Triangle factors in sparse pseudo-random graphs
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Abstract

The goal of the paper is to initiate research towards a general, Blow-up Lemma type embedding
statement for pseudo-random graphs with sublinear degrees. In particular, we show that if the
second eigenvalue \ of a d-regular graph G on 3n vertices is at most cd® /n? log n, for some sufficiently
small constant ¢ > 0, then G contains a triangle factor. We also show that a fractional triangle
factor already exists if A < 0.1d?/n. The latter result is seen to be best possible up to a constant

factor, for various values of the degree d = d(n).

1 Introduction

Let H be a fixed graph on n vertices. We say that a graph G on n vertices has an H-factor if G
contains n/h vertex disjoint copies of H. For example, if H is just an edge H = K5, then an H-factor
is a perfect matching in G. Of course, a trivial necessary condition for the existence of an H-factor in
G is that h divides n.

Providing sufficient conditions for the existence of an H-factor is one of the most important lines
of research in Extremal Graph Theory. Such renowned results as matching theorems of Hall and Tutte
can certainly be classified into this category. Usually we assume that H is fixed while the order n of the
underlying graph G grows. In many cases sufficient conditions are formulated in terms of the minimum
degree of G. For example, a classical result of Corradi and Hajnal [11] asserts that every graph on
n vertices with minimum degree at least 2n/3 contains a triangle factor (assuming again 3 divides
n). This was generalized later by Hajnal and Szemerédi [16] who proved that if the minimum degree
§(G) satisfies 6(G) > (1 — L)n, then G contains [n/r| vertex disjoint copies of K,. The statement of

this theorem is easily seen to be tight. Therefore for sparse graphs we need more subtle conditions to
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guarantee the existence of an H-factor. It turns out that pseudo-randomness allows in many cases to
obtain results which fail to hold for general graphs of the same edge density.

Pseudo-random graphs can be informally described as graphs whose edge distribution resembles
closely that of a truly random graph G(n,p) of the same edge density. They have been a subject of
intensive study during the last two decades and have seen numerous applications both in combinatorics
and theoretical computer science (see, e.g. [23], [24], [10], [22], [4] and the recent survey [19]).

Among several possible ways, we choose the one through eigenvalues to formulate precisely the
concept of “pseudo-random graph”. This will enable us to use the powerful and well developed
machinery of spectral graph theory (see [9]) to connect between the eigenvalues of a graph and its
edge distribution. For simplicity, we restrict our attention to regular pseudo-random graphs (our
methods should apply also to almost regular graphs, but exact statements are harder to formulate).
Some definitions are in place here. Let G = (V, E) be a graph with vertex set V = {1,...,n}. The
adjacency matrix A = A(G) is an n-by-n 0, l-matrix whose entry a;; is 1 whenever (¢,5) € E(G),
and is 0 otherwise. As A is a real symmetric matrix, all its eigenvalues are real. We thus denote the
eigenvalues of A, usually also called the eigenvalues of the graph G itself, by Ay > Ao > ... > \,. In
case G is a d-regular graph, it follows from the Perron-Frobenius Theorem that A\; = d and |)\;| < d
for all 2 < ¢ < n. Let now A = A(G) = max{|\;(G)| : i = 2,3,...,n}. The parameter A is usually
called the second eigenvalue of G.

It is well known that the larger the so called spectral gap (i.e. the difference between the order of
magnitude of d and \) is, the more closely the edge distribution of G approximates that of a random
graph G(n,d/n). We will cite relevant quantitative results in the next section, for now we just state
that the value of \ will serve us as the measure of randomness.

The subject of this paper is to obtain a sparse version of the result of Corradi and Hajnal. We
show that under certain conditions pseudo-randomness ensures the existence of a triangle factor. First
we discuss the case of constant edge density p. In this case the celebrated Blow-up Lemma of Komlés,
Sarkozy and Szemerédi [17] can be used to show the existence of H-factors.

In order to formulate the Blow-up Lemma we need to introduce the notion of a super-regular pair.
Given € > 0 and 0 < p < 1, a bipartite graph G with bipartition (V1,V2), |Vi| = |V2| = n, is called
super (p, €)-regular if for all vertices v € V(G),

(p—en<dwv)<(p+eén,

and for every pair of sets (U, W), U C Vi, W C Va, |U|,|W| > en,

(U W) _|B@)| _
oW~ e | S

The Blow-up Lemma roughly states that any r-partite graph H with parts of order n > ng(e,r,p, A),
and of maximum degree A is a subgraph of any r-partite graph G with parts Vi,...,V, of order also
n, for which all (g) bipartite subgraphs G[V;, V;] are super (p, €)-regular. In particular such G contains

an H-factor for every fixed graph with chromatic number . This version of the lemma, due to Rodl



and Rucinski [21], is somewhat different from and yet equivalent to the original formulation of Komlés
et al. We use it here as it is closer in spirit to the notion of pseudo-randomness.

The Blow-up Lemma, is a very powerful embedding tool. Using it together with the properties
of pseudo-random graphs (see the next section) one can easily prove that if the vertex degree d is
linear in the number of vertices n, then already a very weak condition on the spectral gap A = o(d)
guarantees a triangle factor. As usual, the case of a vanishing edge density p = o(1) is significantly
more complicated. Here a sufficient condition for the existence of an H-factor should depend heavily
on the graph H, as there may exist quite dense pseudo-random graphs without a single copy of H.
We discuss such examples in Section 6. The case when H = K5 is relatively simple. Indeed, already
an extremely weak pseudo-randomness condition, A < d — 2, suffices to guarantee a perfect matching
(see [19]).

In this paper we consider the first substantial case, when H = K3. We prove the following theorem,
that provides a sufficient condition for a triangle factor in a pseudo-random regular graph G' and does
not require its degree d to be linear in |V(G)|. This result can also be interpreted as a first attempt

to extend the Blow-up Lemma to sparse graphs.

Theorem 1.1 Let G be a d-reqular graph on n vertices, such that n is divisible by 3. If

d3
@) =o <n2 logn> ’

then G has a triangle factor.

