem 2.2 the number of edges between X and Y satis�es

e(X;Y ) �

d

1

xy

n

1

� �

p

xy:

Comparing the above estimates for e(X;Y ) we derive that d

1

xy=(2n

1

) � d

1

xy=n

1

��

p

xy, and therefore

y � 4n

2

1

�

2

=(xd

2

1

).

Let Y

1

= Y

1

(X) = V

1

� Y . Call an edge (v; u) 2 E

H

(Y

1

; V

2

) useless (for X) if there are no

edges from u to N

X

(v), otherwise 
all it useful (for X). We also say that u is a useless neighbor

(useful neighbor, resp.) of v. Denote by W

v

the set of all useless neighbors of v in V

2

. Obviously,

e(W

v

; N

X

(v)) = 0. On the other hand, it follows from Theorem 2.2 that

e(W

v

; N

X

(v)) �

jW

v

jjN

X

(v)jd

1

n

1

� �

p

jW

v

jjN

X

(v)j :

Re
alling that jN

X

(v)j � d

1

x=(2n

1

), it follows that

jW

v

j �

�

2

n

2

1

d

2

1

jN

X

(v)j

�

2�

2

n

3

1

d

3

1

x

:

Note that if e = (v; u) 2 E

H

(Y

1

; V

2

) is an edge of the perfe
t mat
hing M of H, then e belongs to

the neighborhood of X in the graph H(M) if and only if e is a useful edge. Clearly, the probability

P

X

of X violating Hall's 
ondition is at most the probability that there exists a set S � Y

1

of size

s = jY

1

j � x, in
ident to no useful edge from M . Denote again by z

1

the number of perfe
t mat
hings

in the bipartite graph H. Let S � Y

1

be a subset of size s = jY

1

j�x, and denote by z

2

(S) the number

of perfe
t mat
hings M of H, whi
h have only useless edges in
ident to the verti
es of S. Then it is

easy to see that

P

X

�

X

S�Y

1

jSj=jY

1

j�x

z

2

(S)

z

1

�

�

jY

1

j

s

�

max

S

z

2

(S)

z

1

:

Thus to �nish the proof of the lemma it is enough to show that

X

X�V

3

jXj=x

P

X

= o(1=n

1

)

for all d

2

1

=n

1

logn

1

� x � n

1

� d

1

=2:

First we 
onsider the 
ase when x � n

1

=2. Sin
e x � d

2

1

=(n

1

logn

1

), then for every v 2 Y

1

we have

that

jW

v

j �

2n

3

1

�

2

d

3

1

x

�

2n

4

1

�

2

logn

1

d

5

1

= 2

�

n

2

1

� log n

1

d

3

1

�

2

d

1

log n

1

= o

�

d

1

log n

1

�

;
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and

y �

4n

2

1

�

2

xd

2

1

�

4n

3

1

�

2

log n

1

d

4

1

= 4

n

2

1

� logn

1

d

3

1

�

d

1

n

1

= o(n

1

):

As we already mentioned in the proof of Lemma 4.3, z

1

is at least (d

1

� � log n

1

)

n

1

e

�n

1

. For any S,

z

2

(S) is equal to the number of mat
hings in a bipartite subgraph of H with s = jSj verti
es of degree

jW

v

j � d

1

= log n

1

. The rest of the verti
es are of degree at most d

1

+ r, therefore via Lemma 3.3 we

obtain

z

2

(S) � e

�n

1

�

d

1

log n

1

�

s+

s

d

1

= log n

1

(d

1

+ r)

n

1

�s+

n

1

�s

d

1

+r

� d

2n

1

log n

1

d

1

1

e

�n

1

�

d

1

logn

1

�

s

�

d

1

+ r

�

n

1

�s

:

Now, taking into a

ount that s = jY

1

j � x = n

1

� y � x � n

1

� o(n

1

)� n

1

=2 > n

1

=3, we 
an dedu
e

that

X

X�V

3

jXj=x

P

X

�

X

X�V

3

jXj=x

X

S�Y

1

jSj=jY

1

j�x

z

2

(S)

z

1

�

X

X�V

3

jXj=x

X

S�Y

1

jSj=jY

1

j�x

d

2n

1

logn

1

d

1

1

e

�n

1

(d

1

= log n

1

)

s

(d

1

+ r)

n

1

�s

(d

1

� � log n

1

)

n

1

e

�n

1

�

�

n

1

x

��

jY

1

j

s

�

e

2n

1

log

2

n

1

d

1

�

2

log n

1

�

n

1

=3

�

d

1

+ r

d

1

� � log n

1

�

n

1

� 2

3n

1

�

2

log n

1

�

n

1

=3

2

n

1

= o(n

�1

1

):

Here we use that r < � logn

1

= o(d

1

) and 2n

1

log

2

n

1

=d

1

= o(n

1

).

Next assume that n

1

=2 � x � n

1

� d

1

=2. Then

y �

4n

2

1

�

2

xd

2

1

�

8n

1

�

2

d

2

1

= 8

�n

2

1

log n

1

d

3

1

�

n

1

d

1

log n

1

= o

�

d

1

log n

1

�

and hen
e s = jY

1

j � x = n

1

� y � x = (n

1

� x) � o(d

1

= log n

1

). Also in this 
ase we have for every

v 2 Y

1

that

jW

v

j �

2n

3

1

�

2

d

3

1

x

�

4n

3

1

�

2

d

3

1

n

1

= 4

n

2

1

� log n

1

d

3

1

�

log n

1

= o

�

�

logn

1

�

:

Similarly as before, z

2

(S) is equal to the number of mat
hings in a bipartite subgraph of H with s

verti
es of degree less than jW

v

j < �= log n

1

. The maximum degree is again at most d

1

+ r. Therefore

by Lemma 3.3 we obtain

z

2

(S) < e

�n

1

�

�

log n

1

�

s+

s

�= log n

1

(d

1

+ r)

n

1

�s+

n

1

�s

d

1

+r

� d

2n

1

log n

1

�

1

e

�n

1

�

�

logn

1

�

s

(d

1

+ r)

n

1

�s

:
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We �nish the proof of this 
ase by the following estimate.

X

X�V

3

jXj=x

P

X

�

X

X�V

3

jXj=x

X

S�Y

1

jSj=jY

1

j�x

z

2

(S)

z

1

�

X

X�V

3

jXj=x

X

S�Y

1

jSj=jY

1

j�x

d

2n

1

log n

1

�

1

e

�n

1

(�= log n

1

)

s

(d

1

+ r)

n

1

�s

(d

1

� � log n

1

)

n

1

e

�n

1

�

�

n

1

n

1

� x

��

jY

1

j

s

�

d

2n

1

log n

1

�

1

(�= log n

1

)

s

(d

1

+ r)

n

1

�s

(d

1

� � log n

1

)

n

1

�

�

en

1

n

1

� x

�

n

1

�x

�

ejY

1

j

s

�

s

d

2n

1

log n

1

�

1

(�= log n

1

)

s

(d

1

+ r)

n

1

�s

(d

1

� � logn

1

)

n

1

= d

2n

1

logn

1

�

1

�

en

1

n

1

� x

�

n

1

�x�s

�

e

2

n

1

jY

1

j�

(n

1

� x)s(d

1

+ r) logn

1

�

s

�

d

1

+ r

d

1

� � log n

1

�

n

1

� e

2n

1

log

2

n

1

�

e

y log n

1

�

4e

2

n

2

1

�

(1 + o(1))d

3

1

logn

1

�

s

�

1 +

3� log n

1

d

1

�

n

1

� e

d

1

�

1

logn

1

�

(1+o(1))d

1

=2

e

3n

1

� log n

1

d

1

= o(1=n

1

):