Our proof uses properties of random matchings in bipartite graphs similar to that in [21]. But applying
directly the approach of [21], one can only infer the existence of a triangle factor in pseudo-random
graphs, which are quite dense. So to obtain the bound in Theorem 1.1, new ideas are needed.

Since for graphs with sublinear degrees A\(G) = Q(v/d) (see Proposition 2.3 below), Theorem 1.1
starts working for degrees d = d(n) asymptotically larger than n*/® logz/ ®n. The next statement,
whose proof is based on a construction of Alon [1], shows that 4/5 cannot be replaced by a power
smaller than 2/3.

Theorem 1.2 For every function d(n) such that Q(n?/?) < d < n there ezists a triangle-free graph G
that satisfies:

1. V(@) = n1 = O(n);
2. G is dy-regular with dy = O(d);
3. )\(G) = O(d12/n1).

We tend to think that the condition of Theorem 1.1 can be further improved, maybe even down
to the bound of Theorem 1.2. To substantiate this conjecture we discuss the fractional variant of
the problem. Let us introduce the relevant terminology. Let G = (V, FE) be a graph. Denote by
T = T(G) the set of all triangles of G. A function f : T — Ry is called a fractional triangle factor if



for every v € V(G) one has } 3,y o, f(¢) = 1. If G contains a triangle factor Ty, then assigning values
f(t) =1forall t € Ty, and f(t) = 0 for all other ¢ € T" produces a fractional triangle factor. This
simple argument shows that the existence of a triangle factor in G implies the existence of a fractional
triangle factor. The converse statement is easily seen to be invalid in general.

It turns out that this fractional relaxation of the integer problem is much more tractable, and quite

precise result can be obtained about it.

Theorem 1.3 Let G = (V, E) be a d-regular graph on n vertices. If

2
AG) <
mn

then G has a fractional triangle factor.

The lack of triangles of course prevents the existence of a fractional triangle factor. So Theorem 1.2
shows that for any sensible degree d the assertion of Theorem 1.3 is best possible up to a constant
factor.

The rest of the paper is organized as follows. The next section collects useful properties of pseudo-
random graphs together with some simple facts about eigenvalues. In Section 3 we provide estimates
for the number of perfect matchings in bipartite graphs, to be used as technical tools in the proof of
our main result. Section 4 is devoted to the proof of Theorem 1.1, the sufficient condition for a triangle
factor. We prove Theorem 1.3 in Section 5. In Section 6 we present a construction of pseudo-random
triangle-free graphs of various vertex degrees which will show the optimality of the fractional result of
Section 5. Section 7, the last section of the paper, is devoted to concluding remarks and discussion of
relevant open problems.

For a vertex v, N(v) denotes the neighborhood of v, and d(v) denotes its degree. For a subset X
of the vertex set, Nx(v) = N(v) N X, dx(v) = |[Nx(v)|. The number of common neighbors of vertices
u and v is denoted by d(u,v). Given subsets of vertices B,C C V(G), e(B,C) denotes the number
of ordered pairs (u,v), where u € B,v € C and (u,v) € E(G); of course when B and C are disjoint,
e(B,C) is just the number of edges of G connecting B and C. Finally a graph G = (V, E) is called
an (n,d,\)-graph if it is d-regular, has n vertices and the second eigenvalue of G is at most A. All
logarithms in this paper are natural. We will also routinely omit floor and ceiling signs in order to

simplify the presentation.

2 Properties of (n,d, \)-graphs

This section contains description of basic facts about (n, d, \)-graphs. For a more detailed information
about pseudo-random graphs we refer the interested reader to the recent survey of the first two authors
[19].

The following two results, quite well known by now, provide a quantitative support to the thesis
that spectral gap in regular graphs implies pseudo-randomness. This is especially visible in Theorem

2.2, where it is stated explicitly that the number of edges between any pair of sufficiently large sets



B,C in an (n,d, A)-graph is close to its expected value |B||C|d/n in the random graph G(n,d/n) if

the second eigenvalue A, governing the error term, is relatively small.
Theorem 2.1 (/6, pagel22, Theorem 2.4]) Let G be an (n,d, X)-graph. For any B CV =V(G),

> (Ng(v) —|Bld/n)* < X*|B|(n — |B|)/n.
veV
Theorem 2.2 ([6, page 122, Corollary 2.5]) Let G be an (n,d, \)-graph. For any B C V(G),C C
V(G),
le(B, C) — |B||Cld/n| < AV/[B||C].

Theorems 2.1, 2.2 indicate that the smaller the second eigenvalue A\ of a d-regular graph G on n
vertices is, the closer its edge distribution approximates that of the truly random graph G(n,d/n). A
legitimate question is thus how small can A be for given n and d? As the following easy proposition

shows, A = Q(v/d) unless the degree d is very close to n.

Proposition 2.3 Let G be an (n,d,\)-graph. Then A > \/(nd — d2)/(n —1). In particular for d <
n/2, A > Vd/V?2.

Proof. Let A be the adjacency matrix of G. The trace of A? is easily seen to be equal to the number
of ones in A, which is exactly 2|E(G)| = nd. We thus obtain:

nd =Tr(A%) =Y X <d*+ (n— 1)A\”.
=1

Solving the above inequality for A\ establishes the claim of the proposition. O

Theorem 2.4 Let G be an (n,d, \)-graph. For an integer r > 2, define:

srz%(1+%+...+(g)rz>.

Then every set of more than s, vertices of G spans a copy of K,.

This theorem can be proved by induction on r using repeatedly Theorem 2.2. A proof can be
found in [3].

Given a graph G = (V| E), a k-blow-up of G, denoted by G(k), is obtained be replacing each vertex
of G by an independent set of size k and connecting two vertices of G(k) by an edge if and only if the

corresponding vertices of G are connected by an edge.
Proposition 2.5 Let G be an (n,d, \)-graph. Then the blow-up G(k) is a (kn,kd, kX)-graph.