In these 
omputations we used that n

1

� x � d

1

=2, y = n

1

� x� s = o(d

1

= log d

1

), s � (1 + o(1))d

1

=2,

n

2

1

�=d

3

1

= o(1= log n

1

), 2n

1

log

2

n

1

=� = o(d

1

), n

1

� log n

1

=d

1

= o(d

1

) and r < � log n

1

= o(d

1

). This


ompletes the proof of the lemma. �

Finally, to 
omplete the proof of Theorem 1.1 note that by Lemmas 4.3 and 4.4, with probability

1�o(1) there exists a mat
hing M su
h that the bipartite graph H(M) satis�es Hall's 
ondition. Pi
k

su
h a mat
hing M . Then H(M) 
ontains a perfe
t mat
hing whi
h supplies a triangle fa
tor of the

graph G. �

5 Fra
tional triangle fa
tors

In this se
tion we prove Theorem 1.3. The 
onstant 0:1 in this theorem is 
ertainly not best possible,

but we will make no serious attempt to optimize it.

The fa
t that a fra
tional triangle fa
tor f 
an take non-integer values, as opposed to the 
hara
-

teristi
 ve
tor of a "usual" (i.e. integer) triangle fa
tor, enables us to invoke the powerful ma
hinery

of Linear Programming to prove the above result. Below we provide relevant ne
essary ba
kground,

needed to apply Linear Programming Duality to the problem of showing the existen
e of a fra
tional

fa
tor.

Let H = (V;E) be a hypergraph. Re
all that a non-negative real-valued fun
tion f : E ! R

+

is 
alled a fra
tional mat
hing with value jf j =

P

e2E

f(e) if

P

v2e

f(e) � 1 for every v 2 V . The

maximum of jf j over all fra
tional mat
hings of H is the fra
tional mat
hing number of H, denoted

by �

�

(H). Similarly, a fra
tional 
over of H is a non-negative real-valued fun
tion g : V ! R

+

su
h

that

P

v2e

g(v) � 1 for every e 2 E(H). The value of g is jgj =

P

v2V

g(v). The minimum of jgj over

all fra
tional 
overs of H is the fra
tional 
overing number of H, denoted by �

�

(H).

13



It is easy to see that the above two de�nitions of �

�

(H) and �

�

(H) 
an be represented as optimal

solutions of a pair of dual linear programming problems. The Duality Theorem of Linear Programming

thus implies that �

�

(H) = �

�

(H). It 
an also be used to get the following:

Proposition 5.1 For every r-uniform hypergraph H = (V;E) one has :

1. �

�

(H) � �(H), where �(H) is a size of a maximum mat
hing in H;

2. �

�

(H) � jV j=r;

3. If g : V ! R

+

is a fra
tional 
over of H, then for every subset U � V the fun
tion g

0

: U ! R

+

de�ned by g

0

(v) = g(v) for every v 2 U (that is, g

0

is the restri
tion of g on U) is a fra
tional


over of the indu
ed hypergraph H[U ℄;

4. Let g : V ! R

+

be an optimal fra
tional 
over of H and denote V

1

= fv 2 V : g(v) > 0g, then

�

�

(H) � jV

1

j=r.

The proof of the above proposition is quite standard and 
an be found, e.g., in [18℄ (see Proposition

2). The reader is also referred to [15℄ for additional information about integer and fra
tional mat
hings

and 
overs in hypergraphs.

Now let us return to the problem of a fra
tional triangle fa
tor and introdu
e relevant notation.

Let G = (V;E) satisfy the 
onditions of Theorem 1.3. We denote by H = H(G) the hypergraph of the

triangles of G de�ned as follows: the vertex set of H 
oin
ides with V ; for every triangle (u; v; w) in

G, there is an edge (u; v; w) 2 E(H). Thus H is a 3-uniform hypergraph on n verti
es. For a subset

U � V , we let H[U ℄ to be the subhypergraph of H spanned by U . In other words, H[U ℄ is formed by

all the triangles of G spanned by U . With some abuse of notation we set �

�

(U) = �

�

(H[U ℄).

Noti
e that due to Proposition 5.1.2 we have �

�

(H) � n=3. Therefore, the value of any fra
tional

mat
hing in H is at most n=3. Thus, proving that G has a fra
tional triangle fa
tor is equivalent to

proving that an optimal fra
tional mat
hing in H has the maximal possible value, n=3.

The proof of Theorem 1.3 will pro
eed as follows. We �rst derive some properties of the graph

G, based on the information about its eigenvalues. Then we show that every graph having these

properties has a fra
tional triangle fa
tor. Our approa
h is similar to the one used in [18℄ with some

additional ideas. From now on we assume that the graph G satis�es the 
onditions of Theorem 1.3.

First we apply Theorem 2.4 to graph G with r = 1 and 2 to establish the following properties.

Fa
t 5.2 (a) Every 0:1d verti
es of G span an edge; (b) Every 0:2n verti
es of G span a triangle.

Proposition 5.3 Let v 2 V (G). Then there exists a family T (v) of d=4 triangles in G, so that for

all t 6= t

0

2 T (v), one has t \ t

0

= fvg.

Proof. Consider a maximum mat
hing M

0

formed by the edges of G in the neighborhood N(v). If

M

0

has less than d=4 edges, then by Fa
t 5.2 (a), the verti
es of N(v) not 
overed by M

0

span an edge

e

0

2 E(G). Adding e

0

to M

0

produ
es a larger mat
hing, a 
ontradi
tion to the maximality of M

0

.

We 
on
lude that M

0

has at least d=4 edges. Ea
h edge of M

0

together with v forms a triangle in G.

Choosing d=4 su
h triangles, we get a desired 
olle
tion of triangles. �

14



Proposition 5.4 For every subset U � V of size jU j � n� d=2 and for every subset U

0

� U of size

jU

0

j = d=4, there exists a family T

0

of at least 0:2n� d=4 triangles in G so that t � U and jt\U

0

j = 1

for every t 2 T

0

, and t \ t

0

� U

0

for every pair t 6= t

0

2 T

0

.

Proof. We may assume that 0:2n � d=4, otherwise there is nothing to prove. Let T

0

be a maximum

family of triangles in G, satisfying the requirements of the proposition. We will show that T

0


ontains

at least 0:2n� d=4 triangles.

Assume to the 
ontrary that jT

0

j < 0:2n � d=4. Let W =

S

t2T

0

t n U

0

. Then jW j < 0:4n � d=2.

Due to the maximality of T

0

, the graph G does not 
ontain a triangle with one vertex in U

0

and the

other two in U n (U

0

[W ). Noti
e that jU n (U

0

[W )j > n� d=2� d=4 � (0:4n� d=2) = 0:6n � d=4.

Then it follows from Theorem 2.2 that

e(U

0

; U n (U

0

[W )) �

d

4

�

0:6n�

d

4

�

d

n

� �

s

d

4

�

0:6n�

d

4

�

>

d

2

4n

0:3n�

0:1d

2

n

r

dn

4

> 0:075d

2

� 0:05d

2

= 0:025d

2

:

Therefore there is a vertex u

0

2 U

0

for whi
h e(fu

0

g; U n (U

0

[W )) > 0:025d

2

=jU

0

j = 0:1d. Then by

Fa
t 5.2 (a), the set of neighbors of u

0

in U n (U

0

[W ) 
ontains an edge e = (w

1

; w

2

) 2 E(G) { a


ontradi
tion. �

To 
omplete the proof of Theorem 1.3 we show that every graph G having the properties stated

in Fa
t 5.2 (b) and Propositions 5.3, 5.4 satis�es �

�

(H(G)) = n=3.

Lemma 5.5 If G = (V;E) has the property stated in Fa
t 5.2 (b). Then for every subset U � V , one

has: �

�

(U) �

jU j�0:2n

3

.