Proof. It is obvious that G(k) has kn vertices and is kd-regular. In order to estimate the eigenvalues
of G(k), recall that the Kronecker product of an m x n dimensional matrix A = (a;;) and an s x t-

dimensional matrix B = (bg;) is an ms X ni-dimensional matrix A® B, whose entry labeled ((i, k)(7,1))



is a;;bg;. In case A and B are symmetric matrices with spectra {A1,..., Ay}, {1, ..., gt } respectively, it
is a simple consequence of the definition that the spectrum of AQBis {\jug:i=1,...,n,k=1,...,t}
(see, e.g. [12]). Observe that the adjacency matrix of G(k) is formed by taking the Kronecker product
of the adjacency matrix of G with the all-1 matrix J; of order k-by-k. Therefore the eigenvalues
of G(k) are obtained by taking all possible products of an eigenvalue of G and that of Ji. Since
the distinct eigenvalues of Jj are k and 0, the eigenvalues of G(k) are obtained by multiplying the
eigenvalues of G by k, and adding 0 to this list, in case it is not there already. This immediately
implies that A(G(k)) = kEX(G). O

3 Perfect matchings in pseudo-random bipartite graphs

In this, mostly technical, section we obtain estimates on the number of perfect matchings in bipartite
graphs with some pseudo-random properties, to be used later in the proof of Theorem 1.1. Our
approach is based on known estimates for permanents of matrices and is similar to the one used in
[5]. First we need a lemma about the existence of factors of large degree in pseudo-random bipartite

graphs.

Lemma 3.1 Let H' be a bipartite graph with bipartition V(H') = UUV, |U| = |V| = n, such that
|d(v) —d| < r for every vertex v € V(H'). Suppose furthermore that there exists a A such that for any
ACUBCYV
A||Bl|d
e(A, B) — %‘ < WIA[B.

Let t > 0 be an integer and let k = d — 2r — 2t — \. Let H be a subgraph of H' obtained by deleting
some edges of H' so that at any vertex not more than t incident edges are deleted.

If A < %, and t+1r < %, then H has a k-factor.

Proof. The existence of a k-factor [20, page 70, Theorem 2.4.2], is equivalent to the property
that for every two subsets X CU, Y CV

en(U — X,V ~Y) > k(n - |X| - Y.

This condition can be reformulated in the following more convenient form: For every subsets
X CU,Y CV of cardinalities | X| = z, |Y| = y, respectively,

eg(X,Y) > k(x+y—n). (1)

Checking the above condition appears to be a matter of routine, yet tedious calculations and case

analysis. Following the referee’s advice, we defer the technical details to the appendix. O

From this lemma one can easily deduce the following estimate on the number of perfect matchings
in H.

Corollary 3.2 Let H be a bipartite graph as defined in Lemma 3.1. Then H has at least (k/n)"n!

perfect matchings.



Proof. To obtain this bound, observe that the van der Waerden conjecture on the permanent of
doubly stochastic matrices, proved by Egorychev [13] and Falikman [14], implies that the number of
matchings in a k-regular bipartite graph is at least (k/n)"nl. O

We finish this section with an upper bound on the number of perfect matchings in bipartite graphs

with a given degree sequence.

Lemma 3.3 Let H be a bipartite graph with bipartition V(H) = UUV, |U| = |V| = n, such that
the mazimum degree of a vertex from U is at most do > 6. Suppose that there are x vertices from U

having degree at most di > 6. Then the number of perfect matchings in H is at most

T+ n—o42=E
— d d
end, dy

Proof. Let us denote by d, the degree of vertex v € U. By Brégman’s Theorem [8] (see also [6])

the number of perfect matchings between U and V is at most

T[] (d.h.

velU

As the function f(t) = #!'/* is increasing and t! < t(t/e) for t > 6, the above estimate is at most

- n—z dl % d2 da $+L n—x+ n—x
(dll)ﬂ(dgl)ﬁ<<d1 (%) ) <d2 (%) ) =ed, "d, . O

4 Triangle factors

In this section we prove our main result, Theorem 1.1. Since it is known that A\(G) > v/d/v/2 for d <
n/2 (see Proposition 2.3), the assumptions of the theorem imply that d > n*/® and A\(G) = O(d/logn).
We will assume whenever it is needed that n is sufficiently large. For the sake of simplicity we will
also write A instead of A\(G). Our proof borrows some ideas from the argument of [21].

Let di = d/3, ny =n/3 and r = 2y/dlogn. Clearly d;/n; = d/n. Consider a random partition of
V(G) into three equal parts Vi, Vs, V3. A standard application of the Chernoff-type bounds gives that
with positive probability,

|dv; (v) —di| < r for every v € V and i =1,2,3. (2)

Let us fix a particular partition Vy UVoUVs =V, |V}| = |Va| = V3| = n/3 = ny, which has property (2)
and denote by H' the bipartite subgraph of G, which contains all the edges between V; and V,. By
definition and by Theorem 2.2, H' satisfies the conditions of Lemma 3.1.

We call a pair of vertices u,v € V bad if for some 1 = 1,2 or 3,

d? d?
dy; (u,v) — n—i > ﬁ

Otherwise the pair is called good. First we need to estimate from above the number of bad pairs

containing a particular vertex of G.



Lemma 4.1 The number of vertices forming a bad pair with a fized vertex v € V(G) is at most A+.

Proof. Let us first estimate the number s of vertices, which form a bad pair with u because of the
size of their common neighborhood in V. Let B = Ny, (u). By (2), ‘|B| - dl‘ <r. A vertex v € V(G)

forms a bad pair with v if and only if ||Ng(v)| — d%/m‘ > d?/(3n1). Then by applying Theorem 2.1

we obtain

s 3 (e l—i—i> <2 5 (o= )" (Fa=2E))

1 veV(H veV (H

=2 3 (o= o)’ v2 S (m-an)” <o ) e

veV(H evH 1
< 2X%(di +7) + 6% < 3X%dy +62—Cf2-
Therefore 27A%n2  5drin, 27An? 54rny 1
cog ottty Tha e <sh

The last inequality follows from the facts that 27An?/d3 < O(log tny), di > néll/ % and ny is large
enough.