Proof. Let T

0

be a maximum family of pairwise disjoint triangles of G spanned by U . Re
all that

by Fa
t 5.2 (b), every set of more than 0:2n verti
es of U spans a triangle in G. Therefore the family

T

0

leaves un
overed at most 0:2n verti
es of U , implying jT

0

j � (jU j � 0:2n)=3. Then by Proposition

5.1.1 we have �

�

(U) � (jU j � 0:2n)=3. �

Lemma 5.6 If G = (V;E) has the properties stated in Fa
t 5.2 (b) and Proposition 5.4, then for

every U � V of size jU j � n� d=2, one has: �

�

(U) �

jU j�

d

4

3

.

Proof. Consider the hypergraph of triangles H[U ℄. Let g : U ! R

+

be an optimal fra
tional 
over

of H[U ℄. Denote

U

0

= fu 2 U : g(u) = 0g :

Consider two possible 
ases.

Case 1: jU

0

j �

d

4

. In this 
ase Proposition 5.1.4 implies �

�

(U) �

jUnU

0

j

3

�

jU j�

d

4

3

.

Case 2: jU

0

j �

d

4

.

Choose a subset U

0

� U

0

of size jU

0

j = d=4. By Proposition 5.4, G 
ontains a family T

0

of 0:2n� d=4

15



triangles so that jt\U

0

j = 1 for every t 2 T

0

and t\t

0

� U

0

for every t 6= t

0

2 T

0

. LetW =

S

t2T

0

tnU

0

.

Then jW j = 2jT

0

j = 0:4n�d=2. Sin
e g is a fra
tional 
over of the triangles of G spanned by U , g has

total weight at least 1 on every triangle from T

0

. As all verti
es from U

0

have zero weight in g, and

the triangles in T

0

are disjoint outside U

0

, we have:

P

w2W

g(w) � jT

0

j = jW j=2.

De�ne a fun
tion g

1

: U n W ! R

+

by setting g

1

(u) = g(u) for all u 2 U n W (i.e. g

1

is the

restri
tion of g on U n W ). Then by Proposition 5.1.3, g

1

is a fra
tional 
over of the hypergraph

H[U nW ℄. Therefore from Lemma 5.5 it follows that jg

1

j � �

�

(U nW ) �

jUnW j�0:2n

3

. This 
ompletes

the proof, sin
e

�

�

(U) = jgj =

X

w2W

g(w) + jg

1

j �

jW j

2

+

jU nW j � 0:2n

3

=

jU j � 0:2n+

jW j

2

3

=

jU j �

d

4

3

: �

Proof of Theorem 1.3. Consider the hypergraph H = H(G) of triangles of G. Let g : V ! R

+

be

an optimal fra
tional 
over of H of weight jgj = �

�

(H). We treat two 
ases again.

Case 1: g(v) > 0 for all v 2 V . Then by Proposition 5.1.4 �

�

(H) � jV j=3.

Case 2: There exists a vertex v

0

2 V su
h that g(v

0

) = 0.

A

ording to Proposition 5.3, G 
ontains a family T

0

of d=4 triangles whose pairwise interse
tion is

v

0

. Let W =

S

t2T

0

t n fv

0

g. Then jW j = 2jT

0

j = d=2. Also,

P

v2W

g(v) � jT

0

j = jW j=2. De�ne a

fun
tion g

1

: V nW ! R

+

by setting g

1

(v) = g(v) for all v 2 V nW . Then by Proposition 5.1.3, g

1

is

a fra
tional 
over of the hypergraph H[V nW ℄, and thus jg

1

j � �

�

(V nW ). As jV nW j = n� d=2, it

follows from Lemma 5.6 that �

�

(V nW ) � (jV nW j � d=4)=3. Then

�

�

(H) = jgj =

X

w2W

g(w) + jg

1

j �

jW j

2

+

jV nW j �

d

4

3

=

jV j+

jW j

2

�

d

4

3

=

jV j

3

:

Thus in both 
ases we have proven �

�

(H) � jV j=3. As the opposite inequality �

�

(H) � jV j=3 is

valid by Proposition 5.1.2, the theorem follows. �

6 Pseudo-random graphs without triangles

The purpose of this se
tion is to show the existen
e of a family of dense pseudo-random graphs without

triangles and to prove Theorem 1.2.

In [1℄ Alon 
onstru
ts triangle-free graphs with small independen
e number to devise a 
onstru
tive

lower bound for the Ramsey number R(3; t). For an in�nite sequen
e of graph sizes n, he de�nes a

triangle-free d-regular graph G on n verti
es with se
ond eigenvalue � = �(G), where d = �(n

2=3

) and

� = �(n

1=3

). Spe
i�
ally, he proves the following result.
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Theorem 6.1 Let k > 0 be an integer not divisible by 3. Set n = 2

3k

. Then there exists a graph G

on n verti
es with the following properties:

1. G is d

n

= 2

k�1

(2

k�1

� 1)-regular;

2. �(G) � 9 � 2

k

+ 3 � 2

k=2

+

1

4

;

3. G is triangle-free.

Now we use Alon's 
onstru
tion (Theorem 6.1) and apply the blow-up operation for various values

of the blow-up parameter k. Noti
e that the graph G des
ribed in Theorem 6.1 satis�es �(G) =

O(d

2

=n), where d; n are the degree and the number of verti
es of G, respe
tively. Observe also that

a

ording to Proposition 2.5, the k-blow-up of G preserves the above relation between the parameters

n; d; �. Finally, it is easy to see that the blow-up graph G(k) is triangle-free as well. Therefore Theorem

1.2 follows. �

7 Con
luding remarks

Our main result, Theorem 1.1 provides a suÆ
ient 
ondition for the existen
e of a triangle fa
tor in a

pseudo-random graph. Note that while our fra
tional result, Theorem 1.3 is asymptoti
ally optimal

due to Theorem 1.2, we 
annot say the same about Theorem 1.1. In fa
t, we 
onje
ture that the

optimal 
ondition in the integer 
ase should be essentially identi
al to that of the fra
tional 
ase:

Conje
ture 7.1 There exists an absolute 
onstant 
 > 0 so that every d-regular graph G on 3n

verti
es, satisfying �(G) � 
d

2

=n, has a triangle fa
tor.

Given graphs G;H on n; h verti
es respe
tively, an H-fa
tor in G is a subgraph of G 
onsisting of

n=h vertex disjoint 
opies of H. Thus a triangle fa
tor 
orresponds to the 
ase H = K

3

. A fra
tional

H-fa
tor is de�ned in an obvious way. A natural possible extension of our result would be to �nd

suÆ
ient 
onditions for the existen
e of an H-fa
tor in a pseudo-random graph G, for various 
hoi
es

of the �xed graph H. While the te
hniques of the present paper 
ertainly have a potential to be

adopted for other instan
es of H, we are unable at this stage to predi
t the optimal relation between

parameters n; d; � for most of the 
hoi
es of H, for example, for the 
ase H = K

4

. This is due to the

absen
e of known optimal 
onstru
tions of pseudo-random graphs without a single 
opy of H (see [3℄

for partial results in the 
ase of H being a �xed 
lique). We 
onje
ture however that 
onditions on

n; d; �, suÆ
ient to guarantee a 
opy of H in a pseudo-random graph G, will be already suÆ
ient to

guarantee the existen
e of a fra
tional or even an integer H-fa
tor. Finally it is worth stating here

that using the te
hnique from Se
tion 5 we 
an show the following statement:

Theorem 7.2 For every r � 3 there exists a 
onstant 
 = 
(r) > 0 su
h that every d-regular graph G

on n verti
es, satisfying �(G) � 
d

r�1

=n

r�2

, has a fra
tional K

r

fa
tor.
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It is instru
tive to observe that the appearan
e of triangles in pseudo-random graphs experien
es

a kind of a threshold behavior { if � = 
d

2

=n for large enough 
onstant 
 > 0, then there are

graphs with parameters (n; d; �) and without a single triangle; 
hanging the value of 
 guarantees

not only the existen
e of a triangle, but already the existen
e of a fra
tional triangle fa
tor. It

would be interesting to understand this phenomenon more deeply, possibly 
omparing it with the


orresponding phenomenon in the theory of random graphs (see, e.g. [7℄), and to �gure out the s
ope

of its appli
ability.