To obtain the assertion of the lemma, note that the number of vertices which form a bad pair with
u because of the size of their common neighborhood in V5, V3 can be bound similarly. The sum of

these three bounds is A + r. This completes the proof. O

An edge e = (u,v), u € Vi,v € Vs, is called bad if its endpoints form a bad pair. Let H be the
bipartite subgraph of G containing all edges between Vi and Vs, except the bad ones. By Lemma
4.1, H is a subgraph of H' obtained by deleting some edges of H' so that at any vertex not more
than A + r incident edges are deleted. Thus H satisfies the condition of Lemma 3.1 with parameter
t = A+ r and therefore, by Corollary 3.2, has a lot of perfect matchings. Given a perfect matching M
in H, define an auxiliary bipartite graph H (M) on the vertex set V(H(M)) = V3 U M by connecting
a vertex v € V3 to an edge e = {z1,z9} € M, if v, z1 and z9 form a triangle in G.

Note that by definition, a perfect matching in H (M) corresponds to a triangle factor in G. Hence
our ultimate goal is to prove that there exists a perfect matching M of H, for which H(M) satisfies
Hall’s Condition. First we bound from below the degree of a vertex from M in H(M). Since by our
construction every e € M is a good edge, we get that the degree of e in H(M) is at least 2d2/(3ny)

for any perfect matching M. Using this fact we can easily deduce the following statement.

Lemma 4.2 Let M be an arbitrary perfect matching of H and let X be a subset of Vs, such that its
neighborhood in H(M) has size less than |X|. Then the size of X is less than ny — di /2.

Proof. Let (v;,u;),v; € Vi,u; € Va,i =1,...,s, be the set of edges of the matching M which are not
adjacent in the graph H(M) to any vertex in X, and let Y = V3 — X. If the neighborhood of X has
size less than | X|, then |Y| < s. By the definition of H(M), all (v;,u;) are good edges and therefore



in graph G the vertices v;, u; have at least 2d2/(3n1) common neighbors, all of them belonging to the
set Y. This implies that the number of edges of G between the sets Y and {vi,...,vs} is at least
(2d2/(3n1))s. On the other hand, by Theorem 2.2, this number is at most [Y[sdy/ni +Ay/[Y]s. Using
that |Y| < s and X\ = o(d}/n1) we obtain that

242 dy dy d | di
—s < |Y|s—+ A\/|Y Y|is—+ A Y|s— 4+ —s.
3" S | |3n1 + AV [Y s <| |sn1 + As < | |Sn1 + oL’
Therefore |Y'| > d;/2 and thus | X| =n; — |Y| < ny — d1/2. This completes the proof. O

In order to verify Hall’s condition in H (M) to subsets X C V3 of size |X| < n; — d1/2, just an
arbitrary perfect matching of H will not do. Thus, we choose a perfect matching M in H uniformly
at random and prove that Hall’s condition fails with probability o(1).

We first estimate degrees of vertices from V3 in the graph H(M). This gives us a lower bound on

the size of a set X C V3, that can violate Hall’s condition.

Lemma 4.3 The probability that there exists a vertex v € Vi, whose degree in the bipartite graph
H(M) is less than d3/(nylogn,), is o(1).

Proof. We interpret a perfect matching M of H as a bijection op; from Vi to V,. Let v be a
vertex of V3 and let X and Y be the sets of its neighbors in Vi, V5 respectively. Thus the degree
of v in H(M) is |op(X) NY|. To prove the lemma it is enough to show, that for every vertex v,
loar (X) NY| < d?/(nylogni) happens with probability less than o(1/n1).

Let X1 C X be the set of those vertices, which (in graph H) have at least d2/2n; neighbors in Y.
If u ¢ Xi, then u forms a bad pair with v, as in graph G it has at most d2/2n; + X +r < 2d%/3n;
neighbors in Y. Lemma 4.1 then implies that | X — X;| < A+ 7. By (2), di +r > |X]| > | Xi| >
| X| = (A+7)>di — X —2r, so we have | X;| = (1 —o(1))d;.

As X; C X, it is sufficient to prove Pr(|oy(X1) NY| < d?/(n1logny)) = o(1/ny) for every
vertex v € V3. If |op(X1) NY| < d?/(n1logny), then there is a subset S C X; of size |S| =
| X1| — d?/(n1logny), such that |op (S) NY| = 0.

Denote by z; the number of perfect matchings in the bipartite graph H. Let S C X be a set of
size |S| = |X1| — d?/n1logn; and denote by z3(S) the number of perfect matchings M of H which
have the property |op/(S) NY| = 0. The maximum of the z2(S), taken over all subsets S C X of size



|S| = | X1| — d?/nylogny, is denoted by 25, Then it is easy to see that

Pr <|UM(X1) ny| < i) < Z Pr(lop(S)NY| =0)

nilogn
1 1logny Scxy
\S|:\X1|fd%/n110gn1

_ > 22(5)
SCXy 21
\S|:\X1|fd%/n1 logn1

a2

1
|X21| z5rer < e|X1|ny logng \ riloens  zZIMe®
- dy Z1 d% Z1
nilogni
dj
oo ,MaT 2 _max
3nylogng \ mileent 2 <eﬁ 4
- dy 21 21
1/4

In the last inequality we use that 3n;logn,/d; < n,

As we already mentioned, the bipartite graph H satisfies the condition of Lemma 3.1 with t = r4 .
Therefore by Corollary 3.2 the number of perfect matchings z; in H is at least (k/n1)™ni! > (k/e)™,
where k = dy —2r — A\ —2t =dy —4r — 3\ > d; — Alogn;. On the other hand, z5(S) is the number of
perfect matchings in the bipartite graph Hg obtained from H by deleting all the edges between S and
Y. We proved that this graph has |S| = s = | X1| — d?/(n1logni1) = (1 — o(1))d; vertices of degree at
most di +r — d?/(2n1) while the rest of the vertices have degree at most d; + r. Thus by Lemma 3.3