In our opinion, an ultimate goal of the line of resear
h suggested by this paper is to prove a

generalization of the Blow-Up Lemma to pseudo-random subgraphs with a subquadrati
 number of

edges. Spe
i�
ally, the following question appears to be both very interesting and 
hallenging: given an

integer �, what are the optimal 
onditions on the relation between parameters n; d; � that guarantee

that every d-regular graph G on n verti
es with a se
ond eigenvalue � 
ontains a 
opy of every n-vertex

graph H with maximum degree at most �? Our main result, Theorem 1.1, 
an be viewed as the �rst

step in settling this problem.
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8 Appendix: Proof of Lemma 3.1

Obviously, it is enough to 
he
k 
ondition (1) for x+ y � n. Due to symmetry, we may assume x � y.

Case 1. x � k.

Every v 2 X has at least deg

H

0

(v) � t� (n� y) � d� r � t+ y � n neighbors in Y . Hen
e

e

H

(X;Y ) � x(d� t� r + y � n) � x(k + �+ y � n)

= kx+ xy � nx+ �x = kx+ ky � nx� (k � x)y + �x

� kx+ ky � nx� (k � x)n+ �x (we use here x � k, y � n)

= kx+ ky � kn+ �x � k(x+ y � n) ;

as required.

Case 2. x � k. From the assumptions of the lemma we obtain

e

H

(X;Y ) � e

H

(X;V )� e

H

0

(X;V � Y )

� (d� t� r)x�

x(n� y)d

n

� �

p

x(n� y)

=

xyd

n

� (t+ r)x� �

p

x(n� y) :

Therefore it is enough to show

xyd� (t+ r)nx� �n

p

x(n� y) � n(d� �� 2t� 2r)(x+ y � n) ;

or

d(n� x)(n� y) � �n

�

p

x(n� y)� (x+ y � n)

�

+ (t+ r)n

�

x� 2(x+ y � n)

�

: (3)

As both x; y � n, the LHS of (3) is non-negative. First we present two 
ases in whi
h the RHS is

negative.

Consider �rst the 
ase when y � n� k=3. Then, re
alling that x � k, we get

p

x(n� y)� (x+ y � n) �

p

xk=3� x+

k

3

�

x

p

3

� x+

x

3

< 0 :

Also in this 
ase,

x� 2(x+ y � n) � x� 2

�

x�

k

3

�

� �

x

3

< 0 :

These imply that the RHS of (3) is negative and establish the validity of (3) when y � n� k=3.

Now assume that x � 3n=4. In this 
ase we have:

p

x(n� y)� (x+ y � n) �

p

x(n� x)� 2x+ n �

r

3n

4

�

n

4

� 2 �

3n

4

+ n

= n

 

p

3

4

�

3

2

+ 1

!

< 0 :

Also,

x� 2(x+ y � n) � n� 2

�

3n

4

+

3n

4

� n

�

= 0 :
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Therefore the RHS of (3) is negative again, implying the validity of (3).

Finally we dispose of the 
ase y < n � k=3, x < 3n=4. Noti
e that k = d � 2(r + t) � � �

d� 2d

2

=(40n)� d

2

=(20n) > d=2. Therefore, for the LHS of (3) we have:

d(n� y)(n� x) �

dk

3

(n� x) �

d

2

6

(n� x) :

The RHS of (3) 
an be estimated from above by:

�n

�

p

x(n� y)� (x+ y � n)

�

+ (t+ r)n

�

x� 2(x+ y � n)

�

� �n

p

x(n� y) + (t+ r)nx

�

d

2

20

p

x(n� x) + (t+ r)nx

�

d

2

20

p

3(n� x)

2

+ (t+ r)3n(n� x)

�

p

3

20

(n� x)d

2

+

3

40

(n� x)d

2

<

(n� x)d

2

6

:

This proves (3) in this 
ase and thus 
ompletes the proof of the lemma. �
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