(di + 7)™ T

S
d2 \ T arr—a2ienn)
27L1

22(S) < e™ (dl—l—r——

33;1 -n d% ’ ni—s
< dlle ! d1+’f‘—2— (dl—i—r)l .
ni

Finally, we obtain that

3nq
. o . d; d? \s ni—s
d? i} gmaz & dM e ™ (dy 41— 1) (dy 47
Pr (|0M(X1) nY| < 71> < e4n11 % < 64731 1 ( 2n1) ( - )
ny logny 21 ((d1 — Xlogni)/e)
d2 3ng d d% (1_0(1))d1 ni
< eibght [T _ditr
d1 — )\lognl d1 — Alognl
4 im dy \ e 3Alogn \™
< g (11— a1 1 gni
= ¢ ! ( 3TL1> ( * dy
2 o 2 2
< emrrEEeEpEn -Gl (o) Ty _ (1),

Here we use the facts that Anj logni/di = o(d?/ny) and r < Alogni < 3nyAlogny/d;. This completes
the proof of the lemma. O

Finally, it remains to verify Hall’s condition for the subsets of V3 of size between d?/(n; logn,)

and n; — d;y /2. This is done in the following lemma.
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Lemma 4.4 With probability 1 — o(1), every subset X C V3 of size d2/(n1logny) < |X| < ny —dy/2
has at least | X | neighbors in the bipartite graph H(M).

Proof. Let Y = Y (X) be the subset of V; composed of all vertices with at most | X|d; /(2n1) neighbors
in X and let z,y be the sizes of X,Y, respectively. Obviously, e(X,Y) < djzy/(2n1). On the other
hand, by Theorem 2.2 the number of edges between X and Y satisfies

o(X,Y) > DY

- A\/zy.

ny

Comparing the above estimates for e(X,Y’) we derive that dyzy/(2n1) > dizy/n1—A\,/zy, and therefore
y < 4nfN?/(wd?).

Let Y1 = Y1(X) = Vi1 — Y. Call an edge (v,u) € Ey(Y1,V2) useless (for X) if there are no
edges from u to Nx(v), otherwise call it useful (for X). We also say that u is a useless neighbor
(useful neighbor, resp.) of v. Denote by W, the set of all useless neighbors of v in V5. Obviously,
e(Wy, Nx(v)) = 0. On the other hand, it follows from Theorem 2.2 that

o(Wy, Ny (v) > WellNx @l e T

n1

Recalling that |[Nx (v)| > diz/(2n1), it follows that

<

1[Nx (v)] dyz

Note that if e = (v,u) € Eng(Y1,V2) is an edge of the perfect matching M of H, then e belongs to
the neighborhood of X in the graph H (M) if and only if e is a useful edge. Clearly, the probability
Px of X violating Hall’s condition is at most the probability that there exists a set S C Y7 of size
s = |Y1| — z, incident to no useful edge from M. Denote again by z; the number of perfect matchings
in the bipartite graph H. Let S C Y] be a subset of size s = |Y1| — z, and denote by z2(S) the number
of perfect matchings M of H, which have only useless edges incident to the vertices of S. Then it is

easy to see that

Py < Z 29(S) < (|Y1|> maszQ(S)‘

z S z
scy; 1 1

|S|=Y1|-
Thus to finish the proof of the lemma it is enough to show that
Z PX = O(I/TLl)

XCvs
| X|=z

for all d?/nilogny <z < nj—dy/2.
First we consider the case when z < n1/2. Since x > d?/(n; logny), then for every v € Y7 we have
that

W <

2n3 N2 < 2niA? log ny _ n2\lognq 2 dy Y dy
3z~ d3 d3 log nq logni )’
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and
A4niX2 _ dniX’logni  nidlogng A B
— n1 = o(ny).

ed? = db T & d

Y <

As we already mentioned in the proof of Lemma 4.3, z; is at least (dy — Alognq)™e "!. For any S,
22(S) is equal to the number of matchings in a bipartite subgraph of H with s = |S| vertices of degree
|[W,| < dy/logn;. The rest of the vertices are of degree at most d; + r, therefore via Lemma 3.3 we

obtain

ZQ(S)

—n dy s+d1/lf>gn1 ni—s4 =%
¢ logn (dy + ) ditr
1

2nq logn
d, Y 13*"1 ( dy )S (dl—i—r)nlis.
logny

Now, taking into account that s = |Y1| —x =n1 —y — 2 > ny —o(ny) —n1/2 > n1/3, we can deduce
that

. Px

XCV3 XCVs  SCYyy XCVs  SCYvy
X |=2 X [=2 |S|=11] @ X [=2 |S|=11] @

m) (Wl 2o (2 \"(_dier N (2 N o)
T s log n1 d1 — Alogn, log n

Here we use that r < Alogn; = o(dy) and 2n; log? ny/d; = o(ny).
Next assume that n;/2 <z <mn; —d;/2. Then

IN

2nq logng
22(S5) < Z Z dy e ™ (dy/logny)®(dy + )"

21 (d1 — )\log nl)"l e "

(]
(]

IN

y < < = =0

4:77,%)\2 8711)\2 _ )\n% logn1 i d1 _ d1
a;d% - d% d:f n1 logni

log n1
and hence s = |Y1| —z =n1 —y — 2z = (n1 —x) — o(d1/logn;). Also in this case we have for every
v € Y7 that

Wy <

2n3\? < 4n3N? _ n2Xlogn; A _ ( A )

Bz~ ding d3 log nq logn, )
Similarly as before, z2(S) is equal to the number of matchings in a bipartite subgraph of H with s
vertices of degree less than |W,| < A/logn;. The maximum degree is again at most d; + r. Therefore

by Lemma 3.3 we obtain

A\ ST ogar o ny-s
»(S) < ™ (1 ) Ty
ogny

< dm —Nni >\ ’ d ni—s
= ¢ logny (dy +7) '

12



We finish the proof of this case by the following estimate.

2nq logng
z9(S) d, * e "(\logni)®(dy +r)"°
P < <
Z X = Z Z 21 Z Z (dl — Mlog nl)m e~
XCVs XCvs  SCY; XCvs  SCY;
|X|=a |X|=z |S|=|Y1]-= [X|=z |S|=|Y1]-=
2nq logng
< ni Yil\d, *» (A logni)®(dy +r)™—*
- ny — S (dy — Xlogmny)™
_ 2nq logmny
- en1 \"'" U (elVi|\° d; * (M logny)(dy +r)"S
- \n—z s (di — Alogny)™
B d2n1 losny /eny \"MTT e?ny|Y1|A ’ dy+r "
- ny —x (n1 — z)s(dy + r) logny dy — Alogmny
S 1§g2 " ylogny 4e?nix ° . 3logni \™
- (14 o(1))d3 logny dy
d 1 (1+o(1))d1 /2 3nyAlogng
< e e 91 =o(l/ny).
log nq

In these computations we used that ny —z > dy/2, y =ny —z — s = o(dy/logdy), s > (1 +o(1))dy /2,
n2\/d3 = o(1/logny), 2n1log?ni/\ = o(dy), niAlogni/dy = o(dy) and r < Xlogni = o(dy). This

completes the proof of the lemma. O

Finally, to complete the proof of Theorem 1.1 note that by Lemmas 4.3 and 4.4, with probability
1—o0(1) there exists a matching M such that the bipartite graph H (M) satisfies Hall’s condition. Pick
such a matching M. Then H(M) contains a perfect matching which supplies a triangle factor of the
graph G. U

5 Fractional triangle factors

In this section we prove Theorem 1.3. The constant 0.1 in this theorem is certainly not best possible,
but we will make no serious attempt to optimize it.

The fact that a fractional triangle factor f can take non-integer values, as opposed to the charac-
teristic vector of a ”usual” (i.e. integer) triangle factor, enables us to invoke the powerful machinery
of Linear Programming to prove the above result. Below we provide relevant necessary background,
needed to apply Linear Programming Duality to the problem of showing the existence of a fractional
factor.

Let H = (V,E) be a hypergraph. Recall that a non-negative real-valued function f : E — Ry
is called a fractional matching with value |f| = > cp f(e) if >, o, f(e) < 1 for every v € V. The
maximum of |f| over all fractional matchings of H is the fractional matching number of H, denoted
by v*(H). Similarly, a fractional cover of H is a non-negative real-valued function ¢ : V' — R} such
that Y, .. g(v) > 1 for every e € E(H). The value of g is |g| = >,y g(v). The minimum of |g| over

all fractional covers of H is the fractional covering number of H, denoted by 7*(H).

13



It is easy to see that the above two definitions of v*(H) and 7%(H) can be represented as optimal
solutions of a pair of dual linear programming problems. The Duality Theorem of Linear Programming
thus implies that 7*(H) = v*(H). It can also be used to get the following:

Proposition 5.1 For every r-uniform hypergraph H = (V, E) one has :
1. v*(H) > v(H), where v(H) is a size of a mazimum matching in H;
2. v'(H) < |V|/[r;

3. If g: V — Ry is a fractional cover of H, then for every subset U CV the function ¢’ : U — Ry
defined by ¢'(v) = g(v) for every v € U (that is, g' is the restriction of g on U) is a fractional
cover of the induced hypergraph H[U];

4. Let g : V — Ry be an optimal fractional cover of H and denote Vi = {v € V : g(v) > 0}, then
v*(H) > |Vi|/r.

The proof of the above proposition is quite standard and can be found, e.g., in [18] (see Proposition
2). The reader is also referred to [15] for additional information about integer and fractional matchings
and covers in hypergraphs.

Now let us return to the problem of a fractional triangle factor and introduce relevant notation.
Let G = (V, E) satisfy the conditions of Theorem 1.3. We denote by H = H(G) the hypergraph of the
triangles of G defined as follows: the vertex set of H coincides with V; for every triangle (u,v,w) in
G, there is an edge (u,v,w) € E(H). Thus H is a 3-uniform hypergraph on n vertices. For a subset
U CV, we let H[U] to be the subhypergraph of H spanned by U. In other words, H[U] is formed by
all the triangles of G spanned by U. With some abuse of notation we set v*(U) = v*(H[U]).

Notice that due to Proposition 5.1.2 we have v*(H) < n/3. Therefore, the value of any fractional
matching in H is at most /3. Thus, proving that G has a fractional triangle factor is equivalent to
proving that an optimal fractional matching in H has the maximal possible value, n/3.

The proof of Theorem 1.3 will proceed as follows. We first derive some properties of the graph
G, based on the information about its eigenvalues. Then we show that every graph having these
properties has a fractional triangle factor. Our approach is similar to the one used in [18] with some
additional ideas. From now on we assume that the graph G satisfies the conditions of Theorem 1.3.

First we apply Theorem 2.4 to graph G with » = 1 and 2 to establish the following properties.

Fact 5.2 (a) Every 0.1d vertices of G span an edge; (b) Every 0.2n vertices of G span a triangle.

Proposition 5.3 Let v € V(G). Then there exists a family T(v) of d/4 triangles in G, so that for
all t #t' € T(v), one has tNt' = {v}.

Proof. Consider a maximum matching My formed by the edges of G in the neighborhood N (v). If
M) has less than d/4 edges, then by Fact 5.2 (a), the vertices of N(v) not covered by M, span an edge
ep € E(G). Adding ey to My produces a larger matching, a contradiction to the maximality of M.
We conclude that My has at least d/4 edges. Each edge of M together with v forms a triangle in G.

Choosing d/4 such triangles, we get a desired collection of triangles. O

14



Proposition 5.4 For every subset U C V of size |U| > n —d/2 and for every subset Uy C U of size
|Uo| = d/4, there exists a family Ty of at least 0.2n — d/4 triangles in G so that t C U and [tNUy| =1
for every t € Ty, and tNt' C Uy for every pair t £ t' € Ty.

Proof. We may assume that 0.2n > d/4, otherwise there is nothing to prove. Let T be a maximum
family of triangles in G, satisfying the requirements of the proposition. We will show that Tj contains
at least 0.2n — d/4 triangles.

Assume to the contrary that |Tp| < 0.2n —d/4. Let W = ;cp, ¢\ Up. Then |W| < 0.4n — d/2.
Due to the maximality of Tj, the graph G does not contain a triangle with one vertex in Uy and the
other two in U \ (Uy U W). Notice that U \ (UgUW)| >n —d/2 —d/4— (0.4n — d/2) = 0.6n — d/4.
Then it follows from Theorem 2.2 that

d d
4 (0.6n — %) d d d
e(Up, U\ (U UW)) > §(06n—5)d M/ = (O.Gn - —)
n 4 4
d? 0.1d®> /d
> 2030 — ,/Z” > 0.075d% — 0.05d2 = 0.025d2 .

Therefore there is a vertex ug € Uy for which e({ug},U \ (Up UW)) > 0.025d?/|Up| = 0.1d. Then by
Fact 5.2 (a), the set of neighbors of ug in U \ (Up U W) contains an edge e = (wy,w2) € E(G) — a

contradiction. O

To complete the proof of Theorem 1.3 we show that every graph G having the properties stated
in Fact 5.2 (b) and Propositions 5.3, 5.4 satisfies v*(H(G)) = n/3.

Lemma 5.5 If G = (V, E) has the property stated in Fact 5.2 (b). Then for every subset U C V', one
has: v*(U) > w.

Proof. Let T be a maximum family of pairwise disjoint triangles of G spanned by U. Recall that
by Fact 5.2 (b), every set of more than 0.2n vertices of U spans a triangle in G. Therefore the family
To leaves uncovered at most 0.2n vertices of U, implying |Tp| > (|[U| — 0.2n)/3. Then by Proposition
5.1.1 we have v*(U) > (|U| — 0.2n)/3. O

Lemma 5.6 If G = (V,E) has the properties stated in Fact 5.2 (b) and Proposition 5.4, then for
_4d
every U C V of size U] > n — d/2, one has: v*(U) > 225,

Proof. Consider the hypergraph of triangles H[U]. Let g : U — Ry be an optimal fractional cover
of H[U]. Denote

U'={ueU:g(u) =0}.
Consider two possible cases.
Case 1: |U’] < 2. In this case Proposition 5.1.4 implies v*(U) > AV > 1712
Case 2: |U'| > 4.
Choose a subset Uy C U’ of size |Uy| = d/4. By Proposition 5.4, G contains a family Ty of 0.2n — d/4

s
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triangles so that [tNUy| = 1 for every ¢t € Ty and tNt' C Uy for every t £ t' € Ty. Let W = UteTo t\ Up.
Then |W| = 2|Ty| = 0.4n —d/2. Since g is a fractional cover of the triangles of G spanned by U, g has
total weight at least 1 on every triangle from 7. As all vertices from Uy have zero weight in g, and
the triangles in Tj are disjoint outside Up, we have: ) - g(w) > |To| = [W|/2.

Define a function g; : U \ W — Ry by setting g1(u) = g(u) for all w € U\ W (i.e. ¢ is the
restriction of g on U \ W). Then by Proposition 5.1.3, ¢g; is a fractional cover of the hypergraph
H[U \ W]. Therefore from Lemma 5.5 it follows that |g;| > v*(U \ W) > w. This completes

the proof, since

% w U\W|—-0.2n
SO) = lgl= Y o)+l > 14 ITAWIZ020
weW
w
_ Jul—o02n+ B -4 -
3 3

Proof of Theorem 1.3. Cousider the hypergraph H = H(G) of triangles of G. Let g : V — Ry be
an optimal fractional cover of H of weight |g| = v*(H). We treat two cases again.

Case 1: g(v) > 0 for all v € V. Then by Proposition 5.1.4 v*(H) > |V|/3.

Case 2: There exists a vertex vy € V such that g(vg) = 0.

According to Proposition 5.3, G contains a family Tj of d/4 triangles whose pairwise intersection is
vo. Let W = Ujeq, t\ {vo}. Then |W| = 2|Ty| = d/2. Also, >, oy g(v) > |To| = [W]/2. Define a
function g, : V'\ W — Ry by setting g1(v) = g(v) for all v € V'\ W. Then by Proposition 5.1.3, ¢; is
a fractional cover of the hypergraph H[V \ W], and thus |g;| > v*(V \ W). As [V \W|=n—d/2, it
follows from Lemma 5.6 that v*(V \ W) > (|[V \ W| —d/4)/3. Then

Wi V\wW|-¢

vi(H) = |9l = ZQ(W)+|91|ZT+ 3
weW
Vi+5-¢ IV
3 3
Thus in both cases we have proven v*(H) > |V|/3. As the opposite inequality v*(H) < |V|/3 is
valid by Proposition 5.1.2, the theorem follows. O

6 Pseudo-random graphs without triangles

The purpose of this section is to show the existence of a family of dense pseudo-random graphs without
triangles and to prove Theorem 1.2.

In [1] Alon constructs triangle-free graphs with small independence number to devise a constructive
lower bound for the Ramsey number R(3,¢). For an infinite sequence of graph sizes n, he defines a
triangle-free d-regular graph G on n vertices with second eigenvalue A = A(G), where d = ©(n?/?) and

A = O(n!/3). Specifically, he proves the following result.
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Theorem 6.1 Let k > 0 be an integer not divisible by 3. Set n = 23%. Then there exists a graph G

on n vertices with the following properties:
1. G is d, = 2F"1(2F1 — 1)-regular;
2. \G) <9-2F+3.2k2 4 1.
3. G is triangle-free.

Now we use Alon’s construction (Theorem 6.1) and apply the blow-up operation for various values
of the blow-up parameter k. Notice that the graph G described in Theorem 6.1 satisfies A\(G) =
O(d?/n), where d,n are the degree and the number of vertices of G, respectively. Observe also that
according to Proposition 2.5, the k-blow-up of G preserves the above relation between the parameters
n,d, A. Finally, it is easy to see that the blow-up graph G(k) is triangle-free as well. Therefore Theorem
1.2 follows. [l

7 Concluding remarks

Our main result, Theorem 1.1 provides a sufficient condition for the existence of a triangle factor in a
pseudo-random graph. Note that while our fractional result, Theorem 1.3 is asymptotically optimal
due to Theorem 1.2, we cannot say the same about Theorem 1.1. In fact, we conjecture that the

optimal condition in the integer case should be essentially identical to that of the fractional case:

Conjecture 7.1 There exists an absolute constant ¢ > 0 so that every d-reqular graph G on 3n

vertices, satisfying A(G) < cd?/n, has a triangle factor.

Given graphs G, H on n, h vertices respectively, an H-factor in G is a subgraph of G consisting of
n/h vertex disjoint copies of H. Thus a triangle factor corresponds to the case H = K3. A fractional
H-factor is defined in an obvious way. A natural possible extension of our result would be to find
sufficient conditions for the existence of an H-factor in a pseudo-random graph G, for various choices
of the fixed graph H. While the techniques of the present paper certainly have a potential to be
adopted for other instances of H, we are unable at this stage to predict the optimal relation between
parameters n, d, A for most of the choices of H, for example, for the case H = K. This is due to the
absence of known optimal constructions of pseudo-random graphs without a single copy of H (see [3]
for partial results in the case of H being a fixed clique). We conjecture however that conditions on
n,d, A\, sufficient to guarantee a copy of H in a pseudo-random graph G, will be already sufficient to
guarantee the existence of a fractional or even an integer H-factor. Finally it is worth stating here

that using the technique from Section 5 we can show the following statement:

Theorem 7.2 For every r > 3 there exists a constant ¢ = c(r) > 0 such that every d-regular graph G

on n vertices, satisfying \(G) < ed”*/n" 2, has a fractional K, factor.
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It is instructive to observe that the appearance of triangles in pseudo-random graphs experiences
a kind of a threshold behavior — if A\ = cd?/n for large enough constant ¢ > 0, then there are
graphs with parameters (n,d, A) and without a single triangle; changing the value of ¢ guarantees
not only the existence of a triangle, but already the existence of a fractional triangle factor. It
would be interesting to understand this phenomenon more deeply, possibly comparing it with the
corresponding phenomenon in the theory of random graphs (see, e.g. [7]), and to figure out the scope
of its applicability.

In our opinion, an ultimate goal of the line of research suggested by this paper is to prove a
generalization of the Blow-Up Lemma to pseudo-random subgraphs with a subquadratic number of
edges. Specifically, the following question appears to be both very interesting and challenging: given an
integer A, what are the optimal conditions on the relation between parameters n,d, A that guarantee
that every d-regular graph G on n vertices with a second eigenvalue A contains a copy of every n-vertex
graph H with maximum degree at most A? Our main result, Theorem 1.1, can be viewed as the first
step in settling this problem.

Acknowledgement We thank the referees, whose thorough comments improved significantly the

presentation of this paper.
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8 Appendix: Proof of Lemma 3.1

Obviously, it is enough to check condition (1) for  +y > n. Due to symmetry, we may assume z < y.
Case 1. x <k.
Every v € X has at least degpy/(v) —t — (n —y) > d —r —t 4+ y — n neighbors in Y. Hence

eg(X,)Y) > z(d—-t—-r+y—n)>z(k+X+y—n)
= kzx+zy—nr+Ix=kx+ky—nz—(k—2z)y+ Az
> kx+ky—nr—(k—z)n+ Az (we use here z < k, y < n)

= kr+ky—kn+Xz>kz+y—n),

as required.

Case 2. x > k. From the assumptions of the lemma we obtain

6H(X,Y) > 6H(X,V)—6HI(X,V—Y)
> (d—t—r):v—im(n_y)d

= W ) - A=) .

n

- AWaz(n —y)

Therefore it is enough to show
xyd — (t+r)nx — Any/z(n —y) >n(d—X—2t —2r)(z +y —n),

or
dn—o)(n—y) > xn(Val—y) — (@ +y—n)) + t+n(z—2c+y-n). ()
As both z,y < n, the LHS of (3) is non-negative. First we present two cases in which the RHS is

negative.

Consider first the case when y > n — k/3. Then, recalling that = > k, we get

k T T
r(n—y)— (v +y—n) <Vzk/3 x+3_ﬁ 45 <0

Also in this case,

k x
x4 y—n)<z— )< == .
z—2xz+y—n)<zx 2(3; 3) 3 <0

These imply that the RHS of (3) is negative and establish the validity of (3) when y > n — k/3.

Now assume that z > 3n/4. In this case we have:
3 3
zn—y)—(r+y—n) < \/a;(n—m)—Qm—l—nS\/Zn-%—Z-Zn—I—n

V3 3
= ~~_T+1)<o0.
n<4 2—!— <

Also,
x—2(m+y—n)§n—2<%+%—n>:0.
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Therefore the RHS of (3) is negative again, implying the validity of (3).
Finally we dispose of the case y < n — k/3, z < 3n/4. Notice that £ = d —2(r +¢) — X >
d — 2d?/(40n) — d?/(20n) > d/2. Therefore, for the LHS of (3) we have:

dn—y)(n—2) > B <

?(n—m) >

The RHS of (3) can be estimated from above by:

(n—z) .

An( x(n—y)—(m+y—n))+(t+r)n<x—2(:v+y—n)) < Anvz(n—y)+ (t+r)ne

d2
< 20 z(n —x)+ (t+r)nz
d2
< % 3(n—1x)?>+ (t+r)3n(n — x)
< \2/—03(71 —z)d® + %(n — z)d?
(n — z)d?
< 6 .
This proves (3) in this case and thus completes the proof of the lemma. O
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